
2.5 #2

Prove that Laplace’s equation ∆u = 0 is rotation invariant, that is, if O is an orthog-
onal n× n matrix and we define

v(x) = u(Ox) (x ∈ Rn),

then ∆v = 0.

Solution
Let O = [oij]. We compute:

Div(x) =
n∑

k=1

Dku(Ox)oki,

Dijv(x) =
n∑

l=1

n∑
k=1

Dklu(Ox)okiolj.

Since O is orthogonal, then OOT = I where I is the n × n identity matrix, thus for
all k, l = 1, . . . , n

n∑
i=1

okioli = δkl :=

{
1 if k = l;
0 if k 6= l.

Thus

∆v(x) =
n∑

i=1

n∑
l=1

n∑
k=1

Dklu(Ox)okioli

=
n∑

l=1

n∑
k=1

Dklu(Ox)

(
n∑

i=1

okioli

)

=
n∑

l=1

n∑
k=1

Dklu(Ox)δkl

= ∆u(Ox) = 0.


