
Mid-term exam for Math 104, 9 April 1999

The exam consists of three questions. You are expected to work on the exam
in collaboration with the other members of your group. The task of writing
up the problems, however, should be divided among the group, with each
member writing up one solution.

The exam is open book, which means not only your book but any other
book you care to look at. (However, none of the problems require any
mathematics not contained in your textbook.) Calculators, computers, etc.
are also fine. The only resource I ask you not to employ is advice from
people outside your group.

A successful write-up consists of the following two parts:
1. Your solution to the problem. Since the time pressure is mild, I ask

that your solution be written in complete sentences and that you make it
clear what theorems you are using (i.e. if you use a theorem from the book,
please tell me so and give a reference.)

2. A description of how you came to the solution you wrote down in
part 1. I imagine this part will be 1/2-1 page. It is absolutely acceptable
for the description to be ”Ms. X in my group told me how to do it.” If this
is the case, you must get Ms. X to explain to you how she came by the
solution, and you should describe that process in your own words. It is also
fine for the description to be ”I found a solution in the book Introduction
to the theory of Y. If so, your job in part 2 is to describe your personal
understanding of the solution so that it is clear to me you did more than
copy out an answer.

Please be aware that these problems have many parts, some of which
are relatively deep. It’s OK not to be able to solve every section of every
problem. But please give me some indication of what things you tried and
what ideas you had.

Grading: This exam is worth 15 percent of your final grade. Each person
in your group will receive the same grade. I expect to give generous partial
credit; I am also open to giving extra credit, if the problems suggest to
you further ideas for exploration. I will be less forgiving about sloppiness
than I am on ordinary exams–you have plenty of time to check your work.
For instance, if you claim that a certain power series converges to a certain
function, it would be well worth your time to fire up your graphing calculator
and see if the evidence supports your claim. And tell me that you did so!

”How long should I spend on this exam?” someone asked me in class. I
don’t have a fixed amount of time in mind. You should think of it as you
would writing a paper. You can put as much or little time as you like into
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it; the more work you put in, the better exam your group will write, and
the more your understanding of the material will increase.

The exam is due at noon, Friday, 16 April. This doesn’t mean leave it in
Nina’s box sometime Friday; it means that the exam should be in my hands
by noon. Late papers will be downgraded swiftly and fiercely.

I know this format will be new to most of you. Please don’t hesitate to
ask me if anything is unclear about what I expect you to turn in. And now,
the questions–good luck!

1. Let

f(x) = 1/(1− x)3.

Let

a0 + a1x+ a2x
2 + ...

be the Taylor series for f(x) at x = 0.
Compute a0, a1, and a2 as many different ways as you can. Which way

do you think is best? Does any of your methods allow you to compute a100?
If not, can you observe a pattern in a0, a1, a2, a3, ... that allows you to
guess what a100 is?

2 a). Let

f(x) = 1/(1− x)(1− 2x).

Let

a0 + a1x+ a2x
2 + ...

be the Taylor series for f(x) at x = 0.
Compute a0, a1, a2, a3, a4. If you can, give a general formula for an.

What is the radius of convergence of this power series?
b) Let

f(x) = 1/(1− x− x2).

Compute a0, a1, a2, a3, a4. Do you observe a pattern? Can you prove
that the pattern continues?

Challenge: What is the radius of convergence of this power series? Can
you write down a general formula for an?

Remark: You might find it useful, especially for the challenge, to look
up ”Fibonacci” and see what you can find.
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Choose EITHER question 3 or 4. (Which is not to say I won’t be open
to giving credit if you want to say something about both problems–in this
case, one person should write up the work for both 3 and 4.)

3. Prove the following theorem:
Let

∑∞
n=1 an be an infinite series, where the an are complex numbers.

Suppose
∑∞

n=1 |an| converges. Then
∑∞

n=1 an converges.
(Note that this is a generalization of Theorem 2 on p. 611 of your

textbook.)
Remark: you will want to look at the section ”Complex series” on p.666

of your textbook so that you know exactly what it means for a series with
complex terms to converge.

Idea for partial or extra credit: Can you generalize the other tests in
chapter 10 to the situation where an is a complex number? Is the nth term
test (p.587) still valid? What about the geometric series test (p.586)? What
about the absolute-limit-comparison test? (p.613).

4. You probably know already the double angle formula

cos 2θ = 2 cos2 θ − 1.

Prove the triple-angle formula

cos 3θ = 4 cos3 θ − 3 cos θ.

Can you find a similar quadruple-angle formula for cos 4θ? Prove that for
any whole number n, there is a formula expressing cosnθ in terms of powers
of cos θ. Can you say anything about which powers of cos θ will be involved
in such a formula?
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