MATH 542 HOMEWORK 10 - DUE THURSDAY APRIL 25

(1) Let f(\) € F[A] be a monic polynomial of degree n > 1.
Let E be the splitting field of f()\) over F' and suppose that f(\) has distinct roots
in E. Let K1 and K5 be subfields of E/F so that? (K, Ks) = F and

[K1:F][Ke:F]=[E:F].
Let
G =Gal(E|F), Gy =Gal(E/K7) and Gs = Gal(E/K>).
(So G and Gs9 are subgroups of G.)

Show that
a) Gl N GQ = {E}
b) G1G4 = G2

(2) Suppose that E/F is a finite extension of degree n.

a) Let E'/F' be an extension and let ¢ : F' - F’ be an isomorphism. Show that
the number of extensions of ¢ to a homomorphism of F to E’ is < n.

b) Show that |Gal(E/F)| < n.

(3) Let f(\) € Q[\] be given below. Let E be the splitting field of f(\) over Q and let
G = Gal(E/Q). Find E and find [E: Q].
a) f(A)=X"-2eQ[}]
b) f(A) = At -4)2 +2 e Q[)\] (Hint: Show that E is generated by a single root of
f(A) in E.)
(4) Let E =TFo(N\)/(g(N\)) where g(A) = A* + X+ 1 € Fo()\). Then
E={ap+air+ asr? + azr® | ag,a1,as,a3 € Fa}

where 7 = A+ (¢(A)). From our previous assignment we know that E is a field of
order 16. Find a generator for the group E* = {u e E | u # 0}.

2The field generated by K; and K, denoted (K1, K2) is the smallest subfield of E containing K1, K.
3Recall G1G2 ={g192 | g1 € G1,92 € G2}. In general it is not a subgroup.
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