LIMITS FOR MATH 171

1. INFINITE LIMITS

We define what it means for a function f(z) to go to infinity (or minus infinity) as x goes to infinity
(or minus infinity).
Definition 1.1. We say that a function f(x) goes to infinity as x goes to infinity and write

Jim 1(0) = o0

if for all M > 0 there exists a bound N such that if x > N then f(x) > M.
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FIGURE 1. This is the graph of the function f(x) = x2. The horizontal green line is
at height M = 9. The vertical blue line is the bound N = 3. If x > 3 then f(z) > 9.
In this example if we want f(x) > M then I should pick z > v M.

Definition 1.2. We say that a function f(x) goes to negative infinity as x goes to infinity and

write
lim f(z) = —o0
Tr—r0o0

if for all M < 0O there exists a bound N such that if x > N then f(x) < M.

FIGURE 2. This is the graph of the function f(z) = —z2. The horizontal green line
is at height M = —9. The vertical blue line is the bound N = 3. If x > 3 then
f(z) < —9. In this example if we want f(z) < M then I should pick z > /| M].



Definition 1.3. We say that a function f(x) goes to infinity as x goes to negative infinity and
write
lim f(z)=o00

T—r—00

if for all M > 0 there exists a bound N such that if x < N then f(x) > M.
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FIGURE 3. This is the graph of the function f(z) = x?. The horizontal green line
is at height M = 9. The vertical blue line is the bound N = —3. If x < —3 then
f(z) > 9. In this example if we want f(z) > M then I should pick = < —v/'M.

Definition 1.4. We say that a function f(x) goes to negative infinity as x goes to negative infinity
and write
lim f(z)=—o0

T—r—00

if for all M < O there exists a bound N such that if x < N then f(x) < M.

FIGURE 4. This is the graph of the function f(z) = —22. The horizontal green line
is at height M = —9. The vertical blue line is the bound N = —3. If x < —3 then
f(z) < —9. In this example if we want f(z) < M then I should pick x < —y/|M]|.



Problem. Show that lim -2z + 1 = oc.

T—r—00

Scratch work. To solve this problem we need to use the third definition. We want —2z +1 > M
as long as x is a large negative number. How negative should I make x? We rewrite the inequality
to express z in terms of the lower bound M:

—2r+1 > M
-2z > M-1
xr < —1/2(M —1)

Write up. If 2 < —1/2(M — 1) then —2x 4+ 1 > M since
r < —1/2(M—1)

—2r > M-1
—2x+1 > M.
Therefore, by definition, we have that lim —2x + 1 = —oo.
T—r—00

Remark. Note that the write up basically follows the same steps as the scratch work but in the
reverse order.



2. HOW TO DO AN € — § PROBLEM FOR A LINEAR FUNCTION

Definition lim f(z) = L if for all € > 0 there exists a 6 > 0 such that
T—ra

if 0 <|z—a|l<dthen |f(z)—L|<e
Y=$¢)
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FIGURE 5. If we plug in x values into f(x) that are with distance ¢ of a then f(z)
is within distance € of L.

Problem. Show that lim,_,34x + 1 = 13.

Scratch work: Your goal is to find a § in terms of € such that
if 0 < |z —3| <0 then |(4x + 1) — 13| < e.

You should think of ¢ as a function J(e).

First you have to do some scratch work on a scrap piece of paper:
|(4x 4+ 1) — 13| < €

|[dx — 12| < €
4l — 3| <e
|lx — 3| <e/4

What I have done is simplified the expression so that it contains |z — 3|.

Now I see that if I pick 6 = €¢/4 then 0 < |z — 3| < ¢ implies that [(4z + 1) — 13| < e.
Now you are ready to write up the problem.

Writing up the problem:

Given € > 0 let § = ¢/4. Then if 0 < |z — 3| < § we have that

|4z +1) — 13] = |4z — 12
4|z — 3|
< 4-¢/4.

In other words |(4z + 1) — 13| < e. Therefore by definition lim,_,34x + 1 = 13.

Remark. Note again that the write up basically follows the same steps as the scratch work but in
the reverse order.



2.1. Homework. The following problems were also listed on the webpage.

(1) Show that the limit of —2x + 1 as z goes to infinity is negative infinity. i.e. show that

lim —2x4+1=—
XTr—r 00

(2) Show that the limit of —3z — 1 as x goes to negative infinity is positive infinity. i.e. show
that

Iim —-3z—-1=00
Tr—r—0o0

(3) Show that the limit of —22% 4 42 — 2 as x goes to infinity is negative infinity. i.e. show that
lim —222 + 4z — 2 = —¢
T—00

(hint: factor it!)

2.2. Comments. The point of these definitions is to introduce you to rigorous thinking. Yes it’s
“easy to see” that x2 goes off to co as x goes to infinity or that that 2z + 1 gets “arbitrarily close”
to 3 as x gets close to 1. But if you ask yourself what do these statements really mean you will
find yourself having to write down the above definitions.

2.3. Bonus exercises. Write down definitions from the following:

o ) =1
lim_f(z) =L
lim f(z) = 00
lim £(2) = oo

2.4. Calculus Notes. This material is also covered in your calculus notes in Chapter 3 Sections
5.5 and 9



