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EXERCISES
1 Find all numbers t such that (%, t) is a point on the 25 Suppose an ant walks counterclockwise on the unit
unit circle. circle from the point (1,0) to the endpoint of the

2 Find all numbers t such that (%, t) is a point on the

unit circle.

3 Find all numbers ¢ such that (¢, ~§) is a point on the
unit circle.

4 Find all numbers f such that (¢, —%) is a point on the
unit circle.

5 Find the points where the line through the origin with
slope 3 intersects the unit circle.

6 Find the points where the line through the origin with
slope 4 intersects the unit circle.

For Exercises 7-14, sketch the unit circle and the radius
corresponding to the given angle. Include an arrow to
show the direction in which the angle is measured from
the positive horizontal axis.

7 20° 10 330° 13 -75°
8§ 80° 11 460° 14 —170°
9 160° 12 -10°

15 What is the angle between the hour hand and the
minute hand on a clock at 4 o’clock?

16 What is the angle between the hour hand and the
minute hand on a clock at 5 o’clock?

17 What is the angle between the hour hand and the
minute hand on a clock at 4:307

18 What is the angle between the hour hand and the
minute hand on a clock at 7:15?

19 What is the angle between the hour hand and the
minute hand on a clock at 1:23?

20 What is the angle between the hour hand and the
minute hand on a clock at 11:177

For Exercises 21-24, give the answers to the nearest
second.

21 At what time between 1 o’clock and 2 o’clock are the
hour hand and the minute hand of a clock pointing
in the same direction?

22 At what time between 4 o’clock and 5 o’clock are the
hour hand and the minute hand of a clock pointing
in the same direction?

23 Find two times between 1 o’clock and 2 o’clock when
the hour hand and the minute hand of a clock are
perpendicular.

24 Find two times between 4 o’clock and 5 o’clock when
the hour hand and the minute hand of a clock are
perpendicular.

radius corresponding to 70°. How far has the ant

walked?

26 Suppose an ant walks counterclockwise on the unit
circle from the point (1,0) to the endpoint of the
radius corresponding to 130°. How far has the ant
walked?

27 What angle corresponds to a circular arc on the unit
circle with length £?

28 What angle corresponds to a circular arc on the unit
circle with length %?

29 § What angle corresponds to a circular arc on the
unit circle with length %?

30 é What angle corresponds to a circular arc on the
unit circle with length 17

For Exercises 31-32, assume the surface of the earth is
a sphere with diameter 7926 miles.

31 &7 Approximately how far does a ship travel when
sailing along the equator in the Atlantic Ocean from
longitude 20° west to longitude 30° west?

32 @ Approximately how far does a ship travel when
sailing along the equator in the Pacific Ocean from
longitude 170° west to longitude 120° west?

33 Find the lengths of both circular arcs on the unit
circle connecting the points (1, 0) and (%7, “7?).

34 Find the lengths of both circular arcs on the unit
V2 2 )

circle connecting the points (1,0) and (—?, =)

For Exercises 35-40, find the endpoint of the radius of
the unit circle corresponding to the given angle.

35 120°
36 240°

37 -30° 39 390°
38 -150° 40 510°

For Exercises 41-46, find the angle corresponding to
the radius of the unit circle ending at the given point.
Among the infinitely many possible correct solutions,
choose the one with the smallest absolute value.

42 (-4.3) 45 (- % %2)
43 (%!_g) 46 (_%7_§)

47 Find the lengths of both Circular arcs on the unit cir-
cle connecting the point (2, 5 ) and the endpoint of
the radius corresponding to 130°.

48 Find the lengths of both circular arcs on the unit cir-

cle connecting the point (£ - —) and the endpoint

of the radius corresponding to 50°.




49 Find the lengths of both circular arcs on the unit cir-
cle connecting the point (- —?, - @) and the endpoint

of the radius corresponding to 125°.

50 Find the lengths of both circular arcs on the unit cir-
cle connecting the point (——2@, - %) and the endpoint

of the radius corresponding to 20°.

PROBLEMS
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51 What is the slope of the radius of the unit circle cor-
responding to 30°?

52 What is the slope of the radius of the unit circle cor-
responding to 60°?

Some problems require considerably more thought than the exercises.

53 Suppose m is a real number. Find the points where
the line through the origin with slope m intersects
the unit circle.

For Problems 54-56, suppose a spider moves along the
edge of a circular web at a distance of 3 cm from the
center. '

54 5 If the spider begins on the far right side of the web
and creeps counterclockwise until it reaches the top
of the web, approximately how far does it travel?

55 § If the spider crawls along the edge of the web
a distance of 2 ¢m, approximately what is the an-
gle formed by the line segment from the center of
the web to the spider’s starting point and the line
segment from the center of the web to the spider’s
finishing point?

56 Place the origin of the coordinate plane at the center
of the web. What are the coordinates of the spider
when it reaches the point directly southwest of the
center?

Use the following information for Problems 57-62: A
grad is a unit of measurement for angles that is some-
times used in surveying, especially in some European
countries. A complete revolution once around a circle
is 400 grads.

[These problems may help you work comfortably with
angles in units other than degrees. In the next sec-
tion we will introduce radians, the most important units
used for angles.]

57 How many grads in a right angle?
58 The angles in a triangle add up to how many grads?

59 How many grads in each angle of an equilateral trian-
gle?

60 Convert 37° to grads.
61 Convert 37 grads to degrees.

62 Discuss advantages and disadvantages of using grads
as compared to degrees.

63 Verify that each of the following points is on the unit
circle:

3 2
@ (3,3) ®) (3, 33) © (5, 13)
The next problem shows that the unit circle contains
infinitely many points for which both coordinates are

rational.

64 Show that if m and » are integers, not both zero,
then

<m2 -n? 2mn )
m2 +n?’ m2 + n?
is a point on the unit circle.

WORKED-OUT SOLUTIONS 10 0dd-Numbeied Exercises

Do not read these worked-out solutions before attempting
to do the exercises yourself. Otherwise you may mimic the
techniques shown here without understanding the ideas.

1 Find all numbers t such that (%, t) is a point on the
unit circle.

SOLUTION For (%, t) to be a point on the unit circle
means that the sum of the squares of the coordinates
equals 1. In other words,

(3 +2=1

Best way to-learn: Carefully read the section of the text-
book, then do all the odd-numbered exercises and check
your answers here. If you get stuck on an exercise, then
look at the worked-out solution here.

This simplifies to the equation t? = g, which

implies that t = g or t = —@. Because

V8 = V4.2 =./4-./2 =22, we can rewrite this
22 _ 22

ast==-orf=-=-.

3 Find all numbers t such that (£, —%) is a point on the
unit circle.
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EXERCISES
In Exercises 1-8, convert each angle to radians.
1 15° 5 270°

2 40° 6 240°

3 —45° 7 1080°

4 -60° 8 1440°

In Exercises 9-16, convert each angle to degrees.

9 477 radians 13 3 radians
10 67T radians 14 5 radians
11 § radians 15 —ZT" radians

12 {; radians 16 —37" radians

For Exercises 17-24, sketch the unit circle and the ra-
dius corresponding to the given angle. Include an ar-
row to show the direction in which the angle is mea-
sured from the positive horizontal axis.

21 1—155 radians
22 -5 radians

23 —1radian

17 51—’; radians
18 i radian
19 2 radians

20 5 radians 24 —%F radians

25 Suppose an ant walks counterclockwise on the unit
circle from the point (0, 1) to the endpoint of the
radius corresponding to ST" radians. How far has the
ant walked?

26 Suppose an ant walks counterclockwise on the unit
circle from the point (—1,0) to the endpoint of the
radius corresponding to 6 radians. How far has the
ant walked?

27 §7 Find the lengths of both circular arcs of the unit
circle connecting the point (1,0) and the endpoint of
the radius corresponding to 3 radians.

28 g Find the lengths of both circular arcs of the unit
circle connecting the point (1,0) and the endpoint of
the radius corresponding to 4 radians.

29 & Find the lengths of both circular arcs of the unit

circle connecting the point (\/;, - \/77) and the point

whose radius corresponds to 1 radian.

PROBLEMS

30 § Find the lengths 6f both circular arcs of the unit
circle connecting the point (—g, -‘2@) and the point
whose radius corresponds to 2 radians.

31 For a 16-inch pizza, find the area of a slice with angle

3 radians.

32 For a 14-inch pizza, find the area of a slice with angle
fls— radians.

33 Suppose a slice of a 12-inch pizza has an area of 20
square inches. What is the angle of this slice?

34 Suppose a slice of a 10-inch pizza has an area of 15
square inches. What is the angle of this slice?

35 @ Suppose a slice of pizza with an angle of % radians
has an area of 21 square inches. What is the diameter
of this pizza?

36 § Suppose a slice of pizza with an angle of 1.1 ra-
dians has an area of 25 square inches. What is the
diameter of this pizza?

For each of the angles in Exercises 37-42, find the end-
point of the radius of the unit circle that corresponds
to the given angle.

37 %’T radians 40 —37" radians
38. T radians 41 T radians

39 -7 radians 42 1—127—7— radians
For each of the angles in Exercises 43-46, find the slope
of the radius of the unit circle that corresponds to the

given angle.

45 -7 radians

46 —37" radians

43 ~56£ radians
71 :
44 - radians

47 Find the formula for the length of a circular arc cor-
responding to 0 radians on a circle of radius 7.

48 Most dictionaries define acute angles and obtuse an-
gles in terms of degrees. Restate these definitions in
terms of radians.

49 Find a formula for converting from radians to grads.
[See the note before Problem 57 in Section 4.1 for the
definition of grads.]

50 Find a formula for converting from grads to radians.




51 Suppose the region bounded by the thickened radii

and circular arc shown here is removed. Find a for-
mula (in terms of ) for the perimeter of the remain-

ing region inside the unit circle.

SECTION 4.2 Radians 339

=)

Assume 0 < 0 < 2T.

WORKED-OUT SOLUTIONS to Odd-Numbered Exercises

In Exercises 1-8, convert each angle to radians.
1 15°
SOLUTION Start with the equation
360° = 27t radians.

Divide both sides by 360 to obtain

1° = ﬁ radians.

Now multiply both sides by 15, obtaining

. lom T
15° = 180 radians = B radians.

3 —45°
SOLUTION - Start with the equation
360° = 21t radians.
Divide both sides by 360 to obtain

1° = i§6 radians.

Now multiply both sides by —45, obtaining

—45° = _dom radians = —% rachans.

180

5 270°
SOLUTION Start with the equation
360° = 27T radians.

Divide both sides by 360 to obtain

1° = i§6 radians.

Now multiply both sides by 270, obtaining

270m radians = 3m radians.

270" = 350 2

7 1080°
SOLUTION Start with the equation
360° = 21 radians.
Divide both sides by 360 to obtain

1° = —1-8—(5 radians.

Now multiply both sides by 1080, obtaining

10801
180

1080° = radians = 671 radians.

In Exetfcises 9-16, convert each angle to degrees.
9 47% radians
SOLUTION Start with the equation
271 radians = 360°.
Multiply both sides by 2, obtaining

411 radians = 2 - 360° = 720°.

11 § radians
SOLUTION Start with the equation
27t radians = 360°.
Divide both sides by 2 to obtain
17 radians = 180°.

Now divide both sides by 9, obtaining

g radians = 12_0 = 20°.

13 3 radians
SOLUTION Start with the equation

271 radians = 360°.



EXERCISES
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Give exact values forv the quantities in Exercises 1-10.
Do not use a calculator for any of these exercises—
otherwise you will likely get decimal approximations
for some solutions rather than exact answers. More im-
portantly, good understanding will come from working
these exercises by hand.

1
2

14

15

16

17

(a) cos(31m) (b) sin(31mT)

@ cos(—3F) (b) sin(-3F)

(a) cos ”T" (b) sin ”T"

(a) cos 1—1—75 (b) sin 1?7"

(@ cosZt (b) sinZF

(a) cos %" (b) sin 47"

(a) cos210° (b) sin210°

(a) cos300° (b) sin300°

(@) cos360045° {(b) sin360045°

(@) cos(—360030°) (b) sin(-360030°)
Find the smallest number 6 larger than 47t such that

cos @ =0.

Find the smallest number 8 larger than 67t such that
g 2

sin@ = -,

Find the four smallest positive numbers € such that

cos @ = 0.

Find the four smallest positive numbers € such that

sin@ = 0.

Find the four smallest positive numbers 8 such that

sinf = 1.

Find the four smallest positive numbers @ such that

cosf =1.

Find the four smallest positive numbers 6 such that
cosf = —1.

PROBLEMS

18

19

20

21
22
23
24
25

26

27

28

29

30

31

32

Find the four smallest positive numbers 6 such that
sinf = 1.

Find the four smallest positive numbers 0 such that
. 1

sind = 5. \

Find the four smallest positive numbers 6 such that

cos @ = %

Suppose 0 < 8 < 125 and cos 0 = % Evaluate sin 6.

Suppose 0 < 8 < % and sin @ = % Evaluate cos 0.
. 2

Suppose % < @ <1 and sin @ = 5. Evaluate cos 0.

Suppose % <@ <mmandsing = %. Evaluate cos 6.

14

§ Suppose —5 < 6 < 0 and cos @ = 0.1. Evaluate
sin 6.

1

§ Suppose —~~
sin 6.

< 0 < 0 and cosd = 0.3. Evaluate

Find the smallest number x such that
sin(e*) = 0.
Find the smallest number x such that

cos(eX +1) = 0.

g Find the smallest positive number x such that

sin(x? + x +4) = 0.

§ Find the smallest positive number x such that

cos(x? +2x +6) = 0.

Let 0 be the acute angle between the positive horizon-
tal axis and the line with slope 3 through the origin.
Evaluate cos 8 and sin 6.

Let 8 be the acute angle between the positive horizon-
tal axis and the line with slope 4 through the origin.
Evaluate cos 0 and sin 0.

33

34

(a) Sketch aradius of the unit circle corresponding
to an angle @ such that cos 0 = g.

(b) Sketch another radius, different from the one in
part (a), also illustrating cos 8 = %

(&) Sketch a radius of the unit circle corresponding
to an angle @ such that sin 8 = —0.8.

(b) Sketch another radius, different from the one in
part (a), also illustrating sin 8 = —0.8.

35

36

37

Find angles u and v such that cosu = cosv but
sinu # sinv.

Find angles u and v such that sinu = sinv but
COSU # cosv.

Show that In(cos 0) is the average of In(1 —sin 8) and

In(1 + sin 6) for every @ in the interval (-7, 7).
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38

39

Suppose you have borrowed two calculators from
friends, but you do not know whether they are set
to work in radians or degrees. Thus you ask each
calculator to evaluate cos 3.14. One calculator gives
an answer of —0.999999; the other calculator gives
an answer of 0.998499. Without further use of a cal-
culator, how would you decide which calculator is
using radians and which calculator is using degrees?
Explain your answer.

Suppose you have borrowed two calculators from
friends, but you do not know whether they are set to
work in radians or degrees. Thus you ask each calcu-
lator to evaluate sin 1. One calculator gives an answer

. 0of 0.017452; the other calculator gives an answer of

0.841471. Without further use of a calculator, how
would you decide which calculator is using radians
and which calculator is using degrees? Explain your
answer.,

40

41

42
43

44

45

46

Suppose m is a real number. Let @ be the acute angle
between the positive horizontal axis and the line with
slope m through the origin. Evaluate cos § and sin 8.

Explain why there does not exist a real number x
such that 2sinx = %

Explain why 5% < 4 for every real number x.

Explain why % < e81% for every number real number
X. '

Explain why the equation

(sinx)? —4sinx +4 =0
has no solutions.
Explain why the equation

{cosx)* +4cosx —6=0

has no solutions.

Explain why there does not exist a number 6 such
that logcos 6 = 0.1.

WORKED-OUT SOLUTIONS to 0dd-Numbered Exercises

Give exact values for the quantities in Exercises 1-10.
Do not use a calculator for any of these exercises—
otherwise you will likely get decimal approximations
for some solutions rather than exact answers. More im-
portantly, good understanding will come from working
these exercises by hand.

1

3

(a) cos(3mr) (b) sin(3rr)

SOLUTION Because 37 = 27 + 17, an angle of 37t
radians (as measured counterclockwise from the posi-
tive horizontal axis) consists of a complete revolution
around the circle (277 radians) followed by another 1t
radians (180°), as shown below. The endpoint of the
corresponding radius is (-1, 0). Thus cos(3m) = -1
and sin(37) = 0.

)
i

(@ coslr (b) sin 4T

SOLUTION Because 4" = 27+ J + T, an angle of 147
radians (as measured counterclockwise from the posi-
tive horizontal axis) consists of a complete revolution
around the circle (277 radians) followed by another
5 radians (90°), followed by another 7 radians (45°),
as shown below. Hence the endpoint of the corre-

sponding radius is (—%7, %?), Thus cos %’1 = _§
and sinllT’T = ‘/7?

N
/

(@ cosZf (b) sinZt

SOLUTION Because 47 = I + T, an angle of 2T radi-
ans (as measured counterclockwise from the positive
horizontal axis) consists of —721 radians (90°) followed
by another % radians (30°), as shown below. The end-

_point of the corresponding radius is (-2 —‘/—g). Thus

2.2

2 _ 1 in 2T _ 3
Cos 5~ = 2andsm3 =2,
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EXERCISES

1 & Find the equation of the line in the xy-plane that
goes through the origin and makes an angle of 0.7
radians with the positive x-axis.

2 @3 Find the equation of the line in the xy-plane that
goes through the origin and makes an angle of 1.2
radians with the positive x-axis.

3 § Find the equation of the line in the xy-plane that
contains the point (3,2) and makes an angle of 41°
with the positive x-axis.

4 & Find the equation of the line in the xy-plane that
contains the point (2,5) and makes an angle of 73°
with the positive x-axis.

5 @ Find a number ¢ such that the line through the ori-

gin that contains the point (4, t) makes a 22° angle
with the positive horizontal axis.

6 5 Find a number w such that the line through the ori-

gin that contains the point (7, w) makes a 17° angle
with the positive horizontal axis.

7 Find the four smallest positive numbers @ such that
tang = 1.

8 Find the four smallest positive numbers 6 such that

tan g = —1.
9 Suppose 0 < 0 < % and cos 9 = % Evaluate:

(a) sin@ (b) tan@

10 Suppose 0 < < T and sin 0 = %. Evaluate:

(a) cos@ (b) tané

11 Suppose % <@ <mandsing = % Evaluate:’
(@) coso (b) tan6

12 Suppose T < 0 < 1 and sin @ = %. Evaluate:
(a) cos® (b) tané

13 Suppose —% <0 <0andcos = % Evaluate:
(a) sin@ (b) tan@

14 Suppose —% <O <0andcosf = % Evaluate:
(a) sin@ (b) tan@

PROBLEMS

and tan @ = %. Evaluate:

(b) sin®

15 Suppose 0 < @ < T

(a) cos#®

. Evaluate:

wIN

16 Suppose 0 < § < T and tan @ =
(a) cos@ (b) sind
17 Suppose -5 < 0 < 0 and tan @ = —3. Evaluate:

(a) cos@ (b) sin®

18 Suppose —5 < @ < 0 and tan @ = —2. Evaluate:

(a) cos@ (b) sin@
Given that
cos15° = 2—;—\5 and sin22.5° = 2%\/2,

in Exercises 19-28 find exact expressions for the indi-
cated quantities.

[These values for cos15° and sin22.5° will be derived
in Examples 3 and 4 in Section 5.5.]

19 sin15° 23 cot15° 27 secl5®
20 co0s22.5° 24 cot22.5° 28 sec?22.5°
21 tanl15° 25 c¢sc15°

22 tan?22.5° 26 csc22.5°

Suppose u and v are in the interval (0, ), with
tanu =2 and tanvy = 3.

In Exercises 29-38, find exact expressions for the indi-
cated quantities. :

29 cotu 33 sinu 37 secu
30 cotv 34 sinv 38 secy
31 cosu 35 cscu
32 cosv 36 cscv

39 § Find the smallest number x such that tane* = 0.

40 5 Find the smallest number x such that tane* is
undefined.

41 (a) Sketch aradius of the unit circle corresponding
to an angle 0 such that tané = =

(b) Sketch another radius, different from the one in
part (a), also illustrating tan @ = %

42 (a) Sketch aradius of the unit circle corresponding
to an angle 6 such that tan 8 = 7.

(b) Sketch another radius, different from the one in
part (a), also illustrating tan @ = 7.




43

44

45

46

47

48

Suppose a radius of the unit circle corresponds to an
angle whose tangent equals 5, and another radius of
the unit circle corresponds to an angle whose tangent
equals —é. Explain why these two radii are perpen-
dicular to each other.
Explain why

1
tan 6
for every number € that is not an integer multiple of

tan(@ + ) =

Explain why the previous problem excluded integer
multiples of 5 from the allowable values for 6.

g Find a number 0 such that the tangent of 0 degrees
is larger than 50000.

g Find a positive number 6 such that the tangent of
0 degrees is less than —90000.

Suppose you have borrowed two calculators from
friends, but you do not know whether they are set
to work in radians or degrees. Thus you ask each
calculator to evaluate tan 89.9. One calculator replies
with an answer of —2.62; the other calculator replies
with an answer of 572.96. Without further use of a
calculator, how would you decide which calculator is
using radians and which calculator is using degrees?
Explain your answer.

49

50

51

52

53

SECTION 4.4 More Trigonometric Functions 363

Suppose you have horrowed two calculators from
friends, but you do not know whether they are set to
work in radians or degrees. Thus you ask each cal-
culator to evaluate tan 1. One calculator replies with
an answer of 0.017455; the other calculator replies
with an answer of 1.557408. Without further use of a
calculator, how would you decide which calculator is
using radians and which calculator is using degrees?
Explain your answer. '

Explain why
|sinf] < | tan 0|

for all 0 such that tan @ is defined.

Suppose 0 is not an odd multiple of 7. Explain why
the point (tan 8, 1) is on the line containing the point
(sin 8, cos 8) and the origin.

Explain why log(cot 8) = —log(tan 8) for every € in
the interval (0, ).

In 1768 the Swiss mathematician Johann Lambert
proved that if 8 is a rational number in the inter-
val (0, %), then tan @ is irrational. Use the equation
tan § = 1 to explain why this result implies that 7 is
irrational.

[This was the first proof that 1t is irrational ]

WORKED-OUT SOLUTIONS 0 0dd-Numbered Exercises

1

@ Find the equation of the line in the xy-plane that
goes through the origin and makes an angle of 0.7
radians with the positive x-axis.

SOLUTION A line that makes an angle of 0.7 radi-
ans with the positive x-axis has slope tan0.7. Thus
the equation of the line is y = (tan0.7)x. Be-
cause tan0.7 ~ 0.842288, we could rewrite this as
v =~ 0.842288x.

g Find the equation of the line in the xy-plane that
contains the point (3,2) and makes an angle of 41°
with the positive x-axis.

SOLUTION A line that makes an angle of 41° with
the positive x-axis has slope tan41°. Thus the equa-
tion of the line is ¥ — 2 = (tan41°)(x — 3). Be-
cause tan4l° ~ 0.869287, we could rewrite this as
v =~ (0.869287x — 0.60786.

§ Find a number t such that the line through the ori-
gin that contains the point (4, t) makes a 22° angle
with the positive horizontal axis.

9

SOLUTION The line through the origin that contains
the point (4,t) has slope £. Thus we want tan 22° = £.
Hence

t =4tan22° = 1.6161.

Find the four smallest positive numbers 6 such that
tan@ = 1.

SOLUTION Think of a radius of the unit circle whose
endpoint is (1,0). If this radius moves counterclock-
wise, forming an angle of 8 radians with the positive
horizontal axis, then the first and second coordinates
of its endpoint first become equal (which is equiva-
lent to having tan® = 1) when 6 equals 7 (which
equals 45°), then again when 8 equals 57" (which
equals 225°), then again when 8 equals %I—r (which
equals 360° +45°, or 405°), then again when & equals
BT" (which equals 360° + 225°, or 585°), and so on.

Thus the four smallest positive numbers 8 such that

_ mo5Smo9m 13m
tan0 =1 are 7, =, 7 and =~

Suppose 0 < 0 < T and cos @ = +. Evaluate:
2 5

(a) sin@ (b) tan@
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The next example illustrates another practical application of the ideas in this
section.

A surveyor wishes to measure the distance between points A and B, but a canyon
beiween A and B prevents a direct measurement. Thus the surveyor moves 500
meters perpendicular to the line AB to the point C and measures angle BCA as 4
78° (such angles can be measured with a tool called a transit level). What is the
distance between the points A and B?

SOLUTION Let d denote the distance from A to B. From the figure (which is not
drawn to scale) we have '

o d
. opposite side da
78 = —/————— = ——,
tan78 adjacent side 500
Solving this equation for d, we get
d =500tan78° =~ 2352. 500 78
B C

Thus the distance between A and B is approximately 2352 meters.

EXERCISES
Use the right triangle below for Exercises 1-20. This tri- 4 Suppose b = 4 and ¢ = 6. Evaluate
angle is not drawn to scale corresponding to the data @ a (d) tanu (g) tanw.
in the exercises. (b) cosu (€) cosv
c Y (c) sinu ) sinv
b 7 5 § Suppose a = 5 and u = 17°. Evaluate
o (@ b b) c.
@ 6 § Suppose b = 3 and v = 38°. Evaluate
1 Suppose a =2 and b = 7. Evaluate (a) a (b) c.
(a) ¢ (d) tanu (g) tanw. 7 g Suppose u = 27°. Evaluate
(b) cosu (e) cosv (a) cosv ' (b) sinv (c) tanw.
() sinu (f) sinv 8 § Suppose v = 48°. Evaluate
2 Suppose a = 3 and b = 5. Evaluate (@ cosu (b) sinu (€) tanu.
(@ ¢ (d) tanu ' (g) tanw. 9 § Suppose ¢ = 8 and © = 1 radian. Evaluate
(b) cosu (e} cosv (@ a (b) b.
(¢) sinu () sinv 10 @ Suppose ¢ = 3 and v = 0.2 radians. Evaluate
3 Suppose b = 2 and ¢ = 7. Evaluate ’(a) a ®) b.
@ a (@) tanu (@ tanwv. 11 § Suppose u = 0.7 radians. Evaluate
) cosu © cosv (a) cos v (b) sinv (¢) tanwv.
© sinu ® sinv 12 @ Suppose v = 0.1 radians. Evaluate

(a) cosu (b) sinu (c) tanu.

13 Suppose ¢ =4 and cosu = % Evaluate
(@ a (b) b.
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14

15

16

17
18

19

20

21
22

23

24

25

26

27

Suppose ¢ = 5 and cosu = ;11—. Evaluate

(@) a (b) b.
Suppose cosu = % Evaluate

(a) sinu () cosv (e) tanv.
(b) tanu (d) sinv
Suppose cosU = % Evaluate

(a) sinu (c) cosv (e) tanwv.
(h) tanu (d) sinv

Suppose b = 4 and sinv = %. Evaluate

(@ a (b) c.
Suppose b =2 and sinv = ; Evaluate

(@) a ) c.
Suppose sinv = % Evaluate

(@) cosu (c) tanu (e) tanwv.
(b) sinu (d) cosv

Suppose siny = % Evaluate

(@) cosu (c) tanu (e) tanwv.
(h) sinu (d) cosv

§ Find the perimeter of a right triangle that has hy-
potenuse of length 6 and a 40° angle.

@ Tind the perimeter of a right triangle that has hy-
potenuse of length 8 and a 35° angle.

5 Suppose a 25-foot ladder is leaning against a wall,
making a 63° angle with the ground (measured from a
perpendicular line from the base of the ladder to the
wall). How high up the wall is the end of the ladder?

g Suppose a 19-foot ladder is leaning against a wall,
making a 71° angle with the ground (measured from a
perpendicular line from the base of the ladder to the
wall). How high up the wall is the end of the ladder?

§ Suppose you need to find the height of a tall build-
ing. Standing 20 meters from the base of the building,
you aim a laser pointer at the closest part of the top
of the building. You measure that the laser pointer is
4° tilted from pointing straight up. The laser pointer
is held 2 meters above the ground. How tall is the
building?

@ Suppose you need to find the height of a tall build-
ing. Standing 15 meters from the base of the building,
you aim a laser pointer at the closest part of the top
of the building. You measure that the laser pointer is
7° tilted from pointing straight up. The laser pointer
is held 2 meters above the ground. How tall is the
building?

@i; A surveyor wishes to measure the distance be-
tween points A and B, but buildings between A and
B prevent a direct measurement. Thus the surveyor
moves 50 meters perpendicular to the line AB to the
point C and measures that angle BCA is 87°. What is
the distance between the points A and B?

28

§ A surveyor wishes to measure the distance be-
tween points A and B, but a river between A and B
prevents a direct measurement. Thus the surveyor
moves 200 feet perpendicular to the line AB to the
point C and measures that angle BCA is 81°. What is
the distance between the points A and B?

For Exercises 29-34, assume the surface of the earth
is a sphere with radius 3963 miles. The latitude of a
point P on the earth’s surface is the angle between the
line from the center of the earth to P and the line from
the center of the earth to the point on the equator clos-
est to P, as shown below for latitude 40°.

29

30

31

32

33

34

35

36

5’3 Dallas has latitude 32.8° north. Find the radius of
the circle formed by the points with the same latitude
as Dallas.

5 Cleveland has latitude 41.5° north. Find the ra-
dius of the circle formed by the points with the same
latitude as Cleveland.

§ Suppose you travel east on the surface of the earth
from Dallas (latitude 32.8° north, longitude 96.8°
west), always staying at the same latitude as Dallas.
You stop when reaching latitude 32.8° north, longi-
tude 84.4° west (directly south of Atlanta). How far
have you traveled?

5 Suppose you travel east on the surface of the earth
from Cleveland (latitude 41.5° north, longitude 81.7°
west), always staying at the same latitude as Cleve-
land. You stop when reaching latitude 41.5° north,
longitude 75.1° west (directly north of Philadelphia).
How far have you traveled?

§ How fast is Dallas moving due to the daily rotation
of the earth about its axis?

§ How fast is Cleveland moving due to the daily
rotation of the earth about its axis?

g Find the perimeter of an isosceles triangle that has
two sides of length 6 and an 80° angle between those
two sides.

§ Find the perimeter of an isosceles triangle that has
two sides of length 8 and a 130° angle between those
two sides.
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37 In doing several of the exercises in this section, you
should have noticed a relationship between cos 1 and
sinv, along with a relationship between sinu and
cosv. What are these relationships? Explain why they
hold.

38 In doing several of the exercises in this section, you
should have noticed a relationship between tanu and
tanv. What is this relationship? Explain why it holds.

39 g Find the lengths of all three sides of a right triangle
that has perimeter 29 and has a 42° angle.

40 5 Find the latitude of your location, then compute
how fast you are moving due to the daily rotation of
the earth about its axis.

41 Find a formula for the perimeter of an isosceles tri-
angle that has two sides of length ¢ with angle 6
between those two sides.

WORKED-OUT SOLUTIONS 0 0dd-Numbered Exercises

Use the right triangle below for Exercises 1-20. This tri-
angle is not drawn 1o scale corresponding to the data
in the exercises.

v
C
b
u
a
1 Suppose a = 2 and b = 7. Evaluate

(@ c¢ (d) tanu (g) tanwv.
(b) cosu (e) cosvy
(c) sinu (f) sinv
SOLUTION

(a) The Pythagorean Theorem implies that ¢? = 2% + 72,

Thus
¢ =22 +72 =453,
b) cosu = adjacentside _a _ 2 _ 253
“ "~ "hypotenuse ¢ /53 53
© sinu = oppositeside b 7 _ 7/53
" hypotenuse ¢ /53 53
_ opposite side g 7
(@) tanu = adjacent side a 2
(@ cosv= adjacentsile _ b _ 7 _ 753
" hypotenuse ¢ /53 53
__oppositeside a 2 _ 2./53
@ sinv= hypotenuse ¢ /53 53
_ oppositeside _a _ 2
(g) tanv= adjacentside b 7
3 Suppose b = 2 and ¢ = 7. Evaluate
(@ a (@ tanu (g) tanw.
(b) cosu (e) cosv
(c) sinu (fy sinv

SOLUTION

(@) The Pythagorean Theorem implies that a® + 2% = 72,
Thus

a=+72-22=1/45 =95 =9 .5 = 345.

b) cosu = adjacentside a 3.5

" hypotenuse ¢ 7
_ . _oppositeside b 2
(c) sinu = hypotenuse ¢ 7

_ oppositeside b 2 25
(d) tanu = adjacent side ~ a 3.5 15
(@ cosv = adjacentside b 2

" hypotenuse ¢

) sinv= opposite side _ a _
" hypotenuse ¢

opposite side
t == =
(g) tanv adjacent side b

o5 G

5 g Suppose a = 5 and u = 17°. Evaluate
(@ b b) c.

SOLUTION

(a) We have

. oppositeside b
tanl7° = =2 =2 _ =
an adjacent side 5

5

Solving for b, we get b = 5tan17° = 1.53.

(b) We have

., adjacent side 5
cosl7’ = ——— = —.
hypotenuse c

Solving for ¢, we get
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Similarly, in our trigonometric formulas for @ + 7, we could replace 7t by
any odd multiple of 7. For example, the radius corresponding to 6 + 577 is
obtained by starting with the radius corresponding to 6 and then making two-
and-one-half rotations around the circle, ending up with the opposite radius.
Thus cos(0 + 571) = —cos @, sin(@ + 571} = —sin 6, and tan(f + 51T) = tan 6.

The trigonometric identities involving an integer multiple of 7t can be summa-
rized as follows:

Trigonometric identities with 9 + nit

The first two identities hold

i cos‘(e . 'n'Tr‘) _ | cos @  if nis an even integer ‘ ; for all values of . The
. ‘ —cos @ if nisanoddinteger  third identity holds for all
‘ . o o L ; e ‘ _ values of 0 except odd
.. Isin@ ifnisaneveninteger = multiples of T; these values
sm(e + nir) Tl 901 an 6dd intéger . ' are excluded because
, .- ‘ T ~ o . tan(@ + nr) and tan 6 are
~ tan(d +nm) —tan@ if nisaninteger ' undefined for such angles.
EXERCISES
The next two exercises emphasize that cos?6 does not 13 tan( —%) 18 sin NT"
equal cos(0?). 14 tan(-%) 19 tan &L
1 g For 8 = 7°, evaluate each of the following: 15 cos 31§2E 20 tan 1_7571.
(@ cos?0 (b) cos(6?) 16 cos ”T’T 21 cos 113—2"
2 § For @ = 5 radians, evaluate each of the following: 17 sin2r 22 cos ¥
2 2
(@) cos?0 (b) cos(6?) 23 sin &1 31 sin3Z
.9 s 3
The next two exercises emphasize that sin?0 does not ~ 24 sin<g 32 sin 5
equal sin(6?). 25 tan 27 33 sin(-37)
3 @ For 6 = 4 radians, evaluate each of the following: 26 tan %’T 34 sin(—%")
(@) sin’0 (b) sin(6?) 27 cos 32 35 tan3F
. 3 3
4 @ For 8 = —8°, evaluate each of the following: 28 cos 36 tan<y
@ sin?0 (b) sin(6?) 29 cos(—35) 37 tan(-3%)
30 COS(—%T) 38 tan(-3—8’3)

In Exercises 5-38, find exact expressions for the indi-

V. . 39 Find the smallest positive number x such th
cated quantities, given that p that

(cos(x + 1)) (cosx) + % =0.

bid \ 2 + \/§ = T 2 - \/E
oS 5 = — and sing = —
40 Find the smallest positive number x such that
[These values for cos {5 and sin g will be derived in sin(x + 1) — sinx = 1.

Examples 3 and 4 in Section 5.5.]

41 Find the smallest positive number x such that

5 cos(—13) 9 sin(—13)
= m™_
6 sin(-7 10 cos(—%) ; tanx = 3tan(z - x).
7 sin{; 11 tan{5 42 Find the smallest positive number x such that

8 cos g 12 tang (tanx) (1 + 2tan(5 —x)) =2 - V3.
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Suppose u and v are in the interval (X, 1), with 53 cos(u + 41r) 62 sin(v - 71)
tanu = -2 and tanv=-3. 54 cos(v—6m) 63 tan(u - 9m)
In Exercises 43-70, find exact expressions for the indi- 5> Sin(u - 6m) 64 tan(v -+ 3m)
cated gquantities. 56 sin(v -+ 107) 65 cos(5 —u)
43 tan(-u) 48 cos(—v) 57 tan(u + 87) © 66 cos(3 - )
44 tan(-v) 49 sinu 58 tan(v - 4m) 67 sin(3 —u)
45 cosu 50 sinv 59 cos(u —3m) 68 sin(3 —v)
46 cosv 51 sin(—u) 60 cos(v +5m) 69 tan(y —u)
47 cos(—u) 52 sin(—v) 61 sin(u + 570) 70 tan(5 - v)
PROBLEMS
71 Show that 80 Explain why cos 85° + cos 95° = 0.

72

73

74

75

76

77
78
79

(cos @ +sin@)’ =1+ 2cosOsind

for every number 8.
[Expressions such as cos 0 sin @ mean (cos 9)(sin 8),
not cos(0sin 9).]
Show that
sinx  1+cosx

1-cosx  sinx
for every number x that is not an integer multiple of
TT.

(a) Show that

X3 +x%y +x92+ 9% = (x2+ 9D (x + ¥)

for all numbers x and y.
(b) Show that

cos®0 + cos?0 sin @ + cos O sin®0 + sin®0
=cos +sind

for every number 0.
Show that

cos*u + 2 cos?u sin®u + sin*u = 1
for every number u.
Simplify the expression
1 B 1 ) ‘
—cos@ 1+cosb/’

(tan 9)(1

Show that

s o2
sin?Q = 0 °_
m 1+ tan?6

for all 0 except odd multiples of 7.
Find a formula for cos?@ solely in terms of tan?6.
Find a formula for tan?@ solely in terms of sin®6.

Explain why sin3° + sin357° = 0.

81

82

83

84

85

86

87

88

89

Pretend that you are living in the time before calcu-
lators and computers existed, and that you have a
table showing the cosines and sines of 1°, 2°, 3°, and
so on, up to the cosine and sine of 45°. Explain how
you would find the cosine and sine of 71°, which are
beyond the range of your table.

Suppose n is an integer. Find formulas for
sec{0 +nmr), csc(@ +n), and cot(d + nr) in terms
of sec 9, csc @, and cot 6.

Restate all the results in boxes in the subsection on
Trigonometric Identities Involving a Multiple of T in
terms of degrees instead of in terms of radians.

Show that
cos(mm — 8) = —cos @
for every angle 6.

Show that .

tan0
for every angle € that is not an integer multiple of 7.
Interpret this result in terms of the characterization
of the slopes of perpendicular lines.

Show that

tan(6 + g) =

sin(rr — 0) =sind
for every angle 6.

Show that
cos(x + 5) = —sinx
for every number x.
Show that
sin(t + 5) = cost
for every number t.
Explain why

| cos(x +nm)| = | cosx]

for every number x and every integer n.




