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WEAK ERROR ANALYSIS OF NUMERICAL METHODS FOR
STOCHASTIC MODELS OF POPULATION PROCESSES*
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Abstract. The simplest, and most common, stochastic model for population processes, includ-
ing those from biochemistry and cell biology, are continuous time Markov chains. Simulation of
such models is often relatively straightforward, as there are easily implementable methods for the
generation of exact sample paths. However, when using ensemble averages to approximate expected
values, the computational complexity can become prohibitive as the number of computations per
path scales linearly with the number of jumps of the process. When such methods become compu-
tationally intractable, approximate methods, which introduce a bias, can become advantageous. In
this paper, we provide a general framework for understanding the weak error, or bias, induced by
different numerical approximation techniques in the current setting. The analysis takes into account
both the natural scalings within a given system and the step size of the numerical method. Examples
are provided to demonstrate the main analytical results as well as the reduction in computational
complexity achieved by the approximate methods.
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1. Introduction. This paper provides a general framework for analyzing the
weak error of numerical approximation techniques for the continuous time Markov
chain models typically found in the study of population processes, including chemistry
and cell biology. The main novelty of this work lies in how the analysis takes account of
both the natural multiple scalings of a given system and the step size of the numerical
method, and it is best viewed as an extension of the papers [3, 22, 23].

For k € {1,...,R}, let ¢, € R? denote the possible transition directions for a
continuous time Markov chain, and let A}, : R? — R denote the respective intensity,
or propensity functions.! The random time change representation for the model of
interest is then

R t
(L1) X0 = X0)+ 33 ([ Axenas) .

where the Y}, are independent, unit-rate Poisson processes. See, for example, [27], [14,
Chapter 6 |, or the recent survey [5]. The infinitesimal generator for the model (1.1)
is the operator A satisfying

(Af) () =D N(@)(f(z + ) — fl)),
k
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Hn the language of probability, the functions are nearly universally termed intensity functions,
whereas in the language of chemistry and cell biology these functions are nearly universally termed
propensity functions. We choose the language of probability theory throughout this paper.
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where f: R — R is chosen from a sufficiently large class of functions.

The problem of simulating (1.1) (and particularly of approximating expected
values) seems deceivingly easy since we can simulate the continuous time Markov
chains exactly.? Letting f be some function of the state of the system giving us some
quantity of interest, we may estimate Ef(X (7)) via an ensemble average,

(1.2) fin = —Zf(Xm(T)),

where X{; is the ith independent copy of (1.1). The law of large numbers then ensures
that

(1.3) Jim i, = Ef(X(T)),

with a probability of one. However, it is the computational work needed to achieve
an accuracy with a given tolerance, and not simply the fact that such a limit holds,
that is of most interest to us.

1.1. Scalings and computational cost. The main potential problem in trying
to naively apply the limit (1.3) to a given system stems from the fact that there is an
expected computational cost to the generation of each independent realization, which
we denote by N for now and explicitly quantify in (1.7) below. Assuming we wish
to approximate Ef (X (T')) to an accuracy of € > 0, in terms of confidence intervals,
we must generate O(e~2) paths yielding a total computational complexity of order
O(Ne=2). This computational complexity can be substantial when N is large and/or
€ is small.

In many models of interest, including many from cell and population biology, we
do, in fact, have that N > 1. It is therefore natural to consider how approximation
schemes perform. Before considering such schemes, however, it is important (from an
analytical point of view) to modify (1.1) by incorporating into the model a scaling
parameter, N, that can eventually be used to quantify N. The value N is usually
taken to be the order of magnitude of max; | X;|. We then scale the process by setting

XN =N"X,,
where «; is chosen so that X/ is O(1). Defining (¥ = N~ (y;, the general form of
the scaled model is then

R t
N o N ¥ Cr N s s N
(1.4) XN = X 0)+ 3 (N [ e <>>d)<k,

where v and c¢j, are scalars such that
(1.5) G [ = O(N <),

with || ~ N~ for at least one k, and both X and A\g(X™(-)) are O(1). We
explicitly note that we are allowing for the possibility that |(}¥| < N~ for some of
the k. Also, note that the models (1.1) and (1.4) are equivalent in that one is simply

2This assumes that the pseudorandom numbers generated by modern computers are “random
enough” to be considered truly random. We take this viewpoint throughout.
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a scaled version of the other. For concreteness, the scaling thus described will be
carried out explicitly for the stochastic models arising in biochemistry in section 2.
The infinitesimal generator A for the model (1.4) is

(1.6) (AN F)(@) = N7y NN (2)(f (2 + Q) — f(@)),
k

where f : R? — R is chosen from a sufficiently large class of functions. Note that it
is now natural to take

(1.7) N=N") N
k

as the order of magnitude for the number of steps required to generate a single path
up to a time of T' > 0.

The parameter -y of (1.4) should be thought of as representing the natural time
scale of the problem with v > 0 implying a relevant time scale smaller than one. In this
case of v > 0, the explicit numerical schemes considered in this paper are usually not a
good choice and other methods, such as averaging techniques, are usually required in
conjunction with the methods described here [5, 7, 9, 13, 25]. This fact is demonstrated
by our main analytical results, which provide error bounds for the different schemes
that grow exponentially in N7. Therefore, our main results are most useful when
v <0.

The model (1.4) is henceforth our main model of interest. We make the following
running assumption, which, in light of the fact that both XV and A\x(X7V(-)) are
O(1), is a light one.

Runming assumption. The intensity functions \; for the scaled process XV sat-
isfying (1.4), together with all of their derivatives, are uniformly bounded.

The above running assumption can almost certainly be weakened to a local Lips-
chitz condition, in which case analytical methods similar to those found in [24] and/or
[28] can be applied. Proving our main results in such generality, while possible and
certainly worth doing in future work, will be significantly messier, and we feel the
main points of the analysis will be lost.

We return to our problem of interest and let f be a function of the state giving
a quantity of interest and consider how to approximate Ef(X ™ (T)). As already
discussed, the computational cost of approximating Ef (X (T')) to an accuracy of e,
in the sense of confidence intervals, using the estimator (1.2) is O(Ne2). Suppose
now that Z is an approximation of XV constructed with a time-discretization step of
size h > 0.2 Letting Z[]i\]f denote independent copies of Z, we construct the estimator

(1.8) in = = S (2T,

Suppose that it can be shown that the approximation scheme has a weak error, or
bias, of order one. That is,

Ef(X™(T)) -~ Ef(ZM(T)) = O(h)

3 As the approximate process explicitly depends upon the choice of h, we could denote it as Z ,jlv .
However, for ease of exposition we choose to drop the h dependence from the notation.
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for a suitably large class of functions f. Then, noting that
Ef(XN(T)) = fin = [EF(XN(T)) = EF(ZY(T)] + [EF(ZV (D)) - fin]

we see that we must choose h = O(¢) to make the first term on the right, the bias,
O(e), and n = O(e~2) to make the second term, the statistical error, have a variance of
O(€?), and a standard deviation of O(e). This gives a total computational complexity
of O(e=3). This will greatly lower the computational complexity of the problem, as
compared with using exact sample paths, if e~! < N.

If, instead, the method for generating ZVV is second order accurate in a weak
sense, that is, if

Ef(X™(T) - Ef(Z(T)) = O(h?),

then we could choose h = O(e'/?) to yield a bias of O(¢). This leads to a total
computational complexity of O(e~2-%), which for small € represents a substantial im-
provement over using an order one method.

The above discussion points out that the key quantity to understand for a given
approximation method, and the focus of this paper, is the bias, or weak error, it
induces for a given function f:

(1.9) By(ZN, x,t) € Eo f(XN (1)) — Eo f(ZN (1))

Note that By (Z Nz, h) represents the local, one-step error of the method as the fixed
time step is of size h > 0. Analyzing the bias induced by different numerical schemes
is by now classical in the study of stochastic processes, with nearly all the focus
falling on how the bias scales with the size of the time step, h [26]. However, it is not
sufficient in the current setting to simply understand how the bias (1.9) scales with
the time discretization alone. Care must also be taken to quantify how the leading
order constants depend upon the natural scalings of a given system and given method,
here quantified by the parameter N > 0. For example, if

Ef(X™(T)) = Ef(ZY(T)) = O(c h+ ¢’ h?),

then we wish to understand how ¢V, ¢ depend upon N since for a given choice of

h we may have that ¢¥h < c)’h?. In this case, the method will behave as if it is an
order two method until & is reduced to the point when c¢i¥h > ¢ h?, in which case it
will behave like an order one method.

1.2. Notation and terminology. In this short subsection, we collect some
necessary extra notation and terminology used throughout the paper. We first note
that for f : R? — R, and any ¢ > 0, Dynkin’s formula for the process (1.4) is

(1.10) E. (XN () = f(z) + E, / AN F(X(s))ds,

which holds as long as the expectations exist. Similar expressions will hold for the
approximate methods under consideration. Dynkin’s formula will be our main ana-
lytical tool, as it will allow us to quantify the bias (1.9) for the different methods, and
we therefore focus on developing compact notation for the generators of our processes.

We define the operator Vév for the kth possible transition, which we will typically
call a “reaction” in keeping with the motivating application of section 2, via

(1.11) Vi f@) E N (fa+ ) = fla).
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Note that if f is globally Lipschitz, then V2 f(z) is uniformly bounded over k and x
since (V| = O(N~°*). We may now write (1.6) as

(AN (@) =D N A(@) Vi f ().
k

Defining the vector valued operators

(1.12) AE ML g, VY = VNV,

where we recall that R is the number of reactions, we obtain
(AYf)(z) = (N"X- V) f(2).

Fori e {1,...,d} and k € {1,..., R}, we let my, satisfy

G| = N,
Note that, by construction, we have ¢, < my for all k. Finally, we denote the jth
directional derivative of f into the direction [vi, v, ..., v;] by f'[vi,...,v;] and make
the usual definition
def
(1.13) 1£ll; = sup{f'v1,...,v;](2), [Jv]| = 1}.
xT

1.3. Summary of main results. The following list is a summary of our main
results. Technical details and assumptions have been omitted from the statements
below for the sake of clarity.

1. In Theorem 4.1, we prove that for any explicit numerical scheme with a step size
of h >0,

By(ZN,2,T) = O(Th™'sup |By(ZN,z,h)]),

where By(ZN,z,t) is the bias defined in (1.9). Thus, if the numerical scheme has
a local, one-step error of O(h?*1), then the global error is O(hP). This result is
standard and should be compared to similar results in [6, 22]. It is included here
since it is necessary to show that the scalings do not alter the usual result.

2. In Theorem 5.4, we prove that if ZX is generated via Euler’s method, also known
as explicit T-leaping in the setting of biochemistry, then

By(Zg @, h) = O(ch®),

where ¢ is independent of N. Thus, after applying Theorem 4.1, Euler’s method
is proven to be an order one method, in that the leading order of the global error
satisfies

By(Z§ ,x,T) = O(ch)

and decreases linearly with the step size. This fact is formally stated in Theorem
6.2.

3. In Theorem 5.5, we prove that if Z is generated via an approximate midpoint
method, then

By(Z3,x,h) = O(cY h* + I h?),
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where ¢, ¢l depend upon the natural scalings of the system, quantified here by
N > 0. The term that dominates this error then depends upon the specific scalings
of a system, encapsulated in the constants ¢ and ¢, and the size of the time
discretization h. Theorem 4.1 then implies

and the midpoint method will sometimes behave like a first order method, and
other times it will behave like a second order method. This fact is formally stated
in Theorem 6.3. A transition point, in terms of N and h, for this change in behavior
is also provided.

4. In Theorem 5.6, we prove that if Zﬁap is generated via the weak trapezoidal
method, which was originally formulated in the diffusive setting [6] and is extended
to the discrete setting in section 3, then

Bf(Z}} s . h) = O(ch?),

where ¢ is independent of N. Thus, after applying Theorem 4.1, the weak trape-
zoidal method is proven to be a second order method, in that the leading order of
the global error satisfies

Bi(Zpap x,T) = O(ch?)

and decreases quadratically with the step size. This fact is formally stated in
Theorem 6.5.

1.4. Context. We attempt to put the present work in the correct historical
context. In [3], Anderson, Ganguly, and Kurtz provided the first error analysis of dif-
ferent approximation techniques that incorporated the natural scalings of the system
(1.1) into the analysis. Specifically, they considered models satisfying the “classical
scaling,” which using our present terminology corresponds with v = 0, ¢, = 1, and
a; = 1. They further coupled the time discretization to the scaling, thereby ensuring
h was always in a useful regime, and derived results for both the weak and the strong
errors of Euler’s method and the midpoint method. They proved that, in this specific
setting, Euler’s method is an order one method in both a weak and a strong (in the L*
norm) sense. They proved that the strong error of the midpoint method falls between
orders one and two (see [3] for precise statements), and that the leading order term
of the weak error of the midpoint method scales quadratically with the step size.

In [22], it was shown by Hu, Li, and Min that the O(h?) weak convergence rate
of the midpoint method given in [3] depended intimately on the coupling between the
time discretization and the scaling parameter of the system. It was this particular
observation that in large part motivates the present work, as we wish to provide
a general analytical rate of convergence for the different relevant methods in the
most general possible scaling regime and in which the time-discretization parameter
is independent of the natural scalings.

In [6], the weak trapezoidal algorithm was introduced in the context of SDEs
driven by Brownian motions. There, it was shown to be an easy to implement method
that is second order accurate in a weak sense. Further, it has the nice property
that no costly derivatives need be computed during the course of the simulation. In
[23], it was pointed out that since the motivation for the original weak trapezoidal
algorithm comes from viewing SDEs as driven by space-time Wiener processes, the
same algorithm can work in the present jump setting by viewing the driving forces
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as space-time Poisson processes. This observation was also made independently in an
earlier version of the present paper.

It is worth pointing out that there are at least two other trapezoidal-type algo-
rithms in the literature pertaining to models of stochastic chemical kinetics. These are
the implicit and explicit trapezoidal methods of [11]. These methods were explicitly
developed to give better stability than the usual methods, and so they do not exhibit
better convergence than Euler’s method.

1.5. Paper outline. The remainder of the paper is organized as follows. In
section 2, we show how the basic models considered in this paper, (1.1) and (1.4),
arise naturally in biochemistry, which is the main area of motivation for this work.
This section can safely be skipped by anyone not interested in that application. In
section 3, we discuss numerical methods for the models under consideration, including
both exact and approximate schemes. In section 4, we prove Theorem 4.1, as stated
loosely above, and relevant corollaries. In section 5, we prove Theorems 5.4, 5.5,
and 5.6, each stated loosely above, providing the local, one-step errors induced by
the approximate schemes considered here. In section 6, we provide bounds on the
semigroup operator of the exact process X7, yielding the final piece to the global
analysis of the weak error of the different methods. We also briefly discuss stability
concerns in section 6. In section 7, we provide relevant examples.

2. Motivating systems: Biochemical reaction networks. In this section,
we build the relevant models (1.1) and (1.4) used in the study of stochastically modeled
biochemical reaction networks. We feel it is worthwhile to include this section, as
this is the area of main motivation for the present work. However, it can safely be
skipped by those wishing to simply see the mathematical analysis and not the areas
of application.

2.1. The unscaled model. A chemical reaction network is a dynamical system
involving multiple reactions and chemical species. The simplest stochastic models of
such networks treat the system as a continuous time Markov chain with the state,
X € 74, giving the number of molecules of each species and with reactions modeled
as possible transitions of the chain.

An example of a chemical reaction is

251+ Sy — 83,

where we would interpret the above as saying two molecules of type S; combine with
a molecule of type Sy to produce a molecule of type Ss. The S; are called chemical
species. Letting

0 —2
n=\11], vy=1 0|, and G=vi—-wnn=| -1 |,
0 1 1

we see that every instance of the reaction changes the state of the system by the
addition of ;. Here the subscript “1” is used to denote the first (and in this case
only) reaction of the system.

In the general setting we denote the number of species by d, and for i € {1,...,d}
we denote the ith species by 5;. We then consider a finite set of R reactions, where
the model for the kth reaction is determined by

(i) a vector of inputs v specifying the number of molecules of each chemical species
that are consumed in the reaction,
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(ii) a vector of outputs v}, specifying the number of molecules of each chemical
species that are created in the reaction, and
(iii) a function of the state A}, that gives the transition intensity, rate, or propensity
at which the reaction occurs.
Specifically, if we denote the state of the system at time ¢ by X (¢) € Z¢, and if the kth
reaction occurs at time ¢, we update the state by the addition of the reaction vector

& = v —
and the new state becomes X (t) = X (t—)+&g. For the standard Markov chain model,
the number of times that the kth reaction occurs by time ¢ can be represented by the
counting process

m =i [ t RO ).

where the Y}, are independent, unit-rate Poisson processes [27], [14, Chapter 6 |. The
state of the system then satisfies

X(t) = X(0) +ijYk (/Ot A;(X(s»ds) &,

which was (1.1) in the introduction. The above formulation is termed a random time
change representation and is equivalent to the chemical master equation representation
found in much of the biology and chemistry literature, where the master equation is
Kolmogorov’s forward equation in the terminology of probability.

A common choice of intensity function for chemical reaction systems is that of
mass action kinetics. Under mass action kinetics, the intensity function for the kth
reaction is

2.1 pY T
(1) R frermt
where vg; is the ith component of vy.

Ezxample 1. To solidify notation, we consider the network

Sy 2 Sy 28, S Sy,

where we have placed the rate constants ki above or below their respective reactions.
For this example, (1.1) is

-1

t t
X(t)=X(0)+Y1; ( / nlxl(s)ds) 1 |+ ( / HzXz(s)ds) -1
0 0 0 0
t 0
+ }/3 (/ IigXQ(S)(XQ(S) — 1)d$) -2
0 1
Defining ¢; = [-1,1,0]T, ¢ = [1,-1,0T, and (3 = [0,—2,1]T, the generator A

satisfies

(Af) (@) = sz (f(2+C1)— f (@) +r2m2 (f(2+C2) — f(2)) +r3za (22— 1) (f(2+(3) — f ().
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2.2. Scaled biochemical models. The scaling described below has been used
previously in at least [4, 5, 7, 25]. We emphasize that the scaling is an analytical tool
used to understand the behavior of the different processes, and that the actual simula-
tions using the different methods make no use of, nor have need for, an understanding
of N, a, or the (.

Let N > 1 be a natural parameter of the system, perhaps the abundance of the
species with the highest number of molecules. Assume that the system satisfies (1.1)
with X} determined via mass action kinetics (2.1), and with ¢, € 7% representing the
reaction vectors described in section 2.1. For each species i, define the normalized
abundance (or, simply, the abundance) by

XN(t) = N=* X,(t),

where «; > 0 should be selected so that X}V is O(1). Here X}¥ may be the species
number (o; = 0), the species concentration, or something else.

Since the rate constants may also vary over several orders of magnitude, we write
K}, = K NP* where the f, are selected so that k = O(1) (recall that r}, is the original
system parameter). Note that while the a; are nonnegative if N is chosen to be the
abundance of the species with the highest number of molecules, ; can be positive,
negative, or zero.

Under the mass action kinetics assumption, we always have that A\ (X (s)) =
NPetvica ), (XN (s)), where A\ denotes the deterministic mass action kinetics with
rate constants ky [5, 7, 25]. Our model has therefore become

(2.2) XN(t):XN(OH—ZYk (/tNBWk'aAk(XN(s))ds) G, oiedl,...,d},
A 0

where (7Y & Ny, To quantify the natural time scale of the system, define v € R
via

= max + V- — i,
Tk g};;ﬁo}{ﬁk g i}

where we recall that vy, is the source vector for the kth reaction. Letting
ck =Pk +vE-a—7,
for each k, the model (2.2) is seen to be exactly (1.4).

Remark 1. If B + v - o = o; = 1 for all ¢,k in (2.2), in which case v = 0, then
we have what is typically called the classical scaling. It was specifically this scaling
that was used in the analyses of the Euler and midpoint methods found in [3, 22, 23].
In this case it is natural to consider XV as a vector whose ith component gives the
concentration, in moles per unit volume, of the ith species.

Example 2. As an instructive example, consider the system

100
ST = Sy
100

with X;(0) = X2(0) = 10,000. In this case, it is natural to take N = 10,000 and
a1 = ag = 1. As the rate constants are 100 = /10,000, we take 8; = B2 = 1/2 and
find that v = 1/2. The equation governing the normalized process X{" is

XN(t) = XN 0) - v, (NWN / Xy (s)ds)% Y (NI/ZN / 2o X (s))ds) -z

where we have used that X}V + XV = 2.
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3. Numerical methods.

3.1. Exact methods. As already discussed in the introduction, because we are
considering continuous time Markov chains, there are a number of numerical methods
available for the generation of exact sample paths for the model (1.1) or the equivalent
model (1.4). All are examples of discrete event simulation [21]. In the language of
biochemistry these methods include the stochastic simulation algorithm, best known
as Gillespie’s algorithm in this setting [17, 18], the first reaction method [17], and
the next reaction method [1, 16]. All such algorithms perform the same two basic
steps multiple times until a sample path is produced over a desired time interval:
conditioned on the current state of the system, both (i) the amount of time that passes
until the next reaction takes place, At, is computed and (ii) the specific reaction that
has taken place is found. Note that At is an exponential random variable with a
parameter of », Ap(X(t)). Therefore, if

_ 1 1
3.1 M(X@)=~N>1 so that FAt= ——————~ =<1,

then the runtime needed to produce a single exact sample path may be prohibitive
when coupled with Monte Carlo techniques, and approximate methods may be desir-
able.

3.2. Approximate methods. There will be times when we will wish to discuss
an arbitrary approximation to X or X%, and other times we will wish to consider
specific approximations. When we consider an arbitrary approximation we will simply
denote the approximation by Z or ZV. When we distinguish the Euler, midpoint,
and weak trapezoidal approximations, the main approximations under consideration
here, we will denote by Zg, Zr, and Zirqp the respective approximations to X and
by Z¥, ZY, and Z} . the respective approximations to X . Throughout, our time-

trap
discretization parameter will be denoted by h > 0.

3.2.1. Euler’s method. The Euler approximation, Zg, to the model (1.1) is
the solution to

(3.2) ZE(t) = ZE(O) + ;Yk (/0 )‘k(ZE o n(s))ds) Ck,

def

where n(s) = |s/h]h, and all other notation is as before. Note that Zg(n(s)) =
Zg(ty) if t,, < s < t,41. The basic algorithm for the simulation of (3.2) up to a time
of T' > 0 is the following. For x > 0 we will write Poisson(x) for a Poisson random
variable with a parameter of x.
ALGORITHM 1 (Euler’s method). Fiz h > 0. Set Zg(0) = xq, to =0, and n =0,

and repeat the following until t, 1 =T

(i) Set tpy1 =tn+h. Iftyr >T, settp1 =T and h =T — t,,.

(ii) Fork e {l,...,R}, let Ay, = Poisson(\,.(Zg(tn))h) be independent of each other

and all previous random variables.
(iii) Set Zg(tn+1) = Zp(ty) + Zk ApCr.
(iv) Setn <+ n+1.

4Historically, the time-discretization parameter for the methods described in this paper have
been 7, thus giving these methods the general name “r-leaping methods.” We choose to break from
this tradition and denote our time step by h so as not to confuse 7 with a stopping time.
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The above algorithm is termed explicit tau-leaping in the biology and biochemistry
literature [19]. Several improvements and modifications have been made to the basic
algorithm described above over the years in the context of biochemical processes.
Many of the improvements are concerned with how to choose the step size adaptively
[10, 20] and/or how to ensure that population values do not go negative during the
course of a simulation [2, 8, 12], which is a relevant issue, as population processes
have a natural nonnegativity constraint. For the simulations carried out in section 7,
we choose to simply keep a fixed step size and set any species that goes negative in
the course of a jump to zero.

Defining the operator

(3.3) (Bof)(@) = Y NG (f @+ &) — (@),
k
we see that for t > 0
(3.4) Ef(Zg(t)) =Ef(Zpon(t)) +E /(t)(Bonnmf)(ZE(S))dsa

as long as the expectations exist. The scaled version of (3.2), which is an approxima-
tion to XV satisfying (1.4), is

55 ZAW=Z0+ TN (NW [ ez n(s))ds) &,

where all notation is as before. Define the operator BY by
(3.6) BY f(z) = (NVA(z) - V) f ().
If ZY satisfies (3.5), then for all ¢ > 0

t

BFZE®) = BN G0) + B | (B 0D (5))ds,

n(t)
as long as the expectations exist.

3.2.2. Approximate midpoint method. A midpoint-type method was first
described in [19]° and analyzed in [3, 22]. Define the function

1 ,
p(z) & 2+ 511;%(2)%

which computes an approximate midpoint for the system (1.1) assuming the state of
the system is z and the time step is h. Then define Z,; to be the process that satisfies

(3.7) Zalt) = 2(0) + % < [ ontze n(S))d8> .

The basic algorithm for the simulation of (3.7) up to a time of 7" > 0 is the
following. Note that only step (ii) changes from Euler’s method.

ALGORITHM 2 (midpoint method). Fiz h > 0. Set Zp(0) = xo, to = 0, and
n =0, and repeat the following until t,,41 =T':

5The midpoint method detailed in [19] is actually a slight variant of the method described here.
In [19] the approximate midpoint, called p(z) above, is rounded to the nearest integer value.
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(i) Set tpi1 =tn+h. Iftyr >T, settp1 =T and h =T — t,,.
(ii) Fork € {1,...,R}, let Ay, = Poisson(\, o p(Zn(tn))h) be independent of each
other and all previous random variables.
(iii) Set Zpni(tnt1) = Zp(tn) + Zk ApCpe.
(iv) Setn <+ n+1.
For B, defined via (3.3), any ¢ > 0, and Z; satisfying (3.7), we have

t

Ef(Zu () = Ef (Zn o n(t) + E /  Brommento ) (o))

as long as the expectations exist. The scaled version of (3.7), which is an approxima-
tion to XV satisfying (1.4), is

38)  zZN0 =230+ Y % (Nv / NCkAkop<zAf§on<s>>ds) &,
k 0

where now

1 c N
p(z) =z + §hzvvzk:zv FAR(2)C.

While we should write pV in the above, we repress the “N” in this case for ease of
notation. For BY defined via (3.6) and Z1} satisfying (3.8), we have

t

BF(Z} () = EAZN () +E [ AP O

for all ¢ > 0, as long as the expectations exist.

3.2.3. The weak trapezoidal method. We will now describe a trapezoidal-
type algorithm for approximating the solutions of (1.1) and/or (1.4). The method was
originally introduced in the work of Anderson and Mattingly in the diffusive setting,
where it is best understood by using a pathwise representation that incorporates
space-time white noise processes; see [6]. It has independently been extended to the
current jump setting in [23], where it was studied in the classical scaling (y =0, a; =
1, ¢ = 1, with the step size coupled to the system size similarly to the analysis in
3)-

In the algorithm below, which simulates a path up to a time 7" > 0, it is nota-
tionally convenient to define [z]* = 2 V 0 = max{z,0}.

ALGORITHM 3 (weak trapezoidal method). Fiz h > 0. Set Z(0) = xg, to = 0,
and n = 0. Fizing a 6 € (0,1), we define

w11 w 1 (1—0)%+ 62
(3:9) S i B el S sy
We repeat the following steps until t,,1 = T, in which we first compute a 0-midpoint
y* and then the new value Zirap(tni1):
(i) Set tpi1 =tn+h. Iftynr >T, settp1 =T and h =T — t,,.
(ii) Fork e {1,...,R}, let Ag1 = Poisson(A,(Zirap(tn))0h) be independent of each
other and all previous random wvariables.
(iii) Set y* = Zt’rap(tn) + Zk Ak)lgk,
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(iv) For k € {1,..., R}, let Ao = Poisson([§1\},(y*) — &N, (tn)]T (1 — O)h) be inde-
pendent of each other and all previous random variables.
(V) Set Ztrap(thrl) = y* + Zk Ak,2<k-
(vi) Setn <+ n+1.
Remark 2. Notice that on the (n + 1)st step, y* is the Euler approximation to
X (nh + 0h) starting from Zy,.qp(t,) at time nh.
Remark 3. Notice that for all § € (0,1) one has & > & and & — & = 1.
We define the operator B., ., by

(Bay e f) (@) = ) 6N (21) = &N (2)] T (f (2 + o) — (@)

k

Then, for n(t) <t < n(t) + 0h, the process Ziqp satisfies

Ef(Zirap(t)) = Ef (Ztrap(n(t))) + E /(t) (BZtmp(n(t))f)(Ztrap(S))dsa

where we recall that B, is defined via (3.3), and for n(t) + 6h < t < n(t) + h, the
process Zirqp satisfies

t
Ef(Zirap(t)) = Ef (Ztrap(n(t)+06h)) +E/ o (BZsrap (n(8)101), Zerap (n(£) F ) (Ztrap(s))ds.
(t)+

Finally, define the operator BY _ by

21,22

(BY _,))(@) = (NV[&M(21) — &M(22)]F - VY) f(a),

where for some 6 € (0,1), & and & satisfy (3.9), and for v € R? the ith component
of v* is [v;]* = max{v;,0}. Then, if Z}), represents the approximation to (1.4) via
the weak trapezoidal method, for n(t) <t < n(t) + 6h

t

Ef(Zt]Xap( )) Ef( trap( (t))) + E/ (Bzfiap(n(t))f)(ZtJXap( ))dsa

n(t)

whereas for n(t) + 0h <t <n(t)+h

BA(Z30(0) = Ef (20 +om)+E [ (B,

o D EBap (040,255 ) )(Zirap(s))ds.

4. Global error from local error. Throughout the section, we will denote
the vector valued process whose ith component satisfies (1.4) by X% and denote
an arbitrary approximate process via ZV. Also, we define the following semigroup
operators acting on f € Cp(R?, R):

(4.1) Pif(2) = B f(XN(2)),
P f(x) = B f(Z" (1)),

where for ease of notation we choose not to incorporate the notation N into either P,
or P;. Returning to the notation introduced in section 1, we note that

Bp(ZV,2,t) = E. f(XN () — Eo f(ZV (1)) = (Pt — Pr) f(2).
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We may therefore interpret the difference between the above two operators, for ¢ €
[0, T, as the weak error, or bias, of the approximate process Z" on the interval [0, 7).
As h > 0 is our time step, we note that Bf(ZN,z,h) = (P, — P,) f(x) is the one-step
local error.

DEFINITION 4.1. Let n be an arbitrary nonnegative integer, and let M be an m-
dimensional vector of C(RY,R) valued operators on C(R%,R), with its (th coordinate
denoted by My. Then we define

P
IF 1" = sup{ (H ML) f
i=1
For example, if j, k, £ € {1,..., R} then
N
(VYVRVE N @) < IIFIIS,
where we recall that V¥ is defined in (1.12). Note that, for any M,

(42) £ = 1 £llo = 11fllco-
Also note that, by definition, for n > 0
IR < W F IR

DEFINITION 4.2. Suppose M : C(RYR) — C(RYRE) and Q : C(RY,R) —
C(R%,R) are operators. Then define

(oo}

def QI
Q% = b T
Note that as stated in the introduction, the purpose of this paper is to derive
bounds for the global weak error of the different approximate processes, which, due to
(4.2), consists of deriving bounds for ||[(PP — Pun)||AL, o, for an appropriately defined
M and a reasonable choice of m > 0. Theorem 4.1 quantifies how the global error
(PP — Pun)IM o can be bounded using the one-step local error ||P, — Pp||2L, . In
section 5, we will derive the requisite bounds for the local error for each of the three
methods.
THEOREM 4.1. Let M be a C(R% R®) valued operator on C(R%,R). Then for
any n,m >0, and h >0

1P = Pan)lli o = O(n |1Ph = Pallit o pemax }{Hpehllm_m )-

Proof. Let f € Co(R?%, R). Note that, since ||g|lo = ||g|[3"* for any g,
i—1 i—1
12 6% 0l1Pa = Pl = 157 ool Pr — Pallmlso-

With this in mind,

(Pt = Pun) Fllo = ||>_(PiPhin—iy = PL~ Phin—js1))f
=1 0

S

Z ||PJ 1(Ph _Ph)Ph (n— ])f”()

J=1

<Y 1B ool Pa = Prllnol Prgn—s S m L F 11"
j=1

S
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Since Py is a contraction, i.e., || Pnllo—o < 1, the result is shown. O
The following result, where V¥ replaces M in Theorem 4.1, is now immediate.
COROLLARY 4.2. Under the same assumptions of Theorem 4.1 and with f €
C§'(R%,R),

1B =P 5" = OBy = Pul5 0, _max {Pen % }):

The following generalization, which allows for variable step sizes, is straightfor-

ward.
COROLLARY 4.3. For f € Ci*(R%,R)

IBef (Z2,) = Baf (X )llow = O(n xmax {1Pa, = Pailloo} max {IPe S5 }).

Thus, once we compute the local one-step error || P, _PhHXio for an approximate
process, we have a bound on the global weak error that depends only on the semigroup
Py of the original process. We will delay discussion of || Py f ||,ZN for now, as this term
is independent of the approximate process. Instead, in the next section we provide
bounds for || P, — PhHXio for each of the three methods described in section 3.

5. Local errors. Section 5.1 will present some necessary propositions and lem-
mas. Sections 5.2, 5.3, and 5.4 will present the local analyses of the Euler, midpoint,
and weak trapezoidal methods, respectively.

5.1. Analytical tools.
PROPOSITION 5.1. Let f € CL(RY,RF). For any k € {1,..., R}

Vi f € ON®~™|f]l) € O(1).

In particular, N‘ckaNf s bounded.
Proof. The result follows from the fact that for any w € R¢

|f(z+w) = f(2)| < |wll|fll. 0O
Define, for any multisubset I of {1,..., R},

11|

viFE NIV | f
1=1

so that

N
IFI% = sup [VF flloc
[Z]<n

PROPOSITION 5.2. Let f € C(R% R®). Then

AT = ol f1;).

Proof. The case j = 1 follows from Proposition 5.1. Now consider V¥ f(z) for a
multiset I of {1,..., R}, with |I| = j > 2. If my, > 0 for all k € I, the statement is
clear. If, on the other hand, mj; = 0 for some k € I, then for this specific £ we have
cp <0 and

IVE flloe < 2N [V flloo = O flli-1) = OULf15),
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where the second to last equality follows by an inductive hypothesis. O
We make some definitions associated with V. Let g : R — RE. For 4,j €
{1,...,R}

[DVg(2)li; & VYV gil),
(5.1) (V)i = VYVY,
diag(N°) = diag(N°, ..., N°r).

Also, we define 1 to be the R-dimensional vector whose entries are all 1.
LEMMA 5.1 (product rule). Let g,q: RY — R be vector valued functions. Then

V(g o)) =(Vig @)+ (g-Via) (@) + N~*(Vig Vg ().
Also,
VN(g-q)(x) = [DVg]"q(x) + [DNq)" g(x) + diag(N) " ([DV g]" x [DVq]")(z)1R .
Proof. Note that, for any k,
V(g q)(x) = N*(g(z + ¢ )a(z + ) — g(x)q(x))
= N*(g(x+ ¢Y) — g(x)q(x) + N*(q(z + ¢Y) — q(x))g(x)
+ N~ N*(gq(z + () — (@) N (g(z + ) — g(x))

=(Vig)-q)(@) + (Vg g)(x) + N~ (Vig- Viq)(x),

verifying the first statement. To verify the second, one simply notes that the above
calculation holds for every coordinate, and the result follows after simple bookkeep-
ing. g

COROLLARY 5.3. Let A : RY — R be a vector valued function, and let f : R —
R. Then

VNNV (@) = (VEX- V) fF+ X VUV f+ N=VUIN - VVVUN £,
Also,
(5.2) VNN -VVF) = [DVNTVN f + [(VV)2f]N 4 diag(N©) "DV x (VV)?|1Rf.

Proof. Simply put g = A and ¢ = V¥ f, and note that V? is symmetric. |

5.2. Euler’s method. Throughout subsection 5.2, we let Z& be the Euler ap-
proximation to XV, and we let

Penuf(x) & By f(ZE (h),

where h is the step size taken in the algorithm. Below, we will assume h < N7,
which is a natural stability condition and is discussed further in section 6.2.
THEOREM 5.4. Suppose that the step size h satisfies h < N~7. Then

1Pen — Pl 50 = O(N?Th?).

Proof. For Euler’s method with initial condition xq

2 N
(53)  Poafleo) = f(ao) + hBY f(ro) + o (B (o) + O 71T ™1,
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where, noting that VN \(z¢) = 0 and using the product rule in Lemma 5.1, we have
BY.f = N"A(zo) - VY,
(B2)*f = N"Ao) - VN (N (o) - V' f)
(5.4) = N Axo) " [(VY)? FIA(wo)-

On the other hand, for the exact process (1.4),

(5.5) Puf(wo) = f(wo) +hAY f(z0) + %2(AN)2f(xo) + OIS R3),
where, again,

AN f=NIX-VVT.
Noting that

(5.6)
(AY)?f(2) = N (X - V¥ (X - VN f(2)))
= NEAT(DVATTY f () + [(VV)2FIA@) + N2AT (diag(N~)[DNA x (V)2]1rf)
and defining
a(z) = NPAT[DNNTVY f(z),
b(z) = N2AT[(VY)? (),
c(z) = NN [diag(N~)[DV X x (VY)?|1Rf (2)],

we can write

Pif(w0) = Fwo) + AN f(z0) + - (alo) + b{an) + elzo)) + O FIT ).

Note that BY f(xo) = AN f(xo) and b(zo) = (BL)?f(x0). We may then compare
(5.3) and (5.5):

2 N
(P~ Pa) (o) = - (B2 (o) — (alao) + bao) + o)) + ON* 7T 4)
2 N
= % (~azo) — elzo)) + O 7T 1)

The term a(x)+c(z) = O(N* ||f||2vN) is clearly nonzero in general, giving the desired
result. O

5.3. Approximate midpoint method. Throughout subsection 5.3, we let Z1}
be the midpoint method approximation to X%, and we let

Pynf(x) & Eo f(Z3y(R)),

where h is the step size taken in the algorithm. As before, we will assume h < N7,
which is a natural stability condition and is discussed further in section 6.2.
THEOREM 5.5. Suppose that the step size h satisfies h < N~7. Then

1(Pary — Pi)lI§ o0 = O(NPTR? 4 N2 —min{mitp2),
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Remark 4. Theorem 5.5 predicts that the midpoint method behaves locally like
a third order method and globally like a second order method if A is in a regime
satisfying NYh > N—min{mi} o equivalently if A > N—7—min{ms} - This agrees
with the result found in [3] pertaining to the midpoint method, which had v = 0,
my = 1, and the running assumption that ~ > 1/N. This behavior is demonstrated

via numerical example in section 7.

Proof of Theorem 5.5. Let ¢V denote the matrix with kth column ¢/, i.e

(M= 6 CR )
Recall that p is defined via

p(z) =z + NWZ/\k JNRGY.

After some algebra, we have

B oo F(z) = (A ( + gm ;wo)wﬁ )) VN f(x)
= N"A(zo) - VN f(x) + w(zo) + O(N?||fIIY " h2),
where

h

w( ) det aray [t [D)\(CCQ)][CN]dlag(NC) (xO)VNf(x)

Next, using the product rule (5.2), we see that
(BY,..)*f(2)
= N0+ I gV o)
o (Nu<a:o + I gV @) ) - 9V ) 0
T
= 8220 + BV diag (VW)
TP (z0-+ 1 gV ) ) - 9 a)
= g(wo) + OWN|I£IY " ),
where

g(z0) = N*'Azo)"[(VN)? f ()] A(o0).
Therefore, since NY\(zg) - VY f(xg) = ANf(xo), it follows that

el

Parnf (o) = f(wo) + hBY, ) f(xo) + <Bp<m0>> Flwo) + ON*| £IIT " h?)

= f(@o) + h (AN f(ao) + w(zo) + OIS 2)

2

+ % (g(xo) + O(NQ'YHfHQVNh)) + O(NB’YHJCH:YNhg)-
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Recall that

(AV)?f () = a(z) + b(z) + c(2),

where

a(z) = NPT [DVNANTVY f(2),

b(a) = N*AT[(VY)? fIA(2),
(5.7) c(x) = NP\ [diag(N =)DV A x (V)1 rf ()],
and

2 N
Puf(x0) = f(a0) + hAY f(wo) + %(a(xo) +b(wo) + c(z0)) + ON||£II5™ ).

Noting that b(xg) = g(xo), we see that

(Prr,n — Pr) f (o)
2

= h w(xo) + % (9(w0) — (a(wo) + b(wo) + e(z0))) + O(N*T|| £ h¥)

2 2 N
655 = (nuten) ~ atan) ) - etao) + ONIIT ).

We will now gain control over the terms (h w(xo) — ga(mo)) and %2(:(%) separately.

Handling %26(330) first, we have that VN )\, € O(N~™*%) and so
(o) = (NIt | £377).

Next, we will show that

(o) — 2 aao) = O 75V,
We have
(o) — ' afan)
(5:9) = NPDAw Vi (N o) - 9 Flao) — 5 NIATIDY NN f(a)

— %2sz ([D)\(xo)] [¢N]diag(N°¢) — [DN)\(xo)]>)\(xo) VN (o).

By Proposition 5.2, VY f(z) is bounded by ||f||Y". Therefore, we need only show
that the difference between the two square matrices

(5.10) [DNX(z9)]  and  [DA(x0)][¢V]diag(N°)

is O(N—min{me}l) Recalling the definitions in (5.1), the (i, j)th entry of the left-hand
side of (5.10) is

N (Ai(wo + () — Ailxo)),
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whereas that of the right-hand side of (5.10) is
NV - ¢
Also, note that, for A € C2(R? R),
(A +v) = Az)) = VA@z) -v) € O(Jo]? | A]l2),
where

[All2 = sup{[|Alloo, (|02, A

‘007 Harjar[A”Oo’Z’], k S d}

Since ||Ag|l2 is bounded for any k, the difference between the (4, j)th entries of the
two expressions in (5.10) is

O(N¢% N—2m3).
Also, recall that ¢c; —m; < 0. Thus the above is also
O(N_ min{mk}).
Therefore (5.9) is of order
. N
O(NZymintme 2| fI[7),
as desired. Combining the above with (5.8) gives us
. N
1(Ph = Parn) fllo = O(NZ—mintmsd || #1772
. N N
+ NPT TR N fl R
(5.11) = O(| f1§ " [N*1h® 4 N*7=mintmd p2)),
implying
HPM.h _ ,Pth_]j — O(NB'yhB + N2w7min{mk}h2)’
: 3-0

as desired. 0

5.4. Weak trapezoidal method. Throughout subsection 5.4, we let th\[ap be
the weak trapezoidal approximation to X, and we let

Ptrap,hf(x) = Erf(Zt]Xap(h))v

where h is the size of the time discretization. We will again consider only the case
h < N7, which is a natural stability condition and is discussed further in section
6.2.

We make the standing assumption that for all x in our state space of interest,
and k,j € {1,..., R}, we have that

(5.12) S k(x + CJN) —&Ak(z) >0,

where & > & are defined in (3.9) for some 6 € (0,1). Noting that ¢ will often
be small, and that & — & = 1, for most processes, including those arising from
biochemistry, the requirement (5.12) holds as long as the process is not directly at
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the boundary of the positive orthant. Weakening (5.12) is almost certainly doable,
for example, by gaining control over the probability that a process leaves a region in
which the condition holds. This is an avenue for future work.

THEOREM 5.6. Suppose that the step size h satisfies h < N~7. Then

N
[(Perapn = Pr)ll30 = O(N>TH?).

Proof. Consider one step of the method with a step size of size h and with
initial value xg. Note that the first step of the algorithm produces a value y* that is
distributionally equivalent to one produced by a Markov process with generator Bi¥
given by

By f(a) = N'A(zo) - VY f ().

Next, given both xg and y*, the second step produces a value which is distributionally
equivalent to one produced by a Markov process with generator

(5.13) By f(x) = NG (y") — E2M(xo)]t - VN f(2).
Recall that, for the exact process,
h? N
Puf(x0) = flzo) + hAY f(x0) + T(AN)zf(%) +ONIFIIF h%).
For the approximate process we have that

Ptrap,hf(x()) []Eio[f( trap( ))| *]]
=Euo f(y*) + (1 = 0)hEqy, [BY f(y")]

)+
o4 L g (B3 217 + O™ 15 1),

We will expand each piece of (5.14) in turn. Noting that B f(x¢) = AN f(x0), the

first term is
oh
/ By f(Zs)ds
0

62h*

Eoo f(y") = f(w0) + Eay

= f(z0) + ORAN f(x0) + ——(BN)2f(x0) + O(N®| f[Y " h?).

We turn our attention to the second term, (1—60)hE,,[BY f(y*)], and begin by making
the following definition:

9(y") = By f(y") = NV[EA(Y") — &AM (@0)] - VN f(y")
so that g(x) = NY([& M (x) — EA(z0)]T - VN)f(x). Because & — & = 1, we have
g(x0) = N7 A(wo) - V¥ f (o) = AN f (o).
By our standing assumption (5.12) we have that

9(wo+Ck) = g(x0) = N7 (&M (w0 + ) — E2A(20)) - VY f (w0 + ) = NV (o) - VV f (o).
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After some algebra,

B g(wo) = N7 (Mxo) - VNg)(wo) = N7 >~ N%Ay(wo)[g(x0 + G) — g(wo)]
k

= &N A(zo) - VN (N~ f)(20) — &N A(z0) - VN (A(0) - f)(wo)
= &1(BY AN f(x0)) — &((BY)2 ) (o).
Thus,
Euo [BY £(y)] = Eay lg(y)] = g(wo) + 0hBY g(0) + O(N[|FY " h?)
= AN f(2o) + Ok [€2(BY AN ) (20) — &2(BY)2f(x0)] + O(N>[|FIT" h?)
= AN f(20) + 0h [€1(AN)2 f (o) — &2(BY )2 f(20)] + ON> | 115 12),

where the last line follows since BY f(zg) = A" f(z0) for any f.
Finally, we turn the the last term in (5.14). Define

a(y*) = (BY)*f(y")
— [6A") — &AM 20)] T - VY ([6AW7) — EM@o)] TV )(y7)

—

so that
q(x) = [6A = &2 (0)]* - VY ([&1A — &M (@0)] TV f)(2).
By our standing assumption (5.12) we have that
Euo (B2 f(y")] = Eaola(y™)]
(5.15) = q(z0) + O(N*7| £[15 " h)
= (BY)*f(wo) + O™ | |5 h).
Noting that

1 1—6)2+6°
(=066 =5 and  (1-0)06 = %
we may conclude the following from the above calculations:
(1—0)2h?

Euo[f(Ztyapn)] = Eao f (") + (1 = O)hEay [BY £(y)] + Euo[(B2)*£(y")]

+ONM|| IV 1?)

2

T (B2 f(xo)
(L= ORAY fa) + o (AYV? f(a0) — (1~ 0)° + 671(BY)?F (o)

(1—60)2h?
2

2 N
= Fao) + A (o) + o (AN (o) + O 7T 0.

= f(x0) + 0hA™ f (o) +

+ (BM)2f(x0) + O(N®V| fIIT " 1?)

Thus
N
||(Ptrap,h - Ph)f”() S O(NB’YHfHS'v h3)7

and the proof is complete. O
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6. Global bounds and stability. In section 6.1, we bound ||P.f||Y", which
was the remaining piece to handle in Theorem 4.1 to give us global bounds on the
weak error induced by the different methods. In section 6.2, we briefly discuss some
issues related to stability of the different methods.

6.1. Bounds on | P.f||Y" . In this section we bound ||P,f||Y", where n is a
nonnegative integer and P, is the semigroup operator (4.1) of the scaled process (1.4).
We point out, however, that for any process X~ for which P; is well behaved, in that
[PV, is bounded uniformly in N, the following results are not needed, and, in fact,
would most likely be a least optimal bound, as the bound grows exponentially in N7t.
Note that any system satisfying the classical scaling has v = 0. We also point out
that the arguments used below are quite similar to those used in [22] by Hu, Li, and
Min, which were extensions of those used in [3] by Anderson, Ganguly, and Kurtz.

For t > 0 and any = € R we define

v(t, ) = Puf(x) = B f(X]Y).
TuEOREM 6.1. If | f|Y" < 0o, then
ot N = 1PN < NN eV o,
where
(6.1) Co =2 (IAIT"n R+ R = DIAIY).

We delay the proof of Theorem 6.1 until the following lemma is shown, the proof
of which is similar to that found in [22], which itself was an extension of the proof of
Lemma 4.3 in [3].

LEMMA 6.1. Given a multiset I of {1,..., R}, there exists a function qr(z) that
is a linear function of terms of the form VY v(t,z) with |.J| < |I|, so that

||
Vvt z) = NY(A- VN)VYu(t,2) + N> (8- VV)V g o(tx + G,) + N (),
=1

where (; = Va]/\, Further, qr consists of at most R(|I| — 1) terms of the form
VYu(t,z), each of whose coefficients are bounded above by ||/\||‘VI‘N
Proof. This goes by induction. For |I]| = 0, the statement follows because

(6.2) ov(t,z) = NY (X - VVu(t, z).

Note that in this case there are no 5; or ¢ terms. It is instructive to perform the
|[I| =1 case. We have

VY u(t,x) = Vi dpv(t, x)
=VN(N'X-VNu(t,z))
= NV (VXN -Vt z) + NX-VEVYu(t,z) + NY(N=SVUEN - VEVNu(t, ).

Note that for any g : R — R

(6:3) (VA VV)g(2) + (NT#VEX- V) Vg(x) = (VA VV)g( + G).
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Therefore, with g(z) = v(t,2) in the above, we have that
oVNv(t,x) = NY(A\x) - V)V u(t, 2) + NV (V) - VV(t, 2 + ).

Now assume that it holds for a set of size < |I|. Then using the inductive hy-
pothesis, Lemma 5.1, and (6.3) yields
0y VEVNu(t, x)
= VYo, VVu(t, x)
||
= N'VY |- V)V u(t, z) +Z (B; - V)V ootz + ) + qr(2)

By [(A YT ot @) + (TEA- VTN ot + G)

1]
+NY [(ﬁl VIVEVRGvt @+ ) + (Vi Bi - VOV 0(t @ + G, + Gr)

i=1
+ N'YV,CNqI(x)
= N V)T ot 2)
]

+ N (VA VIOV vtz + G) + D (8- V)V vtz + C,)
i=1

#87 [Tar(o) + (726 TN, ol + G+ )

showing the result. a
Proof of Theorem 6.1. Let n > 0. Define

e N
Un(t) = Jax VY u(t ) = [lvlly

Each V¥ v(t,z) is a continuously differentiable function with respect to ¢. Therefore,
the maximum above is achieved at some (I*,z*) for all ¢ € [0,¢;], where t; > 0.
Fixing this choice of (I*,z*), we have

Un(t) = VNou(t, z*)

for all t < tq.
Note that

(A - VYR u(t, 29 VN (t, 2*) Z)\k (VYN o(t, 2*)) VN o(t, z*)
(6.4) —ZNCk/\k NNt % 4 ) — Vot 2°) VNo(t, 2*)

SO,

where the final inequality holds by the specific choices of I* and z*. Also note that
for any ¢; € I and any choice of z

R
(6.5) VNV ot )| <D VRV ot o) < RIVEu(t,2%).
k=1
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From Lemma 6.1 and (6.4) and (6.5), we have that
(6.6)

1

5(’%(V§\iv(t,x*))2 = (0, VN u(t,z*)) VR v(t, z*)

|17
= N7 | (A- V)Vt 2*) + 3 (8- VIV mygu(t e +C) + ar- (2) | VEu(t %)
=1

Nk * * N *
S NYAIY 1| RVt %) + RO = DA 7+ Vot = )Iﬂ,
where we have used the fact that each §; = Vy, A for ¢; € I'*. Setting
(6.7) Co =2 (NI "0 B+ Rin = DIAIY™).

we see by an application of Gronwall’s inequality that the conclusion of the theorem
holds for all ¢ < t;. That is, for t < ¢y

N
Un(t) < [I£IIY €N O

To continue, repeat the above argument on the interval [t1,ts), with I*, z* again
chosen to maximize U,, on that interval, and note that

N
Un(ta) < [IFIIY N0,
so that we may conclude that for t; <t < to

Un(t) < HfHZNeNWCntleN’YCn(tfh) _ HfHZNeN’VCnt.

Continuing on, we see that t; — oo as ¢ — oo by the boundedness of the time
derivatives of v(t,x), thereby concluding the proof. O

Remark 5. In the theorem above, C), € ||/\||,YN.

Combining all of the previous results, we have the following theorems.

THEOREM 6.2 (global bound for the Euler method). Suppose that the step size
h satisfies h < N7, and T = nh. Then

H(Pg,h - Pnh)||2vj0 = O(N2’Yh602N’YT)7

where Cy € O(||/\||2VN) is defined in (6.1).
THEOREM 6.3 (global bound for the midpoint method). Suppose that the step
size h satisfies h < N7V, and T = nh. Then

(P31, — Pan)l|Y 50 = O(IN®7h? N2 —mintme} ] CaN™T),

where Cs € O(||/\||3VN) is defined in (6.1).

The following immediate corollary to the theorem above recovers the result in [3].

COROLLARY 6.4. Under the additional condition h > N~Y~™{m} in Theorem
6.3, the leading order of the error of the midpoint method is O(h?).

THEOREM 6.5 (global bound for the weak trapezoidal method). Suppose that the
step size h satisfies h < N7V, and T = nh. Then

N
[ brap.h — 'Pnh||3v_>0 — O(h2N3veN703T)’
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where Cs € O(||/\||3VN) is defined in (6.1).

Thus, we see that the weak trapezoidal method detailed in Algorithm 3 is the only
method that boasts a global error of second order in the step size h in an “honest
sense.” That is, it is a second order method regardless of the relation of h with respect
to NN. This is in contrast to the midpoint method which has second order accuracy
only when the order of h is larger than N —7—min{mx}

6.2. Stability concerns. The main results and proofs of our paper have incor-
porated stability concerns into the analysis. This is seen in the statements of the
theorems by the running condition that h < N~7, where we recall that N7 should
be interpreted as the time scale of the system. Without this condition, the methods
are unstable. It is an interesting question, and the subject of future work, of how to
determine the stability properties of other methods in this setting.

As an instructive example, again consider the system

100
S1 = 5s,
00

with X7(0) = X2(0) = 10,000. In this case, it is natural to take N = 10,000. As the
rate constants are 100 = /10,000, we take 81 = 82 = 1/2 and find that v = 1/2. The
equation governing the normalized process X7V is

X2 = X1 - v (5002 Xy (s )y + 3 (2 | oo xy (90)ds) 37

where we have used that X7V + X2 = 2. Tt is now clear that if the condition h < N~
is violated, a path generated by any of the explicit methods discussed in this paper
will behave quite poorly.

7. Examples. We provide two test systems. The first is a simple linear system
with three species that we will use to demonstrate our main analytical results. The
second is a gene-protien-mRNA model that we will use to demonstrate the capabilities
of the different methods on an actual test problem. We note that in all simulations
of the weak trapezoidal algorithm, we chose § = 1/2.

Example 1. Consider the following first order reaction network:

K1 K3
A= B=C,

K2 K4
with k1 = 0.03, ko = 1, k3 = 0.1, and k4 = 1. We start from the initial state
X(0) = (Xa(0),Xp5(0),Xc(0)) = (13000, 100, 20),

where we make the obvious associations X; = X4, Xo = Xp, and X35 = X¢o. We
approximate X (2) using the three methods considered in this paper: Euler, midpoint,
and weak trapezoidal with a choice of 8 = 1/2. For first order systems, we may find
the first moments and the covariances of X (¢) as solutions of linear ODEs using a
moment generating function approach [15].

In Figure 7.1, we show a log-log plot of |[E[X3(2)] — E[Z3(2)]| against h for the
three approximation methods. Each data point was found from either 10°, 2.9 x 106,
3.9 x 10%, 4.9 x 10°%, 8 x 109, or 107 independent simulations, with the number of
simulations depending upon the size of h and the method being used. The slope for
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F1c. 7.1. The log-log plot of |[E[X2(2)]—E[Z2(2)]| against h for the three approzimation methods.
The slope for Euler’s method is 1.21, whereas the slope for the weak trapezoidal solution with § = 1/2
is 3.06, which is better than expected. The curve governing the solution from the midpoint method
appears not to be linear, a behavior predicted by Theorem 5.5.

5 4
45 35
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Logh Logh
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FIG. 7.2. The log-log plot of |[E[X2(2)] — E[Z2(2)]| against h. The slope generated via midpoint
tau-leaping shifts from 2.03 in (a) to 1.12 in (b).

Euler’s method is 1.21, whereas the slope for the weak trapezoidal solution is 3.06,
which is better than expected. The curve governing the solution from the midpoint
method appears not to be linear, a behavior predicted by Theorem 5.5.

In Figure 7.2 we again consider the log-log plots of [E[X2(2)] — E[Z2(2)]| against
h, but now only for Euler’s method and the midpoint method so that we may see
the change in behavior in the midpoint method predicted in Theorem 5.5. In (a), we
see that for larger h the slope generated via the midpoint method is 2.03, whereas in
(b) the slope is 1.12 when h is smaller. For reference, in (a) the slope generated by
Euler’s method is 1.366, whereas in (b) it is 1.09.
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Fic. 7.3. Log-log plot of |E[X3(2)] — E[Z3(2)]| against h for the three approzimation methods.
The approzimate slopes are 1.02 for Euler’s method, 2.372 for the midpoint method, and 2.3 for the
trapezoidal method.

While the simulations make no use of the scalings inherent in the system, it is
instructive for us to quantify them in this example so that we are able to understand
the behavior of the midpoint method. We have N ~ 10%, a; = 1, ap = 1/2, a3 = 1/4,
and my = 1/4. Also, v ~ 0. Therefore, Theorem 5.5 predicts that the midpoint
method will behave as an order two method if h > N~1/4 ~ 1/10, or if log(h) > —2.3,
which roughly agrees with what is shown in Figures 7.1 and 7.2. Note that Theorem
5.5 will never provide a sharp estimate as to when the behavior will change, as it
is a local result and the scalings in the system will change during the course of a
simulation.

The fact that the trapezoidal method gave an order three convergence rate above
does not hold in general. This was demonstrated in the proof of Theorem 5.6, but
it is helpful to also show this via example. In Figure 7.3 we present a log-log plot of
|[EX5(2)—EZ3(2)| for the different algorithms on this same example. The approximate
slopes are 1.02 for Euler’s method, 2.372 for the midpoint method, and 2.3 for the
trapezoidal method. We point out that all of the plots above represent results per-
taining to the nonnormalized processes, as the simulation methods themselves make
no use of the scalings.

Example 2. Consider a model of gene transcription and translation:

GBc+Mm, M Mm+p 2" R'D MU9, PL.

Here a single gene is being translated into mRNA, which is then being transcribed
into proteins, and finally the proteins produce stable dimers. The final two reactions
represent degradation of mRNA and proteins, respectively. Suppose we start with
one gene and no other molecules, and that we want to estimate the expected number
of dimers at time T'= 1 to an accuracy of & 1.0 with 95% confidence. Therefore, we
want the variance of our estimator to be smaller than (1/1.96)? = .2603.

While e = 1 for the unscaled version of this problem, the simulation of just a few
paths of the system will show that there will be somewhere in the magnitude of 3,500
dimers at time 7" = 1. Therefore, for the scaled system, we are asking for an accuracy
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TABLE 7.1
Performance of an exact algorithm with crude Monte Carlo estimator (1.2). Approzimation is
the 95% confidence interval.

Approximation # paths CPU time # updates
3714.2 £ 1.0 4,740,000 | 149,000 CPU S | 8.27 x1010

TABLE 7.2
Performance of Euler’s method with crude Monte Carlo. Approzimation is the 95% confidence
interval.

Step size | Approximation # paths CPU time # updates
h=3"71 37123 £ 1.0 | 4,750,000 | 13,374.6 CPU s | 6.2 x 1010
h=3"61 37075+ 1.0 | 4,750,000 | 6,207.9 CPUs | 2.1 x 1010
h=3"51| 369344 1.0 | 4,700,000 | 2,803.9 CPUs | 6.9 x 10°
h=3"%1| 3,654.6 + 1.0 | 4,650,000 1,219 CPU s 2.6 x 109

of € = 1/3500 ~ 0.0002857. Also, a few paths (100 is sufficient) show that the order
of magnitude of the variance of the normalized number of dimers is approximately
0.11. Thus, the approximate number of exact sample paths we will need to generate
can be found by solving

%Var(normalized # dimers) = (¢€/1.96)> = n =5.18 x 10°.

Therefore, we will need approximately five million independent sample paths gener-
ated via an exact algorithm. Implementing the modified next reaction method [1] on
our machine (using MATLAB), each path takes approximately 0.03 CPU s to gen-
erate. Therefore, the approximate amount of time to solve this particular problem
will be 155,000 CPU s, which is about 43 hours. The outcome of such a simulation is
detailed in Table 7.1, where “# updates” refers to the total number, over all paths,
of updates to the system performed, and random variables generated, and is used
as a quantification for the computational complexity of the different methods under
consideration. In terms of software and hardware, the authors used MATLAB for all
computations, which were performed on an Apple machine with a 2.2 GHz Intel i7
processor.

Next, we solved the problem using Euler’s method, the approximate midpoint
method, and the weak trapezoidal method with § = 1/2. We note that, for each of
the three approximations, we used the most naive implementation possible by simply
setting the value of any component that goes negative in the course of a step to zero,
and by using a fixed step size, h > 0. Thus, improvements can be gained on the
stated results by using a more sophisticated implementation [2, 8]. However, we did
produce our approximate paths in batches of 50,000, which greatly reduces the cost of
generating the Poisson random variables with the built-in MATLAB Poisson random
number generator.

In Table 7.2 we provide data on the performance of Euler’s method with various
step sizes, combined with a crude Monte Carlo estimator (1.8). Note that the bias in
Euler’s method is apparent even for very small h. In Table 7.3 we provide data on the
performance of the midpoint method with various step sizes, combined with a crude
Monte Carlo estimator (1.8). Note that the solution has a much higher variance when
h = 1/3, thereby necessitating significantly more paths to get a desired tolerance. This
demonstrates the stability concerns discussed in section 6.2. This problem does not
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TABLE 7.3
Performance of the midpoint method with crude Monte Carlo. Approzimation is the 95%
confidence interval.

Step size | Approximation # paths CPU time # updates
h=3"%1| 3,713.6 + 1.0 4,650,000 | 1,269.1 CPUs | 2.3 x 109
h=3"3 1| 371394+ 1.0 4,500,000 497.5 CPU s 7.6 x 108
h=3"2| 372244 1.0 4,050,000 177.6 CPU s 2.2 x 108
h=3"11] 3986.14+ 1.0 | 18,500,000 | 376.0 CPU s 3.3 x 108

TABLE 7.4
Performance of the weak trapezoidal method with 6 = 1/2, with crude Monte Carlo. Approxi-
mation is the 95% confidence interval.

Step size | Approximation # paths CPU time # updates
h=3"%| 37144+ 1.0 | 4,750,000 | 2,120.5 CPUs | 4.6 x 10?
h=3"3| 3,714.6 + 1.0 | 4,750,000 | 898.2 CPU s 1.6 x 107
h=3"2| 37256+ 1.0 | 4,800,000 | 349.8 CPU s 5.2 x 108
h=3"1| 36733+ 1.0 | 8850,000 | 238.2 CPU s 3.2 x 108

TABLE 7.5
Approzimation of P{X pimer(1) > 6,000} using different methods and different step sizes. As
expected, the weak trapezoidal method demonstrates significantly less bias than the FEuler and mid-
point methods. Approzimation is the 95% confidence interval.

Method Step size # paths Approximation
Exact N.A. 4,520,000 | 0.02843 + 0.00015
Euler h =37 | 4,750,000 | 0.02818 4 0.00015
Euler h =376 | 4,750,000 | 0.02782 + 0.00015
Midpoint h=3"* | 4,650,000 | 0.02718 + 0.00015
Midpoint h =373 | 4,500,000 | 0.02537 4 0.00015
Weak trap, = 1/2 | h=3"% | 4,750,000 | 0.02840 + 0.00015
Weak trap, 6 = 1/2 | h =373 | 4,750,000 | 0.02838 4 0.00015
Weak trap, § = 1/2 | h =372 | 4,800,000 | 0.02946 + 0.00015

arise as much when using the weak trapezoidal method. In Table 7.4 we provide data
on the performance of the weak trapezoidal method with various step sizes, combined
with a crude Monte Carlo estimator (1.8). We see that for this example the midpoint
method and the weak trapezoidal method are, overall, comparable. However, the weak
trapezoidal method performs, in terms of bias and required CPU time, significantly
better than the midpoint method for h = 1/3.

It is worth noting that both the midpoint and the weak trapezoidal methods
compare decently on this example with the multilevel Monte Carlo method developed
recently for stochastic chemical kinetic systems [4]. The choice of which method (an
explicit solver discussed herein or a multilevel Monte Carlo solver) a user wishes to
implement will therefore often be problem, and user, specific.

We next used each of the methods above to estimate the probability that the
number of dimers at time 1 is greater than or equal to 6,000. Note that this probabil-
ity is the expected value of the indicator function 1;xy,...(1)>6,000}- The results are
presented in Table 7.5, which provides 95% confidence intervals for a few choices of
h for each method. Note that in computing this approximation the weak trapezoidal
method has significantly less bias than the midpoint method for comparable step sizes,
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making it the method of choice for this particular choice of function f. The necessary
CPU time for each of the methods is the same as those reported above.

[25]
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