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Abstract

We study a stochastic model of a copolymerization process that has been extensively
investigated in the physics literature. The main questions of interest include: (i) what
are the criteria for transience, null recurrence, and positive recurrence in terms of
the system parameters; (ii) in the transient regime, what are the limiting fractions of
the different monomer types; and (iii) in the transient regime, what is the speed of
growth of the polymer? Previous studies in the physics literature have addressed these
questions using heuristic methods. Here, we utilize rigorous mathematical arguments
to derive the results from the physics literature. Moreover, the techniques developed
allow us to generalize to the copolymerization process with finitely many monomer
types. We expect that the mathematical methods used and developed in this work will
also enable the study of even more complex models in the future.
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1 Introduction

All known forms of life are composed of cells, which contain long, self-replicating
polymers that encode and transmit genetic information. Gaining a comprehensive
understanding of the mathematical principles that govern polymer growth involv-
ing two or more monomer types (copolymerization) within a well-defined stochastic
framework could therefore be essential for understanding the processes underlying the
origin of life and the evolution of the genetic code (Gagrani and Baum 2025; Koonin
and Novozhilov 2009; Nowak and Ohtsuki 2008). Despite considerable progress, a
fully developed mathematical formalization of the biologically fundamental copoly-
mer processes-such as DNA replication, wherein a copolymer grows and acquires
information guided by another template copolymer-remains an open challenge (Gas-
pard 2020).

Andrieux and Gaspard (2008) were early adopters of a Markovian model of
copolymerization, recognizing that the sequence of monomers in the polymer can
be described by a continuous-time Markov chain. Thereafter, Esposito, et al. Esposito
et al. (2010) analyzed the thermodynamic efficiency of copolymerization processes
using a stochastic kinetic framework, deriving explicit expressions for limiting com-
position fractions and growth velocity. Their work was grounded in nonequilibrium
thermodynamics and relied on entropic arguments, but it did not define the process
as a Markov chain nor use formal probabilistic methods in the analysis. Similarly, in
subsequent work, Gaspard and Andrieux (2014), and later Gaspard alone (Gaspard
2016), developed a framework for these processes and gave explicit expressions for
the mean growth velocity and entropy production. While their results were derived
analytically, the arguments remained largely heuristic from a mathematical stand-
point, relying on thermodynamic consistency and detailed balance identities rather
than formal probabilistic arguments.

Building on these developments, in the present work, we revisit this class of mod-
els from a mathematical perspective. By recasting the dynamics as a continuous-time
Markov process on an infinite tree-like state space, we establish recurrence and tran-
sience criteria, and derive almost-sure laws for polymer growth and composition using
the theory of Markov chains on trees with finitely many “cone types” (Woess 2009).

In this work, we study a simple copolymerization model in which a set of d
monomers, which we will denote throughout via M = {My, ..., M;}, attach to or
detach from the tip of a polymer. This setup reflects a physical constraint: monomers
cannot easily insert themselves into the middle of a tightly bound chain. It is also
biologically relevant—for example, RNA polymerase extends RNA strands by adding
nucleotides (d = 4) to the 3* end. Despite its simplicity, the model can exhibit quite
interesting behavior, especially in the transient regime where the polymer will, with a
probability of one, grow without bound.

We also assume that the binding and unbinding rates (affinities) for the different
monomers are different, but fixed (i.e., do not depend upon the rest of the polymer
chain). This framework can later be extended to address several biologically sig-
nificant questions. For instance, incorporating sequence-dependent binding affinities
allows the model to capture the behavior of template-based polymerization, such as
RNA replication (Andrieux and Gaspard 2008). More broadly, a central question in
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origins-of-life research is whether long polymers can emerge spontaneously or whether
ecological interactions are necessary to sustain them (Gagrani and Baum 2025). Our
model provides a principled null model for rigorously exploring such questions.

The organization of the remainder of the paper is as follows. In Section 2, we
introduce the formal mathematical model for the process considered in this paper.
Moreover, we more formally state the questions we will address. In Section 3, we
establish conditions on the parameters of the model for when the model is transient, null
recurrent, or positive recurrent. The results of this section are relatively straightforward.
In Section 4, we characterize the asymptotic composition of the growing polymer chain
in the transient regime. Specifically, for each monomer, M;, we derive the almost sure
limiting fraction of that monomer in the growing polymer, as t — oo. These fractions
will be denoted via o;, and are given as functions of the parameter set. In Section
5, we again consider the transient regime and characterize the rate of growth of the
polymer. Specifically, we establish the existence of a deterministic value v > 0, which
we derive as a function of the parameter set, such that the polymer length, denoted
| X (1)| below, satisfies

lim XOL _
im =

v, almost surely.
t—00 t

Section 5 is the largest part of this paper and contains the bulk of our novel results.
In Section 6, we restrict to the case of only two monomers (i.e., d = 2), which
was the setting of our motivating work (Esposito et al. 2010). By restricting our
general results to this case, we are able to derive more explicit expressions and provide
numerical simulations that help visualize the polymer growth behavior. This setting
not only allows for closed-form analysis, but also serves as a useful comparison for our
mathematical treatment with the thermodynamic treatment in Esposito et al. (2010).
Before proceeding, we explicitly note that throughout this paper we assume a basic
knowledge of Markov chains at the level of, for example, the text by Norris (1998).

2 Mathematical Model

As mentioned in the introduction, we consider a copolymerization process with finitely
many monomer types, M = {My, ..., My}, with d > 1. A polymer is then defined
as a finite sequence of monomers. Hence, the state space of our model is the set of all
finite sequences of monomers, including the polymer consisting of zero monomers,
which we denote by o and refer to as the “root”. Thus, if, for example, d = 3, the set of
polymers includes o, M1, M>, M3, M1 Mo, MyM>, M3sMy, My M>M>, M1 M3M;, and
so forth. We will denote the state space by 7. Our resulting continuous-time Markov
chain (CTMC) will be denoted by X so that X (z) € 7 is the state of the process at
time ¢.

We turn to the possible transitions of the process. The polymer itself may change
in only one of two ways:

(i) by having a single monomer of some type, M;, i € {1, ..., d}, attach to the end
of the current polymer, or
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(i1) by having the monomer at the end of the polymer detach.

In the first case, if a polymer, denoted x € 7, has a monomer M; appended to it, then
the new polymer is denoted xM; € 7. For example, if x = M, MyM| M M,, then
xMz = My MMM M>M;3. Conversely, if the next event is a detachment, then x M;
would transition to x.

We now specify the rates of the various transition types. For attachments, as men-
tioned in the introduction, we assume that the rate at which a monomer M; is appended
to a polymer x depends only on the monomer type, not on the polymer itself. We denote
these attachment rates by kl.+ € R.g, fori € {1, ..., d}. Thus, denoting the transition
rates for the process viag : 7 x 7 — R.q, forany x € 7 andi € {1, ...,d},

P(X(t+h)=xM; | X(1) =x) it

Q(X’XMi):hliIg+ W i

forall¢t > 0.

Similarly, the detachment rates depend only on the identity of the last monomer in the
polymer. That is, for appropriate values k;” € R, we have

q(xM;, x) =k, forxeT.

Note that the total rate g (x) out of a state x determines the parameter for the exponential
holding time at state x. In particular, g (o) = Zy# qlo,y) = Z;izl kl.+ and, for any
xeT,q(xMj) = Zy;éxM_/ q(xMj,y) =k; + Z;‘;l k;". Note that these values are
uniformly bounded, and hence the process is necessarily non-explosive (Norris 1998).
We recall that the graph of a Markov chain is defined in the following manner:

. the vertices of the graph are given by the state space;

. the directed edges of the graph, denoted as either (x, y) orx — y, forx,y € 7,
are determined by the transitions of the chain;

3. the labels on the edges are determined by the transition rates (in the case of a

continuous-time Markov chain) and by the transition probabilities (in the case of a

discrete-time Markov chain).

N =

Note that the process we are considering is a continuous-time Markov chain whose
graph is a tree (with root o). (For more on Markov chains on trees, we refer to Woess
(2009).) We will denote the graph of the process by T. For example, in the case of 2
monomers, M1 and M, the process can be visualized via the graph in Figure 1, with
growth progressing downward and detachment corresponding to upward edges. Each
vertex represents a polymer (i.e., a finite sequence of monomers), and directed edges
correspond to monomer attachment or detachment at the end of the polymer chain.
Arrows labeled with kfr or k;r indicate the rate of appending the monomers M; and
M>, respectively, while arrows labeled with k™ or k, represent the rate at which the
ending monomer detaches.

Returning to the general case of d monomers, we write |x| for the length of a
polymer x € 7, i.e., the number of monomers in the polymer. When |x| > 1, we
define the predecessor x— of x to be the unique neighbor of x that is closer to the root,
so that ‘x‘| = |x| — 1. For example, if x = MM, M3, then x~ = M| M>.
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MoMy Mo M,

My My My My My My My My My My My My My MMy MMy My MMy My MMy My

k 1

Fig.1 Reaction graph, 7', of the copolymerization process involving two monomer types. Each vertex cor-
responds to a polymer, and edges represent possible transitions due to monomer attachment and detachment.
Note the tree-like structure of the graph

We denote the embedded discrete-time Markov chain (DTMC) for the process X
via Z. Specifically, if we denote T, as the nth jump time of the process X, with 7 taken
to be zero, then Z, = X (t,) (Norris 1998). In this case, the transition probabilities,
{p(x, ¥)}x,yeT of Z satisfy the following:

e forxe7,je{l,...,d}, wehave

ki
p(xM;, xM;M;) = #, foralli =1,...,d,
k] +Zr:l k;’_
5
p(xM;, x) = P —
k] +Zr:l k’j—

2.1)

e for the root o, we have

+
plo, M) = —-—~—— foralli=1,...,d.
Sk

After setting up the model, we can now clearly state the main questions we study
in this paper.
Question 1. What are the criteria on the parameters {kl.+ ki }f: | for when the process
X is transient, null recurrent, or positive recurrent?
Question 2. When the process X is transient, what is the limiting proportion of the d
different monomer types, as functions of the parameters {kl.+ e }fz 1?7 Specifically, if
at time ¢ we denote the length of the polymer by | X (¢)|, and the number of monomers
of type M; by N l.X (1), then we want to know if there are values ; € [0, 1] for which

NX (1)

im =g;, foralli=1,...,d,
=00 | X (1)
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almost surely. Moreover, we want to calculate the values ;.
Question 3. When the process X is transient, what is the limiting velocity of the
process? Specifically, we would like to know if there is a value v € (0, co) for which

| X ()]
im =,
t—00 t

almost surely. Moreover, we want to calculate the value v.

Before proceeding to the technical proofs that address Questions 1-3, we briefly
comment on the relationship between natural heuristic arguments and the more proba-
bilistic approach developed in this paper. A common first instinct in growth models of
this type is to attempt to describe the long-time behavior by writing down formal evo-
lution equations for suitable averaged quantities, with the goal of extracting limiting
velocities or asymptotic compositions from such relations.

However, even at this heuristic level, such arguments inevitably involve the distribu-
tion of the terminal (tip) monomer at time #, since attachment and detachment events
depend only on the current end of the polymer. This tip distribution is not directly
determined by the global empirical composition of the polymer, which instead reflects
its bulk structure. As a result, these heuristic equations do not form a closed system
in terms of the most natural macroscopic observables.

To rigorously relate these two levels of description, we introduce in Section 4 an
auxiliary boundary process, which records the terminal monomer types along suc-
cessive growth events of the polymer. This process allows us to establish almost-sure
limits for the empirical composition. In Section 5, we then use these structural results,
together with a careful analysis of the continuous-time dynamics between growth
events, to obtain a rigorous characterization of the asymptotic growth velocity. A key
technical difficulty is that these growth events do not occur at stopping times for the
original process, so their cumulative effect cannot be analyzed by standard renewal or
martingale arguments without additional work.

3 Criterion for Positive Recurrence, Null Recurrence, and Transience

Kt
Leta = Y1, el

of the CTMC X. Specifically, we will prove the following theorem.

. In this section, we prove that & determines the recurrence properties

Theorem 3.1 If @ < 1, then the process X is positive recurrent. If o« = 1, then X is
null recurrent. If o > 1, then X is transient.

To prove the theorem, we first analyze the criteria for recurrence and transience,
postponing the distinction between null and positive recurrence until the end. For
determining recurrence or transience of the CTMC {X (¢)};>0, it is sufficient to study
the corresponding criteria for the embedded DTMC {Z,},en (Norris 1998, Theorem
3.4.1). This first portion of the proof is essentially an application of the material in
(Woess 2009, Chapter 9) (though the second portion, distinguishing between null and
positive recurrence, is not).
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The plan for the proof of Theorem 3.1 is to leverage a particular symmetry of the
process. Specifically, for each monomer, M;, the states of the form x M;, forany x € 7,
are similar in a sense that will be made precise below. This will allow us to define d
different classes, termed “cone types,” one for each monomer type M;,i € {1, --- , d}.
We will then define a matrix A associated with the various cone types, and the spectral
radius of A will determine whether the process is recurrent or transient.

We begin with two key definitions:

Definition 3.2 For x € 7 \ {0}, we define

T, = {z € T : the first |x| monomers of z is exactly x},

and 7, = T, U {x~}. We define T to be the graph with vertices 7, and directed
edges

{y >z:y—>zisanedgeof T and y € 7,},

which are precisely the edges with “starting” polymer contained within 7 (so that
x — x~ isincluded but x~ — x is not). Finally, the labels for the edges of the graph
T, are inherited from 7. That is, the label for y — z in Ty is the same as the label for
y—zinT.

Note that 7, can be viewed as a subtree rooted at x, containing all extensions of x,
such as xM;, xM; M, x M; M ; My, and so on. For technical reasons, it also includes
the precursor state x~ and the transition from x to x~.

Definition 3.3 The two subtrees T and 7T, are isomorphic if there is a root-preserving
bijection between their underlying graphs that preserves edges and labels. We will
term the isomorphism classes cone types and for x # o denote the cone type of T as
C(x).

Based on Definitions 3.2 and 3.3, for each monomer type M; € M, the associated
subtrees rooted at x M; share the same cone type, which we denote by C;. Thus, the
number of cone types is exactly d, one for each monomer type. Note that C is a
function from 7 to I = {Cy, ..., C4} defined via C(xM;) = C; for all x € 7. For
technical reasons later, we will want C to be defined on the root as well and so we
define C(0) = Cy, but we do not call Cy a cone type. Finally, when referring to the
“cone type of x”, we always mean the cone type of the associated subtree 7.

For a visual example, we again return to the case of two monomers. See Figure 2
for a version of Figure 1, but with two representative subtrees of cone type C colored
blue and two representative subtrees of cone type C» colored red. There are, in fact,
infinitely many subtrees of each cone type, and each such subtree is infinite (for
example, the subtree T}y, is also of cone type Cy), but only a small number are shown
in the figure for visual clarity.

We are in position to prove the main theorem of this section.
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MM,y Mo My

My My My My My My My MM, My My My My M, My MMy My Mo My My MMM,

Fig. 2 Reaction graph T of the copolymerization process with two monomer types M| and M;. Vertices
and edges in blue correspond to the subtrees Tz, p7, and Ty, pr, , both having cone type Cy, while those in
red correspond to the subtrees Ty, ps, and Ty, pr, , both having cone type C

Proof of Theorem 3.1 We define A, a d x d matrix, whose spectral radius will determine

whether the process is transient or recurrent. For i, j € {1, ..., d}, we set
(Ci, C)) kj d a(C;) il (3.1
alCi, Cj) = ——F—7 +» ad all;)="——7—-, :
ki + Zr:l kj ' ki + Zr:] k;F

where a(C;, Cj) is the transition probability from a state x M; to xM; M, and a(C;")
is the probability of moving from xM; to x (compare with (2.1)). Then, for i, j €
{1,...,d}, we define (see formula (9.77) in Woess (2009))

Ci,C; kT
AU.::ff_i_jll =L, (3.2)
alC) K

1

Therefore, the matrix A takes the form:

+ g+ +

Kok ka

Kok

+ g+ +

% S R

A=1|-L . ky
i/ 1<ij<d s

+ gt +

Kok kg

kd kd kd
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Such a matrix has one nonzero eigenvalue equal to the inner product viu =

Kt . . .
Zle = > 0, and the remaining d — 1 eigenvalues are all zero. Hence, the spec-

1
tral radius is

+

k

i
i

=~

d
=y
i=1

Therefore, according to Theorem 9.78 in Woess (2009) and Theorem 3.4.1 in Norris
(1998), we may conclude the following.

4
]/% < 1, then the DTMC Z, and hence the CTMC X, is recurrent;

o If Zf‘lzl
+
o IF Y7, %_ > 1, then the DTMC Z, and hence the CTMC X, is transient.
We now distinguish between positive and null recurrence for X. The process X is
positive recurrent if and only if there exists a unique probability distribution {(x) :
x € T} satisfying the global balance equations

g =Y gy, x), (3.3)
yx

where ¢g(x) = Zy 224X, y) is the total exit rate from state x (see, for example,
(Norris 1998, Theorem 3.5.3)). This characterization assumes that the process is non-
explosive, which holds in our setting because the total jump rate from any state, namely
q(x), is uniformly bounded above (see Norris (1998)).

We now define a measure i : 7 — Rxq by

k+

d : Bi (x)
px) =) ] <k—_) : (34)
i=l1 i

where S;(x) denotes the number of monomers of type M; in polymer x, and (o) is
a normalizing constant.

Proposition 3.4 The measure defined in (3.4) satisfies the balance equations (3.3).

Proof We simply check that the balance equation (3.3) holds for each state x. We make
use of the fact that for any x € 7 and M; € M,

kKt
wxM;) = p(x) (f_) : (3.5)

i
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e We begin by verifying (3.3) for the root, x = 0. Since g(0) = Zflzl klJr , we have
qo)u(o) = (Z;-lzl kf) (o). Moreover,

d
D n(a(y, 0 =Y wMig(M;, 0)

y#o i=1

d kT
Zu(o) ( ) -k; (using (3.5) and that g(M;, 0) = k;")

( i o

Hence, g(0)u(0) = 3, n(¥)q(y, 0).
e We now consider states of the form xM;, with x € 7 and M; € M. We first note
that (3.5) yields

d +
kT
qOxMj)pu(xM;) = (kj_ + Zk?) p(x) (ﬁ) :
i=1 J
Next, we have

d
D n(q(y, xMj) = p(x)q(x, xMj) + Y u(xM;M;)q(xM;M;, xM;)
y#EXM; i=1

) ki = ok} + p(x) < ) Zk+

(using (3.5) tw1ce)

+

= n(OKT + D n() (ﬁ) ( =
i=1 j i

J !

=7+ 20 ueo (i)

Therefore, g(xM ) (xM;) = Zy#XM/_ m(y)q(y, xM;). Since both sides match,
the proposition has been proved. ' O

O

Now we need to give the condition under which {u, : x € 7} forms a probability
distribution. This requires the measure sums to 1. Note that the number of polymers
of length ¢ that consist of 8; monomers of type M; (so that 81 + --- + B4 = £)
is precisely the multinomial coefficient ( 8 ¢ ﬂd)' This accounts for the number of

,,,,,
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distinct sequences (i.e., orderings) of monomers with those multiplicities. Therefore,

Z i Z l ﬁ k" i
Hx) = (o) + M(())( ) <_)
xeT (=1 Bt fu=t i Ba) iy \ki

=

l

0 d kT
= 11(0) 1+Z(Zk4_> ,
i=1"i

=1

where the final equality follows from the multinomial theorem.

Hence, (0) can be chosen for ) .7 u(x) to equal one if and only if @ =
+

i 1,% <1
l . d k' . .
Hence, if « = Zi:l k% < 1, then the process X is positive recurrent.
i . e

i=1 3=
stationary measure {u(x) : x € 7} given by (3.4) because stationary measures for
irreducible recurrent continuous-time Markov chains are unique up to scalar multiples
(see (Norris 1998, Theorem 3.5.2)). However, in the case « = 1 this measure cannot
be normalized to a probability distribution. Hence, in this case, the process X cannot
be positive recurrent, and so must be null recurrent, concluding the proof. O

Now consider the case where o = = 1. The system still admits a unique

4 Limiting Proportion of Each Monomer Type

We now turn to our second question. Throughout this section we assume that ¢ =
+

Zle % > 1, so that the process X is transient and lim;_, o | X;| = 00, almost surely
(Woess12009, Theorem 9.18). For each i € {1, ...,d} and any ¢t > 0, we denote the
number of occurrences of the monomer M; in the polymer X (¢) by N iX (t). Using the
notation of the last section (in (3.4)), we note Nl.X (t) = Bi(X(2)). The proportion of

monomer M; at time ¢ is then

NX(1) _ NX(@t)
Z‘]?ZINJX(:) X ()]’

oi(t) = 4.1

with each o; (t) taken to be zero when X (1) = o.
In this section, we prove the following.

. . ; K .
Theorem 4.1 In the transient regime, i.e, when a = Z?:] = > 1, for each i €
i
{1,...,d} we have lim;_, 5, 0;(t) = 0, almost surely, where
+
- K
I —
m+k;
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. . . o Kt
with m being the unique value satisfying Zf: Ve =
-

Remark 4.2 Although we do not use this interpretation in the analysis, the constant m
admits a natural probabilistic meaning as an effective escape rate from the root. In
particular, one can show that

d
m= <Z kf) P, (X never returns to o) .

r=1

Thus, m may be viewed as the total rate at which growth attempts are initiated at the
root, multiplied by the probability that such an attempt leads to a trajectory that never
returns. Equivalently, m may be interpreted as the effective drift of the process away
from the root in the transient regime.

To prove the theorem, it suffices to study the embedded discrete-time Markov chain
{Zn}n>0. Moreover, and without loss of generality, we will assume throughout this
section that the process has an initial state given by the root; that is, Zyp = o with
probability one.

We begin by defining some of the key objects for the next two sections. First, we
define the kth level of the graph T to be the subset of the state space 7 consisting
of polymers with length k. For example, when d = 2, the second level is the set
{M My, MiM>, MoMy, M M3}. Next, the random times {ex}>0 are defined to be
the last time the process Z visits level k. That is,

ex =sup{n>0:1Z,| =k}.

Note that because the process is assumed to be transient, we have e; < oo for each k,
with probability one, and that for any k£ > 0, we have |Z,, | = k and | Z,,| > k for all
n > ey. Note also that the ej are not stopping times.

We now construct the process {Wy}r>0, sometimes referred to as the boundary
process (Woess 2009). For each k > 0, we set

Wi = Ze,. 4.2)

which records the state visited at the last time the process Z is at level k.

It follows that Wy is the polymer of length k that forms the first k monomers of the
limiting infinite polymer. In particular, note that (Wy, W1, Wa, ..., W) converges, as
k — o0, to an infinite length polymer, and that the fractional representation of each
monomer in the W process is the object of our interest in this section. For readers who
wish to see a concrete example immediately, a visualization of the boundary process
in the two-monomer case appears in Section 6.

The plan is the following. According to Theorem 4.3 below, the process { Wi }x>0
is itself a Markov chain. Define the associated cone type of W to be Uy. That is,

U = C(Wy). (4.3)
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The process Uy is then a Markov chain on the finite state space {Cy, ..., C4}. We
will prove below that Uy is irreducible. Hence, it has a unique limiting stationary
distribution. Moreover, this distribution yields the desired limiting proportion of each
monomer type. Thus, our remaining goal is to characterize the limiting (stationary)
distribution of the process Uy.

Our first order of business is to characterize the transition probabilities for { Wy }x>0.
To that end, for any x, y € 7, define f(”)(x, y) = 0and forn > 1,

f(”)(x,y)sz(any, Zy #yfor0 <m <n),

which is the probability that the first time the process Z enters state y is at time n
(after n jumps), given that the process Z starts at state x. We then define

o
F(x,y) = Z £ (x, y) = Py(the process enters state y in finite time). (4.4)
n=0

It is intuitively clear that for any monomer type M; € M and any x € 7, the value
F (xM;, x) only depends on the cone type C(xM;) = C;. (For a reference to this fact,
see Chapter 9, page 276 in Woess (2009).) Hence, for each M; € M and any x € 7,
we denote

Fi = F(xM;, x). (4.5)

Note that each F; is strictly greater than zero (and, in fact, lower bounded by

k_+£+dk+) and is also strictly less than one (Woess 2009, Lemma 9.98).
i r=1"%r

We now state the following key result from Woess (2009).
Theorem 4.3 In the transient case, i.e., o > 1, the process {Wy}; is a Markov chain.
For x € T with |x| = k and any y € T for which x = y~, we have the following
transition probabilities

1 =F(y,x) p,y)

PWi=y|[Wi1=x)=Fx,x")- [~ Fa.x) poa)

where the p are given in and around (2.1).

From this, we can immediately calculate the transition probabilities for Wy in terms
of the F; in (4.5). In particular, for the polymers xM; and xM; M, with x € 7 and
|x| = k - 1’

1-— Fj p(xM,‘,xM,'Mj)
l_Fi p(XMl'sx)

P (Wig1 = xMiM; | Wy = xM;) = F; -

kT
J
- Fj k;+Zf=1 =
=F- : -
1—F ki
ki + Yo ket
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—F-—2. L (4.6)

Note that each term is well defined because F; < 1 and that each term is also strictly
positive. We then immediately conclude that the process {Uy}«>1 is irreducible and
has the following transition probabilities

P(Uk+1:Cj|Uk:Ci)=Fi._—__'

We can now give ad x d transition matrix V = (V;;)1<;, j<q for the Markov chain
{Uti=1:

Vij3=P(Uk+1=Cj|Uk=Ci)=Fi';-—>O. 4.7)

This matrix V indicates {Uj }x>1 is irreducible and positive recurrent (under our tran-
sient assumption). Let ¢ = (o1, ..., 04) denote the stationary distribution of this
Markov chain {Uj}r>1. Then o satisfies:

d
V=5, » 5 =1 4.8)
i=1

Thus, all that remains is to calculate the F; of (4.5) and derive the stationary distri-
bution for the process.
Before that, we give the following propositions for preparation.

Proposition 4.4 The F; of (4.5) satisfy the following system of d equations,

k-
L =F; foreachi €{l1,...,d}. 4.9)
(6 + X0 kt) - S K F

The proof of the above proposition can be found in and around (Woess 2009,
Equation 9.76).

Proposition 4.5 The solution for (4.9) exists and is equal to

k;
E: : i le{lvvd}

m+k;

where m is the unique solution satisfying

d
k+

> b
m + k;,

r=1
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Remark 4.6 When the number of monomer types satisfies d < 5, this equation can be
solved analytically by reducing it to a polynomial of degree at most four. However,
for d > 5, the equation is not in general solvable in radicals due to the Abel-Ruffini
theorem. However, in that case the value of m can be computed numerically.

Proof of Proposition 4.5 Manipulating (4.9) shows that for any i € {1, ...,d},

_ d d

k;

FL—k;:Zk,*—Zk:rF,. (4.10)
i r=1 r=1

Denote
d d d
m=Y k"= K'F =Y k' -F), 4.11)
r=1 r=1 r=1

and note that m > 0 because each F, € (0, 1). Combining (4.10) and (4.11) yields

-k =m = F=— (4.12)
Fot

Plugging this back into (4.11) yields

Since m > 0, we may divide by m and conclude

4 g
Z:m—i-kr_ =

r=I1

Note that the value of m satisfying the above is unique because the function g(m) =

kb . . kr
Zle e 18 monotonically decreasing in m, g(0) = Z‘le = 1, and approaches
zZero as m — oo. ' O

We can now give the stationary distribution for the process U.
Proposition 4.7 The stationary distribution for the process {Uj }r>1 is

k+ k+ k+
62(6—17"~76d)= 1 > 2 " d_ ) (4'13)
m+ki m+k; m+k;
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where m is the unique solution to

Proof From (4.10),

Note that the right-hand side of the above does not depend upon i. Thus, for any

.. k (=F) _ k (I=F))
i,jef{l,...,d}, wehave T = 7 . Hence,
1 —F; _ k; F;
1_ Fl k;Fl
Plugging this into (4.7) yields
+ _ + +
g Lo F N ki EE kL
Viji=F; - L =F.- L L =FL
Since V is a transition matrix,
d k+
J
Zij—_ =1, (4.14)
j=I1 J
and so fori € {1,2,---,d},
kT [ A 'S S S kT
FL=FRL|Y FL|=Y FLtrL=>Vvi(FL]. @15
k; k; - k - k; k- - k
j=1 J j=1 ! J Jj=1 J

Hence, according to (4.14) and (4.15) and Proposition 4.5, the stationary distribution
is

Kkt K
o=F-+-=—"—, ie{l,2,.---,d}, (4.16)
k; m+k;

1 1

d kK

where m is the unique solution given by ) _, ——

[}

At this point, we have determined the stationary distribution of the chain {Uy }¢>1,
which describes the limiting frequency of cone types along the boundary process Wy.
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Intuitively, this already suggests that the limiting proportion of each monomer type in
the polymer should be given by (4.13). However, the connection is not yet completely
rigorous: the limiting frequencies of cone types in the boundary process must be
related back to the original proportion o;(¢) of (4.1) for the process X. Specifically,
if we denote the number of occurrences of the monomer M; in the polymer Wy by
Nl.W (k), we now know that from ergodic theorem, almost surely,

NY )
1m
k=00 | Wil

N _
= lim =% "¢, (C (W) =6,
n—-oon 1

all that remains is to show

. NV
lim o;(f) = lim — ,
00 koo Wil

almost surely. This requires carefully embedding the continuous-time process into

the discrete W process. The remainder of the proof is devoted to establishing this
connection.

Proof of Theorem 4.1 Define
Jy =max{n e N| 1, <t},

to be the number of jumps of X up to time ¢. Since X; = Z,,,

s

NX(t NZ(J,
lim o;(t) = lim — @ _ i MUY
t—00 t—00 |X(t)| t—00 |fo|

where the number of occurrences of the monomer M; in the polymer Z, by NiZ (n).
Because J; — o0 a.s. Norris (1998), it follows that

N?
IZ(T), with probability 1. 4.17)

|Zn

lim o0;(t) = lim
11— 00 n— o0

We need to embed this limit onto W. As above, let ¢; be the last time Z visits level &
and define

I;(n) = max{k : e; < n},

giving the length of the boundary process at time n. Then I:t(n) — 0oasn — o0 a.s.
(Woess 2009, Page 295), and so

1
k—oo | Wil

 NYkmy) . N
lim —— =1

,  with probability 1. (4.18)

(n) |
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Combining (4.17) and (4.18), we now simply need to show the following holds almost
surely,

_ NYVkmy) . NE@m)
lim V—— = lim

=00 Wy | om0 | Z,)

To that end, we decompose the right hand side (where we assume n is large enough
so that none of the denominators are zero),

NZm)  NEm) NP k) Wi
Zal NV Ge)) Wiyl 1Zal

(4.19)

We will show that the first and third ratios limit to 1, almost surely, in which case we
are done.
We tackle the first ratio. First note that Z,, € 7y Wi (i.e., the first k(n) monomers

of Z, coincide with W,; (n)). Hence, for each choice of i and n,

NZ(n)
= N (k(n))

We also have an upper bound,

NZm)  NZm) = NY (ko) + N (k)
NY e(n)) NY (k(n))
_ 12| = W dm)| + N k()
B NY (k(n))
i1 ~ %k T N (e(ny)
N (de(n))
Chm+1 ~ Ckm)
NY (k)

(since Z, € TWIQ )
()

(sincee;, . <n

kn) = st

=1+

By (Woess 2009, Page 295),

e; —e;
lim k(n)+1 _ k(n) — O,
n— 00 le(k(n))

almost surely, and so the first ratio is handled.
Turning to the third ratio of (4.19), by similar arguments we have

| < |Z,] - Ckm+1 ~ Ckm
T AWkl T (Wi

’
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and by (Woess 2009, Page 295), the second term % tends to 0 almost surely.

This completes the proof. O

5 Asymptotic Growth Rate

In this section, we are interested in the asymptotic growth rate of the polymer in the
transient regime. Specifically, we ask whether there exists a constant v € (0, c0) such
that

Xt
lim X = v, almost surely,
t—00 t

and we want to characterize the value of v. We will prove the following.

Theorem 5.1 Let 6, denote the limiting proportion of monomers of type M,, as given

. . . . . k"

in Theorem4.1. Then, in the transient regime, i.e, when ¢ = Z?: 1 k% > 1, the process
i

admits a deterministic asymptotic growth velocity v € (0, 0o) given by

t—00 t

Xl & d
v:= lim = ij — Zkr_ oy, almost surely,
=1

r=1

where {k;*, k;~ }‘ri:l are the attachment and detachment rates of the respective monomer
types.

Intuitively, the polymer’s growth velocity should reflect the net rate of monomer
addition, weighted by how often the process occupies states ending in each monomer
type. If we let

1 t
Ar ([) = ? / l{terminal monomer of X (s) is M, } dsa
0

then a natural heuristic is

d
v= Yk =)k lim A, (1),

r=1 r=1

interpreting lim,_, .o A, () as the long-time fraction of time that X spends at polymers
whose terminal monomer is M,.

The cone-type and boundary-process analysis in Section 4 identifies o, as the
limiting fraction of growth steps at which the terminal monomer is M,.. It is therefore
tempting to set lim,_, o, A, () = o, and conclude the formula for v directly. However,
this identification is not immediate: the boundary process records only the sequence of
terminal monomers at successive growth events and ignores the random excursions of
the continuous-time process X between these events. In particular, the growth events
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do not occur at stopping times for X, so standard ergodic or renewal arguments cannot
be applied without further work.

This section is devoted to bridging this gap. Rather than directly analyzing the time
averages A, (t), we instead work directly with the process | X (¢)| and establish a strong
law of large numbers for ‘Xtﬂ in the transient regime. The resulting expression for
the velocity coincides with the above heuristic formula, thereby providing a rigorous
justification for interpreting o, as the effective contribution of each monomer type to
the long-time growth rate.

Before proving Theorem 5.1, we require some preliminary results. It is most con-
venient to shift our analysis, as much as possible, to the DTMC Z. Recall that 7, is the
time of the n-th jump of X, with 79 = 0, and Z,, = X(z,) is the embedded DTMC.

Define
J; :=max{n e N|t, <t},

which represents the number of jumps of X that have occurred at or before time ¢.
Since X; = Z,, it follows that

5.1)

. 1
lim — = lim —,
o0 X, =0 | Zy|

if the limits exist.

We begin by getting useful upper and lower bounds on the numerator ¢. The process
X is a CTMC and so its holding times are exponentially distributed. Since the jth state
visited by the chain is Z;, we may denote these holding times via Hz,. We then note
that 7,41 = Z?:o Hz;, and so define H" := Z?‘:O Hz; and

n
(H")i =Y Hz,-1¢,(C(Zp). i=1,....d,
j=0

(H")o =Y Hz, -1,(Z)).
j=0

The above give (i) the total amount of time the process has spent in states with various
cone types up to time 7,41 and (ii) the total amount of time the process has spent in
the root. Clearly,

d
H" = (H")o+ ) (H");. (5:2)
i=1
Moreover, H/~! <t < H’', and hence

H)™! t H'
=< =< .
|Zy,] |Zy,] |Zy,]
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Applying the squeeze theorem, it therefore suffices to determine

HJ,—] HJ,
lim and lim —.
t—00 |th| t—>oo|ZJt|
Note that because the process is transient, we have lim;_ o (ng;ll)” = 0 and
t
lim;— o0 % = 0 almost surely. Hence, in view of (5.2), our analysis reduces to
t
analyzing
HJ,—I . HJ, X
im g and lim (A7) (5.3)
t—00 |th| t—00 |ZJ[|
for each i € {1, ..., d}. The arguments for the two limits in (5.3) are essentially the
same and so we only focus on the second.
We require one more bit of notation. For each i € {1, ..., d}, we let
n
Xi(n) =Y 1¢,(C(Z)), (54)
j=0

be the number of visits to polymers with cone type C; in the first n + 1 states of the
process Z, and let x,(n) be the number of visits to the root. Since J; — oo almost
surely as t — oo, we have

Jry. ny, ny. .
(H")i lim (H")i =HILII;()((H )i xi(n) - n > 5.5)

1 = 1 S
1500 |Zy|  n—ooo |Zy] xi(n) n|Zyl

with probability one, so long as the limits exist. Hence, it is sufficient to calculate the
following three limits:

ny. .
(H"); lim Xz(n)’ and

n—o00 y;(n) ’ n—oo n n—00 |Zn|

The first of the above limits is straightforward. From the previous section, we know
that 6; > 0, and so x; (n) — 00, as n — oco. Hence, from the law of large numbers,

. (H"); 1
lim = v , almost surely. (5.6)
n=oo xi(n) k430 K

Moreover, the third limit is known, and we simply cite a result (see (Woess 2009,
Theorem 9.100, Exercise 9.101)).
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Lemma 5.2 The following limit holds with probability one,

—1

d
. Z _ _ _ F;
lim 2] =1, where v = ZUi' !

n—oo n —
1=

ki :
CES AT

For the middle term, lim,,_, oo X"IE") , we have the following lemma.

Lemma 5.3 The following limit holds with probability one,

- (- d
i xi(n) 0i (ki + 2= kj)
1m = .
d - — d
oy 6y (k)

5.7

The proof of Lemma 5.3 is somewhat lengthy, so we postpone it until later. For

now, we rely on it to establish Theorem 5.1, the main result of this section.

Proof of Theorem 5.1 The proof essentially consists of plugging in the three pieces
detailed above. Noting that lim,_, o % = 0 almost surely, together with the three

limits needed for (5.5) above, we have that

= (- d
1 Oi (ki + 2 kr+)
d o+ _ (-
i ki F ikt Y6 (kj +30 err)

S| =

with probability one, where according to Lemma 5.2,

d
=3z .
a=1 ’ ke

ka +30 ) ki

S| =

(1—Fy)

After some algebra, we have the following almost sure limit

i H 1
1im = .
S RVAA R S S S

r=1

By the same token, with probability one we also have

e Xd: : & (k7 + X k)
1m = .
R =R VRIS R Ry
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1
Zf:lk;i__Zf=16—rkr_.

J; J;
H - 5 # < IH tl , an application of the squeeze theorem completes the
t

proof. O

Recallmg

With our main result in hand, the remainder of this section, and the appendix, is
dedicated to proving Lemma 5.3.

5.1 Proof of Lemma 5.3

The proof of Lemma 5.3 consists of two main steps.

1. We first establish the limit

- — d +
e " Z?:l 6] (k]_ + Zf:l kj—)

(5.8)

2. We then prove that the limit lim,_, o X%

Assuming the above are established, the proof is straightforward.

Proof of Lemma 5.3 Since ‘X’ ()

rem, we have

< 1, according to the Bounded Convergence Theo-

e Epaemn 0 (K SR

lim =—— = lim = . 5.9)

k—oco n k—00 n Zj:l o (k]_ + Zr:l kr)
where the last equality comes from (5.8). O

We break the analysis of the two points above into two separate subsections.
5.1.1 Proof of the Limit (5.8)
For any two states x, y € 7, we define the function
o0
G,y =) p"x, ), (5.10)

n=0

where p®™ (x, y) = Py(Z, = y). Note that G (x, y) gives the total expected number
of visits to state y given an initial condition of x. From (Nagnibeda and Woess 2002,
Section 2), we know G (x, y) < oo forany x, y € 7, and we also know the following
lemma holds.

@ Springer



15  Page 24 of 47 D.F.Anderson et al.

Lemma 5.4 (Nagnibeda and Woess 2002, Lemma 2.1) Let F be the function defined
in (4.4). Then the following relations hold: for any x € T and any monomer type
Ml' S My

F(xM;,0) = F(xM;,x) - F(x,0) ifx # o,

1
Gx,x) = —7—, 5.11
(x, x) I~ F.x) (5.11)
Gx,y)=F(x,y)-G(y,y) ifx#y.
We define recursively the following (reversible) measure,
p©o) =1, and pu()=pue)- P9 forx 2o, (5.12)
px,x7)

Corollary 5.5 Foranyy € 7T,
G(o,y) - u(0) = G(y,0) - ju(y).
Proof Let I'}. y denote the set of all admissible paths of length n from x to y, that s,

F)’("y = {(zo,m ..... Zn)eT”+l lzo=x, zn =y, p@i,zi+1) >0, Vie{0,..., n—l}}.

For any y € 7, the n-step transition probability p™ (o, y) can then be expressed as
the sum over all such paths:

PP, = Y pkoz)pEi ) pEats ).

(z0.215-,20)€Y

Using the reversibility condition in (5.12), which relates u and p for each adjacent
pair (z;, zi+1), we have for (zo, z1, ..., zn) € I'y

u(o)p(o, z1) = u(z1)p(z1, 0),
m(z1)p(z1, z2) = n(z2) p(z2, 21),

M(Zn—1)P(Zn—1,2n) = (2n) P(Zns Zn—1)-

Applying this relation repeatedly yields

w(o) p(o,z1) p(z1,22) -+ p(Zn=1,Y)
= u(z1) p(z1,0) p(z1,22) -+ p(Zn—1,)
= u(z2) p(z2,21) p(21,0) p(z2,23) ==+ p(Zn—1,y) (5.13)

=u(y) p(y, 2n—1) P(Zu—1,2n-2) - -+ p(z21,0).
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Summing over all such paths yields

w@p™0,y) =pu©) Y pio,z1) plaa-is )

(20,--,2n)€Tg

=u® D pRo) G-t )

(20-,20)€Ty ,
=u(p™ (. 0),

where the second equality uses (5.13), the third reindexes the reversed paths. Finally,
summing over n > 0, we obtain

G(0,y)- o) =Y p™(0,y) u0) =Y p™ (v, 0) u(y) = G(y,0) - (),
n=0 n=0

and the result is shown. O

G(o,xM;)

Foreachi, j € {1, ..., d}, we now compute the ratio GloM))’

which will play an
important role later.

Proposition 5.6 For any x € T and any monomer types M;, M; € M,

R G (0,xM;) _ 0j (k; + Z(rizl k;‘_)
T GoxMy) 5, (k!f +34 k,*) '

(5.14)

Proof By Corollary 5.5, for x = o we have

Glo, Mi) _ p0)Glo, Mi) _ p(M)GM;, 0)
G(o0,0) u(0)G(o, 0) n(0)G (o, 0)

From (5.12) and Lemma 5.4, we have

w(M;) _ plo, M;)
(o) p(M;,0)

, and G(M;,o0) = F(M;,0)G(o,0),

respectively. Hence,

G(o,M;)  plo, M;) F(M;i, 0)G (0, 0)
G(o,0) p(M;, 0)G(0, 0)
plo, M;) F;

k- '

L

— ~d
(ki +Zr:l k?)
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By the same argument,

G(o, Mj) _ plo, Mj) F;
G(o,0) K '
k2 ki

Moreover, foreach x € 7, x # o and M;, M; € M, we have

G(o,xM;)  p(0)G(o,xM;)  u(xM;)G(xM;, o)
G(o,x)  w0G,x)  ux)Gx, o)

by Corollary 5.5. From (5.12) and Lemma 5.4, respectively, we have

wxM;) — p(x, xM;)
px)  p(xMi,x)’
G(xM;,o0) = F(xM;,o0) G(o,0) = F(xM,;, x) F(x,0) G(o, 0),
G(x,0) = F(x,0) G(o,0).

Combining the above yields,

G(o,xM;)  p(x,xM;) F(xM;, x) F(x,0)G(o,0)  p(x,xM;) F(xM;, x)
G(o,x) p(xM;, x) F(x,0)G(o,0) N p(xM;, x)
p(x, xM;) F;

ko ’
— ~d
ki +Zr:l k;'—

By the same argument,

G(o,xM;)  p(x,xM;)F;

G(o,x) K ’
Y

Finally, because

ple,xM;) k'

pe,xMp) — kf

’

for all x € 7, we obtain

k.
i +, — — d
G(o.xM;)  px.xM)F; itk KikiFj (k,- +Zr:1k;*)
GloxM = K pexMOF = g (i + T k)
J r=1"%r
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= — d
oj (kj + Zr:l kj—)

&i (k7 + X k)

where the last equality follows from (4.16). O

We are now in a position to give the following proposition to compute the limit

. Eolxi(n)]
m ——.

n— 00 n

Proposition 5.7 Foreachi € {1,2,...,d}, the following limit holds:

= (1= d gt
i Boi@] o Eba) 1@ (b + 7, 5%)
TR RE RGOl TRy e (2 )

(5.15)

where o; is the limiting proportion of monomer M; as given in Theorem 4.1 and R;;
is the ratio defined in (5.14).

Proof From the definition of {x; (1)} e(1,2,...4) in (5.4), we have
d
DX + xon) =n+1.
j=1
From (Nagnibeda and Woess 2002, Section 2),

li Eolxo(n)]
im /5 =

n— 00 n

0.

Consequently,

d
lim Z Eo[X/(")] — lim n+1—E[x,(n)] —

n—00 4 n n— 00 n
j=1

17

and hence

li Eolxi(n)] T Eolxi(n)]
im ———— = lim

n—00 n n—o00 Z?:l Eo[Xj (n)] ’

This establishes the first equality in (5.15) and the last equality comes from (5.14). It
remains to prove the second equality.
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According to (5.14), we obtain for each i, j € {1, ..., d},

G(0,xM;)
YxeT G(o,xM,{) -G (o, xM;) . Y e G0, xM))
ZXET G(O’XMi) erT G(O, xM,-)
_ Dver 2imo P(0.xM))
Yover Yimo PO (0, xM;)

Rij =

From (5.4), we have for any i, j € {1, ...,d},

Eu[Xj (n)] . er’T Zzzo p(é) (0,xMj)
im ————— = lim = D
n—00 Eo[Xi (n)] n—=00 ZXET Zl:O p (0, xM;)
i et Tieo P00 3M) Eex i PV (0, xM))
n=>00 3" 1 2o PO, xMj) Y 7 720 PP (0, x M)
DxeT > 2o (0, x M)
YveT Lo PO (0, xM;)

For the first term and last term, we have the following from the monotone convergence
theorem:

lim DoxeT D= ()P(e)(o xM;) and fim Y oveT Z?oop(e)(o xM;)
n—>00 3 1 Zl 01’( ) (o, xM; y n—>o0 3 T ZZ OP(Z)(O xM; y

Recognizing that the middle term is simply R;;, we have

Eolx;(n)]
m ——— = Kjj.
n=00 Bo[xi (n)]

Finally,
i Bl 1 1
T Rl T S T,
which completes the proof. O

5.1.2 Proof that lim,_, oo 1",5") Exists Almost Surely

With the value lim,,_, o, Zeli®1 _ - in hand, it remains to show that

n i}
j=11ij

lim,, s o0 X"li") exists for each i € {1,...,d}. To that end, we now introduce the
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following notation for x, y € 7, x # y:

o] s—1
S,y =) P (Zs =y, Zi#yfor0<l<s, ) lc@)=c) = ”) »

s=n r=0

o0

S,y =Y 8" x, y),

n=0

o
i y) =Y nSM(x. y).
n=0
(5.16)

Remark 5.8 Si(")(x, y) denotes the probability that the process Z visits y for the first
time after at least n steps, having visited polymers ending with M; exactly n times
before arriving at y.

Similarly, we define

) N
Ti(")(x, y) = Z P, (Zx =y, ZI(C(Zr)=Ci) = n) )
s=n r=1

o (5.17)
Tix.y) =Y T (x. ).
n=0

Remark 5.9 Ti(") (x, y) is the probability that the process Z reaches y after at least n
steps, having visited polymers ending with M; exactly n times before or at Zy =y
(excluding the starting state x).

With these definitions, we can now observe the following relationships:

Proposition5.10 For any x,y € T, x # y, Si(x,y) = F(x,y) < 1 foralli €
{1,...,d}.

Proof Let x,y € 7 with x # y. Since Z is transient, and because our state space is a
tree, we have F(x, y) < 1. Moreover, a straightforward calculation yields

o]

F(x,y) = Px(Z eventually hits y in finite time) = Z Py(Zs=y,Z; #yfor0<l <)
s=0

oo 00 s—1
:ZZPX ZS:nyl#yforofl<5521(C(Z,):Ci):n

s=0n=0 r=0
0o 00 s—1

ZZZPX Z_y:y,Zl#nyI‘OSl<S,ZI(C(ZY):C1,)=}’Z
n=0s=0 r=0
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It

00 s—1
Z Py (Zx =y, Z;1#yfor0<l <y, Z 1(C(Z,)=C,~) = n)

n=0s=n r=0

2

=" 5" y) = S ).
n=0

m}

Proposition 5.11 For any x,y € T, x # y, Ti(x,y) = G(x,y) < oo for all
iefl,....d}.

Proof Since Z is transient, G (x, y) < oo for any x, y € 7. By a similar argument as
in the proof of Proposition 5.10 above, forany x,y € 7,i € {1, ..., d},

o0 o
G =Y pWa. =) Pz =y = Z Z Py (Zs =y, Z Lc(zy=c) = n)
s=0 s=0

n=0s=n

o0
=310y = Tix ).
n=0

O

Proposition 5.12 Forx,y € T, withx # y, let F'(x,y) = Y ve nf™(x, y). Then,
Si(x,y) < F'(x,y) foralli €{l,...,d}.

Proof letx,y € 7,withx # y.Fori € {1,...,d},

9] 00 s—1
Sy =Y nsP =Y n Z Py (Zs =y, Zi#yfor0<l<s,) lcizy=c,) = ”)
n=0 n=0 s=n =

e
8

r=0

3
Il

o
Il
3

@

0
s—1
nPy | Zs=y, Z; #yfor0<l <s, Z I(C(Z,):C,-) =n

_P“%

Il
o

s—1
nPy (Zx =y, Zy#Fyfor0<l<s, ZI(C(ZV):Ci) =n
0

n r=0

s—1
SHRE (_ #3021 <0 s C)‘")

s=0n=0

s—1
_Z ZPX (Zs_y, Zy#yfor0<l<s, ZI(C(Zr) C)—”)

s=0 n=0
[o9] o]

=Y sPe(Zs =y, Zy#yfor0<l<s)= s/ 0y =Fx.y).
s=0 s=0

O

Remark 5.13 For any x € 7 \{o}, the quantity S,.(") (x, x7) only depends upon the path
of the process up to and including the first hitting time of x~ when starting from x.
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By the tree structure of our process, all transitions occur along the edges inside the
subtree T. Once the cone type of T} is known, the transition probabilities along these

edges are fully determined, and hence the probability Si(") (x, x7) is also determined.
From this, we see that for each j € {1, ..., d}, all values Sl.(")(xM j»x) are identical.

Therefore, Si(") (x, x7) depends only on n, i and cone type of 7. In particular, for all
x € T and foreach i, j € {1,...,d}, we have

0<S/:=S(xMj,x)=F&xM; x)=F; <1,
g ST ! ! (5.18)
0 < (/) :=S]&M;, x) < Fj:=F'(xMj, x) < 0,

where the bound F’'(x M j» X) < oo follows from (Woess 2009, Lemma 9.98).

With the quantities Sl.(") (x, y) defined in (5.16), we can now describe the transition
mechanism of the process (W, x;(ex))r~;- This is one of our main results. We note
that this result is similar to Proposition 9.55 in Woess (2009) where it was shown that
(Wg, er) is a Markov chain. Here we are studying (Wg, x;(ex)). This difference is
subtle but critical.

Proposition 5.14 The process (W, xi(ex))i>1 is a Markov chain for each i €

{1,...,d}. Inparticular, forx,y € T with |x| =k > 1and y~ = x (so |y| = k+ 1),
and m, n € Zp>o with n > m, the transition probability is

Py (Wip1 =y, xileky1) =n| Wi =x, xi(ex) =m)

_ p(x,y) ( F(x,x7) ) (1 - F(y,x)) ST 0y )

px,x™) \1=F(x,x7) F(y,x)

where "™ (y, x) is defined at (5.16):

00 s—1
Sl.("_m)(y,x) = Z Py (Zs =x, Zj#x for0 <l <s, Z 1c(z)=cH) =n— m) .
r=0

S=n—m

We relegate the proof of Proposition 5.14 to Appendix A.
Continuing, we denote the increment

(Ag)i = xilex) — xiexk—1).

We have the following proposition.

Proposition 5.15 The process (Wi, (Ax)i)k>1 is a Markov chain. In particular, for
x,y € Twith|x| =k > land y~ = x (so |yl =k+ 1), and m,n € Z>g, its
transition probability is

Py (Wip1 =y, (Axy1); =n | We = x, (Ap); = m)
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_ P& ( Flx.x7) )(“”””)s?’”(y ).

p (x,x*) 1—F (x,x*) F(y, x)

Proof Letx,y € 7 with |x| =k > 1 and y~ = x. For all m, n € Z>¢, we have

Po(Wir1 =y, (Apr1)i=n| We=x, (Ax)i =m)
_ PoWip1 =y, (Agg)i =n, Wi =x, (Ap)i =m)
Po(Wi = x, (Ap)i =m) '

We treat the numerator and denominator separately. We first handle the denominator

Po(Wp = x, (Ap); = m). Since (Ag); = xi(ex) — Xi(ek—1), partitioning on x; (ex—1)
yields

Po(Wi =x, (Ap)i=m) =)
=0

Po(Wg—1 = x", xi(ek—1) =l_, Wi = x, xi(ex) =1+ m).
Now consider the numerator
Po(Wit1 =y, (Ak+1)i =n, Wi = x, (Ax)i = m).
Using (Ak41)i = xi(ex+1) — xi(ex) and partitioning on yx; (ex—1) yields

Po(Wig1 =y, (Akt1)i =n, W =x, (Ap)i =m)
= P,(Wip1 =y, xilert1) — xilexr) =n, Wi =x, xi(er) — (ex—1)i =m)

oo
= ZPO(Wk—l =x, xilex—1) =1, Wi =x, xiler) =1+ m,
1=0

Wis1 =y, xilek+1) =1+m+n).
(5.19)

Then we want to calculate the inner probability in (5.19). First, we want to condition
on the event

{(Wici =x7, qilewm) =1, We=x, yiler) =1+ m}
and using Markov Property:

Py (Wx—1 =x7. xilek—1) =1L Wi =x, xi(ex) =l+m, Wyp1 =y, xilekt1) =1+m+n)
=Po(Wir1 =y, xilerrD) =l+m+n| W1 =x", xilex—1) =1, Wy =x, xi(e) =1+m)
x Py (Wx—1 =x7, xilex—1) =1, Wy =x, xi(ex) =1+m)
=P, (Wit1 =y, Xileks1) =1+m+n| W =x, xiler) =1+m)
x Py (Wx—1 =x7, xilek—1) =1, Wg =x, xi(ex) =m).
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Turning back to (5.19), we have
Po(Wiy1 =y, (A1) =n, Wi =x, (Ag)i =m)
o0
=Y P Wimi =x7, xila—) =1, We =x, xi(er) =1+m,
1=0
Wir1 =y, xileky1) =1+ m +n)
o0
= Z Po(Wir1 =y, xilekt1) =l+m+n| We=x, xi(ex) =1+ m)
1=0

X Po(Wi—1 =x7, xilex—1) =1, W =x, xi(ex) =1+m)

_ Py ( Flx.x7) )(I—F(y,m)s_(n)(y o

p(x.x7) \1 = F(x,x7) F(y,x)

o0
X > Po(Wior =x7, xilek—1) =1, W =x, xi(ex) =1 +m),
=0

where the last equality follows from (A.8).
Collecting the above, we obtain

Po(Wir1 =y, (Aky)i =n | Wi =x, (Ap)i =m)
Po(Wig1 =y, (Aky1)i =n, Wi =x, (Ap); =m)

Py(Wy =x, (Ap)i =m) (5.20)
_ pey) ( Flr.x7) ) (1 - F(y,x>) S0,
p(x, x‘) 1— F(x, x—) F(y,x) !
(]
For the above transition probability (5.20), according to (4.5), % and

l;g(yx)x ) depend on the cone types of T, and Ty, respectively. Moreover, Si(")(y, X)

depends only on n, i, and the cone type of T from (5.18). Given all of the above, we
conclude that the transition probability

Po(Wigr1 =y, (Aky1); =n | Wi =x, (Ap); =m)

depends only on n, i, and the cone types of Ty and 7). Therefore, we can factorize
with respect to the cone types, which implies that

(Uk’ (Ak)i)kzl

forms a Markov chainon I xZxo\ (C;, 0). The transition probability for (Uk, (Ap) i) i1
is,forany a, b € {1,2,---,d}, B

A((Ca,m), (Cp,n)) : = Po(Ugs1 = Cp, (Aps1)i = n | U = Ca, (A)i = m)
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_Q. Fa .<1_Fb>.5b’”

ke 1—Fg Fp '
kf o F o
=Lt . % (1-F)- i
ki 1-F, !
7"
= Vab - ? > 07

where we define Sf”" = Si(")(xM;,, x), x € 7 and use Sf’ = F} from (5.18) in the
last equality and

{(Vabta,bell 2, )

are the transition probabilities of the Markov chain (Uy); 1, as defined in (4.7).
With these probabilities in hand, we obtain the following proposition.

Proposition 5.16 Fixi € {1, ..., d}. The bi-variate process (Ui, (Ak)i)k>1 is a pos-

itive recurrent Markov chain on I x Z=o\(C;, 0). Its stationary probability measure

o is given by

a,n

S:
0(Cq,n) = 5a§—a, Jorall (Ca,n) € I x Z=0\(Ci, 0),

i
where 6, denotes the limiting proportion of cone type C, (equivalently, the limiting

fraction of monomer M, as characterized in Theorem 4.1).

Proof We see that Sl.b’" > 0, Vyp > 0 for any (Cy, m), (Cp,n) € I x Z>0\(C;,0),
then q((Cq, m), (Cp,n)) > 0 for any (Cq,m), (Cp,n) € I x Z>o\(Ci,0), so
(U, (Ag)i)gs is irreducible. Also, it’s straightforward that & is a stationary proba-
bility measure. Since Sf 0 _ 0,

e 7 is a probability measure:

d S_a,n d
> 5(Cam)=Y_ Y S =Y 6a=1.

(Cq,n)el xZ=p\(C;,0) a=1neZso l a=1

e o is a stationary probability measure: for any (Cp, n) € I x Z>o\(Ci, 0),

d a,m Sb,n
> &(Carm)G((Caym), (Cpm) =D » Ga—ga Vb~
(Cq,m)el xZ=0\(C;,0) a=1meZxg ! i
d b.n a,m
R 5%
= Z Oq Vab I A Z fga
a=1 i meZsy !
7"
=5'b7;b =06(Cp,n) >0,

1
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where we used that o satisfies the stationary equation for the base cone-type Markov
chain (Uk)kzl s i.e.,

d
op = Z 0aVap-
a=1

Since there exists a positive stationary probability measure for (Ug, (Ag)i)r>1,
(Uk» (Ar)i)g>1 is positive recurrent and the proof of Proposition 5.16 is complete.
O

Finally, we need the expectation of (Ay); under the stationary distribution just
computed. For that purpose, consider the projection g; : I X Zs>o\(C;,0) —
Z>0, (a,n) — n for (Ug, (Ag)i)k>1. We have

E; :=/ gi dé = > n6(Cy,n)
IxZ20\(Ci,0) (Cavn)el xZ=0\(C;.0)
) S_a,n d oo ) Sg,n
S S 3 s
(Caun)el xZ=o\(C1,0) i a=1n=0 i
d
- Yol
= —
a=1 Si
d
< 5, —<& by (5.18
<Y & i (by (5.18))
a=1
< Q0.

By the ergodic theorem for positive recurrent Markov chains, almost surely, for each
ief{l,....d},

k

. xile) — xieo) . 1

jim I = lim 3% (U () = By <o
m=

Moreover, as noted in Woess (2009),

lim X (e0)
m =

0.
k—o00 k

Combining the previous two points yields the almost sure limit

lim X (ex)
im
k—00 k

= E; < o0. (5.21)

Note that this result pertains to the boundary process. Hence, we must shift it to the
nominal process X.
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We recall the following integer-valued random variables
l;(n) =max {k : ex <n}.

We have the following almost sure inequalities from Woess (2009),

Chont1 1 Xi (6,;(n)+1)

b % 17
e’;(n) Xi <€];(n))

I;(n) — 00,

so that

=€t _ h+1 ~ %k _ Cho+1 ~ %k .

n n

0< 0,

k)

110 = (%) K (%) =% () ki (k1) =% (%) o
xi () - xi () - Xi (e’;(n)) '

Then for eachi = {1, 2, -- - , d}, we have as n — 00, almost surely,
wo | 7(a)
k) — 1 k() — 1,
n xi(n)

so that foreachi = {1,...,d},

. xi(n) . xim)y X (e,;(n)> € X (%n))
lim = lim . . = lim ————~
n—»oo n n— 00 Xi (q}(ﬂ)) e’;(n) n n— 00 el:t(n)

. xiler) . xiler) k
= lim — = lim ——— - —
k—oco e k—oo k (473

=FE;-v <00,

where the final equality follows from both (5.21) and (Woess 2009, Theorem 9.100).
Hence, the existence of the limit has been verified.

6 Copolymerization Process Involving Two Monomer Types

To illustrate our general results, we now specialize to the case of two monomer
types. Thus, in this section we consider a copolymerization process X involving the
monomers M| and M;. The constants kl.+ and k;” represent the attachment and detach-
ment rates of monomer M;, for i € {1, 2}. The process can be visualized as in Figure
1. According to Theorem 3.1, the recurrence/transience criterion for the copolymer-
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ization process X is given by the parameter

_ Mk
Kok

Specifically, X is positive recurrent if o < 1, null recurrent if « = 1, and transient if
o> 1.

We begin by providing closed form solutions in this two-monomer case. Note that
the results given here are consistent with those presented in Section III of the paper
“Extracting chemical energy by growing disorder: Efficiency at maximum power”
(Esposito et al. 2010).

In the transient regime, the limiting proportion of each monomer type is given by
Theorem 4.1 (see Section 4). For the two-monomer case, when X is transient, we obtain
explicit formulas for the limiting proportions o1 and o7 of M| and M», respectively.
We first consider the special case k| = k, . In this scenario, the almost-sure limiting
proportions of M; and M, are

L ki - ky
o1 =t1_1)1£>1001(f)=m, 02=t1_1)12002(1)=m‘ 6.1)

In the case of k| # k, , we obtain the almost-sure limiting proportions of M1 and M>
as

+ ot F ot o o _ At

o K4k + k7 — k& —\/(k1 HkF kT — k)2 4k — Ak

o1 = lim o1(t) = — — ,
t—00 Z(kl —k2)

ot F ot - o _ At
kT +ky — k= O Ak ke — kD2 Sk - 4k ks
20ky —kp)

oy = lim o3(r) =
6.2)

By Theorem 5.1, the asymptotic growth velocity for the two-monomer case is given
by

. |X t | + + - 4= J
v —tl_l)rgoT =k +ky —ok] — o2k,
where &1 and 07 given at (6.1) and (6.2).
Next, we provide simulated results of the two-monomer process with the following
parameters,

ki =1, ky =18, k¥ =12, and k, =2.592. (6.3)
Note that for these parameters, we have kf’ <k, and k;r <k, ,buta = % + % ~
1.0185 > 1, which puts us in the transient regime even though the detachment rate for

each monomer is higher than its attachment rate. Specifically, we will visualize the
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. Ratio of M) Ratio of M,

0.8

Ratio of M
Ratio of My
e
S

1N
=

0.2

0 ) 5000 10000 15000 0 5[;00

10000 15000
Time t

Time ¢
(a) Empirical ratio of monomer M;. (b) Empirical ratio of monomer M.

Fig.3 Evolution of the empirical proportions of monomers M| and M> in the polymer with parameters given
in (6.3). The blue curves represent simulation results, while the gray dashed lines indicate the theoretical
limiting values: 61 ~ 0.5436 (left) and 6, ~ 0.4564 (right).

Velocit
0.5 il

0.4

X @)/t

0 5000 10000 15000
Time t
Fig. 4 Empirical polymer growth velocity ”‘;—'l for the process with parameters (6.3). Note that the blue
curve approaches the theoretical value v & 0.0382 (gray dashed line).

convergence to the limiting proportion of each monomer type (Theorem 4.1) and the
limiting velocity of the growth of the process (Theorem 5.1). Then, we will provide
a visualization of the boundary process, which we used analytically throughout this
paper.

For the parameters given in (6.3), we have

01 ~ 0.5436 and o7 ~ 0.4564.

See Figure 3 for our simulated results demonstrating the convergence of the proportions
to these values.
1X: ]

In the simulation of the velocity 5= in Figure 4 we see that the empirical velocity

also stabilizes around the theoretical benchmark.
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Fig. 5 Comparison between the actual process and the boundary process in terms of polymer length over
time period [0, 70].
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@
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Time t «10%

Fig. 6 Comparison between the actual process and the boundary process in terms of polymer length over
time period [0, 50, 000].

We turn to a visualization of the boundary process. We remind the reader that this
process played a critical role in the analysis carried out in sections 4 and 5. In particular,
we used that the boundary process remained “close” to the original process for all time
(in a very specific manner), and we hope to demonstrate that visually here. We recall
that the boundary process was defined in order to keep track of the “exit state” at each
level. That is, Wy was the particular state of our tree from level k (i.e., was a polymer
with k monomers) that appears in the limiting “infinite length” polymer. That is, Wy
is the unique prefix of the limiting polymer.

Note that the issue with simulating the boundary process is that the “last exit time”
from a level is not a stopping time. Since “simulating to time infinity” is not an option,
we instead chose to simulate to a very large time, 7 = 200, 000, and then restrict
our visualization to a much smaller time-frame. As before, we used the parameters
(6.3). See Figures 5 and 6, where close agreement between the actual process and the
boundary process can be observed, especially as the time-frame increases.
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7 Discussion

Motivated by models from the Origins-of-Life literature, in this paper we studied
a stochastic model of polymer growth. Earlier treatments focused on two monomer
types and relied on heuristic arguments. We provided rigorous analysis and, using this
framework, extended the analysis seamlessly to the case of d monomer types. The
main contributions are as follows.

e We formulated the copolymerization process with finitely many monomer types as
a continuous-time Markov chain (CTMC) on an infinite, tree-like state space. By
considering the embedded discrete-time Markov chain (DTMC), we characterized
the positive recurrent, null recurrent, and transient conditions using spectral theory
for random walks on trees with finitely many cone types.

e In the transient regime, we provide explicit formulas for the limiting monomer
proportions {o;}. These limits are characterized by the stationary distribution of
an associated cone-type Markov chain obtained from the boundary process.

e We derived an explicit formula for the asymptotic velocity of polymer growth in
the transient case. The expression involves the limiting monomer proportions o;,
and the transition rates, and relies on reversibility arguments.

Together, these results provide, to the best of our knowledge, the first mathematically
rigorous treatment of this class of copolymerization models, generalizing and justify-
ing earlier physics-based work. The methods introduced here-particularly the spectral
criterion for transience, the cone-type Markov chain formalism, and the explicit con-
struction of boundary processes-are broadly applicable to other stochastic models of
assembly processes with hierarchical or rule-based structures.

Beyond the specific copolymerization setting, the analytic framework developed—
particularly in Section 5 and particularly the use of boundary processes and the control
of continuous-time excursions between successive growth levels—addresses a general
class of problems for Markov chains on tree-like state spaces. In such models, natural
macroscopic observables (such as growth rates or empirical frequencies) are often
coupled to local transition mechanisms in a way that is not directly accessible through
moment equations alone. The methods introduced here provide a systematic way to
extract almost-sure asymptotic behavior in this setting, and we expect them to be useful
in other stochastic growth processes with similar hierarchical structure.

To conclude, we mention possible avenues for future research. Most biochemically
relevant processes can be modeled as rule-based systems (Danos et al. 2007), in which
a finite set of rules gives rise to an infinite cascade of assemblies and functions. These
systems can sometimes be formally described using the double-pushout approach
from category theory (Ehrig et al. 1973; Andersen et al. 2016), and significant work in
the computer science and mathematics communities has focused on formulating them
as continuous-time Markov chains via generating function techniques (Behr et al.
2016; Behr 2021), as well as developing methods for their simulation (Boutillier et al.
2018). More recently, algebraic approaches based on the Fock space formalism have
been introduced in the physics literature to study rule-based systems (Rousseau and
Kinney 2025). The copolymerization process examined in this paper provides a simple
yet illustrative example of a rule-based system. We hope that the rigorous treatment

@ Springer



Stochastic Model of a Copolymerization Process... Page 41 of 47 15

of the copolymerization model presented here will serve as a common platform for
unifying different mathematical approaches to rule-based systems and for inspiring
their extension to biologically significant problems.

A Proof of Proposition 5.14

Proof of Proposition 5.14 Let x,y € 7 with |x| = k > 1 and y~ = x. Then for all
m,n € Z=qo withn > m, we have

Po(Wrt1 =y, xilex+1) = n | Wi = x, xi(ex) = m)
_ PoWig1 =y, xilexg1) =n, Wi = x, xi(ex) =m)
Po(Wy = x, xi(ex) =m)

(A.1)

We handle the numerator and denominator separately. We begin with the denominator
P,(Wi = x, xi(ex) = m). Partitioning on ey yields

Po(Wi =x, Yi(ex) =m) =Y Po(Wy =x,ex =1, xilex) =m).  (A2)
I=m

For! > m > 0, k > 1, the conditional probability formula and the Markov property
yield

Po(Wy =x,ex =1, xi(ex) =m)

l
=P, (Z] =x, Z, e L\ {x}Vr>1+1, ZI(C(Zr)=Ci) = m>
r=0

I
=P <Zr eT\x}Vr>=1+1|2Z =x, 21(0(2,):0,») = m)
r=0

1
x Po (Zl =x, ) lcz)=c = m)

r=0

!
=P(Z, e\ {x}Vr =) x P, (Zz =x, Y lc@z)=cH = m) -
r=0
(A3)

From (Nagnibeda and Woess 2002, Equation 4.1) we have:

Pu(Zr e T\ {x}Vr = 1) = Z plx, ) (L= F(y,x)) = p(x,x7) (
Yy =x

=)
——1).
F(x,x™)
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Substituting this into (A.3) gives

1
Po(Wie =x,ex =1, xi(ex) =m) = p(x,x7) | ——— —1
F(x,x™)
1
Po (Zl =% ZI<C<Z»=C,~) = m) :
r=0
Returning to (A.2):

o
Po(Wi = x, yi(er) =m) =Y Po (Wi =x,ex =1, xi(ex) = m)

[=m
1 — ’
=p(x,x7) <m - 1) Z P, (Zl =X, gl(c(zr)=ci) = m)
oo 1
=px,x7) (F(x P 1) z; P, (Zz =X, ; Lcizy=c) = m)
_p(xvx )<F(.X.X ) 1) (O’X)r

where 7" (0, x) is defined at (5.17).
Now we are ready to study the numerator of (A.1). We begin by partitioning the
event over the possible values of ex and ex4+1 — ex:

Po(Wi = x, Wig1 =y, xi(ex) =m, xi(ex+1) =n)
=P,(Wi =x, Wir1 =y, xilex) =m, xi(ex+1) — xilex) =n —m)

(oSl o}

= Z Z Po(Wye=x,Wip1 =y, ek =1, ex41 —ex =g,

I=m q=n—m

xiCex) =m, xi(er+1) — xi(ex) =n—m).

Now we study the inner probability. For/ > m > 0,¢q >n —m > 0,and k > 1, we
have:

Po(Wi = x, Wep1 =y, e =1, epq1 —ex = q, xi(ex) = m, xi(ex+1) — xi(ex) =n —m)
Zy=x, Ziyr €Tyforr=1,2,....9 = 1, Zixg =y, Zitg+v € H\y}Vv = 1,

=p| ! l+q
Y lezo=ch=m. Y Lczg=cp=n—m
s=0 s=Il+1
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Conditioning on the event
!
Zi=x, ) lc@y=ch=m

s=0

and utilizing the Markov property yields

Py (Wi =x, Wip1 =y ek =11 — ex =q. xile) =m, xi(ex+1) — xilex) =n —m)
Zitr G'TnyI'r: L....qg— 1, Zl+q =Y Zl+q+u EITy\{y}VU > 1,

=P, l+q 1
Y Lewy=ch=n—m|Zi=x, Y Lc@zy=cH=m
s=I[+1 s=1

/

X Po | Z=x, Y Nczy=c =m
s=0

ZreTyforr=1,...,q -1, Zg =y, Zgry e T, \{y}Yv =1,

=r | <
Y lc@zy=cp=n—m

s=1
I
X PO Z] =X, ZI(C(ZS):CI.) =m

s=1

Similarly, we can split out the event

{Zq+v ey \{y}Vv = 1}

using the conditional probability formula and the Markov property:

Po (Wi =x, W1 =y, e =L egr1 —ex =g, xier) =m, xi(exr1) — xilex) =n —m)
=P (Zgro e T\ DIVv2 1| Z e Tforr =1, -1, Zg =,

q
2 Lczy=c =n- "l>

s=1

q
X Py <Zr eTyforr=1,...,9—-1, Zg =y, ZI(C(ZS)=C1') :n—m)
s=1

1
xPo | Zi=x, Y Nc@zy=c) =m

s=1

=Py (ZyeTy\{y}Vv=1)

q
X Py <Zr E'TnyI‘r:l,...,q—l, Zg =1y, ZI(C(ZS)=C1):n_m)

s=1
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s=1

1
X P, (Zl =X, Z 1(C(Z;)=C,-) = m) . (A4)

From (Nagnibeda and Woess 2002, equation 4.1), we have for Wy = x and W4 =y
(withx = y7),

Py(Zy e T\Y}Yv=1)= > p(y.20=Fzy)=pQy,x) (

z:iz7=y

1 1>
F(y,x) '
(A.5)
We will postpone the analysis of the term
l
Po (Zl =x, ) lc@=c) = m)
s=1
until later. For now, we focus on evaluating
q
Px <Zr (S 'TnyI‘V = 1,2,...,6] — 1, Zq =Yy, ZI(C(Zs)ZCi) =n—m> .
s=1
by making use of the reversibility property. From an argument analogous to that in

(5.13), for any path of length ¢ with zo = x, z, = y, and p(zs, zg+1) > 0 for all
s € {0, ..., q — 1}, the reversibility condition gives

pw@x) px.z0) pz1.22) - p(zg-1.y) =) p (v.2g-1) -+ P (22,20 p (21, %) .
(A.6)

Specifically, consider the set of paths
Ly ™™ o= {(z0, 21, - .- 29) € TIT1)

of length ¢ such that zo = x, zg = y, p(zs,25+1) > Oforalls € {0,...,q — 1},
zg € Ty foralls € {1,...,q — 1} and

q
D lcey=cy =n—m.
s=1
Then we have

q
P, (Zr €Ty forr=1,2,..., q—1, 2=y, Z 1(C(ZS)=C,-) =n —m>

s=1

= > P,z plzg—1,¥)

=g, n—m
(ZO’Zla-qu)er)l{‘y
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) 2 ch; PO Zg=1) ) (by (A.6))
(z0,21,-mr2g) 0T
=X e (by (5.12)

(20,21 1verzg) LTy ™

g—1
P, y)
= Py|Z eTyforr=1,2,....,q—1, Zg = x, 1 —c)y=n-— .
(.0 "( reE B ; e =t m)

We now sum over the length ¢ from n — m to co of the path Fq v

00 q
2 b (Zr€T~“f°”=1’2"“’q—l’Zq=Y~Zl(c<zs)=ci):"_m)

q=n—m s=1

00 g—1
P, y)
“row, 2D (z, ehforr=12 g =12 =5 ) Lcap=c) :"_m)

g=n—m s=0

o0 q—l
p(x,y)
T P00 2 Py (Z’ #axforr=12.q-1.2Zg=x) lc@z)=c,) :”—m)

g=n—m s=0
p(x y) (n m)(

PG, x)’ -

(A7)

The second equality holds because when x = y ™, the process Z starting from y must
remain in 7y, before entering x for the first time.
Now we come back to calculate P, (Wy = x, Wiy1 =y, xi(ex+1) = n, xi(ex) = m):

Po (Wi =x, Wit =y, xilex1) =n, xi(ex) =m)
o0 o0

=Y > Po(We=x, Wep1 =y, e =1, ey

l=m g=n—m

—ex = q. xi(ex) =m, xj(ex+1) — xi(ex) =n —m)

=Y Y P (ZveT\{y}Yv=1)

l=m g=n—m

q
X Py (Zr eTyforrzl,...,q—l, Zq =Yy, ZI(C(Zs)=Ci)="_m)
s=1

/

X Py | Zy=x, ) Vczy=c) =m (by (A.4))
s=1

=p(y,x)<F(y ) ) ZPo Zp = x, 21<C(Z> Cp =m
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00 q
X Z Py (Zrei}forrzl,...,q—l, Zg =y, ZI(C(Z.Y)=Ci)=n_m>

q=n—m s=1
(by (A.5))
o) (; _ 1) 70 (o, vy PEY) g=m) (3 by (A7) and (5.17))
F(y,x) ! p(y.x) !
= (L - 1) 7™ (0, x) p(x, y) S ™ (3, x).
F(y,x) ’ l

Collecting the above we have:

Po(Wiy1 =y, xilek+1) =n | Wi = x, xi(ex) =m)
Po (Wit1 =y, xileky1) = n, Wy = x, xi(ex) =m)
Py (Wy = x, xi(ex) =m)

(m) (n—m) 1
1" 0,0 p0, S 0,3 (77 — 1)
Ti(m) (0’ x)p (x’ x_) (F(x{x*) - 1)

= P, y) F(x,x*) (1—F(y,x)> (n—m)
B 4 (x,x—) 1 -F (x,x—) F(y, x) Si (¥, %),

(A.8)

which completes the proof. O
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