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Abstract
The concept of input-independent computational speed for chemistry-based analog computers was introduced in Anderson
and Joshi (2025), where it was shown that arithmetic operations can be computed with a convergence rate bounded below
independently of the input values. Here, by inputs we mean the numerical values encoded by the initial concentrations of
designated input species, with the underlying reaction network and rate constants held fixed. Combining these operations via
power series to approximate transcendental functions is possible in principle, but the number of chemical species required
grows with the number of terms retained, and achieving sufficient accuracy may demand many terms—a burden that is
especially severe for slowly converging series such as the power series for the logarithm. In this paper, we begin the program
of directly computing transcendental functions by chemical reaction networks by focusing on the exponential and logarithmic
functions, two widely used transcendental functions, and constructing reaction network modules that compute them without
relying on truncated power series. We show that the resulting modules are mass-action systems, and prove that they achieve
arbitrary accuracy given sufficient timewhile operating at input-independent speed.Moreover, thesemodules can be combined
with each other and with the arithmetic modules of Anderson and Joshi (2025): any such composite computation also runs at
input-independent speed, with a convergence rate that does not depend on the length of the feedforward chain. Logarithm and
exponential functions serve as foundational cases, and the constructions developed here are intended to serve as templates
for the direct computation of more general transcendental functions by chemical reaction networks.

Keywords Reaction networks · Analog computation · Input-independent speed · Exponential function · Logarithm function ·
Mass-action kinetics · Dual-rail representation

Mathematics Subject Classification 68Q07 · 92C45 · 92C42 · 92E20

1 Introduction

The concept of input-independent computational speed for a
chemistry-based analog computer was introduced and artic-
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ulated in Anderson and Joshi (2025). The authors showed
that an arithmetic computation of arbitrary complexity (i.e.
consisting of any finite number of elementary steps) can be
performed at a speed bounded below, independent of the
inputs to the computation as well as of the number of steps
required for the computation. The proof relied on explicit
constructions of reaction networkmodules for the elementary
arithmetic operations. Each module was shown to operate at
input-independent speed: the time required to compute n dec-
imal places is proportional to n and independent of the input
values. Moreover, when such modules are composed into a
more complex computation, the elementary steps run in par-
allel, so the convergence rate is controlled by the minimum
intrinsic speed among the component modules rather than
by serial waiting times. This remains true not only when the
computational steps are independent, but also when they are
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in “series”—requiring the output of one step to be fed as input
into another in a potentially long feedforward chain. Paral-
lel processing at an elementary scale is a striking feature of
chemistry-based analog computers which can be leveraged
for efficient and speedy computation.

The results in Anderson and Joshi (2025) imply that arith-
metic computations can be composed, using power series
for instance, to approximate transcendental functions. Such a
computation, however, requires a number of chemical species
that grows with the number of terms retained in the series.
Moreover, achieving high accuracy demands many terms, a
burden that is especially severe for slowly converging series:
the power series for the logarithm, for instance, converges
only on the unit interval and does so slowly near the bound-
ary, requiring a large number of terms to obtain even modest
accuracy over a wide input range. In addition, the truncation
level m must be chosen in advance, so running the network
longer improves convergence only to the chosen truncated
series, not to the underlying transcendental function itself.

If chemistry-based analog computation is to serve as
a viable computational paradigm, complex function eval-
uations must be achievable without requiring a large and
growing number of chemical species. The exponential and
logarithmic functions are natural and important first test
cases: they are foundational in mathematics and engineering,
and their computation directly illuminates the challenges that
arise for transcendental functions more broadly. Moreover,
the two cases already displaymarkedly different levels of dif-
ficulty. The exponential module developed here is relatively
direct, whereas the logarithmic computation is substantially
more subtle, owing in part to the fact that the logarithm may
take negative values and therefore requires the dual-rail rep-
resentation introduced in Section 2. Thus, these examples
are important not only because of the central role of the
functions themselves, but also because they expose several
of the main difficulties inherent in chemistry-based analog
computation of transcendental functions. This motivates the
design of reaction network algorithms that compute these
functions directly over their entire domains, without relying
on an approximation scheme. There are many possible ways
to realize such computations chemically, but our goal is to
do so in a principled and efficient manner. Accordingly, we
insist that each reactionnetworkmodule: (i) be efficient, in the
sense that it avoids unnecessary auxiliary species; (ii) achieve
arbitrary accuracy given sufficient computational time; (iii)
compute accurately over the entire domain of the function;
and (iv) operate at input-independent speed. Throughout,
all reaction rate constants are taken to be 1 for tractability.
Extending these results to more general choices of rate con-
stants is an important and difficult problem, and we expect
that treating it properly will require new ideas.

We note here a departure from the constructions in Ander-
son and Joshi (2025), where the intermediate and output

species could be assigned arbitrary initial values. In the
present work, by contrast, certain intermediate and output
species must be initialized to specific values. Put differ-
ently, the desired computation is obtained only when these
species are started in carefully balanced initial configu-
rations; arbitrary initializations would generally alter the
limiting behavior and hence the computed output.

Despite this difference, the new modules remain compos-
able: finite feedforward combinations of the exponential and
logarithm modules developed here with the arithmetic mod-
ules of Anderson and Joshi (2025) run at input-independent
speed.

Chemical reaction networks have been studied as compu-
tational devices from several complementary perspectives. In
the discrete stochastic setting, Cook et al. (2009) gave a com-
prehensive account of the computational power of stochastic
CRNs, Chen et al. (2014) characterized the functions deter-
ministically computable by such networks as precisely the
semilinear functions, and Cappelletti et al. (2020) showed
that stochastic CRNs can robustly approximate arbitrary dis-
crete probability distributions in stationarity (thus providing
a way to encode information). In the continuous determinis-
tic setting, Fages et al. (2017) proved that continuous CRNs
are strongly Turing-complete and derived a compiler from
mathematical functions into elementary reactions; Chen et al.
(2023) characterised rate-independent continuousCRNcom-
putation as exactly the piecewise rational linear functions,
using the dual-rail representation that also appears in the
present paper; and Anderson et al. (2021) developed a frame-
work for implementing neural networks via mass-action
CRNs with exponentially fast convergence from any initial
condition. On the implementation side, Soloveichik et al.
(2010) showed that DNA strand displacement reactions can
implement arbitrary CRNs in vitro (Qian and Winfree 2011;
Qian et al. 2011).

Prior work on computing the exponential and logarithm
in analog and ODE-based settings is directly relevant here.
Bournez et al. (2007) proved that every function computable
in the sense of computable analysis can be defined by a poly-
nomial ODE system over compact intervals, and Bournez
et al. (2017) established that polynomial time computa-
tion corresponds precisely to polynomial-length solutions
of polynomial ODEs, proving that the General Purpose
Analog Computer (GPAC) (Shannon 1941) and Turing
machines are equivalent in time complexity; this gives a
complexity-theoretic framework within which the efficiency
of ODE-based function evaluation—including the exponen-
tial and logarithm—can be meaningfully situated.

Some of the polynomial ODE systems we use as interme-
diate constructions (Systems 1 and 2 in Section 4) are not
themselves mass-action: their vector fields violate the sign
condition of Hárs and Tóth (1981), in that a negative term
of some ẋi lacks a factor of xi . This is a property of the par-
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ticular vector field, not a statement that the corresponding
function fails to be CRN-computable; indeed, by the dual-
rail compilation of Fages et al. (2017), any polynomial ODE
system can be realized by a mass-action CRN. Our aim here
is not realizability as such, but direct mass-action construc-
tions satisfying the requirements (i)–(iv) above, developed
in Section 4 and culminating in System 6. Daniel et al.
(2013) demonstrated experimentally that synthetic analog
gene circuits in living E. coli can compute logarithmic
functions over four orders of magnitude, exploiting the anal-
ogy between transistor and chemical kinetics; Sarpeshkar
(2014) analyzed the resource efficiency of such computa-
tions from fundamental noise limits. Chou (2017) studied
logarithm computation using abstract CRNs, proposing a
Padé-approximation method that trades off reaction count
against accuracy.Chouasserts,without proof, thatCRNscan-
not compute the logarithmexactly.Whether such an assertion
holds depends on the notion of computation one adopts.
Under the notion used in this paper—convergence of a trajec-
tory to the exact value from a compatible initialization—it
does not hold: we give several mass-action CRN modules
whose trajectories converge to the exact logarithmic value.
There is, however, a distinct and stronger sense in which the
logarithm is not CRN-computable: any function stabilized
by a mass-action CRN—in the sense of absolute functional
robustness—must be algebraic (Hemery and Fages, 2024,
Lem. 14), and ln is not. We make these framework distinc-
tions precise in Section 2 (Definition 2.2 and Remark 2.3).
Moreover, whereas Chou’s approach requires increasing the
number of reactions and intermediate species to improve
accuracy, our constructions achieve arbitrary accuracy with a
fixed network simply by allowing more computational time.

In a related line of work on the speed of CRN compu-
tation, Huang et al. (2019a) studied which real numbers are
computable byCRNs in real time—a speed constraint requir-
ing the output to remain within 2−t of the target for all
t ≥ 1, which is strictly stronger than our notion of input-
independent speed—and Huang et al. (2019b) established
the equivalence of real-time CRN and GPAC computation
(Fletcher et al. 2025). The Hartmanis-Stearns conjecture
(Hartmanis and Stearns 1965) asserts that no irrational alge-
braic number is real-time computable by a Turing machine;
by contrast, CRNs can compute all algebraic numbers in real
time (Huang et al. 2019a), highlighting a fundamental dif-
ference between the two computational paradigms. Finally,
Anderson and Joshi (2025) introduced input-independent
computational speed for mass-action systems and showed
that elementary arithmetic operations can be performed at a
convergence rate bounded below independently of the input
values; the present paper extends that program to the tran-
scendental functions ex and ln x .

The paper is structured as follows: in Section 2, we
describe the mathematical framework and notation used

throughout the paper. In Section 3 we construct and analyze
a reaction network module for computing the exponential
function. In Section 4 we develop a sequence of logarithm
modules—from simple polynomial systems through mass-
action and dual-rail variants, culminating in System 5, which
achieves input-independent speed for a∗ ≥ 1, and Sys-
tem 6, which achieves it on the full positive domain. In
Section 5 we prove a general composition theorem showing
that finite feedforward combinations of the exponential and
logarithm modules developed here with the arithmetic mod-
ules of Anderson and Joshi (2025) run at input-independent
speed. Finally, Section 7 contains a summary and discussion
of the results, together with some directions for future work.

2 Mathematical framework

The constructions in this paper are polynomial ODE systems.
Our initial constructions are sometimes non-mass-action, but
in each casewe refine them to produce amass-action reaction
network. In themass-action setting, each reaction proceeds at
a rate proportional to the product of the concentrations of its
reactant species, and trajectories remain in the nonnegative
orthant, so concentrations never become negative. A neces-
sary and sufficient condition for a polynomial ODE system to
be mass-action is that every negative term in the equation for
ẋi contains a factor of xi (Hárs and Tóth 1981): chemically,
this simply means that species Xi can only be consumed if
it participates as a reactant.

Throughout, we use standard chemical reaction network
notation. Chemical species are denoted by capital letters,
such as X , Y , and Z , while their corresponding concentra-
tions are denoted by the associated lower-case letters, such
as x(t), y(t), and z(t). When no confusion will arise, we
suppress the explicit dependence on time.

As a simple example that is relevant to the work in this
paper, consider the reaction network

X → X + Z , Y → Y + Z , Z → ∅.

Here X and Y are input species and Z is the output species.
Under mass-action kinetics, the corresponding system of dif-
ferential equations is

ẋ = 0, ẏ = 0, ż = x + y − z.

Thus the input concentrations remain constant in time, while
the output species evolves according to a linear relaxation
equation.

If the initial input concentrations are x(0) = x0 and
y(0) = y0, then

x(t) = x0, y(t) = y0
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for all t ≥ 0, and hence

ż = x0 + y0 − z.

It follows that

z(t) = x0 + y0 + (
z(0) − (x0 + y0)

)
e−t .

In particular,

lim
t→∞ z(t) = x0 + y0.

Thus the concentration of the output species Z converges
exponentially fast to the sum of the two input values. In this
sense, the reaction network carries out the computation of
addition.

The preceding example illustrates a feature that will be
important throughout the paper: not only does the output
converge to the desired value, but it does so at an exponential
rate. This motivates the following definition.

Definition 2.1 Let u(t) be a real-valued function with
limt→∞ u(t) = u∗.

Following (Anderson and Joshi 2025), define the asymp-
totic convergence rate of u(t) to u∗ by

rate(u → u∗) := − lim sup
t→∞

ln |u(t) − u∗|
t

,

where we use the extended-real convention ln 0 = −∞. We
say that u(t) converges to u∗ with rate at least ρ > 0 if
rate(u → u∗) ≥ ρ. Equivalently, for every η ∈ (0, ρ) there
exist constants Cη > 0 and Tη ≥ 0 such that

|u(t) − u∗| ≤ Cηe
−(ρ−η)t for all t ≥ Tη.

In this case, we also say that the computation of u∗ by u(t)
has speed at least ρ. Indeed, exponential convergence with
rate ρ implies that the number of correct decimal digits grows
linearly in time, with growth proportional to ρ.

For the addition module above, we have

z(t) − (x0 + y0) = (
z(0) − (x0 + y0)

)
e−t ,

and hence

|z(t) − (x0 + y0)| ≤ Ce−t

with C = ∣
∣z(0) − (x0 + y0)

∣
∣. Thus the output converges to

the correct value with rate at least 1, and so the computation
has speed at least 1. Importantly, this lower bound does not
depend on the input values x0 and y0. For this reason, we
say that the addition module computes at input-independent
speed.

By contrast, not every natural reaction network construc-
tion has this property. For example, if A is an input species
with constant concentration a > 0, then the network

∅ → X , A + X → A

gives rise to the differential equation

ẋ = 1 − ax .

The solution is x(t) = 1
a + (x0 − 1

a )e−at , which converges
to 1/a at rate a, so the speed of computation depends on the
input value itself. In particular, as a → 0, the convergence
becomes arbitrarily slow. This is precisely the kind of input
dependence that we seek to avoid.

In several of the constructions below, we will need to rep-
resent real numbers that may be either positive or negative
while still working with nonnegative concentrations. For this
purpose, we use the standard dual-rail representation: a real
number r ∈ R is encoded by a pair of nonnegative quantities
(rp, rn) and interpreted as

r = rp − rn .

This representation is not unique, but in many constructions
one arranges that at most one of the two rails is active in the
limit. In that case, rp records the positive part of the value
and rn records the magnitude of the negative part. Dual rail
will be used below both to allow arbitrary real inputs and to
represent outputs, such as ln a∗, that may be negative.

We conclude this section by making precise the notion of
computation used throughout, and situating it relative to two
other notions in the literature.

Definition 2.2 (Computation at a given speed). Let f :
D → R with D ⊆ R

k . Consider a reaction network
equipped with designated input species, whose concentra-
tions a1(t), . . . , ak(t) (possibly in dual-rail form)may evolve
in time; a designated output species, or dual-rail pair, whose
value is interpreted as the result; and a specified set of
admissible initial conditions for the output species and all
remaining (intermediate) species. We say the network com-
putes f at intrinsic speed at least ρ > 0 if, for every
a∗ = (a∗

1 , . . . , a
∗
k ) ∈ D, every choice of ρ1, . . . , ρk > 0,

every collection of input trajectories ai (t) → a∗
i converging

at rates at least ρ1, . . . , ρk respectively, and every admissible
initialization, the output converges to f (a∗) at rate at least
min{ρ1, . . . , ρk, ρ} in the sense of Definition 2.1. If a single
ρ > 0 may be chosen uniformly over all a∗ ∈ D, we say the
network computes f at input-independent speed.

We refer to such a network as a module when it is used as
a component of a larger computation.
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Remark 2.3 (Relation to other notions of CRN computation).
Definition 2.2 fixes a set of admissible initial conditions and
asks for convergence to the exact value at a uniform rate.
It should be distinguished from two other notions. First, in
the absolutely functionally robust (AFR) model of Hemery
and Fages (2024), the output must converge to f (X) from
a full-dimensional domain of admissible initial conditions
for the intermediate and output species (equivalently, the
CRN stabilizes f ). Their main theorem characterizes the
functions computable in this sense as exactly the real alge-
braic functions. Since exp and ln are transcendental, they
are not AFR-computable, a fact consistent with the initial-
ization sensitivity of our modules, which we analyze in
Section 6. Second, real-time computation in the sense of
Huang et al. (2019a) imposes the stronger requirement that
the output remain within 2−t of the target for all t ≥ 1; input-
independent speed is the weaker requirement of a uniform
exponential rate. Thus the modules of this paper compute
exp and ln exactly, and at input-independent speed, but not
necessarily with absolute robustness.

3 Computing the exponential function at
input-independent speed

We begin with the exponential function, which turns out to
admit a relatively direct construction. Our goal is to compute
ea

∗
by a mass-action reaction network, where the input value

a∗ is encoded by a designated species. We first treat the case
of a nonnegative input, a∗ ∈ R≥0, for which a direct module
is available. We then extend the construction to arbitrary real
inputs by passing to the dual-rail representation introduced in
Section 2 and composing the nonnegative exponential mod-
ule with reciprocal and multiplication modules.

Consider first the case of a nonnegative input a∗ ∈ R≥0.
We use the reaction network

{A → A + Z , Z → 0, A + X → A + 2X , Z + X → Z},
ż(t) = a(t) − z(t), ẋ(t) = x(t) (a(t) − z(t)) .

(3.1)

Note that the reactions leave A unchanged. In general, the
system in (3.1) may be only a subsystem of a larger network,
and sowe allow the input concentration a(t) to evolve in time
and converge to a limit a∗.

We begin, however, with the simpler case in which the
input is fixed, i.e. a(t) ≡ a∗. In this constant-input case
we can write the solution explicitly. For the initial values
x(0) = 1 and z(0) = 0, the solution for all t ≥ 0 is

z(t) = a∗ (
1 − e−t) , x(t) = exp

(
a∗ (

1 − e−t)) . (3.2)

Hence x(t) → ea
∗
as t → ∞. Moreover, the output con-

verges to the correct value at rate at least 1, independently of
the input value a∗.

Now suppose that the input a(t) evolves in time and con-
verges to a limiting value a∗, i.e. a(t) → a∗. Assume that
the rate of this convergence is at least ρa , in the sense of
Definition 2.1. Since

ẋ(t) = x(t)
(
a(t) − z(t)

)
,

any solution with x(0) > 0 satisfies x(t) > 0 for all t ≥ 0.
Hence ln x(t) is well defined, and

d

dt
ln x(t) = ẋ(t)

x(t)
= a(t) − z(t) = ż(t).

Thus the quantity ln x(t) − z(t) is constant in time. Integrat-
ing, we obtain

ln x(t) − ln x(0) = z(t) − z(0).

In particular, for any initial values satisfying ln x(0) = z(0),
for instance x(0) = 1 and z(0) = 0, we have

ln x(t) = z(t) for all t ≥ 0,

and therefore

x(t) = ez(t) for all t ≥ 0.

We may now state and prove the main result for the non-
negative exponential module. The key point is that, once the
initial values are chosen so that ln x(t) = z(t) for all t ≥ 0,
the convergence of x(t) to ea

∗
is determined entirely by the

convergence of z(t) to a∗.

Theorem 3.1 (Nonnegative exponential at input-independent
speed). Consider the mass-action system in (3.1) with ini-
tial conditions satisfying ln x(0) = z(0), where a(t) is a
non-negative-valued function of time that converges to a non-
negative constant a∗ at rate at least ρa. Then x(t) → ea

∗
at

a rate of at least min{ρa, 1}.
Proof By Lemma A.1 (applied with g1(t) = a(t) and
g2(t) ≡ 1), z(t) → a∗ at rate at least ρz = min{ρa, 1}.
Since x(t) = ez(t) for all t ≥ 0 and the exponential function
is locally Lipschitz on R, Lemma A.3 gives x(t) → ea

∗
at

rate at least ρz = min{ρa, 1}. ��
Remark 3.2 (Initialization sensitivity). Theorem 3.1 requires
the initial conditions to satisfy ln x(0) = z(0). This is
not a mere convenience: if the condition fails, the identity
x(t) = ez(t) no longer holds, and the output converges to
eln x(0)−z(0) · ea∗

rather than ea
∗
—a persistent multiplica-

tive error determined entirely by the initialization mismatch.
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The same sensitivity arises in every subsequent construction
in this paper: the real exponential module of Theorem 3.3
requires ln x(0) = z(0) for each of its two sub-modules, and
the logarithm modules of Systems 1, 2, 3, 4p, and 4n each
depend on an analogous compatibility condition between ini-
tial values. This stands in contrast to the arithmetic modules
of Anderson and Joshi (2025), where the output converges to
the correct value from any admissible strictly positive initial
condition.

We now extend the construction to arbitrary real inputs.
Let a ∈ R and write

a = ap − an, ap, an ≥ 0,

so that a is represented in dual-rail form by the pair (ap, an).
Then

ea = eap−an = eap

ean
.

Thus the exponential of a real input can be computed by com-
posing two instances of the nonnegative exponential module
with a reciprocal module and amultiplication module. Input-
independent constructions for reciprocal and multiplication
were given in Anderson and Joshi (2025), and the resulting
composition again preserves input-independent speed.

Theorem 3.3 (Real exponential at input-independent speed).
Let

a(t) = ap(t) − an(t)

be a real-valued input converging to

a∗ = a∗
p − a∗

n ∈ R,

where ap(t) and an(t) are non-negative-valued functions of
time converging to non-negative limits a∗

p and a
∗
n each at rate

at least ρa > 0. Consider the composition of:

1. two instances of the nonnegative exponential module
(3.1), computing ea

∗
p and ea

∗
n , each initialized with

ln x(0) = z(0);
2. a reciprocal module computing 1/ea

∗
n ;

3. a multiplication module computing

ea
∗
p · 1

ea∗
n

= ea
∗
.

Then the overall system computes ea
∗
at rate at least

min{ρa, 1}, independently of the input value a∗.

Proof By Theorem 3.1, the two exponential modules con-
verge to ea

∗
p and ea

∗
n respectively at rate at least min{ρa, 1}.

The time-dependent-input inversion result of Anderson and
Joshi (2025) gives that the reciprocal module converges
to 1/ea

∗
n at the same rate. The multiplication module

from Anderson and Joshi (2025) has the analogous time-
dependent-input rate guarantee and yields convergence of
the product to ea

∗
p/ea

∗
n = ea

∗
at rate at least min{ρa, 1}. ��

The explicit constructions of the reciprocal and multiplica-
tion modules are given in Anderson and Joshi (2025).

4 Computing the logarithm function at
input-independent speed

We now turn to the logarithm, whose computation is sub-
stantially more subtle than that of the exponential. One basic
difficulty is that ln a∗ may be negative, whereas chemical
concentrations are nonnegative, so any chemistry-based real-
ization on the full domain a∗ > 0 must ultimately use the
dual-rail representation introduced in Section 2. A second
difficulty is that natural candidate systems either fail to sat-
isfymass-action kinetics, restrict the allowable input domain,
or lose the property of input-independent speed. For this rea-
son,we proceed iteratively:we beginwith simple polynomial
systems that clarify the underlying mechanism, then modify
them step by step to recover chemical realizability, mass-
action structure, full domain, and finally input-independent
speed. The intermediate modules that arise along the way are
also of independent interest. Indeed, in settings where one
does not require all of the constraints imposed here simul-
taneously, these alternative constructions may themselves
provide useful ways to compute the logarithm.

4.1 A first attempt

We begin with a simple polynomial dynamical system that
computes ln(a) for a > 0. Although this first construction is
not mass-action, it captures the basic mechanism underlying
the later modules and is motivated by the same idea used for
the exponential. Consider

ẋ(t) = a(t) − z, ż(t) = z(a(t) − z). (System 1)

We first analyze this system in the simple case where a(t) ≡
a is constant. The equation for z is logistic, with carrying
capacity a and intrinsic growth rate a, and its solution for
initial value z(0) > 0 is

z(t) = a

1 +
(

a
z(0) − 1

)
e−at

,
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asmaybe verified bydirect substitution. In particular, z(t) →
a at rate a as t → ∞. Moreover,

ż(t)

z(t)
= a − z(t) = ẋ(t),

and hence

ln z(t) − ln z(0) = x(t) − x(0).

Therefore, if the initial values satisfy x(0) = ln z(0), then

x(t) = ln z(t) for all t ≥ 0.

Since z(t) → a, it follows immediately that x(t) → ln a.
This system correctly captures the logarithmic relation,

but it still falls short of the goals set out in the introduction
in two important respects:

(i) It is not mass-action, owing to the −z term on the
right-hand side of ẋ(t). This may be acceptable in a
non-chemical implementation, such as a polynomial
dynamical system built from quantities that are allowed
to take both positive and negative values.

(ii) Its speed of convergence depends on the input a: as
the following lemma shows, the rate of convergence is
exactly a.

Lemma 4.1 The polynomial system (System 1) with a(t) ≡ a
and x(0) = ln z(0) and z(0) 
= a converges to (z∗, x∗) =
(a, ln a) at rate exactly a; if z(0) = a (and hence x(0) =
ln a), the system starts at equilibrium.

Proof The explicit solution

z(t) = a

1 + (a/z(0) − 1)e−at

gives

z(t) − a = a(1 − a/z(0))e−at

1 + (
a/z(0) − 1

)
e−at

.

As t → ∞ the denominator tends to 1, so for all sufficiently
large t ,

c1e
−at ≤ |z(t) − a| ≤ c2e

−at

for positive constants c1, c2 depending on a and z(0) (assum-
ing z(0) 
= a). This gives z(t) → a at rate exactly a. Since
x(t) = ln z(t) and ln is C1 near a with nonzero derivative
1/a, the same two-sided asymptotic holds for x(t)− ln a, so
x(t) → ln a at rate exactly a. ��

In the more general case where a(t) converges to a pos-
itive value a∗ at rate at least ρa , there is still no uniform
lower bound on the speed of computation. Indeed, applying
Lemma A.2 with g1(t) = a(t), g2(t) ≡ 1, and m = 1, we
find that the rate of convergence is at least min{ρa, a∗}. Thus,
as the input a∗ gets smaller, the guaranteed speed of compu-
tation also becomes smaller. Equivalently, the time required
to compute ln a∗ to any fixed accuracy cannot be bounded
uniformly over all a∗ > 0.

4.2 A restricted-domain variant

As noted in Section 2, a necessary condition for a polynomial
system to arise frommass-action kinetics is that any negative
term in ẋi must contain a factor of xi . Thus (System 1) is not
mass-action, because of the −z term in ẋ .

Nevertheless, it is still natural to ask whether (System 1)
might be realizable within a broader chemistry-based frame-
work. In particular, when a > 1, the relation x(t) = ln z(t)
shows that x(t) remains nonnegative for all t ≥ 0. Indeed,
z(t) ≥ 1 is maintained as an invariant: if z(t) = 1 and
a(t) ≥ 1, then ż(t) = z(t)(a(t) − z(t)) = a(t) − 1 ≥ 0,
so the trajectory cannot cross below 1. With z(0) ≥ 1 and
a(t) ≥ 1 for all t , invariance follows by a standard compari-
son argument. This suggests that, under the input restriction
a ≥ 1, the system may still admit a chemically meaningful
interpretation, even though it is not mass-action in the strict
sense. We refer to (System 1) together with the restriction
a ≥ 1 as (System 1r).

This restricted system also has a uniformly positive lower
bound on its speed of convergence. Indeed, since a∗ ≥ 1,
the bound min{ρa, a∗} from the previous subsection imme-
diately yields

min{ρa, a∗} ≥ min{ρa, 1}.

Thus, on the restricted domain a∗ ≥ 1, the computation
occurs at input-independent speed. We record this as a corol-
lary below.

Corollary 4.2 (System 1r at input-independent speed) Sys-
tem 1r with a(t) ≥ 1 for all t ≥ 0, a(t) → a∗ at rate at
least ρa, z(0) ≥ 1, and x(0) = ln z(0) computes ln a∗ for all
a∗ ≥ 1 at rate at least min{ρa, 1}.

4.3 A full-domain non-mass-action variant

The restricted-domain system (System 1r) achieves input-
independent speed, but only for inputs satisfying a∗ ≥ 1. We
now show that this domain restriction can be removed while
preserving a uniform lower bound on the convergence rate.
The resulting construction is still not mass-action, but it pro-
vides a simple polynomial system that computes ln a∗ for all
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a∗ > 0 at input-independent speed. The key mechanism is
borrowed from Anderson and Joshi (2025): the logistic-type
ODE ẏ = y(1−a(t)y) computes the reciprocal 1/a∗ at input-
independent speed, because the extra factor of y ensures the
convergence rate has a uniform positive lower bound inde-
pendent of the input. This device was used repeatedly in
Anderson and Joshi (2025) to build arithmetic modules; here
we use it as the foundation for an input-independent loga-
rithm module.

Lemma 4.3 Consider the following non-mass-action system,
where a(t) converges to a positive constant a∗ at rate at least
ρa:

ẏ = y (1 − a(t)y) , ẋ = 1 − yz, ż = z(1 − yz),

(System 2)

with initial values satisfying y(0) > 0, z(0) > 0, and x(0) =
ln z(0). Then x(t) → ln a∗ at a rate of at least min{ρa, 1}.
Proof Applying Lemma A.2 to ẏ = y(1 − a(t)y), with
g1(t) ≡ 1, g2(t) = a(t), and m = 1, we obtain y(t) → 1

a∗
at rate at least min{1, ρa}.

Applying the same lemma to ż = z(1 − y(t)z), with
g1(t) ≡ 1, g2(t) = y(t), and m = 1, we obtain z(t) →
1
y∗ = a∗ at rate at least min{1, ρa}.
Since

ẋ = 1 − yz = ż

z
,

integration gives

x(t) − x(0) = ln z(t) − ln z(0).

Thus, if x(0) = ln z(0), then

x(t) = ln z(t) for all t ≥ 0.

Finally, since ln is locally Lipschitz near a∗ > 0, LemmaA.3
implies that

x(t) = ln z(t) → ln a∗

at rate at least min{1, ρa}. ��

4.4 A first mass-action variant

We now modify the previous construction so that it satisfies
mass-action kinetics. The idea is simple: in System 1, the
obstruction to mass-action was the missing factor of x in
the negative term of ẋ . Multiplying the vector field by this
missing factor yields the following system:

ż(t) = (a(t) − z)xz, ẋ(t) = (a(t) − z)x . (System 3)

The corresponding reaction network is

A + Z + X → A + 2Z + X , 2Z + X → Z + X ,

A + X → A + 2X , Z + X → Z .

As before, we impose the compatibility condition x(0) =
ln z(0).

Suppose first that a(t) → a∗ ≥ 1. Since

ẋ(t) = ż(t)

z(t)
= d

dt
ln z(t),

integration gives

x(t) − x(0) = ln z(t) − ln z(0).

Thus, if x(0) = ln z(0), then

x(t) = ln z(t) for all t ≥ 0.

In particular, if z(t) → a∗, then x(t) → ln a∗.
Now consider the case a∗ < 1, assuming for concrete-

ness that z(0) ≥ 1, so that x(0) = ln z(0) ≥ 0. As long
as x(t) > 0, the identity x(t) = ln z(t) remains valid, and
the dynamics drive z(t) downward toward the level z = 1,
where x = ln 1 = 0. At that point both right-hand sides
vanish, so the trajectory becomes trapped at (z, x) = (1, 0).
Thus, for inputs a∗ ∈ (0, 1), the system does not compute
ln a∗; instead, it computes the rectified logarithm

max{ln a∗, 0} = 0.

Accordingly, System 3 is restricted to the domain a∗ ≥ 1 if
one wants the correct logarithmic output.

Even on the restricted domain a∗ > 1, the convergence
speed still depends on the input and therefore has no uniform
positive lower bound. This is already visible in the constant-
input case.

Lemma 4.4 The mass-action system (System 3) with a(t) ≡
a > 1, z(0) ≥ a, and x(0) = ln z(0) converges to (z∗, x∗) =
(a, ln a) at rate exactly a ln a provided z(0) 
= a; if z(0) = a,
the trajectory is already at equilibrium.

Proof Since

ẋ = ż

z
,

the condition x(0) = ln z(0) implies

x(t) = ln z(t) for all t ≥ 0.

Thus it suffices to study the scalar equation

ż = (a − z)z ln z.
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Because z(0) ≥ a > 1, the trajectory satisfies z(t) ≥ a for
all t ≥ 0, and hence

z(t) ln z(t) ≥ a ln a.

Therefore

ż = −(z − a) z ln z ≤ −(a ln a)(z − a).

By Gronwall’s inequality,

0 ≤ z(t) − a ≤ (z(0) − a)e−a ln(a) t .

Since ln is locally Lipschitz near a > 1, Lemma A.3 then
yields

x(t) = ln z(t) → ln a

at rate at least a ln(a). To see that this rate is exact when
z(0) 
= a, set u(t) = z(t) − a. Then

d

dt
ln |u(t)| = −z(t) ln z(t),

so, since z(t) → a,

− lim
t→∞

1

t
ln |u(t)| = lim

t→∞
1

t

∫ t

0
z(s) ln z(s) ds = a ln a.

By the mean value theorem, x(t) − ln a = (z(t) − a)/ξ(t)
for some ξ(t) between z(t) and a. Since ξ(t) → a > 0,

−1

t
ln |x(t)−ln a| = −1

t
ln |z(t)−a|+ 1

t
ln ξ(t) −→ a ln a,

so x(t) → ln a at the same asymptotic rate. ��
Since a ln a → 0 as a → 1+, the exact constant-input

rate tends to zero, and hence there is no positive lower bound
on the convergence speed that is uniform over all a > 1.

We next consider the case of time-varying input. The cor-
responding rate estimate will be used later in the analysis of
Systems 5 and 6.

Lemma 4.5 (Speed of System 3 under a uniform lower
bound). Consider the mass-action system (System 3), and
assume that a(t) → a∗ > 1 at rate at least ρa > 0. Suppose
there exists a constant c > 1 such that

a(t) ≥ c for all t ≥ 0,

and assume the initial conditions satisfy

z(0) ≥ c, x(0) = ln z(0) > 0.

Then (z(t), x(t)) → (a∗, ln a∗) at rate at least

min{ρa, c ln c}.

Proof As established above, the condition x(0) = ln z(0)
implies

x(t) = ln z(t) for all t ≥ 0.

Hence it suffices to study the scalar equation

ż = (a(t) − z) z ln z.

Set

u(t) = z(t) − a∗, ε(t) = a(t) − a∗.

Fix any η ∈ (0, ρa). By Definition 2.1, there exist Cη > 0
and Tη ≥ 0 such that |ε(t)| ≤ Cηe−(ρa−η)t for all t ≥ Tη.
Then

u̇ = (a(t) − z) z ln z = (ε(t) − u(t)) z(t) ln z(t).

We first note that z(t) ≥ c for all t ≥ 0. Indeed, if at some
time z(t) = c, then

ż(t) = (a(t) − c) c ln c ≥ 0,

since a(t) ≥ c. Thus the trajectory cannot cross below c.
Next, since a(t) → a∗, the function a(t) is bounded,

and therefore z(t) is also bounded above: if z(t) exceeds
max{z(0), sups≥0 a(s)}, then ż(t) < 0. Hence there exists
K < ∞ such that

c ≤ z(t) ≤ K for all t ≥ 0.

It follows that

c ln c ≤ z(t) ln z(t) ≤ K ln K for all t ≥ 0.

Therefore, writing

m := c ln c, M := K ln K ,

we obtain

d

dt
|u(t)| = sgn(u(t)) u̇(t) (since d

dt |u| = sgn(u)u̇

a.e. for absolutely continuous u)

= sgn(u(t)) (ε(t) − u(t)) z(t) ln z(t)

≤ −m |u(t)| + M |ε(t)|
≤ −m |u(t)| + MCη e

−(ρa−η)t , t ≥ Tη.
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A standard Gronwall/comparison argument applied from
Tη shows that u(t) converges to zero at rate at least min{ρa −
η,m}. Since η ∈ (0, ρa) is arbitrary, the asymptotic rate is at
least min{ρa,m}. Hence

z(t) → a∗

at rate at least min{ρa, c ln c}.
Finally, since x(t) = ln z(t) and ln is locally Lipschitz

near a∗ > 1, Lemma A.3 implies that

x(t) → ln a∗

at rate at least min{ρa, c ln c}. ��
Corollary 4.6 (System 3with an eventual lower bound). Sup-
pose the input to System 3 satisfies a(t) → a∗ ≥ e at rate
at least ρa > 0, and assume z(0) > 1 and x(0) = ln z(0).
Then (z(t), x(t)) → (a∗, ln a∗) at rate at least min{ρa, 1}.
Proof Since a∗ ≥ e > 2, there exist T0 and η > 0 such
that a(t) ≥ 2 + η for all t ≥ T0. The invariant relation
x(t) = ln z(t) and z(0) > 1 imply z(t) > 1 for all t . As long
as z(t) < 2 for t ≥ T0,

ż(t) ≥ ηz(t) ln z(t) ≥ ηz(T0) ln z(T0) > 0,

so z reaches 2 in finite time. Thus, for some T1 ≥ T0, z(T1) ≥
2. Applying Lemma 4.5 from T1 onward with c = 2 gives
rate at least

min{ρa, 2 ln 2} ≥ min{ρa, 1}.

��

4.5 A dual-rail mass-action system on the full
positive domain

We now remove the domain restriction of System 3 while
remaining within mass-action kinetics. We use the dual-rail
representation introduced in Section 2. Thus, instead of a sin-
gle output species X , we use a pair (X p, Xn), with intended
output

x := xp − xn = ln a∗.

In this encoding, xp records the positive part of the logarithm,
while xn records the magnitude of the negative part.

The positive rail is obtained directly from System 3:

ż(t) = (a(t) − z)xpz, ẋ p(t) = (a(t) − z)xp.
(System 4p)

Assuming the compatibility condition xp(0) = ln z(0), we
have

xp(t) = ln z(t) for as long as xp(t) > 0.

Thus, if a∗ ≥ 1, then z(t) → a∗ and hence

xp(t) → ln a∗.

If instead a∗ < 1, then the trajectory is driven to the boundary
value z = 1, yielding

xp(t) → 0.

Accordingly, the positive rail computes the positive part of
the logarithm.

To obtain the negative rail, we apply the same mechanism
to the reciprocal target 1/a∗. Specifically, consider

ẏ(t) = (1 − a(t)y)xn y, ẋn(t) = (1 − a(t)y)xn .
(System 4n)

We assume throughout that y(0) > 1 and xn(0) = ln y(0).
Since

ẏ(t)

y(t)
= (1 − a(t)y)xn = ẋn(t),

it follows that

xn(t) = ln y(t) for all t ≥ 0.

Thus the trajectory remains on the invariant curve xn = ln y,
and the dynamics reduce to

ẏ = (1 − a(t)y)y ln y.

This is the analog of System 3 applied to the reciprocal
target 1/a(t). Indeed, writing b(t) = 1/a(t), we have

ẏ = a(t) (b(t) − y) y ln y,

which differs from the reduced form of System 3 only by
the positive factor a(t) and therefore has the same qualitative
behavior. Consequently, if a∗ < 1, then 1/a∗ > 1, so y(t) →
1/a∗ and hence

xn(t) = ln y(t) → ln(1/a∗) = − ln a∗.

If instead a∗ ≥ 1, then 1/a∗ ≤ 1, and since y(t) ≥ 1 along
the invariant curve, the trajectory is driven to the boundary
value y = 1, yielding xn(t) → 0.
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For constant input a ∈ (0, 1) and a non-equilibrium com-
patible initialization, the convergence rate of the negative rail
is exactly

− ln a = ln(1/a).

Indeed, with y∗ = 1/a and u(t) = y(t) − y∗,

d

dt
ln |u(t)| = −a y(t) ln y(t),

and therefore the asymptotic rate is ay∗ ln y∗ = ln(1/a).
Thus, if the reciprocal target satisfies 1/a ≥ c > 1, the
constant-input rate is bounded below by ln c.

Combining (System 4p) with (System 4n) yields the dual-
rail logarithm:

• When a∗ ≥ 1: xp → ln a∗ and xn → 0, so xp − xn →
ln a∗.

• When a∗ < 1: xp → 0 and xn → − ln a∗, so xp − xn →
ln a∗.

We refer to this combined system as (System 4). The issue
of input-dependent speed, however, persists. In the following
subsections we show how composing these modules with the
arithmetic modules of Anderson and Joshi (2025) resolves
this difficulty, yielding two further constructions—Systems 5
and 6—that achieve input-independent speed.

4.6 Composition of logarithmmodules with
arithmetic operations

The fundamental mechanism behind the composition results
below is the time-dependent-input rate guarantee for each
component module: when its inputs are themselves converg-
ing, the module’s output converges at a rate bounded below
by the minimum of the input rates and the module’s intrin-
sic speed. Crucially, this holds even in series composition:
the downstream module begins running from t = 0 with
a time-varying input u(t) → u∗, without waiting for u(t)
to converge. For example, to compute ln(a + b), the addi-
tion module produces z(t) → a∗ + b∗ while the logarithm
module simultaneously receives z(t) as input and produces
ln z(t) → ln(a∗ + b∗)—both running from t = 0. As
a result, the convergence rate of the composite computa-
tion is controlled only by the external-input rates and the
minimum intrinsic speed among the component modules
(Theorem 4.7).

We also recall from Remark 3.2 that the exponential and
logarithm modules require specific initialization conditions;
in any composition, these must be satisfied for each compo-
nent module independently.

By a composite computationwemean a finite feedforward
directed acyclic graph whose non-source nodes are modules
and whose source nodes receive the external inputs of the
computation. We refer to such a graph as the computational
graph. The following theorem shows that input-independent
speed is preserved by any computational graph.

Theorem 4.7 (Compositionof logarithmandarithmeticmod-
ules). Consider a computation composed from a finite
number of modules drawn from the following:

1. the arithmetic modules of Anderson and Joshi (2025)
(identification, inversion, mth roots, addition, multipli-
cation, absolute difference, rectified subtraction);

2. the nonnegative exponential module (Theorem 3.1) and
the real exponential module (Theorem 3.3);

3. any of the logarithmmodules of Systems 1–4 (Lemma4.1,
Corollary 4.2, Lemma 4.3, and the constructions of Sec-
tion 4).

Suppose that each component module has a positive intrinsic
speed, all rate constants equal 1, the external inputs to the
composite computation converge at rate at least ρ > 0, and
all admissible initialization conditions are satisfied. Then the
output of the composite computation converges to the correct
valueat rate at leastmin{ρ, ρmin}, whereρmin is theminimum
intrinsic speed among the component modules.

Proof Let ρ be the least of the convergence rates of the exter-
nal inputs, let ρmin = minM ρM over the modules M of the
computation, and set r0 := min{ρ, ρmin}.We show, by induc-
tion on the number of modules N , that every module output
converges at rate at least r0.

If N = 1, all inputs of the single module are external and
converge at rate at least ρ. Since the module has intrinsic
speed ρM , its output converges at rate at least min{ρ, ρM } ≥
r0.

Let N > 1, and let M be a sink of the computational
graph, that is, a module whose output is not an input of any
other module. Deleting M leaves a computation with N − 1
modules, whose external inputs converge at rate at least ρ

and whose modules have intrinsic speed at least ρmin; by
the induction hypothesis, each of their outputs converges at
rate at least r0. Every input of M is therefore either external,
converging at rate at least ρ ≥ r0, or the output of one of
these modules, converging at rate at least r0. Since M has
intrinsic speed ρM ≥ ρmin ≥ r0, its output converges at rate
at least min{r0, ρM } = r0.

In particular, the output of the composite computation con-
verges at rate at least r0. ��

Remark 4.8 The following special cases illustrate typical val-
ues of ρmin:
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• if all component modules are exponential (Theorems
3.1, 3.3) or arithmetic modules having intrinsic speed 1,
then ρmin = 1;

• if all logarithmmodules are restricted to System 1r (a∗ ≥
1) or System 2 (full domain), then ρmin = 1;

4.7 Amass-action systemwith input-independent
speed on the restricted domain

We now apply Theorem 4.7 to obtain the first mass-action
logarithm construction with input-independent speed. The
key insight is to shift the input away from the regime near
a∗ = 1, where the convergence rate of System 3 becomes
arbitrarily slow. Multiplying the input by e > 1 ensures the
shifted input converges to a value at least e, so Corollary 4.6
gives a uniform lower bound on the speed, and a final sub-
traction recovers the correct logarithm value.

Assume that the input is a(t) with limiting value a∗ ≥ 1.
We use the following three steps. Below, the multiplication
and subtraction steps are implemented using the arithmetic
modules from Anderson and Joshi (2025), and the preserva-
tion of input-independent speed under composition follows
from Theorem 4.7.

1. Multiply by e1:

a∗ �→ ea∗.

2. Apply the logarithm module from (System 3):

ea∗ �→ ln(ea∗) = 1 + ln a∗.

3. Subtract 1:

1 + ln a∗ �→ ln a∗.

The final output is ln a∗. We refer to this composite con-
struction as System 5.

Theorem 4.9 (System 5 at input-independent speed). For
any input a(t) → a∗ ≥ 1 at rate at least ρa > 0, System 5
computes ln a∗ at rate at least min{ρa, 1}.
Proof Step 1 (multiplication by e) and Step 3 (subtrac-
tion of 1) are arithmetic modules from Anderson and Joshi
(2025) with input-independent speed lower bound 1. For
Step 2, the output of Step 1 converges to ea∗ ≥ e at rate
at least min{ρa, 1}. Corollary 4.6 therefore applies to the

1 Any constant c > 1 can replace e, changing Step 2’s output to
ln(ca∗) = ln c + ln a∗ and Step 3’s subtraction to ln c rather than 1.
The value e is convenient because the subtraction in Step 3 is exactly
1. Note also that the constant e itself can be produced by running the
exponential module (3.1) with input a∗ = 1, making this construction
self-contained.

System 3 logarithm stage and gives convergence rate at least
min{ρa, 1}. The overall rate of at least min{ρa, 1} then fol-
lows from Theorem 4.7. ��
Remark 4.10 (Solution length) The convergence-rate notion
used here is distinct from the length of the solution curve used
as a complexity measure by Bournez et al. (2017); solution
length is not analyzed here.

4.8 Amass-action systemwith input-independent
speed on the full positive domain

We now arrive at the final construction of the paper, which
resolves the logarithm problem in full. Specifically, we con-
struct a mass-action system that computes ln a∗ for every
input a∗ > 0, does so in dual-rail representation, and
achieves input-independent speed. The idea is to combine
the logarithm module developed above with the arithmetic
modules from Anderson and Joshi (2025) in such a way
that every intermediate computation occurs at uniformly
lower-bounded speed. The reciprocal, multiplication, sub-
traction, andmaximumsteps are implemented usingmodules
from Anderson and Joshi (2025), while the logarithm step
is supplied by the construction developed in the previous
subsection. By Theorem 4.7, the overall construction also
computes at uniformly lower-bounded speed.

We assume that the input is a(t) with limiting value a∗ >

0. The construction proceeds as follows.

1. Compute the reciprocal and record it in a separate species:

a∗ �→
(
a∗, 1

a∗

)
.

2. Multiply each component by e, the base of the natural
logarithm:

(
a∗, 1

a∗

)
�→

(
ea∗, e

a∗
)

.

3. Compute the maximum of each component with e:

(
ea∗, e

a∗
)

�→
(
max{ea∗, e},max

{ e

a∗ , e
})

=
{

(ea∗, e) if a∗ ≥ 1,
(
e, e

a∗
)

if a∗ < 1.

4. Apply the logarithmmodule to each component using the
construction in (System 3):

{
(ea∗, e) if a∗ ≥ 1,
(
e, e

a∗
)

if a∗ < 1
�→

{
(1 + ln a∗, 1) if a∗ ≥ 1,

(1, 1 − ln a∗) if a∗ < 1.
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5. Subtract 1 from each component:

{
(1 + ln a∗, 1) if a∗ ≥ 1,

(1, 1 − ln a∗) if a∗ < 1
�→

{
(ln a∗, 0) if a∗ ≥ 1,

(0,− ln a∗) if a∗ < 1.

The final output is ln a∗ in dual-rail representation. We
refer to this composite construction as System 6.

Theorem 4.11 (System 6 at input-independent speed). For
any input a(t) → a∗ > 0 at rate at least ρa > 0, System 6
computes ln a∗ in dual-rail representation at rate at least
min{ρa, 1}.
Proof Steps 1 and 2 (reciprocal and multiplication by e) and
Step 5 (subtraction of 1) are arithmetic modules fromAnder-
son and Joshi (2025). Step 3 (maximum with e) is also from
Anderson and Joshi (2025). In Step 4, each component con-
verges to a limiting value at least e at rate at least min{ρa, 1},
so Corollary 4.6 applies separately to each System 3 loga-
rithm rail and gives rate at least min{ρa, 1} for that step. The
full rate then follows from Theorem 4.7. ��

5 Composite computations at
input-independent speed

The following theorem extends the composition result of
Theorem 4.7 to cover all modules in this paper, including
Systems 5 and 6.

Theorem 5.1 (General composite computations at input-
independent speed). Consider a computation composed from
a finite number of modules drawn from the arithmetic mod-
ules of Anderson and Joshi (2025), the exponential modules
of Theorems 3.1 and 3.3, and any logarithm module of this
paper (Systems 1–6). Suppose that each component module
has a positive intrinsic speed, all rate constants equal 1, the
external inputs to the composite computation converge at
rate at least ρ > 0, and all initialization conditions are sat-
isfied. Then the output converges to the correct value at rate
at least min{ρ, ρmin}, where ρmin is the minimum intrinsic
speed among the component modules.

Proof Identical to that of Theorem 4.7. Systems 5 and 6 have
intrinsic speed ρM = 1 (Theorems 4.9 and 4.11), so theymay
also be used as nodes of the computational graph. ��
Corollary 5.2 (Rate-1 lower bound) Under the hypotheses of
Theorem 5.1, if every component module has intrinsic speed
at least 1 and ρ ≥ 1, then the composite computation pro-
ceeds at rate at least 1.

As a concrete illustration, consider computing f (a, b) =
ea ·ln b fora ∈ R andb > 0. This composes the real exponen-
tialmodule (Theorem3.3), the full-domain logarithmmodule

(Theorem 4.11), and amultiplication module fromAnderson
and Joshi (2025). If a(t) → a∗ and b(t) → b∗ each at rate
at least ρ, with all initialization conditions satisfied, then by
Theorem 5.1 the product ea

∗ · ln b∗ is computed at rate at
least min{ρ, 1}, independently of a∗ and b∗—and both com-
putations run simultaneously from t = 0.

6 Sensitivity to initialization

All of the constructions in this paper rely on an exact alge-
braic relation between an output species and an internal
species—x = ez for the exponential and x = ln z (or the
corresponding relation on a dual rail) for the logarithm—that
is preserved because the initial conditions satisfy a compat-
ibility condition. It is therefore natural to ask what happens
when this condition is violated. The answer depends on the
module. For some of the simpler systems the mismatch pro-
duces a fixed multiplicative or additive bias, whereas for the
mass-action logarithm systems it can also change the attract-
ing state by driving an output rail to the boundary at zero.

For the exponential module, the conserved quantity is

ln x(t) − z(t) = ln x(0) − z(0).

Thus, if ln x(0) − z(0) = δ, then

x(t) = eδez(t),

and hence, whenever z(t) → a∗, the output converges to
eδea

∗
. The initialization error is therefore a persistent multi-

plicative factor eδ . The same conclusion applies separately to
the two exponential submodules used in the real-exponential
construction.

For Systems 1 and 2, the internal z-dynamics do not
depend on the output species x . Moreover,

x(t) − ln z(t) = x(0) − ln z(0) = δ.

Consequently, if the internal state still converges to z(t) →
a∗, then

x(t) → ln a∗ + δ.

For these two systems the compatibility error is therefore an
exact persistent additive bias.

The situation is different for the mass-action System 3,
because the output species appears in the vector field for the
internal state. If x(0)− ln z(0) = δ, then the same conserved
quantity gives x(t) = ln z(t) + δ, and the reduced dynamics
become

ż = (a(t) − z)(ln z + δ)z.
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Fig. 1 Comparison of the
logarithm constructions
developed in this paper. Each
ellipse represents a desirable
property: Chemistry
(interpreted here in a broad
sense, namely compatibility
with a chemistry-inspired
realization using
nonnegative-valued kinetics, not
necessarily strict mass-action),
Mass-action (satisfies
mass-action kinetics), Full
Domain (computes ln a∗ for all
a∗ > 0), and
Input-independent speed
(converges at uniformly
lower-bounded speed). Each
system is placed according to
the properties it satisfies

Chemistry

(System 1r)

Mass-action

(System 3)

Full
Domain

(System 1)

(System 2)

(System 1r)

(System 2)

Input-independent
speed

(System 4)

(System 5)

(System 6)

Thus the mismatch does more than translate the reported
value: it introduces the boundary equilibrium x = 0, z =
e−δ . For constant input a > 0, the intended equilibrium
z = a lies in the positive-output region precisely when
ln a + δ > 0. In that case the compatible-branch output is
ln a+δ; if instead ln a+δ ≤ 0, the nonnegative concentration
x cannot follow the formal additive shift below zero, and the
boundary x = 0 can become the attracting state. Hence an
initialization mismatch can change the attractor, not merely
add a constant error. At the threshold ln a+δ = 0, the asymp-
totic convergence behavior is degenerate and need not retain
the rate of the correctly initialized system.

Systems 4p and 4n inherit the same phenomenon rail by
rail. For constant input, writing δp = xp(0) − ln z(0) and
δn = xn(0)−ln y(0), the corresponding interior limits, when
those rails remain away from zero, are ln a+δp and− ln a+
δn , respectively. If either quantity would be nonpositive, the
associated mass-action rail can instead be trapped at its zero
boundary. Thus the dual-rail output is generally piecewise
in the initialization mismatch rather than a globally additive
perturbation of ln a.

Systems 5 and 6 deliberately shift the arguments supplied
to System 3 away from the boundary before taking loga-
rithms. This gives a positive margin for sufficiently small
initialization errors in those logarithm stages. Nevertheless,
the subsequent rectified-subtractionoperationsmake thefinal
perturbation piecewise, so there is no global statement that an
arbitrary compatibility error passes unchanged through the
entire composite construction.

This behavior stands in contrast to the arithmetic modules
of Anderson and Joshi (2025), which are self-correcting on
their admissible strictly positive state space: their outputs

converge to the correct value without a codimension-one
compatibility relation between internal and output species.
The distinction is not an artifact of our particular con-
structions. Hemery and Fages characterize the functions a
mass-action CRN can stabilize—drive to f (X) from a full-
dimensional domain of admissible initial conditions for the
intermediate and output species, their notion of absolute
functional robustness—as exactly the real algebraic func-
tions; in their notation FS = FA (Hemery and Fages, 2024,
Thm. 11). The same algebraic boundary arises indepen-
dently in the Lyapunov real-time framework of Fletcher et al.
(2025), who prove that the reals CRN-computable in that
sense are exactly the algebraic numbers. Our argument uses
only the necessity direction FS ⊆ FA (Hemery and Fages,
2024, Lem. 14)—that a stabilizable function must satisfy a
nonzero polynomial relation—and not their converse compi-
lation result. Since exp and ln are transcendental, they satisfy
no such relation, so no mass-action CRN stabilizes them.
Some degree of initialization sensitivity is therefore unavoid-
able, and the compatibility conditions imposed here are an
intrinsic feature of directly computing a transcendental func-
tion, not a deficiency of the specific networks.

This settles, in the negative, a question one might ask
about these constructions—whether some alternative could
avoid initialization sensitivity altogether: none can be self-
correcting on a full-dimensional domain of admissible initial
conditions in the way the arithmetic modules are. The mech-
anism is exactly that of (Hemery and Fages, 2024, Ex. 6): our
modules attain the exact value only on themeasure-zeroman-
ifold fixed by the compatibility relation (e.g. x(0) = ln z(0)),
whose empty interior is precisely what the stabilization
notion excludes.
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7 Discussion

The constructions developed in this paper illustrate that
there is no single canonical way to compute the logarithm
by reaction networks. Rather, each construction represents
a different trade-off among desirable properties, includ-
ing chemical realizability, mass-action structure, full input
domain, and input-independent speed. Figure 1 summarizes
these trade-offs. In particular, while System 6 is the most
complete construction—it is mass-action, valid on the full
positive domain, and has input-independent speed—it is also
the most resource-intensive, since it is obtained by compos-
ing several modules. In settings where the number of species
or the complexity of the implementation is the dominant
constraint, one of the simpler constructions may be prefer-
able, even at the cost of restricted domain or input-dependent
speed.

More broadly, this work should be viewed as a beginning
rather than an endpoint. The exponential and logarithm func-
tions were chosen here as natural first test cases: they are
foundational transcendental functions, they already exhibit
many of themain obstacles that arise in chemistry-based ana-
log computation, and they serve as useful templates for more
complicated function evaluations. The results of this paper
show that these two functions can be computed directly, with-
out truncating power series, while still admitting rigorous
convergence guarantees—exact output, arbitrary accuracy
given sufficient time, and input-independent speed—over
their entire domains and in carefully designed settings.
Furthermore, the modules compose in finite feedforward
computations satisfying the individual module hypotheses:
by Theorems 4.7 and 5.1, any computation built from these
modules and the arithmetic modules of Anderson and Joshi
(2025) that satisfies those hypotheses inherits the same
guarantee, with the convergence rate determined by the
external-input rates and the intrinsic speeds of the compo-
nent modules. A natural next step is to extend these ideas
to other transcendental functions and to develop more sys-
tematic principles for constructing efficient reaction network
modules beyond the exponential and logarithm. At the same
time, even for the exponential and logarithm themselves,
basic structural questions remain.

A Background information

The following two lemmas are from Anderson and Joshi
(2025) (Lemmas 3.6 and 3.7 in the original work), restated
here for easy reference.

Lemma A.1 Let g1 : R≥0 → Rbe a real-valued function that
converges to g∗

1 ∈ R at a rate of at least ρg1 ; let g2 : R≥0 →
R be a real-valued function that converges to a positive limit

g∗
2 ∈ R>0 at a rate of at least ρg2 . We assume that g1, g2 are

smooth enough so that for any x(0) = x0 ≥ 0, the following
non-autonomous differential equation has a unique solution
x : R≥0 → R for all time:

ẋ(t) = g1(t) − g2(t)x(t). (A.1)

Then x(t) converges to g∗
1/g

∗
2 at a rate of at least

min{ρg1 , ρg2 , g
∗
2}. (A.2)

Lemma A.2 For i ∈ {1, 2}, let gi : R≥0 → R be a real-
valued function that converges to a positive limit g∗

i ∈ R>0

at a rate of at least ρgi . We assume that g1, g2 are smooth
enough so that for any x(0) = x0 > 0, the following non-
autonomous differential equation has a unique solution x :
R≥0 → R≥0 for all time:

ẋ(t) = x(t)(g1(t) − g2(t)x(t)
m), (m ∈ Z>0). (A.3)

Then x(t) converges to
(
g∗
1/g

∗
2

)1/m
at a rate of at least

min{ρg1 , ρg2 ,mg∗
1}. (A.4)

The next lemma helps establish rates of convergence for
related functions.

Lemma A.3 Suppose z(t) → z∗ at speed at least ρz in the
sense of Definition 2.1. Let f be locally Lipschitz continuous
on some open interval U containing z∗. Then f (z(t)) →
f (z∗) at speed at least ρz .

Proof Since z(t) → z∗ andU is open, there exist T > 0 and
a compact interval I ⊂ U containing z∗ such that z(t) ∈ I
for all t ≥ T . Since f is locally Lipschitz onU , it is Lipschitz
on the compact interval I , so there exists a constant K > 0
such that for all t ≥ T , we have

| f (z(t)) − f (z∗)| ≤ K |z(t) − z∗|.

If f (z(t)) = f (z∗) eventually, the conclusion is immedi-
ate. Otherwise, taking logarithms in the preceding inequality
and dividing by t gives

lim sup
t→∞

ln | f (z(t)) − f (z∗)|
t

≤ lim sup
t→∞

ln |z(t) − z∗|
t

,

since (ln K )/t → 0. Multiplying by −1 and applying Def-
inition 2.1 proves that f (z(t)) converges to f (z∗) at rate at
least ρz . ��
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B An explicit reaction network for System 5

For concreteness we write out System 5 (Section 4) as an
explicit mass-action reaction network end to end. Recall that
System 5 computes ln a∗ for a∗ ≥ 1 in four stages: generate
the constant e, multiply the input by e, apply the logarithm
module (System 3), and subtract 1. We list the species and
reactions stage by stage; all rate constants are 1, and ini-
tial conditions are as indicated. Throughout, A is the input
species with a(t) → a∗ ≥ 1, and I is a species held at the
constant value 1 (e.g. an input species with i(0) = 1 and no
consuming reactions).

Stage 1: generate the constant e. Running the exponential
module (3.1) with the constant input I (so a ≡ 1) produces
a species E with e(t) → e1 = e:

I → I+ZE , ZE → 0, I+E → I+2E, ZE+E → ZE ,

with żE = i − zE = 1 − zE and ė = e (i − zE ), initialized
at e(0) = 1, zE (0) = 0, so that e(t) = exp(1 − e−t ) → e.

Stage 2: multiply the input by e. The product P = e · a is
formed by the multiplication module

A + E → A + E + P, P → 0, ṗ = e a − p,

so that p(t) → e a∗ ≥ e. (This is themultiplication primitive
of Anderson and Joshi (2025), included here explicitly.)

Stage 3: logarithm of P .Applying (System 3) with input P
yields a species X with x(t) → ln(e a∗) = 1 + ln a∗:

P + Z + X → P + 2Z + X , 2Z + X → Z + X ,

P + X → P + 2X , Z + X → Z ,

with ż = (p − z) xz and ẋ = (p − z) x , initialized so that
x(0) = ln z(0) and z(0) ≥ e. Because p(t) → e a∗ ≥ e at
input-independent speed, Corollary 4.6 applies and x(t) →
1 + ln a∗ at input-independent speed.

Stage 4: subtract 1. We realize the final subtraction explic-
itly in dual rail using

X → X + Wp, I → I + Wn, Wp → 0,

Wn → 0, Wp + Wn → 0.

The designated output is the differencewp−wn . Since i(t) ≡
1, the corresponding mass-action equations satisfy

d

dt
(wp − wn) = x(t) − 1 − (wp − wn).

Thus, as x(t) → x∗ = 1 + ln a∗, the dual-rail output con-
verges to

wp(t) − wn(t) −→ x∗ − 1 = ln a∗.

By the linear tracking lemma from Anderson and Joshi
(2025), this stage preserves the input-independent rate lower
bound up to the intrinsic rate 1 of the tracking equation.

Composing Stages 1–4 gives a single mass-action network
whose designated dual-rail output converges to ln a∗ at input-
independent speed. The full-domain System 6 is obtained
analogously, with a reciprocal stage and a maximum-with-e
stage (both from Anderson and Joshi (2025)) inserted before
Stage 3 and the output recorded in dual rail.
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