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Abstract

Stochastic reaction networks with mass-action kinetics provide a useful framework
for understanding processes—biochemical and otherwise—in homogeneous environ-
ments. However, cellular reactions are often compartmentalized, either at the cell
level or within cells, and hence non-homogeneous. We investigate a model of com-
partmentalization in which the rate of fragmentation of a compartment depends on
the abundance of some designated species inside that compartment. The particular
model of study is part of a general framework for compartmentalized chemistry with
dynamic compartments that was proposed in Duso and Zechner (2020). This paper
builds on Anderson and Howells (2023) where the special case where the compartment
dynamics do not depend on their contents was studied mathematically. In particu-
lar, we demonstrate that the explosivity characterization from Anderson and Howells
(2023) fails in this setting and provide new sufficient conditions for non-explosivity
and positive recurrence, under the assumption that the underlying CRN admits a lin-
ear Lyapunov function. These results extend the theoretical foundation for modeling
content-mediated compartment dynamics, with implications for systems such as cell
division and intracellular transport.
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1 Introduction

Chemical reaction networks (CRNs) have been studied mathematically for over fifty
years (Horn and Jackson 1972), with applications spanning ecology (McKane and
Newman Oct 2004), gene regulation (Barbuti et al. 2020), infection modeling (Sri-
vastava et al. 2002), and many other domains, such as synthetic biology, chemical
engineering, and computational theory (Anderson and Joshi 2025; Soloveichik et al.
2010; Van Roekel et al. 2015). Several well-established approaches exist for modeling
these systems, most commonly as deterministic systems of ordinary differential equa-
tions (ODESs) or stochastic continuous-time Markov chains (CTMCs). In the CTMC
approach, which is the exclusive focus of this paper, the most common choice of
transition rates for the Markov chain is mass-action kinetics. Mass-action kinetics is
one of the earliest and most biologically motivated frameworks, especially in the case
where the environment is homogeneous.

A variety of other stochastic models of CRNs have been developed to address the
case where the environment is not homogeneous. For example, in reaction-diffusion
models, each molecule has a spatial position that evolves over time, and reactions
occur only when molecules are sufficiently close, with the precise definition of ‘close’
depending on the model; see Erban and Othmer (2014) or the introduction to Agbanusi
et al. (2014). Another approach is to replace mass-action kinetics with alternatives
better suited to heterogeneous systems (Miangolarra and Castellana 2022). A further
strategy is to divide the environment into compartments (e.g., patches, voxels, or cells,
etc.) and restrict reactions to be within compartments (McKane and Newman Oct 2004;
Isaacson 2013; Popovicetal. 2011).1In 2020, a variation on this idea was proposed, with
Duso and Zechner (2020) introducing a general framework for stochastic compartment
CRN models where the compartments were themselves dynamic, allowed to merge,
divide, die off, etc.

An initial mathematical analysis of the framework introduced in Duso and Zechner
(2020) was carried out in Anderson and Howells (2023), focusing on the special case
where the total number of compartments evolves according to the CRN 0 = C < 2C,
independently of their internal molecular contents. While mathematically tractable,
this case is limited in its ability to model biologically realistic phenomena such as
cell division, where compartment behavior is regulated by internal species. Notably,
even the second toy model in Duso and Zechner (2020) features fragmentation rates
that depend linearly on the count of a particular species within each compartment—a
scenario not covered by the analysis in Anderson and Howells (2023). In this paper,
we extend that analysis to include models in which the fragmentation rate of a com-
partment is directly proportional to the abundance of a designated species it contains.

In Anderson and Howells (2023), the behavior of compartment models was
characterized across all parameter regimes, including conditions for explosion, recur-
rence, and positive recurrence. A key result from that work is that the compartment
model explodes if and only if the underlying CRN—when considered without
compartmentalization—is itself explosive. In the present setting, where fragmentation
rates depend on compartment contents, this equivalence no longer holds (see Exam-
ple 3.11). Nevertheless, we establish new results concerning explosivity, including
Theorem 3.1, which provides a mild sufficient condition for non-explosivity. Simi-
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larly, while the recurrence and positive recurrence results from Anderson and Howells
(2023) do not directly carry over, we prove analogous results in this new context, such
as Theorem 4.1.

Both Theorems 3.1 and 4.1 rely on an additional technical assumption about the
CRN being compartmentalized — namely, the existence of a Lyapunov function that
is linear and satisfies a standard generator bound. Linear Lyapunov functions have
been studied extensively in prior work. For example, Gupta et al. (2014) introduces
a sufficient condition, stronger than any Lyapunov condition used in this paper, for
stability of stochastic reaction networks. They provide sufficient criteria for this condi-
tion to hold in unimolecular and bimolecular networks (see Sections S3 and S4 of their
supplementary material) and verify it for a range of biologically motivated examples
(Sections S5-S12).

Much of the material in this paper was originally developed as part of the PhD thesis
of Howells (2024), which is unpublished. In particular, the foundational framework,
key definitions, and several core results—including Theorem 3.1 and Corollary 3.3—
first appeared in that thesis. The present paper builds on that work by expanding the
analysis, introducing new examples, and proving additional results, such as those in
Section 3. For instance, Example 3.11 generalizes a case that was only partially treated
in the thesis for p € {0, 1}.

The remainder of the paper is organized as follows. In the next section, we give
an overview of stochastic chemical reaction networks with mass-action kinetics and
then introduce the compartment models that are the main object of study in this paper.
In section 3, we provide a sufficient condition for these compartment models to be
non-explosive (Theorem 3.1), along with two examples (Examples 3.4 and 3.11) that
illustrate that this condition is not necessary. In section 4, we provide a sufficient
condition for positive recurrence in models where compartments can both coagulate
and exit (Theorem 4.1), and then show that, in at least some cases, the presence of
either coagulation or exit alone is sufficient (Proposition 4.4). Our techniques have
not yielded any nontrivial sufficient conditions for transience in general, but may do
so for specific models (Proposition 4.7). Finally, Appendix A collects the Lyapunov
function theorems used throughout the paper. A standard knowledge of continuous-
time Markov chains is assumed (Norris 1997).

2 Mathematical Models
2.1 Stochastic Reaction Networks

A chemical reaction network, or CRN, consists of the following: A collection S of
species, and a collection R of reactions v — v’, where v and v’ are linear combinations
of species with coefficients taken from Zx(. Linear combinations of species which
appear in some reaction are called complexes. For a reaction v — v/, the complexes
v and v’ are referred to as the source complex and product complex, respectively, of
the reaction.

Suppose we have a fixed CRN with species S and reactions R, and let d := |S| be
the number of different species. We adopt the standard convention of fixing an ordering

@ Springer



106 Page4of34 D.F. Anderson, A. S. Howells, D. Rojas La Luz

S1, ..., Sq of the species set S, allowing us to identify each complex v = Zle v; S
with the vector (vq,...,vq) € Z‘io. As discussed in the introduction, one way to
construct a dynamical system from a given CRN is as a CTMC using stochastic mass-
action kinetics. In this case, the state of the Markov chain is given by a vector in Zio.

A state vector x € Z‘io is interpreted as the molecular count of each species, and the
possible transitions are given by the reactions in the sense that when the system is in
state x € Z‘io the only possible next states are those of the form x + v’ — v for some
reaction v — v'. In stochastic mass-action kinetics, the rate A,,_, v (x) of the transition
x + x +v' —vis directly proportional to the number of ways the species in the input
complex v can be chosen from the current state x:

d
Aposy (X) = Ky 1_[ (zj) e
J

j=1

for some rate constant k., € Rx, with the convention that () = 1 and (’y‘) = 0 for
all 0 < x < y.If 7 is a particular CRN (that is, a particular set of species and accom-
panying reactions), then we will use Zx: to denote the CRN with a particular choice
of rate constants. Note that an alternative convention, which is the most commonly
used in the stochastic reaction networks literature, is to define mass-action kinetics as
Ailt_) y () = I(Sli) ” ]_[7:1 %’Lﬂ, where the constant terms v;! are absorbed into the
rate constant Kf}‘li)  (and the “alt” stressing that this is an alternative formulation not
used here). This formulation is equivalent to (1) but shifts the burden of combinatorial
normalization into the rate constants. We adopt the formulation in (1), as it facilitates
certain computations—particularly those involving Lyapunov functions—and aligns
with the conventions used in prior work on compartmentalized CRNs (Anderson and
Howells 2023).

Example 2.1 One possible CRN, complete with an assignment of rate constants, is the
following:

015 E E+25 2 E 43S,
Here « is some positive number. Because there are two species, the state space of the

network is Zio. If the chain is in state (e, 5) € Zio, then the next state must be one of
(e+1,5s)or (e, s+ 1). The rate of this first transition is 1, and the rate of the second is

2a<e> (s) = 2016M =aes(s — 1).
1/\2 2

A
Suppose we are given a mass-action CRN Zy with d species S and reactions R.
Then one characterization of the process is as the CTMC on Z‘io with infinitesimal

generator A which sends a function f : Zio — R to the function Af : Z‘éo - R
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defined by

Af@) = Y hsy @+ —v) = f(), ©)

v—>V'eR

provided f is sufficiently nice (Ethier and Kurtz 2005). This perspective of Zx in terms
of its generator will be useful for us because we will make frequent use of Lyapunov
function techniques (see section 1 for the various Lyapunov conditions used in this

paper).
2.2 Compartments With Content-Dependent Fragmentation

In Anderson and Howells (2023), we studied stochastic CRNs within interacting com-
partments. In that paper, the number of compartments evolved according to a CRN
of the form 0 &= C < 2C, with no feedback from the contents of the compartments.
Between compartment-level transitions, the contents of each compartment evolved
independently according to a fixed CRN Zx with d species. We begin by recalling
the assumptions about compartment transitions introduced in Anderson and Howells
(2023), which we adopt here with one modification.

e A reaction of the form 0 — C is called a compartment inflow reaction, and its rate
constant will be denoted ;. When a compartment inflow happens, the state of the
new compartment is distributed according to a fixed probability distribution © on
the state space Zio of Zx.

e A reaction of the form C — 0 is called a compartment exit reaction, and its rate
constant will be denoted k. When a compartment exits the system, we assume
that the compartment and all of its contents are deleted (rather than, say, being
distributed to the other compartments).

e A reaction of the form C — 2C is called a compartment fragmentation reaction,
and its rate constant is denoted k r. The compartment undergoing fragmentation,
called the parent compartment, is removed from the system and replaced by two
daughter compartments whose states sum to that of the parent. For each possible
parent state, we assume a fixed probability distribution y that describes how its
molecules are distributed across the daughters.

e Areaction of the form 2C — C is called a compartment coagulation reaction, and
its rate constant will be denoted k. When a coagulation happens, the state of the
resulting compartment is assumed to be the sum of the states of the compartments
that coagulated, such that total mass is again conserved.

In this paper, the only change to the above concerns the fragmentation reactions.
Instead of letting each compartment fragment at rate x , we consider a process with
feedback, where the rate of fragmentation of each compartment is a function of its
contents. Specifically, we will assume that S is some species in the chemistry Zx,
and that the rate of compartment fragmentation C — 2C for each compartment
is directly proportional to the number of molecules of S in that compartment, with
constant of proportionality kr. A compartment model of this form is determined by
the chemistry Zyc, rate constants for each of the four reactions 0 < C < 2C, and a
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probability distribution u on the state space for Zy: which describes the state of new
compartments after inflow reactions 0 — C. We will record this information in a
diagram of the form

K] KFS
Tic 052 c—C><KC 2C ", 3)

where the new notation Sc is used to indicate that the fragmentation rate depends on
the species S. Strictly speaking, in addition to the components described above, we
also need to specify a probability distribution i for each possible state of the parent
compartment. This distribution describes how the molecules of the parent are allocated
across the daughter compartments, subject to the constraint that fragmentation C —
2C preserves total mass. However, the specific choice of { will only play a role in a
few of our examples, so we suppress it in the notation.

Remark 2.2 The usual convention in the study of reaction networks is to write rate
constants over reaction arrows, but xrSc is not a rate constant, which may seem
strange. One way to think about the rate constants we have been writing is that any
given compartment exits the system with rate kg, any given pair of compartments
coagulates with rate k¢, etc.. Viewed in this light, the new notation makes more sense,
since if S¢ was the number of S in compartment C, then «r Sc would be exactly the
rate at which compartment C is fragmenting, consistent with the old notation. A

We now describe the model more precisely. Let d be the number of species in the
chemistry Zx, and for each x € Zio, let S(x) denote the number of molecules of
species S in state x. In other words, S(x) is the coordinate of x corresponding to the
species S; for example, if S is the first species, then S(x) = x;. For a reaction v — v/
in Zy, let A,_,,/(x) denote its rate when the compartment is in state x, so that the
generator A of Zy is given by (2).

Define the state space

N = {n : 72, — Zo | n has finite support} ,
where n, = n(x) gives the number of compartments in internal state x. That is, a
state n € N records the number of compartments in each possible internal state, with

only finitely many nonzero entries.
For n € N, define the total number of compartments by

Cn):= Y n, “)

er‘iO

and the total number of S molecules across all compartments by

S(n):= Y Sx)ny.

eriO
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Foreachx, y € Z‘io, let ¥ (x, y) denote the probability that, when a compartment in
state x fragments, one of the resulting daughter compartments is in state y, and the other
is in state x — y. (Note that the parent compartment is removed during fragmentation.)
For example, in Anderson and Howells (2023), we used ¥ (x, y) = 2~ (et )()y‘),
and in Remark 4.6, we take y — 1 (x, y) to be uniform over all valid daughter pairs.
In general, we require that ¥ (x, y) = O whenever y; > x; for some i, and that
y = ¥ (x, y) is a probability distribution for each x.

We now define the Markov chain N with state space N and generator £, acting on
sufficiently nice functions V : N’ — R by

LV = | D0 nhusw (V= ex +evpvos) = V)

erio v—v/

(internal chemistry)

+ k() (V(n+ex) — V() + kene(Vin —ex) — V(n))
(inflow and exit)

+irS@ne | Y Y@ (Vi —ex +ey +exy) — Vn)
yeZgo

(fragmentation)

+ ke (”ZX) (V(n —2ex + e2c) — V(n))  (coagulation (same state))

nyny
+ Kc x2 S(V(n—ex —ey +exty) = V() |,
yeZio
y#EX

(coagulation (distinct states))

where we have labeled the transition types that lead to each term. As in Anderson and
Howells (2023) we will refer to N as the coarse-grained model associated to €
Note that any of the rate constants may be taken to be zero.

Throughout the paper, we will frequently assume the following condition:

Condition 2.3 Let A denote the expectation under | of the total molecular count of
new compartments: » = erzio m(x) Z?:l xj. Assume ( is such that . < 0.

1 To elaborate: The previous paper (Anderson and Howells 2023) studied compartment models via two
different Markov chains describing the dynamics of the model, namely, a “simulation representation" which
was constructed from simpler Markov chains in a way that made it particular amenable to simulation, and
a “coarse-grained model" which was defined as a particular projection of the simulation representation. In
this paper, we instead define a single Markov chain via its generator. The Markov chain we have defined is
precisely the analog of the “coarse-grained model" from the previous paper, and we have chosen to keep
that name even though we are not constructing it as the projection of another model here.
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This condition ensures that the expected total molecular count of a newly formed
compartment is finite.
We will often illustrate our results and techniques using the following one-species

model:

Kb K] KF S
072 072 C é 2 . (5)

The generator for this model is given by:

o0

LV (n) = Z belx(V(l’l —ex +exq1) — V(n)) +Kdnxx(V(n —ex+ex_1)— V(n))

x=0
+ 11 @) (V(n+ex) = V) +kpnye (Vn —ex) — V(n))

00
+pany (Z Y (Vi — ex + ey + exmy) - V(n)))
y=0

+ ke (nzx)(v(n —2ex +e2y) — V()

o
nyn
+ Z Kc%(‘/(n —ex —eytexyy) — V(n))
y=0

The special case of this model where k, = k4 = 0, so that the number of §
molecules in each compartment changes only via compartment events, was studied in
Duso and Zechner (2020).

3 Non-Explosivity of Compartment Models
3.1 Non-explosive Chemistry

In Theorem 3.3 of Anderson and Howells (2023), we showed that when the fragmenta-
tion rate does not depend on compartment contents, compartmentalizing a CRN does
not affect whether or not it explodes. That is, N (the reaction network within compart-
ments model) is explosive iff Zyc (the stochastic chemical model) is. We would like
a similar result in the context of this paper, in which the fragmentation rate depends
upon the content of a designated species. Unfortunately, things are more delicate here.
Nevertheless, we are able to establish the following partial result:

Theorem 3.1 Let N be the coarse-grained model associated to (3), and let A denote
the generator of the associated chemistry Ly. Suppose there exists w € Rio and
¢,d € Rog such that Af (x) < cf(x) +d forevery x € Zio, where [ : Z‘io — Ris
the function defined by f(x) := w - x. Then N is not explosive.
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Remark 3.2 Note that the hypothesis of Theorem 3.1, that there exists a linear function
f with Af(x) < c¢f (x) +d for some ¢ and d, is stronger than assuming that Zx is not
explosive. Indeed, by Theorem A.1 the existence of a (not necessarily linear) function
f with Af(x) < cf(x) + d is a sufficient condition for nonexplosivity.

Proof of Theorem 3.1 Recall that Condition 2.3 assumes the expected molecular count
of new compartments, denoted by A, is finite. This assumption simplifies the analysis
by ensuring that the inflow of mass into the system is controlled. Hence, in the first part
of the proof we will assume that the condition holds (i.e., that A < o0). The second
part of the proof consists of dropping that assumption and extending the result to the
case A = 00.

Let C(n) denote, as in (4), the total number of compartments when in state n, and
let V(n) := C(n) + ZXEZ‘io ny(w - x) be the total number of compartments plus a
weighted sum of molecular counts across compartments. The assumption that every
coordinate of w is strictly positive means that V — oo in the sense of Theorem A.1.
Notice that neglecting the kg and «¢ terms, which are negative for our choice of V,
and computing the other terms exactly gets us the upper bound

LV(n) < ) kepS@ns +iru()(1+w - x)

er‘é(,
+ Z Ny () (w - (x +1 = v) —w - x)
= Z kpS@)ny +rrp(x)(14+w-x) +ny Af(x)
ergO

IA

Z KFS)ny + kpp(x) + kpp(x)(max w;) ij +nxcf (x) +dny
J -

er‘éo J

IA

(cFpwg' +c+d)Vn) + (kf +kp(max wj)r).
J

It follows from Theorem A.1 that N is not explosive when A < oo.

To handle the case where A = 0o, we construct a sequence of truncated processes
N that exclude events after (and including) the jth inflow occurrence. We then
show by induction—using the result established for the 4 < oo case—that each N/)
is non-explosive, and use this to conclude that the full process N is also non-explosive.
Lettg =0andfor j =1,2,3,...,lett; denote the jth time that a compartment-level
reaction of the form 0 — C takes place. For j =0, 1,2, ..., let N (r) = N@®)li<e;.
(Strictly speaking, N is not a Markov chain, but it can be made one in the standard
way by enlarging the state space to include the number of inflows that have occurred.
We omit these details.) We claim that N is not explosive, for any ;.

We proceed by induction on j. N© isn’t explosive, since it’s just a constant.
Suppose that NU~D is not explosive. NV (t) = NU=D(t) fort < 7;_1, so N
cannot explode before time 7;_1, and N o) (¢) is constant for ¢ > 7}, so it remains only
to consider what happens for 7;_; <t < 7;. At 7;_1, an inflow event takes place,
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yielding a value N (z;—) which is equal to NU—D (tj—1—) plus the change due to the
inflow event. We will denote this state by 7(t;_1). Next, for t;_1 <t < 7}, by the
strong Markov property N (D (¢) has the same distribution as N (7) with, 0 < 7 < 1],
started from 71(z;_1). To formally proceed, we construct a coupled Markov chain N
by removing all inflow transitions from N. Since inflow events do not occur in N, we
have N (1) = N(t) forall0 <t < 11, where 77 is the time of the first inflow. Moreover,
N is non-explosive by the argument already established for the A < oo case.

Now with the claim that each N/ is non-explosive proven, we let z,& > 0 be
arbitrary. We will show that the probability that N explodes by time ¢ is at most €. Pick
J large enough that z; > ¢ with probability at least 1 — ¢. Then since N G (s) = N(s)
when s < 7; and since N () is not explosive, it follows that {N explodes by time 1} C
{t; < t}, and hence the probability N explodes by time ¢ is at most . Since ¢ > 0
was arbitrary, N explodes by time ¢ with probability zero. Since ¢ was arbitrary, N is
not explosive. O

We now illustrate Theorem 3.1 by applying it to the specific model with chemistry
05 S.

Corollary 3.3 Let N be the coarse-grained model associated with (5):

Kp K KF S
— 4 5

For any choice of parameters, N is not explosive. (We do not assume (4 has finite
expectation here.)

Proof Let f(x) = x. Notice that
Af(x) = kp — kgx < kp.

Therefore, N is not explosive by Theorem 3.1. O

Notice that Corollary 3.3 applies even in the case where all of the growth parameters
(xp, k1, and k) are positive and all of the decay parameters (xg4, kg, and k¢ ) are zero,
even though the model is transient. It is not obvious a priori that the process should
fail to explode in this case, since there is a feedback loop where the (global, across all
compartments) rate of 0 — S increases with the number of compartments, and in turn
the growth rate of the number of compartments increases with the total number of S.

One natural question is whether there exists a CRN Zx- which is not explosive but for
which there is no linear Lyapunov function satisfying the hypotheses of Theorem A.1.
In that case, we would not be able to apply Theorem 3.1 to the compartment model
with chemistry Zx. It turns out that yes, such a CRN does exist; see Example 3.4
below. Moreover, for the example given the corresponding compartment model is not
explosive either. This observation suggests that the linearity assumption in Theorem 3.1
may be unnecessarily restrictive, and motivates the search for more general conditions
under which non-explosivity can be guaranteed.
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Example 3.4 Consider the compartment model

E - 2F E+S —5 E+25 c 2 ¢ (6)
A

Proposition 3.5 The internal CRN in (6) is not explosive, but no linear Lyapunov
function witnesses that it is not explosive. That is, for all c1, ¢y € Rxo, if f(e,s) =
cre + cas and A denotes the generator of Iic, then for all c3, ca € R>q there exists
e,s € Lo such that Af (e, s) > c3f(e,s) + ca.

Moreover, the coarse-grained model N associated to (6) is also not explosive.

Proof To see that the internal CRN is not explosive, let g(e, s) = e + In(s + 1). Then
Ag(e,s) =e(gle+1,5) —gle,s)) +es(gle,s + 1) — gle, 5))

s+2 1
=e¢+esin =e+esn|{1+ ——
s+ 1 s+ 1

1
P <e+e<2g(e,s).

<e-+es

So the claim follows from Theorem A.1.
To see that g(e, s) = e + log(s + 1) cannot be replaced with a linear Lyapunov
function above, fix ¢1, ¢c; > 0 and ¢3, c4 > 0, and let f (e, s) = c1e + c2s. Notice that

Af(e,s) =cre + cyes.

If s is chosen such that h(s) := c252 + ¢1s — ¢3¢18 — c3cas — ca > 0 and we set
e =ys,then Af(e,s) > c3f(e,s)~+ cq. But ¢y > 0, so h is a quadratic function with
positive leading term and hence we can always pick such an s.

Lastly, we have to show that N is not explosive. For n € NV, let

Cn)y= Y n,. Smy= > Snees). Em)= Y eney

erzzO (e,s)eZzzo (e,s)eZzzo

denote the total number of compartments, S molecules, and enzymes, respectively,
when in state n. Consider the function V(n) = E(n) + log(S(n) + C(n) + 1). Then
if £ denotes the generator of N, we have

vy = Y |nee(E@m) +1— E@m)

x:(e,x)eZzzo

+nyes(log(S(m) + 1+ C(n) + 1) —log(S() + C(n) + 1))

Hsne | D Yx, y)(log(S() + C(n) + 1+ 1) — log(S(n) + C(n) + 1))

2
yeZZ“
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= E(m) + (log(S(m) + C(n) +2) —log(S(m) + C(m) + 1)) Y nyles +5)

x:(e,s)eZzzo

< E(m) + (log(S(m) + C(n) +2) —log(Sm) + Cm) + 1)) > ne(E@m)s +5)
x:(e‘s)eZ’éo
= Em) + (Em)S®) + Sm))(log(S() + C(n) +2) — log(S(n) + C(n) + 1))
1
<Em+(Em)Sn) + S(n))m
<Em+E®m +1
<2V(m)+1.

So the remaining claim follows, as before, from Theorem A.1. O

3.1.1 A Conjecture

Example 3.4 leads us to conjecture that the linear Lyapunov assumption in Theorem
3.1 can be relaxed:

Conjecture 3.6 Let N be the coarse-grained model associated to (3). If the chemistry
TIx is not explosive, then N is not explosive.

A closer look at the previous example sheds some light on the obstructions to
proving Conjecture 3.6. Specifically, let N be the coarse-grained compartment model
associated with Example 3.4, and let Zyc denote its underlying chemistry. As in the
proof of Proposition 3.5, let E(n) and S(n) denote the total numbers of enzyme and
substrate molecules across all compartments when the system is in state n € N

Now compare the total rate of the reaction E — 2E across all compartments in N
with the rate of the same reaction in the uncompartmentalized model Zx: when that
model is in state (E(n), S(n)). These two rates coincide (both are equal to E(n)). By
contrast, if we compare the total rate of £ + S — E 4 25 in N with the rate of this
reaction in Zx: under the same substitution, the rates are no longer identical; however,
the total rate in N is still bounded above by S(n) E (1), which is the corresponding rate
in Zx.

These comparisons illustrate a general principle that, while implicit in the
Lyapunov-function arguments throughout this paper and in Anderson and Howells
(2023), is worth stating explicitly:

Observation 3.7 Let N be any coarse-grained compartment model with associated
chemistry Txc. If a reaction in Ly has at least one species in its source complex, then
the total rate of that reaction across all compartments in N is bounded above by
the rate that reaction would have in the non-compartmental model evaluated at the
state given by the total species counts of N. If the source complex is unimolecular,
equality holds. For inflow reactions (those with an empty source complex), however,
the situation is reversed: the inflow rate in Iy is a constant, whereas in N it is that
constant multiplied by the number of compartments.>

2 In some sense, this is a modeling choice—we could instead have assumed the total inflow rate across
compartments remains constant. Our convention follows (Duso and Zechner 2020), where (to use our
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Inflow reactions therefore accelerate as the number of compartments increases,
whereas more complex reactions proceed fastest when all reactants are concentrated
within a single compartment. In the setting of this paper, where the rate of compartment
formation grows with the abundance of a species S, such inflows can participate in a
feedback loop: an increase in S leads to more compartments, which in turn amplifies
the inflow (either directly through 0 — S or indirectly through inflow of another
species that promotes S). No such loop can occur in the absence of inflow reactions.

In light of this, the most challenging case of Conjecture 3.6 appears to be when
inflow reactions are present. Replacing the reaction E — 2E in Proposition 3.5 with
0 — E would provide stronger evidence for the conjecture, but we have not been able
to establish that result.

Open Problem 3.8 Is the compartment model
05 E E+S —» E+2S C = 2C @)

explosive?

If Conjecture 3.6 holds, then the compartment model in (7) should be non-explosive.
It would be tempting to try and prove this using Lyapunov function techniques, but
it turns out that we would need to go beyond the Lyapunov functions used in this
paper. Indeed, almost all of the Lyapunov functions used for compartment models this
paper and in Anderson and Howells (2023) have been functions of the total number of
compartments and the total number of each species present.> However, no Lyapunov
function of this form can work for (7). We will show this by analyzing the following
CRN model:*

2 -2y Yy s v+ E E+S - E+2§ sy s+yY (8

In Proposition 3.10, we will show that this CRN is explosive. But as Proposition 3.9
will demonstrate, any Lyapunov function argument of the form described above, if
it was used to show that the compartment model in (7) were not explosive, would
also serve to show that the CRN (8) were not explosive, a contradiction. Specifically,
we show that if V were a Lyapunov function for nonexplosivity of the compartment
model (7) in the sense of Theorem A.1, such that V is some function f of the total

notation) reaction propensities all take the form x g(x)ny for some function g. If Conjecture 3.6 were to
fail only in the presence of inflow reactions, that outcome would motivate reconsidering this particular
modeling assumption.

3In particular, there were four propositions in Anderson and Howells (2023) where positive recurrence
or transience of a compartment model was verified using a Lyapunov function; all four were of that form.
Meanwhile, this paper contains six theorems or propositions which use Lyapunov functions for compartment
models, and all but two are also of that form (the two exceptions are Step 3 of the proof of Proposition 3.12,
and Proposition 4.7).

4 As we will see momentarily, in some sense Y corresponds to the total number of compartments, and E
and S correspond to the total number of E and S across all compartments. We use Y instead of C to reduce
the risk that the CRN is mistaken for some sort of compartment model.
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numbers of E, S, and compartments, then f would be a Lyapunov function in the
sense of Theorem A.1 for the CRN (8).

Proposition 3.9 Let N denote the compartment model in (7), let N denote its state
space, and for n € N define

C(n) = Z Ny

erzzo
S(n) = Z SR(e,s)
(e,s)eZzzo
E(n) = Z en(e,s)-
(e,s)EZQZO

These represent, respectively, the total numbers of compartments, substrate molecules,
and enzymes when the system is in state n. Let L and A denote the generators of N and
of the CRN in (8), respectively. Suppose that f is some function f : Z3>0 — [0, 00),
and suppose V : N' — [0, 00) is defined by V (n) := f(En), S(n), C(n)). If V has
finite sublevel sets and there exists c, d such that LV (n) < ¢V (n) +d for all states n,
then f has finite sublevel sets and A f (e, s, y) < cf (e, s, y)+d for all states (e, s, y).

Proof Suppose that V has finite sublevel sets, and fix ¢ and d such that
LV(n) <cV(n)+d 9)

for all n € V. Notice that the model from (8), if started in a state with zero molecules
of Y, will either eventually enter a state with at least one molecule of Y (if the starting
state contains at least one molecule of S) or will never undergo any transitions at all
(if the state does not contain any S molecules). Moreover, once there is at least one
molecule of Y there will always be at least one. Accordingly, to understand whether
that model explodes it suffices to analyze the states with at least one molecule of Y.
Define an auxiliary function g : Zz>0 x Zo — N such that g(e, s, y) is the state n
with y compartments, one of which has e molecules of E and s of S, and the rest of
which are empty. In other words, g(e, s, y) is the function

y—1 (¢,s")=(0,0)
gle,s,y)=(,s)> {1 (¢',s") = (e,s) .
0 else

Then for (e, s, y) € ZZZO x Zsg, we see that evaluating LV at the point g(e, s, y)
yields

LV (gle.s, ) =y = D(Vigle. s,y = 1) = V(g(e. 5. )

+5(Vigless,y+ 1) = Vigle,s. )
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+y(Vigte+ Los.y) = Vigle.s. )
+es(Vigle,s +1,3) = Vigle.s, )
=30 =D(flesy =1 = fles. )
+5(flesy+1 = fles, )
+y(flet1s,3) = fles. )
+es(flecs+1.3) = flews. )
= Af(e.5.y),

where as always we take the convention in Lyapunov function calculations that a
transition rate of zero times an undefined difference is zero. Plugging this equality
into the inequality (9) yields

Af(e,s,y) <cVi(gle,s,y) +d
=cf(e,s,y)+d.

Moreover, we know that f has finite sublevel sets because taking the preimage of its
sublevel sets under the injection g we end up with (subsets of) sublevel sets of V,
which are finite by assumption. O

The previous proposition demonstrates that the explosivity of the compartment
model (7) is closely tied to that of the CRN (8). Since Conjecture 3.6 would imply that
the compartment model is not explosive, we would now like to show that the CRN is
not explosive. Alas, this is false, as the next result demonstrates.’

Proposition 3.10 The CRN (8), repeated below for convenience, is explosive.
v 2y L v+ E E+S s E+28 s Ss+r

Proof Letg(e, s, y) = (log(e+ 2N+ (log(s+ 20 '+ (y+ 17!, where log denote
the natural logarithm. Notice that if A denotes the generator of the CRN in question,
then

Age,s,y) = y( —1)<l—;>+s(;—;>
sre sy = I y y+1 y+2 y+1

1 1 1 1
Ty <log(e +3)  log(e+ 2)) Tes (log(s +3)  log(s + 2))

5 In the original preprint of this paper which was posted to arXiv.org, the explosivity of the CRN (8) was
left as an open problem. The authors are grateful to Lucie Laurence for suggesting that the CRN should be
explosive. She outlined a proof via coupling argument and while we did not ultimately take that approach,
the proposed coupling informed our choice of Lyapunov function here.
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_y—1
o+l (y+1)<y+2)
log((s +2)/(s + 3))

log(s + 3) log(s + 2))

+

log((e +2)/(e + 3)) )
log(e + 3) log(e + 2)

+es<
_y—1+ mg1—@+$1))
Tyl O+ 1)<y +2) T \loge 1 3) logte + 2)

log(1 — (s +3)~hH

+ es (
log(s + 3) log(s + 2)
_y-t y
“y+1 O+ l)(y+2) (e+3)10g(e+3)10g(e+2)
es

(s +3)log(s + 3) log(s + 2)
y-t s B y
“y+1 +DO+2)  (e+3)logle + 3)logle +2)

e

B 4log(s + 3) log(s + 2)
<18 3 y 3 e
- (y+2)2  (e+3)logle +3)logle +2) 4(og(s + 3))2’

(10)

where the first inequality is the fact that log(1 +¢) < ¢ for —1 < ¢ < 0, and the
second inequality is the fact that s /(s + 3) > 1/4 for s > 1 (because the number of §
cannot decrease, we may as well leave the states with zero S out from the state space
entirely, especially since the model is boring in those states).

Suppose first that e is large enough that exp(y/e/8) — 3 > 2(2(e + 3)log(e +

3)logle + 2) + 2)2; this inequality holds for all large enough e because the right
side grows slower than e3 and the left side grows faster than any polynomial. If
s < exp(y/e/8) — 3, then 8(log(s + 3))> < e and so the fourth term in (10) is at
most —2 and so Ag(e, s, y) < —1. Similarly, if 2(e 4 3) log(e + 3) log(e + 2) < v,
then the third term in (10) is at most —2 and so Ag(e, s, y) < —1. Lastly, if neither
s < exp(+/e/8) — 3 nor 2(e + 3) log(e + 3) log(e + 2) < y, then we have

s>ﬂp0km)—3>2@@+$bge+$bge+b+2f>2@+2f

It follows that in this case the second term in (10) is at most —2 and so Ag(e, s, y) <
-1

By above, all states with e sufficiently large have Ag(e, s, y) < —1. For each of
the finitely many remaining e, notice that the third term in (10) is approaching —oco
as y — oo, uniformly in s. So it follows that for the finitely many remaining e, we
have Ag(e, s, y) < —1 for all but finitely many values of y. But similarly, for each
remaining value of y the second term in (10) is approaching —oo as s — oo. All told,
we conclude that Ag(e, s, y) < —1 outside some finite set. Explosivity now follows
from Corollary A.5. O
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Putting this all together, we see that our existing Lyapunov techniques do not suffice
to prove Conjecture 3.6. In particular, even if the compartment model from Open
Problem 3.8 is not explosive, as must be the case if Conjecture 3.6 holds, it will not
be possible to prove this by using a Lyapunov function which is a function only of
C(n), S(n), and E (n), the total numbers of compartments, S molecules, and enzymes.
Instead, any proof would have to make use of how the species are distributed across
compartments.

3.2 Explosive Chemistry

It is natural to also ask about the converse of Conjecture 3.6: if Zx is explosive, must
the associated compartment model N also be explosive? Somewhat surprisingly, to us
at least, the answer is no. Indeed, the chemistry in the following example is explosive
for any positive choice of rate constants when started in any state with at least one
enzyme, but explosivity for the compartment model will depend on how the species
are distributed after compartment fragmentation events.

Example 3.11 Consider the following model

055 E+25 2% E 135 c 2 oc (11)

For p € (0, 1), let yr,, : Zzzo x Zzzo — [0, 1] be any function with the following
properties:

(i) ¥p(x,y) =0if y; > x; for somei.
(ii) y = ¥, (x,y) is a probability distribution for each x € Zzzo.
(ii1) For each e > 2, we have r(e) < 1, where

r(e) := sup [Z Yp(le, s), (e, 1) + Z Yp((e, s), (0, t))}
K] =0

t=0

is the supremum of the probability that, after a compartment with e enzymes
undergoes a fragmentation, all enzymes remain in the same compartment.

(iv) For each s € Zx¢, the map ¢t — ¥, ((1,5), (1,1)) + ¥, ((1,s), (0,5 — 1)) is the
probability mass function of a binomial random variable with parameters s and p.
A

In other words, v, is a distribution for daughter compartments after fragmentation
with the property that enzymes disperse with positive probability, and once there is one
enzyme left the remaining S stay with that enzyme independently with probability p. It
turns out that when the model defined above is given the fragmentation distribution v/,
whether it explodes depends on both p and «, even though the underlying chemistry
is explosive for every @ > 0. In particular, the chemistry explodes when started in
any state with at least one enzyme, and yet the compartment model is not explosive
for certain choices of p and « even when there are compartments with at least one
enzyme for all time.
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Proposition 3.12 Let N be the coarse-grained model associated with (11), equipped
with fragmentation distribution Y, for p € (0,1) and o > 0. Then N is explosive if

p > e~ % and non-explosive if p < e™“.

Proof Forn € N, let

Cmy= Y n,

eriO

S(n) = Z SR(e,5)

(e,5)€Z>1 X Z>0

§(n) = Z S}’l(oﬁs)

SGZZ()

denote the total number of compartments, the total number of S which are in the same
compartment as at least one enzyme, and the total number of S whose compartment
has zero enzymes, respectively, when in state n.

Notice that in general, the processes S(N), §(N ), and C(N) are not Markovian.
However, in the special case where N starts with exactly one enzyme (and hence has
exactly one enzyme for all time), the process S(N) (but still neither §(N ) nor C(N))
will be a Markov chain. Indeed, S(N) will change for three reasons: an inflow 0 — S
happens in the compartment with the enzyme, the reaction E + 2§ — E + 35 fires,
or the compartment with the enzyme splits. The rates of these reactions and the value
of S(N) after each depend only on S(N), so S(N) is a Markov chain. Our approach
will be to work with this simpler chain to the extent possible.

Specifically, our strategy is as follows. First, we will use a Lyapunov function to
show that the Markov chain S(N) is explosive when p > e~*. From this we can
conclude that N is explosive in this parameter regime. Next, we will use another
Lyapunov function to show that S(N) is positive recurrent when N is started with
one enzyme and p < e~ %. Because a projection of an explosive Markov chain can be
positive recurrent, showing S(V) is positive recurrent does not directly imply any of
the desired results about N, but it will nevertheless be useful. Indeed, we will use the
calculations from this step to show in the next step that when p < ¢~%, N does not
explode when started with one enzyme. The final step will be to show nonexplosivity
of N for general starting states using an inductive argument.

Step 1 (Explosivity for p > ¢~%). In this step we establish that when the fragmentation
parameter p exceeds e~ %, the Markov chain S(N) (corresponding to the total number
of S molecules in the one—enzyme case) satisfies the hypotheses of Corollary A.5. We
construct a Lyapunov function f(y) = 1/In(y + 3) and show that A f(x) < —1 for
all sufficiently large x, which implies that S(N) is explosive. Since an explosion of
S(N) entails infinitely many jumps of N in finite time, N itself must also be explosive
in this parameter regime.

To that end, fix p > ¢~ and choose § satisfying p > § > ¢~ “. Let By, By, ...
be i.i.d. Bernoulli(p) random variables, so that Yy := ) ;_, By is binomial with
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parameters (x, p). We begin by bounding P(f(Yy) > f(éx)). Note that

P(f(Yy) = f(6x)) = P(Z By < ax) = P(Z(Bk ~p)=x(- p>) ,
k=1

k=1

where the first equality is because f is a decreasing function. The B; are independent
with mean p and take values in [0, 1], so by Hoeffding’s inequality,

P(Z(Bk —p) <x(6— p)) < exp(—2x(8 — p)°).

k=1

But then

E[f (Y] =ELf Y)Lirvo=reny] + ELF X)L rro< fexy]
SP(fYy) = f(6x) + fx)P(f(Yy) < f(8x))
< exp(—2x(8 — p)?) + f(5x), (12)

where the first inequality uses the fact that f maps into the interval [0, 1].

Now let A denote the generator of the Markov chain S(N) under the assumption
that N is started in a state with one enzyme total across all compartments. Then for
x=1,2,3,...,

Af(x) =(ax(x =D+ D(f(x+1) = f(x))

s (;‘) P = P — £
y=0
- B In(x +3) — In(x +4) _
R R Y Y e i NPy
In(x +3) —In(x +4) *
<ax(x—1) G +3) It - 4) +xE[f(Yx)] — m
- —axx— D) + x exp(—2x(8 — p)?)
T (x +4)In(x +3)In(x +4)
x x

+ In(6x +3) In(x +3)

_ X —a(x — 1)In(x) 13
" In(x +3) In(x) [(x +4) In(x +4) (13)
k(s — ) 4 M) InGr+3)
+1In(x + 3) In(x) exp(—2x(8 — p)?) + nGx 13 ln(x)i|
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where the second inequality comes from (12) plus the fact thatlog(x+3) —log(x+4) <
—(x +4)~!. But one can straightforwardly compute the following limits:

—a(x — 1) In(x)
Iim —mm— =
x—00 (x +4)In(x + 4)
Jim In(x + 3) In(x) exp(=2x (8 — 73 =0
In(x) In(x + 3)
im —=
x—oo In(dx + 3)

— In(x) = In(1/6).

It follows that the expression inside the brackets in (13) is converging to the (negative,
in light of our assumption that 1/§ < e“) quantity —« + In(1/6). In particular, the
expression inside the brackets is uniformly negative for sufficiently large x; to be
concrete, we can for instance conclude that

—o& — 1In@) oo @G +3)
G+dHnG+4) + In(x + 3) In(x) exp(—2x(8 — p)°) + —GrT3) In(x)
_ —a+In(1/8)

_fs

and hence

X —a +In(1/6)
AT®) = e T e [ 2 ] :

for all large enough x. Since the quantity outside the brackets is converging to oo
as x — oo and the quantity inside is negative and does not depend on x, we have
Af(x) < —1 for all large enough x. But the Markov chain S(N) is irreducible and
f(y) = 0asy — o0, so it follows that the hypotheses of Corollary A.5 are satisfied:
one can take K C Zxo to be any non-empty finite set containing all points x such that
Af(x) > —1, z any point in K, and y sufficiently large. Hence S(NN) is explosive.
But S(N) is a projection of N, so N is also explosive.

Step 2 (Positive Recurrence of S(N) for p < ¢~* with one enzyme). We now turn
to the case p < ¢~ and show that, when N is started with a single enzyme, the
projected process S(N) is positive recurrent. The approach mirrors Step 1 but with
a different Lyapunov function: we take g(x) = x* for a carefully chosen A € (0, 1)
satisfying e + p* — 1 < 0. Intuitively, this function penalizes large values of S(N)
while keeping the algebra manageable, allowing us to prove that the drift Ag(x) is
eventually negative and thus that S(N) cannot diverge.
To verify that such a A exists, note that for any A € (0, 1),

pr =¢8P <14 rlogp + %kz(log )2,

and therefore
ar+ p* — 1 < A(a —log(1/p) + r(log p)?).
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Since ¢ < log(1/p) by assumption, the right-hand side is negative for sufficiently
small A > 0, so such a A always exists. Now, let g(x) = x*. Note that g is concave
and hence E[g(Y,)] < g(E[Y,]), and because g’ (x) < O for x > 0, the mean value
theorem implies

(x + D* —x* < ax* L

Applying these bounds yields, forx = 1,2,3, ...,
Ag(x) = (ax(x = D+ D(gx + 1) — g(x))

+x) <X)P”(l -7 (g(y) — g)
y=0 Y
= (ax(x — 1)+ D((x + D* —x*) + xE[g(Y,)] — x'T*
< (ax® + D((x + D* = x*) + xE[g (V)] — x' T
< (owc2 + l))uc)‘*1 —l—x(xp))‘ — x!**
=x"Par+ p* = 1)+ ax*L (14)

However, A was chosen precisely so that the coefficient of the leading term of this
bound, oA + p)‘ — 1, would be negative. It follows that Ag(x) < —1 for all sufficiently
large x, and hence S(N) is positive recurrent.

Step 3 (Nonexplosivity for p < ¢~ with one enzyme). We now extend the argument
to show that when p < e™%, the full compartment model N is nonexplosive even when
started with one enzyme. The idea is to combine the Lyapunov function for S(N) from
Step 2 with additional control over the total substrate and compartment counts. To this
end, we introduce a composite Lyapunov function that penalizes growth in both the
enzyme-containing and enzyme-free compartments, and we verify that its generator
remains uniformly bounded above.

Specifically, let & € (0, 1) be such that @i 4+ p* — 1 < 0 (such a A exist by the
argument given in Step 2) and define g(x) = x* as before. Consider the function

V(n) = g(S(n)) + log(S(n) + C(n)),

and let £ denote the generator of N. Using the bounds on .4g derived in Step 2,
together with the following observations: (i) because E(n) + S(n) is unchanged by
fragmentation, the most that §(n) can increase by, after the compartment with the
enzyme splits, is S(n); (ii) for any fixed S(n) > 0, the function

x > log(S(n) + 1+ x) — log(x)

. . . . . L. 1 1 S(n)+1 .
1s strl.ctly decreasing for. x> 0 (s'mce its derlv?tl.ve ST x = _’W is
negative), and hence it is maximized at the minimal admissible value of x; and (iii)

g’(n) + C(n) > 1, we obtain that for all n with exactly one enzyme and S(n) > 1,
LV (n) = (@Sm)(S(n) — 1) + 1D(g(Sn) + 1) — g(S(n)))
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S(n)

S .
+5m Y ( (y”))pya -7V — g(S(n))
y=0

S(n)

+Sm) Y (S(y”))py‘(l — P’ (log(S(n) + S(n)
y=0

—y+Cm) + 1) —log(S(n) + C(n)))
+(C) — 1) (log(S(m) + 1 + C(n)) — log(S(n) + C(n)))
+ 8(n) (log(S(n) + C(n) + 1) — log(S(n) + C(n)))
< (Sm)'Har+ p* = 1)+ A(Sm)*!
+ S(m)(log(S(n) + S() + C(n) + 1) — log(S(n) + C(n)))
Cn) —1 Sn)
Sm)+Cm) Sn)+C(n)
< (Sm)'" ™ ar+ ph = 1)+ A(Sm) ! + Sn) log(S(n) +2)
Cn) —1 Sn)
S(n)+Cn)  Sn)+Cn)
< (S ar+ p* = 1D+ A(S@) !+ S(n) log(S(n) + 2) + 2.

Since A > 0, we know that x'** grows faster than x log(x + 2). So the coefficient of
the leading order term is A + p* — 1 just as in step 2, and this coefficient is negative
just as in step 2. Moreover, this upper bound depends only on S(#), not §(n) or C(n),
and so we conclude that LV (n) < —1 for all n with exactly one enzyme such that
S(n) is bigger than some threshold. For each of the finitely many remaining nonzero
values of S(n), the upper bound above is still uniform in §(n) and C(n). Moreover,
the only reason that our argument doesn’t work for S(n) = 0 is the fact that g’(0) is
not defined, but that case is easily handled directly to get, for instance,

LV(n) < 1(g(1) — g(0) + S+ Ccm T Smtcm

So all told we have a finite number of upper bounds collectively covering all cases, and
we conclude that LV (n) is bounded above uniformly in n over the set of states with
exactly one enzyme. Since the set of such states is closed (in the Markov chain sense
that the process N cannot leave the set), we have enough to conclude by Theorem A.1
that N is not explosive when started with a single enzyme.

Step 4 (Nonexplosivity for p < ¢~* in general). Finally, we extend the argument to
general initial conditions. Our goal is to show that N is not explosive when started with
any number of enzymes. We begin by handling the trivial case where all compartments
contain zero enzymes, and then proceed by induction on the total enzyme count. The
inductive step relies on two key observations: (i) compartments evolve independently,
so a sum of nonexplosive subsystems remains nonexplosive, and (ii) with probability
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one, a dispersion event eventually separates enzymes into multiple compartments,
after which the process can be written as a sum of lower-enzyme subsystems.

We begin with the base case, that initial number of enzymes is at most one. The case
where the initial number of enzymes is precisely one is exactly the content of Step
3, so for the base case it just remains to argue that N does not explode when started
with zero enzymes. However, proving that N does not explode when all compartments
have zero enzymes is straightforward. Indeed, note that in this case N is equivalent to
(5) with coefficients kp = kr = 1, kg = k] = kg = k¢ = 0, and so by Corollary 3.3
we see that it is not explosive.

Now fix p < ¢™® and k > 1 with the property that fori = 0,1, ...,k — 1, the
system N is not explosive when started with i enzymes. We will show that N does not
explode when started with k£ enzymes.

First, notice that the model given by (11) has the property that separate compart-
ments do not interact in any manner. It follows that if N1 and N, are independent
copies of this model with initial states n1, no respectively, then N1 + N3 is also an
instance of (11) with initial state n| + n,. In particular, if the initial state N (0) has the
property that not all enzymes are in the same compartment, then N can be expressed as
the sum of two Markov chains which are both not explosive by the induction hypoth-
esis, and hence N is not explosive. Moreover, this means that if a dispersion (which
we here define as a fragmentation after which not all enzymes remain in the same
compartment) happens, there cannot be an explosion after.

Going forward, then, we will assume that all k enzymes are in the same compart-
ment, and try to prove that an explosion cannot happen without a dispersion occurring
along the way. Notice that we can use the assumption that all k£ enzymes are in the
same compartment to separate the transitions of N into four types:

(1) A new substrate S is produced in the compartment with the enzymes,
(ii) A new substrate S is produced in the other compartments,
(iii)) The compartment with the enzymes fragments, or
(iv) There is a fragmentation from the other compartments

Note that transitions of type (i) and (iii) are the only ones that affect S(N). We will
first prove that if the process N explodes, then infinitely many transitions of type (i)
or (iii) will happen. Then, we will prove that in either case, infinitely many transitions
of type (iii) will happen, and from there that a dispersion happens, a contradiction.

Consider the event that N explodes and nevertheless only finitely many transitions
(i) and (iii) happen. Suppose towards a contradiction that this event has positive prob-
ability. It is the union over m = 0, 1, 2, ... of the total number of transitions of type
(1) and (iii) that happen before an explosion of N; this union is countable so we can
fix a particular m such that the event E,,, that exactly m transitions total of type (i)
and (iii) happen and then N explodes, has positive probability. Let T be the time of the
m-th transition of type (i) or (iii). Then on the event E,, the process N consisting of all
compartments other than the one with all the enzymes is a Markov chain from time ¢
onward. Moreover, we know the Markov chain N does not explode, and on the event
E,, the compartment with all the enzymes does not undergo any transitions after time
7. Therefore, N does not actually explode on the event E,,, which is a contradiction.
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So now we know that if N explodes with positive probability, then there must a.s. be
infinitely many transitions of type (i) or (iii).

Suppose towards a contradiction that with positive probability, N explodes and
infinitely many transitions of type (iii) happen. Then, the probability that the enzymes
disperse in each given fragmentation of type (iii) is bounded below by 1 — r (k), which
is positive, so by the Borel-Cantelli lemma, dispersion occurs almost surely. But as
discussed, if we restart N after the time of the first dispersion then it can be expressed
as the sum of two non-explosive Markov chains, so we again get a contradiction.

So now finally, suppose towards a contradiction simply that N explodes with pos-
itive probability. From the above, we know that infinitely many transitions of type (i)
occur, and only finitely many transitions of type (iii) do. To get a contradiction from
here, we will compare the rate of production of the substrate S to the rate of production
of new compartments, and we will use the Borel-Cantelli lemma to say that, actually,
infinitely many transitions of type (iii) must happen.

Note that the rate of gaining a substrate S (transitions of type (i)) when in state n
in the projected process S(NV) is given by

aSm)(S(n) — Dk + 1,

and that the rate of fragmentation for S(/NV) (transitions of type (iii)) when in state n
is simply

S(n).

Thus, the probability of transitions of type (iii) happening when in state 7 is:

S(n) _of !
aS(n)(S(n) — Dk +14+Sn) <S(n)>.

By our previous two contradiction arguments, on the event where N explodes there
must be finitely many transitions of type (iii) and infinitely many of type (i). But
transitions of type (iii) are the only ones which decrease S(/N) and transitions of type
(i) are the only ones which increase it, and moreover they increase it by one. Therefore,
on the event that N explodes, S(/N) must take on every integer value between its starting
value and infinity. But the harmonic series diverges, so by the Borel-Cantelli lemma
we conclude that there will, with probability one, be infinitely many transitions of type
(iii), a contradiction. Therefore, the original model N is not explosive when started
with k enzymes. The claimed result now follows by induction. O

Remark 3.13 By replacing the Lyapunov function s* with the Lyapunov function

In(s) s>p

= s ) s<p

in step 2 above one can show, not just that S(N) is positive recurrent when N is started
with one enzyme and o < log(1/p), but also that S(NV) is positive recurrent for such
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starting states when o« = log(1/p). Moreover, this alternative proof has the benefit that
one doesn’t have to worry about picking A based on « and p. So one might be tempted
to use the Lyapunov function V (n) = g(S(n)) + 10g(§(n) + C(n)), or more generally
some Lyapunov function of the form V (n) = g(S(n))+h (§(n), C(n)),in step 3 of the
proof above to prove nonexplosivity when o < log(1/p). However, no such Lyapunov
function can work, even when o < log(1/p), much less when equality holds. Indeed,
one can check that the negative term in (14) which was previously on the order of s'+*
is now on the order of s, whereas the other term arising from the fragmentation will
be of the form S(m)E[h(S(n) + S(n) — Y, C(n) + 1) — h(S(n), C(n))]. Since h must
be growing in its first argument to be a Lyapunov function for nonexplosivity (which
requires finite sublevel sets), one sees that the positive term is superlinear in S(n)
and thus swamps both the negative term and the desired upper bound of (a constant
times) V (n). So, while we are inclined to believe the following conjecture that N is
not explosive even when o = log(1/p), it does not seem likely that this conjecture
will be proven by a trivial modification of the proof above. A

Conjecture 3.14 Suppose N is as in the proposition above, with parameters o =
log(1/p). Then N is not explosive.

4 Positive Recurrence of Compartment Models

In the previous sections we characterized the possible behaviors of the process with
respect to explosivity. In particular, we established general conditions ensuring that
the system is non-explosive, and in certain specific models we identified parameter
regimes leading to transience. We now turn to the complementary question: when is
the process positive recurrent? As before, our analysis relies on the existence of a
linear Lyapunov function for Zx-. We have the following theorem.

Theorem 4.1 Let N be the coarse-grained model associated to (3):

Kl KFS
T 072 C # 2 .

Let A denote the generator of the associated chemistry Tyc. Suppose there exists a
linear function f : Zio — R of the form f(x) = w - x for some w € Rio, such
that sup, Af (x) < oo, and that condition 2.3 holds; that is, .. < oo. If kc > 0 and
kg > 0, then the state with no compartments is positive recurrent for N, all states
reachable from it are also positive recurrent for N, and all other states are transient
with finite expected time to reach the set of positive recurrent states.

Remark 4.2 If f were a Lyapunov function witnessing (via Corollary A.3) that Zxc was
positive recurrent, we would have A f (x) < —1 outside some finite set. Similarly, if
f were witnessing that Zx: was recurrent, we would have A f(x) < 0 outside some
finite set. Either of these conditions would imply the assumption sup, A f(x) < oo
from the theorem.
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The assumption sup, A f (x) < oo isin fact strictly weaker than having a Lyapunov
function for recurrence, as we will see in Corollary 4.3, when we apply it with the
transient chemistry 0 — S. However, the assumption sup,. A f(x) < oo is stronger
than having a Lyapunov function for non-explosivity. Indeed, if sup, A f(x) < oo
and f — oo, then a suitable shift g of f will satisfy Ag(x) < g(x). A

Proof of Theorem 4.1 LetV (n) = C(n)+a erzdo ny (w-x), for some constanta > 0

to be chosen later. The assumption that every coordinate of w is strictly positive means
that V. — oo in the sense of Corollary A.3. Our goal is to show that LV (n) < —1
outside a finite set of states, which will then allow us to conclude positive recurrence
via Corollary A.3.

We next compute LV (n), the generator of V, and bound its growth term by term.

LV (n) = Z [KFS(x)nx + k()1 4+ aw - x)

er‘iO

+a Z Ny () (W (x +V" —v) —w - x)

v—>v/

Ny NyMy
—KEnx(1+()lw-x)—Kc<2>— Z KC > ]

d
yEZZO
y#X

= Z kpS@)ny —akgny(w - x) +xrpu(x)(1 +aw - x) +anx.Af(x)>

er”éo
— ke (C;”)> — kgC(n)

< —k¢ <C(n)> + (a sup Af(x) — KE> Cn) + (/q:ws_l — QKE)

2

( Z ny(w -x)> + K + aky(max w;)A.
j

xeZd

Pick « large enough that kg > prgl (here we used kg > 0). Then we claim
this upper bound is at most —1 outside a finite set of . Indeed, the term (k wgl -
OKE) (erzd ny (w ~x)) is non-positive by the choice of o, so LV (n) is at most a
polynomial in C(n) (with no dependence on n other than through C (n)) with negative
leading term (here we used k¢ > 0). So for large enough values of C(n) we have
LV (n) < —1.Foreach individual value of C(n) less than this threshold, the only term
that varies as n varies is (k wgl —akg) (X yez¢ nx(w - x)), and this approaches —oco
as erzd ny(w - x) — oo. It follows that LV (n) < —1 outside some finite set, as
claimed.

Therefore, by Corollary A.3 any state in a closed, irreducible component of A is
positive recurrent, and from any given state the expected time for the process to enter
the union of the closed irreducible components is finite. So to complete the proof it
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remains only to point out that the state with no compartments is a member of a (indeed,
the) closed irreducible component of A/; this fact follows from the fact that kg > 0
and hence the state with no compartments is reachable from every state in AV, O

We now illustrate this theorem by applying it to the specific model with chemistry
0 < S. Note that the result applies even when Zx is transient.

Corollary 4.3 Let N be the coarse-grained model associated to (5):

S
0= s 0 2= C 2= 2C “.
Kd KE KcC

Assume that condition 2.3 holds, i.e., A < oo. If both kc > 0 and kg > 0, then the
state (0,0, 0, ...) with no compartments is positive recurrent. Moreover,

e If k; > 0 and either kp, > 0 or u # o, then all states are reachable from
(0,0,0,...) and hence positive recurrent.

e Ifk; > 0 and both k,, = 0 and u = by, then all states with zero S are posi-
tive recurrent and all other states are transient. These other states all have finite
expected time to be absorbed by the collection of zero-S states.

o If k; = 0, then all states with a positive number of compartments are transient,
but are absorbed by the state with zero compartments in finite expected time.

Proof Let f(x) = x, and notice that A f(x) < «p, where A is as in the statement of
Theorem 4.1. Therefore, the state with no compartments is positive recurrent for N
by Theorem 4.1. The “moreover" part of this corollary follows from straightforward
considerations of which states are reachable from the state with no compartments. O

In specific models, one may be able to do better than Theorem 4.1 by using a
more tailored Lyapunov function. The next proposition provides an example of this
by extending Corollary 4.3.

Proposition 4.4 Let N be the coarse-grained model associated to (5):

K KFS
0= S 0 7= C 7= 2C .
Kd KE Kc

Assume that condition 2.3 holds, i.e., . < oo. Consider the following parameter
regimes:

(@) k¢ > 0and kg > 0.
(b) Kl%: + KEKZ > KpKF.
() k¢ >0,k >0,and kg =0.

If condition (a) or (b) is satisfied, the state (0,0,0,...) with no compartments is
positive recurrent. Moreover,

e If k; > 0 and either kp, > 0 or u # Jo, then all states are reachable from
(0,0,0,...) and hence positive recurrent.
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o If k; > 0 and both k, = 0 and & = o, then all states with zero S are posi-
tive recurrent and all other states are transient. These transient states have finite
expected time to be absorbed by the collection of zero-S states.

o Ifk; = 0, then all states with a positive number of compartments are transient,
but are absorbed by the state with zero compartments in finite expected time.

If condition (c) is satisfied, the state (1,0,0,...) with one empty compartment is
positive recurrent. Moreover,

e Ifkikp > 0, or kpkp > 0, or k7 > 0 and u # S, then all states other than
0,0,0,...) are reachable from (1,0,0, ...) and hence positive recurrent; the
state (0,0, 0, ...) is either transient (k; > 0) or isolated (k; = 0) depending on
K]

e Ifk; > 0and both kp, = 0 and w = do, then all states with zero S and a positive
number of compartments are positive recurrent and all other states are transient.
These other states all have finite expected time to be absorbed by the collection of
positive recurrent states.

o Ifxp > 0but k; = 0 = kF, then all states with at most one compartment are
positive recurrent, and all other states are transient and have finite expected time
to be absorbed by the states with at most one compartment. The state with no
compartments is isolated.

e Ifk; = 0and kp, = 0, then the state with no compartments is isolated, the state
with one empty compartment is absorbing, and all other states are transient. These
other states have finite expected time to be absorbed by the state with one empty
compartment.

Remark 4.5 Note that the above covers conditions (a), (b), and (c) completely: All
possible combinations of other parameters are listed in the bullet points following
each “Moreover”. Furthermore, note that (a) and (c) together cover every possible
case where k¢ > 0 except the one where kg = k4 = 0, which is not a very interesting
case since the number of S cannot decrease. So the proposition is essentially complete
except for the parameter regime where xc = 0 and Ki- + kgkqg < kpkp. Later, in
Proposition 4.7, we will prove transience in part (though not all) of this remaining
regime. A

Proof of Proposition 4.4 The claims about condition (a) are just repeating Corollary

4.3. For the remaining conditions, let £ denote the generator of N. For n € N, let

C(n) = Y 2 yny and S(n) = > 52, xn, be the total number of compartments and

the total number of S across compartments, respectively. Let V(n) = aS(n) + C(n)

for some constant @ > 0 to be chosen later. Then

C(n)
2

LV (n) = —Kc< > +kpS(n) —kgCm) —akgSn) + akpC(n) — akgS(n)

+ Z K[M(x)(l + ozx)
x=0

= —KkC <C(2n)) + (kr —a(kg +x2))S(n) + (akp — kp)C(n) + k7 + k1 ha.
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If kc > 0 and x4 + kg > O, then picking ¢ > «kr/(kq + xg) we have that
LV (n) < —1 outside a finite set. The claims about condition (¢) now follow from
Corollary A.3 and straightforward reachability considerations. (This also gives an
alternate proof of the claims about condition (a).)

If K%: + kgkg > kpkF, then kp/(kg + kg) < KE/Kkp; pick « to be some number
satisfying kr/(kg + kq) < a < kg/kp (with the convention that kg /kp = oo if
kp = 0). Then the coefficients of both S(n) and C(n) are negative, so LV (n) < —1
outside a finite set. The claims about condition (b) follow just as above. O

Remark 4.6 In section 2.B of Duso and Zechner (2020), the model (5) is studied via
simulation and moment closure methods in the case where x; = 0 = x4, where
is Poisson with parameter A, and where ¥ (x, y) is uniform over possible unordered
pairs {y, x — y}. Their analysis focuses on a moment-closure approximation of the
model over finite time scales, and does not address its long-term behavior. As it turns
out, their model is positive recurrent. This follows directly from Proposition 4.4; one
could use either condition (a) or (b). In fact, since Proposition 4.4(a) is just Corollary
4.3, the existence of the stationary distribution is essentially free from Theorem 4.1.A

In the simple model with chemistry 0 = S, we can also establish results concerning
transience. Throughout what follows, we assume k¢ = 0, since by Proposition 4.4,
conditions (a) and (c) already imply that if k¢ > 0, then N is positive recurrent
whenever kg > 0 or kg > 0. The remaining case k; = 0 = kg is not of particular
interest, as in that regime the total number of molecules of S across all compartments
cannot decrease.

Proposition 4.7 Let N be the coarse-grained model associated with (5)

Kp Kr KFS
— 4 c 5

where we again assume that condition 2.3 holds, i.e., . < oo. If (kp — kg)kp >
(kg + ka)kg and k; > 0 and kc = 0, then all states are transient for N.

Proof Let C(n) = Y 52 ny and C=(n) = Y oo | ny, and define
W(n) =Cm) +aComn),

for some constant @ > 0 to be chosen later. Set V(n) =1 — W+
We first compute and (lower) bound LV (n) (using the convention 0/0 = 0):

LY(m) =Y ipne(V(n —ex + ex1) = V() + kanex (V(n — ex + ex1) = V()

x=0

+ ) (V0 + ex) = V) + kgne (Vo — e) = V()

torpxne | Y U ) (Vn— e +ey+exy) — V)
y=0
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1 1
szn()(W(n)—f—l - W(n)+1+a>

I I
k4 C-o(n) <W(n)+1 T W 1 —a>

1 1 | 1
+kEng (W(n)+1 - W(n)) +KECoo() (W(n)—i—l W —a>

1 1
+ (krCso(n) + «7) <W(n) 1 W +2>
_ aKpno krCso(n) + kg
T W+ DWm) +1+e)  (Wn) + DWn) +2)
B KENQ U4+ a)keCsoln)
Wmn)+DHWm) Wm)+DHWn) —a)
akgCso(n)

S W+ DWW +1—a)
Multiplying through by (W (n) 4+ 1)(W (n) + 2), the above becomes

(W(n) + DHW(n) +2)LV (n)

Wn) +2 W +2
_ a/cbno% +krCso(n) + k1 — szo%
W(n) +2 W) +2
—(1+ a)KEC>0(n)m — aKdC>O(n)m.

Let & > 0 be another constant to be chosen later. Notice that all four fractions imme-
diately above are converging to 1 as W(n) — oo. Let B, be a set of the form
{n : W(n) < k¢} for some number k., such that the first fraction is bounded below by
1 — ¢ on B{ and the latter three are bounded above by 1 + ¢ on Bf. Then, outside B,

(W(n) + DH(Wn) +2)LV (n) = akpno(l — &) + kpCso(n) + k1 — kpno(l +¢€)
— (1 +a)kpCoom)(1 +¢) —akaCaon)(1 +¢)
= (kp — (1 + 0)kp(l + &) — akg(1 +&))C=o(n)
+ (akp(1 — &) — k(1 + €))no + ;.

Since (kg — kg)kp > (kg + kq)kE, it follows that

KF —KE KE
>_

KE + Kq Kp

Choose « > 0 so that
KF —KE KE
—_— >
KE + K4 Kb
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Rearranging gives akp — kg > 0 and kr — (1 + a)kg — akg > 0. So, for some
sufficiently small ¢ > 0, we have

akp(l1 —e) —kg(l1+e) >0 and kp — (1 +a)kp(l+¢e) —axqg(1+¢) > 0.
Let ¢ be such. Thus, outside B,

Wn)+ 1H)(Wn)+2)LV @) >0
LV (n) > 0.

Since sup, . B. V(n) < inf,epe V(n), and N is non-explosive by Corollary 3.3,
Theorem A.4 implies that if N starts outside B, the probability it ever enters Bj is
less than one. Moreover, since k; > 0, the chain starting from (0, 0, 0, . ..) reaches
(ks,0,0,0,...) € B with positive probability, and by the above it never returns to
(0,0,0,...) with positive probability. Hence (0, 0,0, ...) is transient. If kg = 0,
every state is trivially transient; if kg > 0, the transient state (0, 0, 0, .. .) is reachable
from every state. In either case, all states are transient, as claimed. O

Remark 4.8 Notice the gap between the previous two results: If k¢ = 0 and «; > 0,
the former says that N is positive recurrent if K% + kgkg > KpkF Whereas the latter
says that N is transient if K% +KkEKkg < KpkF —KkpkE. We conjecture that N is transient
in the case where kpkp > K% + KEKg = KpKF — KpKE.

Limited numerical simulation supports this conjecture. With a team of four under-
graduate students (Carina Guo, Olivia Guo, Leo Shen, and Yikai Zhang), we simulated
the model of this chapter using a combination of the Gillespie and next reaction algo-
rithms (see Anderson (2007), specifically Algorithms 1 and 2, for background on
these two methods). Specifically, simulations were done with parameters kc = O,
kp =kqg = kg =k; = l,and kr € {1.9, 2.0, 2.1}. By the theorem above, the system
should be positive recurrent with kr = 1.9, whereas kr = 2.0 and kg = 2.1 fall into
the gap (with k = 2 right on the boundary and not covered by the conjecture above).
Indeed, trajectories kept returning to zero in the k = 1.9 case; they increased steadily
for kp = 2.1; and the kg = 2.0 case was less clear. A

Appendix A Necessary results related to Lyapunov functions

This section is devoted to collecting all of the Lyapunov conditions we use in the
present paper, and providing proofs (or references for proofs) for each.

The first result provides a necessary condition for Markov chains to explode. As
stated below, it is a corollary of Theorem 2.1 of Meyn and Tweedie (1993).

Theorem A.1 Let X be a continuous-time Markov chain on a countable state space S
with generator L. Suppose V is a function on S which satisfies V. — o0 in the sense
that {x € S : V(x) < y} is finite for every y € (—00, 00). If there are constants
c,d > 0sothat LV (x) < cV(x) +d for all x, then X is not explosive.
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Proof See Theorem 2.1 in Meyn and Tweedie (1993). O

The next theorem is the standard Lyapunov function criterion for positive recur-
rence. For a proof of the version given below, see for example Theorem 7.3 in Anderson
et al. (2020). (Note that Theorem 7.3 in Anderson et al. (2020) is actually our Corol-
lary A.3; that is, they assume V — oo instead of assuming that X is not explosive.
However, their proof only uses the fact that V. — oo to show non-explosivity. The
fact that V. — oo is only required for non-explosivity is not a new observation; see
for instance the exposition following condition (CD2) in Meyn and Tweedie (1993).)

Theorem A.2 Let X be a continuous-time Markov chain on a countable state space S
with generator L. Suppose there exists a finite set K C S and a positive function V
on S such that

LV(x) < -1

for all x € S\ K. Suppose further that X is not explosive. Then each state in a
closed, irreducible component of S is positive recurrent. Moreover, if Ty, is the time
for the process to enter the union of the closed irreducible components given an initial
condition xy, then Ey[ty,] < oo.

Proof See Theorem 7.3 in Anderson et al. (2020). O

The following corollary is useful enough for proving positive recurrence that it is
worth stating explicitly.

Corollary A.3 Let X be a continuous-time Markov chain on a countable state space S
with generator L. Suppose there exists a finite set K C S and a positive function V
on S such that

LV(x) < -1

forall x € S\ K. Suppose further that V. — 00 in the sense that {x € S : V(x) < y}
is finite for every y € (—00, 00). Then each state in a closed, irreducible component of
S is positive recurrent. Moreover, if Ty, is the time for the process to enter the union of
the closed irreducible components given an initial condition xo, then E,[1y,] < oo.

Proof By Theorem A.1, X is not explosive, so the conclusions follow from Theorem
A2 O

The next theorem gives a Lyapunov condition for checking transience. For a proof
of the version given here, see for instance the appendix of Anderson and Howells
(2023).

Theorem A.4 Let X be a non-explosive continuous-time Markov chain on a countable
discrete state space S with generator L. Let B C S, and let T be the time for the
process to enter B. Suppose there is some bounded function V such that for all x € B€,

LV (x)>0.
Then Py, (tp < 00) < 1 for any xqo such that

sup V(x) < V(xp).

xeB
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Proof See the appendix of Anderson and Howells (2023). O

Lastly, the following condition can be used to show that a Markov chain is explosive.

Corollary A.5 Let X be a continuous-time Markov chain on a countable state space S
with generator L. Suppose there exists a finite set K C S and a positive function V
on S such that

LV(x) < -1

for all x € S\ K. Suppose further that V is bounded from above. If there exists
7 € K such that z is in a closed, irreducible component of S, and there existsay € S
reachable from z such that V (y) < infycg V(x), then X is explosive.

Proof On the one hand, if X was not explosive, every state in a closed, irreducible
component of S would be positive recurrent by Theorem A.2. In particular, the point
z € K given by the statement of the corollary would be positive recurrent for X.

On the other hand, if X was not explosive, then applying Theorem A.4 to X
with function —V would yield that P,,(tx < o00) < 1 for any xo such that
sup,cx —V(x) < —V(xp). In particular, taking xo to be the y given to us by the
statement of the corollary, we would have Py (tx < co) < 1. But then when the chain
was started from z, it would reach y with positive probability by assumption, and then
fail to return to z with positive probability.

Thus Theorems A.2 and A.4, taken together, show that if X were not explosive then
the point z given in the statement of this corollary would be both positive recurrent
and transient. This is absurd, so X is explosive. O
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