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FOR ANGELESCO SYSTEMS. PART I: NON-MARGINAL DIRECTIONS.
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ABSTRACT. In this work, we establish strong asymptotics of multiple orthogonal polynomi-
als of the second type for Angelesco systems with measures that satisfy Szegd conditions.
We consider multi-indices that converge to infinity in the non-marginal directions.
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1. INTRODUCTION

1.1. Orthogonal Polynomials. Let i be a compactly supported Borel measure on the
real line with infinitely many points in supp y, its support. The n-th monic orthogonal
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polynomial with respect to u is a monic polynomial P, (x) of degree n such that

Jkan(x)dy(x) =0, ke{0,1,...,n—1}.

It is known that P, (x) is unique and that all of its zeros are simple and belong to A(u) =
[@(u), B(n)], the convex hull of supp p, i.e., the smallest interval containing the support
of y. One of the central questions of the analytic theory of orthogonal polynomials is
to identify their asymptotic behavior in the complex plane as the degree n — co0. There
are three well-established ways to study such a behavior: obtain weak, ratio, and strong
asymptotics. The case of orthogonal polynomials on a segment has been thoroughly
investigated [40, 28, 39, 22, 36, 37] and we outline some of these results for weak and
strong asymptotics before discussing multiple orthogonality.

1.2. Weak Asymptotics. Weak convergence is intimately related to the logarithmic po-
tential theory in the complex plane. Recall that the logarithmic potential of a compactly
supported positive Borel measure w is given by

Ve (z) = — flog |z — tldw(t).

It is a superharmonic function in the complex plane C, harmonic away from supp w, and it
behaves like —|w|log |z| + o(1) as z — o0, where |w| is the mass of w. One can readily
notice that

1 1
~log |[Pu(@)| = ~V*(2). pwi=— D, b
x:P,(x)=0

where ¢ is the Dirac’s delta distribution centered at x and u,, is the normalized (probability)
counting measure of the zeros of P, (x). Denote by I[w] the logarithmic energy of w, that
is, I{w] := { V¥dw. Every compact set K — Cis either “small enough” so that I[w] = +0
for every probability Borel measure supported on K, in which case K is called polar, or
there exists a unique minimizer of the logarithmic energy among all probability Borel
measures supported on K, say wg, called the logarithmic equilibrium distribution on K.
The measure yu is called UST-regular (Ullman-Stahl-Totik) precisely when its support is
non-polar and

1 _ _
- log [P, (z)| + V@wre(z) = 0(1) in Dpgyy := C\A(u), n— o,

where the error term is locally uniform in Dy(y), see [39, Chapter 3, p.61], and C is
the extended complex plane. In this case the normalized counting measures of zeros p,
converge weak™ to wgypp ., that is, S fdun — S f dwysupp . for any function f continuous on
A(p). There is a number of criteria that ensure the UST-regularity of a measure; see [39,
Chapter 4]. For example, write

(1.1) du(x) = p' (x)dx + dp®(x),

where p* is singular to the Lebesgue measure. If supp 4 = A(u) and ¢’ > 0 a.e. on A(u)
then u is UST-regular, see [39, Chapter 4, p.101], or more generally, if supp u = A(u) and

lim&)nfrlog/,t([x —rx+r])=0

for almost every x € A(u), then u is UST-regular, see [39, Chapter 4, p.110].



STRONG ASYMPTOTICS OF ANGELESCO MOPS: NON-MARGINAL DIRECTIONS 3

In the case of measures supported on an interval, i.e., when suppu = A = [e, 8], the
above asymptotic formulae can be made very explicit: it holds that

dx 4
(1.2) dwp(x) = and V¥ (z) = log|pa(z)| — log ,
m/(x — @) (B —x) B—a
where ¢(z) is the conformal map of D onto D such that ¢a(c0) = 0 and ¢a(B8) = 1.
That is, the logarithmic equilibrium distribution on A is simply the arcsine distribution on
A. One can also readily verify that

(1.3)  ¢a(z) = ﬂia <z—ﬁ;a —wA(z)> and  wa(z) :=4/(z—a)(z—B),

where the branches are holomorphic off A and wa(z) = z + O(1) as z — 0.

1.3. Strong Asymptotics. Strong asymptotics of orthogonal polynomials is related to the
function theory of Hardy spaces. Given a closed interval A, we denote by L”(w,) the
space of real-valued functions whose moduli are p-summable with respect to wa. We
further denote by H?(D,) the Hardy space of functions holomorphic in D whose squared
moduli possess harmonic majorants in Dy, see [13, Chapter 10, p.168]. This definition is
conformally invariant meaning that f € H?(D), the standard Hardy space on the unit disk,
if and only if f o ¢o € H*(D,). In particular, any g € H>(D,) possesses non-tangential
limits from above and below A, say g+, and g4 € L?(wp) while log |g+| € L'(wy). We
shall say that G is an outer function in H*(D,) if G o ¢;1 is an outer function in H?(D),
see [13, Section 2.4]. For instance, given a non-negative function f € Lz(wA) such that
log f € L'(wa), the function

(1.4) Qa(f,z) == exp <WA(Z) L logf(x)d?i(jU

is an outer function in H>(D,), Qa(f,0) > 0, and it is also conjugate-symmetric (this
formula is obtained through conformal equivalence with H?(D) and the known integral
representation of outer functions in that space). For such functions it holds that

(1.5) |Qa+ (f,x)] = f(x) foralmostevery x € A.

In particular, any conjugate-symmetric outer function in H?(D,) that is positive at infinity
can be recovered through the modulus of its boundary values via (1.4)—(1.5). Notice also
that

(1.6) log Qa(f,0) = f log fdwa.
A

Given a compactly supported Borel measure y, it is said that y is a Szegd measure on
an interval A € A(u), which we denote by u € Sz(A), if log i’ € L' (wa), see (1.1). In this
case it also holds that log vy € L'(wa), where

(1.7) dpuia(x) = va(x)dwa(x) + duj, (x)

(that is, va(x) = mp/(x)y/(x — @)(B —x) for x € A = [a,B]). When studying strong
asymptotics of polynomials orthogonal on the real line, one usually assumes that A = A(u)
in (1.7). However, in the case of multiple orthogonality, which is the main subject of this
work, it will be important for us to take restrictions of x4 onto proper subintervals of A(u),
and this is the reason why we write y|5 in (1.7). When u € Sz(A) one can define the
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so-called Szegd function of s, which depends only on the absolutely continuous part of
U, by setting

(1.8) G(pia 2) = Qa(v/va,2), z€Da.

By its very definition, G is an outer function in H>(D») whose traces from above and below
of A satisfy |G+ (uja.x)|* = va(x) for almost every x € A. In what follows, we remove
the subscript |A from g in (1.8) if A = A(u). It is known, see [40, Chapter XII] and [36,
Section 13.3], that if u is a Szegé measure on A(u), then

Pa(2) = (14 0() (= 030,0))

G(u, )

G(u,z2)
locally uniformly in D).

1.4. Multiple Orthogonal Polynomials. Our primary goal is an extension of the above
results to multiple orthogonal polynomials that can be defined as follows. Let y;, i € I 1=
{1,2,...,d}, d = 2, be positive compactly supported Borel measures on the real line.
Given a multi-index 7 = (ny,n2,...,n4) € Zf_, we denote by Pj(x) a non-identically zero
monic polynomial of minimal degree such that

(1.9) Jkaﬁ(x)d,ui(x) =0, ke{0,1,....n;—1}, iely.

Such a polynomial always exists and is unique. We say that a multi-index 7 is normal if
deg Pj; = |ii|, where |ii| = nj +ny + - - - + ng. Moreover, the system g = (u1, t2, - .-, ftg)
is called perfect if all the multi-indices are normal. The notion of a MOP was elaborated in
the constructive Diophantine approximations, see, e.g., [27], and it goes back to the famous
proof by Hermite that the number e is transcendental [21].

The questions of the asymptotic behavior of MOPs for an arbitrary system f are hard,
especially if such a system is not perfect. Below, we restrict ourselves to the so-called
Angelesco systems. These are systems of measures j that satisfy conditions

(1.10) Aps) nA(j) =@, irjela i#].

It is customary to label measures y; so that 8(u;) < @(u;) wheni < j. It was shown by
Angelesco [1] that such systems are always perfect (this system was later rediscovered in
[29]). Moreover, each Pj(x) has precisely n; zeros on A(y;), i € 15. Hence, for Angelesco
systems we can always write

(1.11) Pj(x) = Pji 1 (x)Pjia(x) - P q(x),

where each Py, ;(x) is monic and has all its zeros on A(y; ). The existence of various asymp-
totic limits of MOPs depends on the way multi-index |ii| approaches infinity. Therefore,

given a vector ¢ = (c1,¢2,...,cq) € (0,1)% such that Ic]i=ci+ca+-+ca=1,we
restrict our attention to ray sequence of multi-indices defined by
(1.12) N(@) = {ii : n;/|ii| — c; as |ii| — o0, i € I4}.

Of course, there are many ray sequences corresponding to a given vector ¢. In our analysis it
will sometimes be important to distinguish non-marginal ray sequences, i.e., ray sequences
corresponding to ¢ € (0, 1)d, and marginal ones, i.e., those for which at least one coordinate
c¢; vanishes. In the current paper, we handle non-marginal sequences only and the marginal
sequences will be studied in the forthcoming work.

There is a large body of literature on asymptotics of MOPs. We shall provide some
relevant references further below in Section 3 related to Angelesco systems. Besides them
another well-studied class of vector-measures is known as Nikishin systems, see [30, 31, 15].
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For Nikishin systems and their generalizations, weak, ratio, and strong asymptotics were
obtained in [19, 6, 3, 7, 14, 33] (also see the references therein). Certain extensions of
Totik’s results [41] on asymptotics of orthogonal polynomials with varying weights are
essential to our approach. We discuss these extensions in Section 4. In turn, the material
in Section 4 relies on extensions of pioneering results in [24, 25] on ratio asymptotics and
the work by de la Calle Ysern and Lopez Lagomasino [10], see also Stahl’s paper [38]
on strong asymptotics of orthogonal polynomials with respect to reciprocal polynomial
weights, which we derive in Section 5.

2. WEAK AsymproTics oF MOPs

Given ¢ € (0,1)?, || = 1, it was shown by Gonchar and Rakhmanov [18] that there
exists a unique vector of positive Borel measures &z = (wz 1, wg o, . . ., Wg 4) such that

2.1 suppwz,; =1 Az; © A(ui), Az =[ez; Bzl |wzil =cin i€lq,

and

. .
2.2 V@i (x) + ) Vei(x o 7
=Y Y ”{>fg,,-, re A))\oc.
for some constants £z ;, j € 14 (the presence of astrictinclusion Az ; & A(u;) is colloquially
known as a pushing effect; it can happen to none, some, or all but one intervals, see
Proposition 2.2 further below). The vector-equilibrium measure &z can also be defined
via the energy minimization process similar to the logarithmic equilibrium measures. The
central result of [18] is the following theorem.

x e A;z

Theorem 2.1. Ler {P;(z)}; be the table of multiple orthogonal polynomials with respect
to an Angelesco system of measures fi. Fix a non-marginal ray sequence N (c). Assume
that each y; is absolutely continuous with respect to the Lebesgue measure on A(u;) and
ui(x) > 0 almost everywhere on A(u;). Then, it holds for each i € 14 that

. 1 B -
1 1o 72,91 - v

locally uniformly in D (). Moreover, the normalized counting measures of the zeros of
the polynomials Py, ;(x) converge weak™ to c{lwg’i along N (C) for any i € 1.

In the remaining part of this section we provide a more detailed description of the
vector-equilibrium measure &z. What follows is taken from [42, Section 2].

Given pairwise disjoint closed intervals (Aj, Ay, ...,Ag), define G to be a (d + 1)-
sheeted compact Riemann surface realized as follows: take d + 1 copies of the extended
complex plane; cut the zeroth copy along u;er,A; and denote it by Sp; cut the i-th copy
along a single interval A; and denote it by S;, i € Iy; glue S;, i € Iy, to Sy crosswise
along the corresponding cut. Denote by 7 the natural projection from & onto C that takes
a point on S and maps it into the corresponding point in the cut plane.

Let ©; be the surface corresponding to (Az 1, Az, ...,Az ). Denote by Ez the set
of ramification points of &g, ie., Ez = {az1,8z1,...,0z4,8zq4} < Sz, Where
n(og;) = ag; and 7(Bz ;) = Bz, Define
(2.3) hg;(z) = jdwc—,(x) z€Dy,,, i€ly,

X —2Z !
and puthz o(z) 1= — X ;c;, e i(2). Define h; to be the function on &; such that hae., =
hzyxome,, forall k e {0,1,...,d}.
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Proposition 2.2. The function hz extends continuously to Sz\Ez and is in fact a rational
function on S;. It has a simple zero at each point on top of infinity, a single simple zero

-1
zzi € Gzonm ([Baiaziv1])
for each i € {1,2,...,d — 1}, a simple pole at each element of Ez (if zz,; coincides
with either Bz ; or oz ;1 y, then it cancels the corresponding pole), and otherwise it is
non-vanishing and finite. Moreover, zz ; = Bz ; (resp. zz; = oz ;11) if and only if
VOsi(z) + Y Vei(z) = Lz > 0

J€lq
forx € (Bz i e +€) (resp. x € (az 41— € ag 1)) forsome e > 0,i € {1,2,...,d—1}.
Furthermore, we have for every i € 1, that

(2.4) Vesi(z) + Z V@ei(z) —€z; = Re (JZ (hg’i(s) - hggo(s))ds> ,

j€la g
where a; ; can be replaced by any point on Az ; as the integrand is purely imaginary on
Az ;. It also holds that

dx .
(2.5) dwg i(x) = (ha i (x) - hZ‘,i—(x))ﬁ’ i€ly.
Finally, if {Cp,} < (0,1)4, |G| = 1, is sequence of vectors that converge to ¢, then the

measures wg, ; converge weak™® to wz ; for eachi € Ig.

It can be deduced from this proposition that there is a one-to-one correspondence between
¢e (0,1)4,|¢] = 1, and vectors (z1,22,...,24—1) such that z; < zo < --- < z4_ and
zi € (@(ui), B(ti+1)). On the one hand, ¢ corresponds to (7(2z 1), 7(2z2), - ... 7(2z.4))-
On the other hand, let (z1, 22, . .., z4—1) be as described. Set

ar = a(u1), @1 =max{a(pi+1), 2}, Bi = min{B(u;),z;}, and  Ba = B(ua),
where i € 1;\{d}. Define G with respect to the intervals A; = [a;, Bi], i € I4. Let h be
a rational function on & with the zero/pole divisor as described in Proposition 2.2 where
the simple zero in the gap Sy N 7~ ([B:, @;+1]) has natural projection z;, i € I,\{d}.
Normalize this function to have residue 1 at the point on top of infinity on Sy. Define
measures w; via (2.5) and let ¢; = |w;|,i € 1. Then, |¢| = 1 and one can use (2.4) to show
that w; = wz;, i € I4.

The following two facts about measures wz ; are important for the forthcoming analysis.
Notice that it readily follows from (2.5) that these measures are absolutely continuous with
respect to the Lebesgue measure, i.e., dwz ;(x) = w’al.(x)dx.

Proposition 2.3. For each ¢ € (0,1)4,|¢| = 1 and i € 14, the density w?, (x) is non-
vanishing on (az ;, Bz ;). Moreover,
. / +1/2
Jim ol ()~ )Y
exists and is positive and finite, where one needs to take exponent 1/2 if hz has a pole at
Bez.; and exponent —1/2 if hg is finite at Bz ;, i € 14. Furthermore, analogous claims hold
at each az ;.

Proof. Let S be the Riemann surface defined after Theorem 2.1. Denote by ooy the
point on top of infinity that belongs to Sz, k € {0,1,...,d}. Let yz : Sz — C be the
conformal map such that yz ¢(z) = z + O(1/z) as z — oo, where, as before, yz x(z) is the
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pull-back to C of yz from Sz 4, k € {0,1,...,d}. Thatis, yz is a rational function on &
with a simple pole at 00y and no constant term in its Laurent expansion there. The specified
behavior at 0o determines yz uniquely (the difference of any two such functions must be a
constant function as it has no poles and is analytic everywhere on S¢; as it vanishes at o0,
this difference is identically zero). The uniqueness immediately yields that

xek(Z) = xex(2), kef0,1,....d}
Thus, the preimage of the real line is the cycle that proceeds along segments of the real line
when sheets S; ; are identified with cut planes in the following manner:

Sz0 Sz, Sz, Sz0 Sz Sea Se.a S0
Wy = Qg = 01 S Bz S gy S = 0g — Bz — 0p.

In particular, we have that +Im(yz o4 (x)) > O forx € (az;, Bz,;), i € Iq. Let
P2i—1 = XE(O‘Z*,[)’ p2i = Xa(ﬁa,i), x2i-1:= xz(0;), i€l

and xy; 1= xz(2zz,;), i € I5\{d}. Then, it holds that

(2.6) p2i-1 <X2i—1 < pai, [ €lg, and  py <xo; < paiv1, i€ Lg\{d}.

It also can be readily seen that

2.7) he — (e —x1)xe —x2) - (xe —x2a-1) _ i Yi

(xa —p1)(xe —p2) - (xe —p2a) = xe —pi
(this is not the reduced form because x;; can be equal to either p,; or py;41 as explained in
Proposition 2.2). Clearly, it holds that

k—1 Pr — X 2d P —xi
yi = n k i H k i—1 > 0’
TPk = Pi 5, PP

where the last inequality follows from (2.6) (notice also that leil v; = 1 as follows from
the normalization of hz at o0g). Since h; is a rational function on G, it necessarily holds
that hz o4 (x) = hz ;5 (x), x € Az ; for each i € I5. Thus, we get from (2.5) and (2.7) that

_ hzo—(x) — hz o4 (x)
2i

2d
yilm(xz 04 (x))
= —Im(hz . (x)) = e () — piP - —
i=1 Xz0+(x) = pil

for x € (@z;, Bz,;) and each i € I as claimed. Moreover, we get for each i € Iz that

xz.0(2) = pai + q2i(z — Bz)) > + O((z — Bz.1))
for z ¢ Az ; and sufficiently close to Bz ;, where we take the principal branch of the square
root and g; > 0 since yz is conformal. Then, we get for each [ € 1 that

ol (x) = (ya/qo) (B — x) "2 + O(1)
if Y # 0,i.e., zz] # BE,I? or

nw’ (%)

>0

2d

0l () = By — )7 ) L 0((Bey )

i—tren (P2 = pi)?

otherwise. Since analogous claims hold at each a; , this finishes the proof of the proposi-
tion. O

3. StroNG AsymptoTicS OF MOPs

We keep all the notation given in the introduction and Section 2.
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3.1. Uniformity of Szegé Measures. To describe the strong limits of multiple orthogonal
polynomials we need to define an analog of the Szeg6 functions (1.8).

Proposition 3.1. Let {A;}ic1, be a collection of pairwise disjoint closed intervals and
{ui}ie1, be positive Borel measures such that u; € Sz(A;) for each i € 1. There exists
a unique collection of functions {S;(z)}ie1, such that each S;(z) is a conjugate-symmetric
outer function in H*(D,) with S;(o0) > 0 and it holds that

3.1 |+ (x)[? H Si(x) =va(x) forae xel;, ielg,
J€la,j#1

where v, (x) is the Radon-Nikodym derivative of u; w.r.t. wa,, see (1.7).

We point out that for absolutely continuous measures du; = i} (x)dx with smooth non-
vanishing densities x;(x), the integral representation of functions S;(z) was obtained in [7],
see also [42, Section 6]. This representation is similar to formulae (1.4), (1.8) and it uses a
Cauchy-like kernel on the Riemann surface & that corresponds to (A1, Ay, ..., Ag).

To account for the pushing effect, we further strengthen the notion of a Szeg6 measure.
We shall say that a measure u is uniformly Szegd on a closed interval A, and denote this
by pu € USz(A), if u € Sz(A) and for any sequence of closed intervals {A,} such that
A, € A(u) and A,, — A as n — o0, there is ng such that u € Sz(A,,) for n = ny and

(3.2) lim J|logu’( —log ¢/ (Ia—a, (x))|dwa(x) — 0,
n—

where Ia_,a,, (x) is a linear function with a positive leading coefficient that maps A onto A,,.
We call the class “uniform Szegd” to emphasize that small perturbations of the endpoints
of A result in small changes of the value of the Szegd function at infinity. In fact, this is
true for the whole Szeg6 function locally uniformly away from A.

Proposition 3.2. Let {A;}ic1, be a collection of pairwise disjoint closed intervals and
{ui}ier, be a collection of positive Borel measures such that y; € USz(A;) for eachi € 1.
Further, let {A, ;i }ier,, n € N, be collections of pairwise disjoint closed intervals such that
Ani € A(w;) and A,,; — A as n — oo for eachi € 1. Then

(3.3) Sn.i(z) = Si(z) as n—

locally uniformly in D, for each i € 14, where {S;(z)}ie1, and {Sn.i (2)}ic1, are the collec-
tion of functions guaranteed by Proposition 3.1 for {A; }ier, and {Ap ;i }ier,, respectively.

Since the concept of uniformly Szegé measures is important to our analysis, let us
provide a different characterization of this class. To this end, given an integrable function
6 on an interval A, we let

(1,0)( €A,

f J |x — t
where y € A is fixed, which is a version of the so-called Riemann-Liouville fractional
integral (corresponding to the exponent 1/2). As an integral transform, 7, is a continuous
operator from L'(A) into weak-L?(A), see [9, Lemma 2.13]. Notice also that given two
different v and vy, such that y{,y, € A, y1 < 3, the difference

(1,,0)(x) — (1,,0)(x) = L (7 _6@)dr

\/_E Y1 «/|x—t|

is continuous in x on R\[y1, y2].

Proposition 3.3. Let [a, B] = A € A(u). The following are equivalent



STRONG ASYMPTOTICS OF ANGELESCO MOPS: NON-MARGINAL DIRECTIONS 9

(i) u e USz(A);
(i) (I,logu’)(x), x € A(u), is continuous at 8 and a, where y € (a, B) is any;
(>iii) for any € > 0 there exists de > 0 such that
b / b /
@1 t)dt 51 t)dt
og ¢ (1) ogu(t)dr) _

Ao Vt_ad ag \/bﬁ_t

when dist(e, [aq, bo]), dist(B, [ag, bg]) < de.

s

If 6 € LP(A) for some p > 2, then I,,60 is Holder continuous on A with exponent at least
2—1/p, see [20, Theorem 12]. Since y’ is an integrable function, log™ ' isin LP (A) for any
p > 2. Hence, I, log™ 1 is necessarily Holder continuous and therefore Proposition 3.3
could be equivalently stated with log u’ replaced by either | log ¢’| or log™ 1/'.

3.2. Main Theorem. Recall definitions (1.9)—(1.12) as well as (2.1)—(2.2). Below, we
label simply by 7 the quantities usually labeled by ¢ when they are referred to with the
value of the parameter ¢ being 7i/|i|.

Theorem 3.4. Let {P;(z)}; be the table of multiple orthogonal polynomials with respect
to an Angelesco system of measures {i. Fix a non-marginal ray sequence in N(C). Assume
that pi; € USz(Ag ;), i € 14. Then, it holds for each i € 1, that

Szi(0)

Sz.i(z)

locally uniformly in D, for all |ii| large enough, where {Sz ;(z)}ie1, is the collection of
functions guaranteed by Proposition 3.1 for the collection of intervals {Az ; }ier,.

Pste) = 1+ o) exp (17 [ og(s — x)ds )

Let us point out that if N'(¢) is such that A; ; = Az ;, i € Iy, for all i € N(¢) with |7]
large enough, then we can simply require that ; € Sz(Agz ;). This holds whenever, e.g.,
N(C) = {n-m : n € N} with ¢ = m/|m| for some i € N4, or when ¢ belongs to a relatively
open subset of {¢ € (0,1)¢ : |¢| = 1} for which Az ; = A;, i € 1. This set is known to be
non-empty which follows from the paragraph after Proposition 2.2.

Whend =2,¢ = (1/2,1/2),and N(¢) = {(n,n) : n € Z}, the result of Theorem 3.4
is contained in [2]. We also want to mention the work [23] where the strong asymptotics was
obtained for two touching intervals and the Jacobi weights. Theorem 3.4 also generalizes
the results in [42], where the measures u; were absolutely continuous and their Radon-
Nikodym derivatives with respect to the Lebesgue measure were assumed to be Fisher-
Hartwig perturbations of functions non-vanishing and analytic around the corresponding
intervals. We also mention our earlier work [5], where in the case of two absolutely
continuous measures with analytic non-vanishing derivatives the strong asymptotics was
derived along all ray sequences including the marginal cases ¢ = (0, 1) and ¢ = (1,0). In
the forthcoming work [43], which is a continuation of [5], the error estimates are shown to
be uniform in 7 with explicit bounds on their rate of decay.

Our approach relies on two improvements of a theorem by Totik [41, Theorem 14.4] on
the asymptotic behavior of orthogonal polynomials with varying weights. We discuss these
generalizations in Section 4.

In conclusion, we mention that finding strong asymptotics of MOPs is required in the
theory of Jacobi matrices on trees [11, 4, 5], the study of simultaneous Gaussian quadrature
[26], random matrices [8], asymptotcs of special Hankel determinants, and other areas. We
will address some of these applications in subsequent papers.
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3.3. Proofs of Propositions 3.1 and 3.2. In what follows, we switch to a vector notation.
Given A = (A, Ay, ..., Ay), acollection of closed pairwise disjoint intervals, we put

Ll(wg) = Ll(a)Al) X o X Ll(a)Ad),

- -

and define the spaces of continuous C(A) and continuously differentiable C'(A) vector-
functions similarly. We shall use vector notation i to denote elements of these spaces and
write either u; or (if);, whichever is more convenient, for the i-th component of the vector i.

Throughout the paper we write a, < b, or f,(x) < gu(x), x € K, if there exists a
constant C > 0, independent of n but possibly dependent on some other relevant parameters,
such that a,, < Cb,, or f,,(x) < Cgu(x), x € K. If we want to emphasize that C does
depend on some quantity O, we shall write Sg.

Given a (real-valued) function u in L' (w,), we set

G4 (Hau)(z) :=log |Qa(e",z)], ze€ Da=C\A,

where QA was introduced in (1.4). Then, Hau is a harmonic function in D whose non-
tangential boundary values from above and below A exist almost everywhere and are equal
to u, see (1.5). That is, Hau is a solution of the Dirichlet problem in D, with boundary
data u. When u € C(A), (Hau)(z) is in fact continuous in the entire extended complex
plane, see [32, Corollary 4.1.8 and Theorem 4.2.1]. Next, let

Hajn o LY (wa,) = L' (0n,)s = (Haju)pa,

fori # j, i,j € I4. For convenience, define Ha,_,,; to be the operator that sends every
function into the zero function. Define

(3.5) H; = —% (Ha-a)f L wg) > L' (w;),
where i is the row index and j is the column one giving the matrix form
. 0 HA20—>A1 e ZA,,—»AI
H; - % AI'—>A2 . An‘—>A2
Hp,a,  Hayon, - 0

Since harmonic functions are infinitely smooth, it in fact holds that 3 (L' (w3)) < C! (A).

We also need to introduce certain modifications of the operators 3. These modifications
are not important for the proofs of Propositions 3.1 and 3.2, but will be indispensable in
the proof of Theorem 3.4 when we work with ray sequences exhibiting the pushing effect.
To this end, let

A* C A (A:" S AL Viely), A*= (A;"A’;A(’;)
be a vector of closed intervals. For each pair A* < A, denote by Ry_,# the restriction
operator of a function on A to a function on A*. Put

(3.6) H; 1

d >
A% A = _5 (HA;FHAL' © RAJ-HA;F)

: C(A) - C(A).
ij=1

That is, H-,. 4 is obtained by first restricting i to A*, then applying the same harmonic

A% A
extension operators as in the case of the operator Hs.,., and finally restricting these exten-

Ax>

sions to A (and not A* as in the case of H5+)- We consider Hj,, ; only as an operator on

continuous functions because a restriction of ii € L' (w3) to A* might not lie in L' (W3x)-
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Lemma 3.5. If Hzii = ii, il € L' (wy), then ii = 0, where 0 is the zero vector-function.
The same conclusion holds in the case of Hz 3 on C(A).

Proof. Set hi(z) := (Ha,ui)(z), i € I5. Since i lies in the image of H5, each u; is
necessarily a continuous function on A; and therefore £;(z) is not only harmonic in Dy,,

but is also continuous in the whole extended complex plane (and is equal to u; on A;).
Thus, H;ii = ii can be rewritten as

+— Z h xX€EAN;, i€l
]eldj?él

This equality, conjugate-symmetry of each h;(z), [ € I;, and the Schwarz reflection
principle allow us to conclude that for each i € I; the function

{hi(Z) + 5 D er, i 12, z€CTi={z:Im(z) > 0},
—hi(z) — %Zjeld,j:ﬁi hj(z), zeC™ :={z:Im(z) <0},

is not only harmonic in the upper and lower half-planes but is also harmonic across A; when
extended to A; by zero. Since the sum Y, hj(z) is harmonic in C\(uU;x;A;) and

BT Ri(z):=

jeld J#i

hi(z) = Ri(z) — = Z hj(z), zeCH,
JEIdJ#l

this formula provides a harmonic continuation of 4;(z) from C* to C~ across A;. It readily
follows from the second equation in (3.7) that this continuations coincides in C~ with

= > hi(z) =t ho(z).  z€ C\(Urer, A0).
Jelq

Notice that /o(z) does not depend on i in our argument. In a similar way, one can show that
h;(z) can be harmonically extended from C~ to C* across A; resulting in the same ho(z).

Let & be the Riemann surface introduced before Proposition 2.2. Set % to be a function
on G that is equal to ki (z) on S, k € {0,1,...,d}. It follows from the arguments
above that 4 is a global harmonic function on & and therefore must be a constant, see [16,
Corollary 19.7]. From the definition of ho( ) it easily follows that this constant is zero.

Now, if H, ;i = i for some i € C(A), then H; ™ = u*, where ii* is the restriction

of ii to A*. Hence, i* is the zero vector. Since HA* i depends only on #* 7{5* i is the
zero vector as well, which finishes the proof of the lemma. O

In what follows, we set 7 to be the identity operator on any considered space. In the
next lemma B stands for either L' (w3), C(A), or C'(A).

Lemma 3.6. H; is a linear bounded compact operator on B while I — H; is invertible

on B. In particular, for any d € B, (I — (H~) d is the unique solution ofu = Hyii + d.
Similarly, ‘HA* 3 is a linear bounded compact operator on B while I — ‘HA* Ais mvertzble
on B (here, we only speak of continuous spaces).

Proof. Letu € L'(w,). Explicit expression (1.4) shows that for any closed subset K = Dy
there exists a constant Cg such that

[(Hau)(2)| < Ck|ul,  z€K,

where we take the L!-norm of u. Since L!-norm is dominated by the uniform norm, which
is dominated by the C!-norm, the above inequality remains valid if u belongs to C(A) or
C'(A) with the norm coming from the corresponding space. Let U;, i € Iy, be pairwise
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disjoint open sets such that A; < U;. If it = (uy,up,...,uy) € B, then it follows from the
first observation of the lemma that

Y, (Hauj)()

J€la,j#i

(3.8) <Cy,

ﬁ|%, ZEUi9

for some constant Cy, and each i € I;. Notice that when restricted to A; the expression
inside the absolute value above is equal to the i-th component of —2(?z). This expression
is also a harmonic function on U;. According to [32, Theorem 1.3.10], any sequence of
harmonic functions, which is uniformly bounded above and below, has a locally uniformly
convergent subsequence. On A, this convergence takes place in particularin C' (A;). Hence,
H5 is a compact linear operator from B into itself. Let now B be either C (A) or C! (5)
Notice that (3.8) remains true if we replace operators Ha; by H, A% © Ry, e Hence, we
can similarly conclude that 3, 5 is a compact linear operator from B into itself.
According to the Fredholm théory of compact operators, see [12, Section 7.11], I — Hx
(resp. I — 7-{5*’ %) is invertible if and only if 1 is not an eigenvalue of H; (resp. 7-{5*’ 3
which was proven in Lemma 3.5. This finishes the proof of the lemma. O

Lemma 3.7. Proposition 3.1 takes place. Moreover,
(3.9 Si(z) = Qp,(e%,2), i€l

where § = (s1,52,...,54) = (I —Hz)~'d for

1
a= E(log:—:vl,logvz, ..., logvg) € LY (w3),
and we set, for simplicity, v;(x) 1= va,(x), i € I4.

Proof. We get from Lemma 3.6 that 5 € L'(w3). Define functions S;(z) by (3.9). First,
we show that {S;};es, satisfy conditions of Proposition 3.1. From our discussion of
formulae (1.4) and (1.5), one concludes that S; (z) is necessarily outer, conjugate-symmetric,
Si(o0) > 0, and it satisfies log |S;4 (x)| = s;(x) for almost every x € A;, i € I;. To show
that it belongs to the Hardy space, we use

(3.10) X)) = i (x) 2T e LN w,), iely,

where the inclusion holds because the image of H; lies in C (A). Therefore, S; € H*(D A)-
Clearly, S;(x) > 0 for x € R\A;. We also see from (3.4) that

(3.11) log |S:(z)| = (Ha,si)(2) -

Hence, the equation 5 = 7-{5§ + d can now be rewritten as

1
log |8+ (x)| = 3 <log vi(x) — Z IOgSj(x)>
J€la,j#i
for almost every x € A;, i € I;. Exponentiation then readily yields (3.1).
Conversely, let Q;(z), i € I4, be outer conjugate-symmetric functions with Q;(0) > 0
that satisfy (3.1) with S; replaced by Q;. Then, by taking logarithms we get that

% (logvi(x) - Z 10g|Qj(x)|> = log[Qi+ (x)|

J€la,j#i
for almost every x € A;, i € I;. Moreover, we readily get from (1.4), (1.5), and (3.4) that
log|Q;(z)| = (Ha, log|Qi|)(z) and therefore the equation & = Hii + d is solved by the
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vector-function (log |Q14|,log|Q2+], . . .,log|Qau+|). Hence, this vector-function must be
equal to s by Lemma 3.6, which means that Q;(z) = S;(z), i € 1, as desired. O

Lemma 3.8. Let {A,} be a sequence of closed intervals converging to a non-degenerate
interval A. Further, let u € USz(A) and {h,} be a sequence of continuous functions that
converges uniformly on some closed interval that contains A in its interior. Then

(Ha, (log vy, + hypa,)) (z) = (Ha(logv + ha)) ()

locally uniformly in Dp as n — o0, where v,, and v are the Radon-Nikodym derivatives of
M), and pa with respect to wp,, and wp, respectively, and h is the limit of hy,.

Proof. Letl,(x) = Ia—a, (x) be asin (3.2). Observe that [, (x) converge to x uniformly on
A. Setuy(x) := hyja, (x) +logv,(x) and u(x) := hja(x) +logv(x). Then

(Ha,un)(z) — (Hau)(z) = LRe (wAn (z)% — wA(z)Zu(Txl> dwa(x),

see (1.4) and (3.4). The function in parenthesis above can be rewritten as

R
() X)) _
WA, (2) =) (=) =: (Jn,l +Jno +Jn3)(x,2).

Observe that the functions wa,, (z) —wa(z) converge to zero uniformly in the whole extended
complex plane. Hence,

(3.12) f Jn1(x, 2)dwa(x) — 0
A
locally uniformly in D as n — co. Furthermore, since

v (x) = ap' () (x = an)(Bn —x),  x € Ap = [an. Ba].

it can be readily checked that u, (I,,(x)) — u(x) is equal to

1 Bn — an
[An(ln(x)) — h(x)] + 3 log 5 a

on A, where A = [a, B8]. Due to uniform convergence of &, to h, uniform continuity of
h on A, and (3.2), the functions u, o [,, — u converge to zero in Ll(a)A). As functions
|wa, (z)/(z — 1n(x))| are uniformly bounded for x € [—1, 1] and z on closed subsets of D,
this necessarily yields that (3.12) holds with J,, 1 (x, z) is replaced by J,, 2(x, z). Uniform
convergence to zero of /,(x) — x on A now guarantees that (3.12) remains valid if J,, | (x, z)
is replaced by J,, 3(x, z), which finishes the proof of the lemma. O

+ [log 4/ (In(x)) — log t'(x)]

LeIPma 3.9. Eet Zn = (An.1,An2s ... An.aq) be as in Proposition 3.2 and B,, be either
C(A,) or C'(A,). Then,
|7 —H; )" g, <C
for some constant C independent of n. Further, let A = (A, A, ..., Al) be such that
Ay S N and the intervals A, i € 14, are pairwise disjoint. Let B’ be either C(A") or
C'(A'). Then
|@ =, z)7'|

or some constant C' independent of n.
D

g <C
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Proof. We start by proving the first claim. Using the notation of Proposition 3.2, let
In,i(z) 1= I, ;—A,; (z) be the linear function that maps A, ; onto A; that has positive leading
coefficient, i € I4, and let

Ly B—->B,, id— (uioly,uz0lp,....uq0lyq),

where ii = (u1,ua, ... ug) and B is either C(A) or C'(A). Then, £, is an isometry of
C(A,,) or an operator on C'(A) with the norm of size 1 + o(1) as n — o0. Define

77,1 = L;] 07{&! oL,.
It is sufficient to prove the statement of the lemma with H replaced by 77(,1 because
|7 = H5,) " s, = (1 + o)L = Ha) .
where we have actual equality of norms if B, = C (Zn) It trivially holds that
Ro(L —Hy) ' = (I —H)™, Ryi=T1 — (I —Hz) " (Hy — Hy).

Thus, it is enough to show that the operators R,, are invertible and the norms of their
inverses are uniformly bounded. To this end, it is sufficient to show that

|H, — Hzlls — 0 as n— co.

First, let B = C (Z) The specific form (3.5) of these operators yields that the above claim
will follow if we prove that

(3.13) |(Ha,,(wolni)) ol — Hau

|C(Aj) < fn”uHC(Ai)

foreachi # j,i,j € 14, with ¢, — 0 as n — o0. It follows from (1.4) and (3.4) that we
need to estimate the supremum norm of the following function in y

[ s o 2 0~ [ w00 o, 0
An,i Ai

—1 —
ln’j(y)_x y—X

wa, (L5 (9)) .
:J ( S auly) u(x)dwa, (x)
a\ L O0) =1 (x) Yy =X
on A, ;, j # i (we have removed the reference to the real part as the integrals are real for
the considered values of y). As wa, is a probability measure, we put
WAn.i(l;«Z}(y)) Wa; ()

L) =) y—x
to get the desired bound. Since {A;};cs, are pairwise disjoint and both /,, ;(z) and [, ;(z)
converge to z locally uniformly in C, it holds that €,, — 0 as n — o0, as claimed.

When B = C!(A), it is sufficient to show that

(3.15) |(Ha,,(wolyi)) ol — Hpu

(3.14) €, := max max max
i#] yeAj xeA;

‘CI(AJ) < é\nH”‘”C(Ai)

foreach i # j, i,j € Iy, with €, — 0 as n — o0. Since we can differentiate under the
integral sign, the proof of this claim is no different from the already considered case.
The proof of the second claim is essentially the same. We have that

R;(I *7‘(&"’3,)71 = (I 77‘{5’3,)71, 7{; =7 — ([ *7’[&5,)71(7‘(&"’3, *7‘{3’&).
Clearly, C(A;) can be replaced by C(A}) in (3.13) and (3.15) simply because A; <= AL

Moreover, the spaces C(A;) and C'(A;) in (3.13) and (3.15), respectively, can be replaced
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by C (A;) and C! (A;) because (3.14) only uses the fact that all the intervals Ay, are separated
from each other, which is also true about the intervals A;(. Hence,

|Hz, &

which finishes the proof of the lemma. O

—Hizle —0 as n— o0,

Lemma 3.10. Let A, and A be as in Proposition 3.2. Further, for each i € 1, let by ;(x),
n € N, be continuous functions defined on some interval containing U menn,,; such that
the sequence {b, ;} converges uniformly on this interval to a continuous function b;(x) as
n — oo. Let y,,,y be the unique solutions of

-

yn=7{5n§n+l§n and §=7'{3§+B,

where (by)i(x) 1= by i(x), x € Ap;, and (b);(x) := b;i(x), x € A;, i € I4. Then, for each
i € Iy, the convergence
Hy, ;(Vn)i(2) = Ha,(¥)i(z) as n— o0
holds uniformly in z in the extended complex plane.
Proof. Since b, € C(A,) and b € C(A), we have that ¥, € C(A,) and § € C(A) by

Lemma 3.6. Thus, we get from Lemma 3.9 and the conditions placed on the functions
bn,,-(x), i € I4, that

(3.16) H?n”c(g") = ”(I _ﬂgn)_lanc(KH) < anHC(gn) <L

Put A, ;(z) := Ha, ,(¥x)i(z), which is a continuous function in C that is harmonic in Dy, ,
and is equal to (y,); on A, ;. Set y := £, '3,, where £,, was defined in the previous
lemma. Then, it holds that
Yu = Hiyn + by,
where l_;,’f is the vector-function with coordinates
_ 1 _ _
b (x) = bi(l, 1 (x)) + 5 > (h,,, SO = ha (0, ) (x))) . xeA;,
J#i,j€la
and I, x (z) is the linear function, see (3.2), that maps A,,_x onto A, k € I;. Explicit integral
representation (3.4), (1.4) and the bound (3.16) yield that

WA, ; (tl) WA, (t2)

T —x fhh —x

|, j(t1) — hn,j(12)] < max
XGAn,J‘

for any two points 1, ¢, ¢ A, ;. Since the functions /,, x (z) converge to z and the functions
|wa, . (z)| converge to [wy, (z)| locally uniformly in C, k € I, we get that

155 — Wc(&) < |[|(T _ﬂﬁ)_IHHb: - bHc(Z) -0

as n — o0 by Lemma 3.6. Put h;(z) := Hy,(¥)i(z), which is a continuous function in C

that is harmonic in D, and equal to (¥); on A;. It follows from the maximum principle for
harmonic functions that

|hi(1n,i(2)) = hni(2)] < |hi 0 bni = bl cany = 13)i = Ghillcay — 0

asn — oo foreach z € Candi € Iy. It only remains to observe that the differences
h; o l,; — h; are uniformly converging to zero in the extended complex plane by the
maximum modulus principle for harmonic functions as #4; is uniformly continuous on any
compact set containing A; and /,, ;(z) converge to z uniformly on any such set. O
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Lemma 3.11. Proposition 3.2 takes place.

Proof. Let v, ; be the Radon-Nikodym derivative of ;|5 ; with respect to w,,,; and v; be
the Radon-Nikodym derivative of Hila; with respect to wa,, I € I4. Set

-

a, = %(logvn,l, o ,logvn,d) and ad:= %(logvl, ... ,logvd).

Further, let §,, and § be the unique solutions of

(3.17) Sp = (HZHE,, +d, and §=H:5+a,

respectively. Set ¥, := 7-{5"3,, by = 7-{&'5,,, y := H;5, and b= Hizd. Applying the
operators (Hﬁn and H; to equations in (3.17), respectively, we get that

Yn =Hz Vn+ b, and ¥ =H;y +b.

It follows from Lemma 3.8, applied with £, = 0, that the vector-functions by and b satisfy
the conditions of Lemma 3.10. Hence, we have that

hni(2) := Hp,;(n)i(2) = hi(z) := Ha,(¥)i(2) as n— oo
uniformly in C. Recall that
hni(x) = (Fn)ilx) = (7—(&!5,,)[()5), X €A,
) = (i) = (#3),00), xe A

for each i € I, by the very definition of ¥, and ¥ as well as the properties of harmonic
extensions of continuous functions. Thus, we get from the very definition of 5, and s that

{(En)i(x) = hn,i(x) + $logva(x), x€ A,
()i(x)  =hi(x)+ %logvi(x), X €A,
for each i € 4. Since functions %, ; converge uniformly to /;, we get from Lemma 3.8 that
(3.18) Hp,  (5n)i(z) = Hp (5)i(z) as n— o

locally uniformly in D, for eachi € 1.

It only remains to show that (3.18) implies (3.3). Since S;(z) is a fixed non-vanishing
function, it is enough to show that the ratios S,_;(z)/S;(z) converge to 1 locally uniformly
in Dy, for each i € I;. It can be readily seen from (1.4), (3.4), (3.9) and (3.18) that this
claim is true for |, ;(z)/Si(z)|. Thus, the functions S, ;(z)/S;(z) form a normal family in
D, whose only limit points are unimodular constants. As these functions are positive at
infinity, the desired claim follows. O

3.4. Proof of Proposition 3.3 and an example. Set 6(¢) := |logy'(¢)]. As men-
tioned right after the statement of Proposition 3.3, we can consider (/,0)(x) instead of

(Iy log u')(x).
Lemma 3.12. Proposition 3.3(i) implies Proposition 3.3(ii).

Proof. We shall prove continuity at S understanding that continuity at @ can be proven
analogously. We need to show that

Jim (1,6)(8,) = (1,6)(B)
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for any sequence {8,} < A(u) such that ﬁn — ,8 as n — o0. Clearly, in the limit above we
(t — a). Observe also that

can replace y by a. Let [, ()—aJrﬁ

Ry ey

The claim of the lemma now follows from (3.2) and the estimate

f%‘”‘ 60(1 ‘ FJ 16() — (1 (1)) |dwa ()
<y —aj [ log (1) — og 1 (1n(1))ldewa(r). O

Lemma 3.13. Proposition 3.3(iii) implies Proposition 3.3(i).

Proof. Let {A,} be a sequence of closed subintervals of A(u) that converges to A. Pick
€ > 0 and let § be some positive number we will specify later. Then,

B B—06
[/ o246~ tog s (a0 lduon(t) < | J1og s () = tog (1n(0) deon(s) +
yé) a+d
(3.19) | 0+ otdosto+ [ (600) + 000 danto.
B—0o @

where [,(t) is the linear transformation with the positive leading coefficient that takes A
onto A,,. If @, and B, are the endpoints of A, i.e., A,, = [an, Ba], then

B n
J 0(1,(1))dwa(t) = Jﬁ 0(t)dwa, (1),

B—o . — On

where 6, = £ o “n 5, and a similar equality holds for the integral of 6(1,(¢)) on [, @ + §].
Notice that hmn_,OC 0p = 0. Now, it becomes clear that the assumption (iii) of the
proposition implies that exists 6 > 0 and N € N such that

B e [*t9 €
f 0(t)dwa(1) < . f 0(t)dwa(t) < &,
a+o

B €
f 0(1,(1))dwa(r) < 3 J 0(1,(1))dwa(t) <
B—0o a
for all n > N. To see that the first integral in (3.19) also can be made smaller than €/5 for
all large enough 7, observe that dw, () < (78)~'dt on the interval of integration and that
B—6
lim |log ¢t/ (t) — log p/ (1(1))|dt =

=90 Jo46

W m

which can be shown, for instance, by approximating log ' (¢) with continuous functions
in L' norm (the desired estimate for continuous functions follows trivially from uniform
continuity). O

Lemma 3.14. Proposition 3.3(ii) implies Proposition 3.3(iii).

Proof. Since (I,0)(x) is continuous at 3, there exists an interval, say [a, b], that contains
B in its interior (unless B3 is the right endpoint of A(u), in which case b = ), on which
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(I,0)(x) is bounded. It is known [35, Theorem 2.1] that

(3.20) (x) = % (i 9)_<tt) dt) = %(17(179))@), x € (y.b).

Let us write (156) (x) for (L, (1,8))(x), which is an absolutely continuous function on [y, b]
that vanishes at y, see again [35, Theorem 2.1]. Fix some 6 € (0, (b — a)/2). Notice that

d (B0 N\ d [ BOx-s) )
a(v ﬁ_ﬂQwOQ VI

im 7 (5O)(x +h—s) = (8)(x —s) ds lim f“” (150)(1) s
h—0 ) 5 h \/E h—»Oh Vx+h—t

The second limit is equal to zero due to continuity of the integrand and vanishing of (1 39) (1)
aty. Itis known, see [34, Theorem 6.9], that absolute continuity of a function is equivalent
to uniform integrability of its divided differences. As (159) (x) is absolutely continuous
and 1/4/s is continuous on [, b — ], we get from Vitali’s convergence theorem and (3.20)
that the first limit is equal to
x—y _
f O(x —s) s

5 Vs

and hence

X — 2 X — X —
3.21) %( é(f/i()d) L yg(x_sd _J 6\;Ldt
y x—t x—t

Writing the outer I, transform explicitly and changing the order of integration gives us

)(s)ds =

(3.22) f \/xf NG (f m)
LX_JF (1 - - f s) (I,0)(s)ds, F(s):= \/—EL \/%,

Again, we need to justify changing the order of differentiation and integration. To this end,
assume now that x € (a + 26, b). By the mean-value theorem and its very definition, the
derivative of the last integral in (3.22) is equal to the limit as 4 — 0 of the following sum
of three terms

(323) 6Ja F' <1 - - +;1 — s> Ei’f)sg ds+
%LM (F (1 - ﬁ) _F (1 - %)) (1,0)(s)ds+

1 x+h—06 )
— Fl{l——— | (1,0 ds,
o ( x+h_s)<yst

where &, = &(x, s) is such that || < |h| The first term in the sum above converges to

\/>J' s)ds
(x —9) féfs
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when i — 0. This follows from the dominated convergence theorem because (7,0)(s) is a
fixed integrable function and the other factor in the integrand is a function continuous in s
that converges uniformly when 27 — 0. The second term in (3.23) has the following limit

6JX6F/ (1__6 > \/7r ¢ )(s)ds
a x—s) (x—s) (x —s)Vx—6—s

as h — 0 according to Vitali’s convergence theorem. Indeed, (/,6)(s) is bounded on the
interval of integration by assumptions of Proposition 3.3(ii) and the divided differences of
F(1 —6(x — s)~") are uniformly integrable. The last term in (3.23) can be rewritten as

5 h/(h+38) S F(t)
EJ;] (I),H) <x+h——> (l_t)zdf.

Its limit as 4 — 0 is equal to O due to the boundedness of (,6)(x) on (a,b) as well as
the continuity of the function F(¢)/(1 — ¢)? around the origin and its vanishing at = 0.
Altogether we get from (3.21), (3.22) and the reasoning above that

xX—0 9 x—0& )dS‘ 2 Ly s 5 dt
f f (I,6)(x — 6 — 61°) —,
VX —t (x—s)Vx—86—3s \/77 0 1+1¢

where Ly s = 4/(x — & — y)/6. We can use the identity Sgo(tz + 1)~!dt = n/2 to rewrite
LJX o()dr _ (1,0)(x) — 1 JX‘S O(t)dt _ 2 (JOO (1,0)(x)dt
VI s A/ — 1t 7 NZ3 ¥ Vx—t T \Jes//G 1+172
_Jhﬁ(gm@—a—&%h+Jwﬁngm@y4@mu—a—&%w>

L5/ 1412 0 1+ 2

for any positive £s. If we choose {5 = 6%, we get that

©  (I,0)(x)dt Nz \
—————| < |(L0)(x)|— = |(I,0)(x)]6% .
Lé/\/g 1+l2 |('}’ )( )‘55 |('y )( )|
Similarly,

fo,é (170)()6 -0 — 61‘2)d1‘ - \/_g X*(Sf[(zs ‘(179)(s)|ds

tsIVs L+ Gy x—6—s
Vs [* (P .
<35 | 10))lds = o J I(1,6)(s)|ds < &%

s v y

Next, we have that
J[‘S/ﬁ (179)()‘) - (179)(x —0— &2)
0 1+12

dt| < max |(1,0)(x) = (1,0)(s)|-

/e
1
2 sE[x—6—04,x—6]

Now, using continuity of (,6)(x) at 3, the above estimates show that given € > 0, we can
always find d so that |x — B| < d¢ and |x — § — B| < d imply

*0(t
J LIOLI
x—6 VX —1

This is precisely the statement of the second part in Proposition 3.3(iii). The first one is
proved similarly. O
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An example. The uniform Szegd condition is subtle and it depends on the direction in
which the point is approached as shown by the following example. Given € € [0, 1], let u
be an absolutely continuous measure on [—1, 1] such that log . (x) = —6¢(x), where

0.(x) im {o, e [~1,0],
x12(1 —logx)~¢, xe(0,1].
When e = 0, it holds that yy € Sz([—1,a]) for any a € (—1,1]. Indeed, the claim is
obvious when a < 0. Whena > 0, it holds that
1 a (
«/er a—x J q/er a—x J A/ X a—x

This computation also shows that

1 J‘f o(x)dx )0, 6<0,

nlio—x |1, 6>0,
and therefore u ¢ USz([—1,0]) as follows from Proposition 3.3(ii). On the other hand,
when € > 0, it holds that
1 (% 0c(x)dx _ 1

16 —x (1 —1logo)e

and therefore u € USz([—1, 0]) again by Proposition 3.3(ii) (in fact, 4 € USz([—1, a]) for
any a € (—1, 1] in this cases) However, when € < 1, we have that u. ¢ Sz([0, 1]) since

= 1.

0< -0 as 6—0",

f 1 ! dx f du
—:_ — =0
N 1fx x(1 —logx)e m ) u€

3.5. Proof of Theorem 3.4. For convenience, we keep ¢ as a symbol standing for an
arbitrary vector in (0, 1)¢ that satisfies || = 1 while fixing & € (0,1)¢, |§| = 1, and a ray
sequence of multi-indices N (&) satisfying

n/li| - ¢ as || > o, neN(S).
As agreed earlier, we use subindex ¢ to indicate that a quantity depends on the parameter ¢
while for rational values of ¢, i.e., when € is equal to 7i/|ii| for some 7i € N¢, we replace the
subindex ¢ by 7. For the purposes of this subsection, we also let A; := A(y;) and assume
Ui € USZ(A&,-), iely.

Theorem 4.2 further below is central to our approach. It has three conditions appearing
in it. The first one will be trivial to check. The other two require more work and we do it in
two separate lemmas. Our goal is to show that these conditions are satisfied with u = y;
and A, = Ay ;. 7 € N(S), for each i € I;. Notice that the intervals Aj ; converge to Az ;
for each i € I as |ii| — oo, i € N(&), as shown in [42, Proposition 2.1].

Lemma 3.15. Let N(§) be as above and (wj; 1, Wy 3, - - -, Wii.q), 1 € N (&), be the vector-
equilibrium measures (2.1)~(2.2). For each i € g, the sequence {(|71]/n;)wj ;}iien (&)
satisfies condition (3) of Theorem 4.2 with i = u; and A, = Aj; ;.

Proof. From now on [ € I, is fixed. By its very definition, (|7i|/n;)wj ; is a probability
measure supported on A ; for each 77 € N(&). It follows from (2.5) that each of these
measures is absolutely continuous with respect to the Lebesgue measure. Since |7|/n; —
1/(§); # 0 as |ii]| — o, i € N(§), we shall omit the factors |7|/n; in the forthcoming
analysis.
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Recall functions hz 4 (z), k € {0,1,...,d}, defined in (2.3). Put
(3.24) Wz i(2) 1= wag, (2) (R o(2) — hey(2)),

which is holomorphic in C\ Ujer, Az ;. Since hz o(z) and hg(z) are branches of a rational
function on a Riemann surface, it holds that hz o4 (x) = hz ¢ (x) for x € Az ;. One can
also readily see that wa 4 (x) = —wa,,— (x) forx € Az ; and so Wz ;4 (x) = Wz ;_(x) for
x € Ag,;. Hence, Wg (z) is in fact analytic across (az, Bz,;). Since

(3.25) heor(x) —hg (x) =hz;_(x) —hzy (x) = —27ria)’5,l(x), x €Az,

by (2.5), we get from the second claim of Proposition 2.3 that the difference h¢ o(z) —hz (z)
can have at most square root singularities at az ;, Bz ;, which means that W ;(z) is in fact
analytic in some neighborhood of Az ;.

Let now ¢ and N(§) be as in the statement of the lemma. It follows from the last claim
of Proposition 2.2 and (2.3) that there exists an open neighborhood of Az ; such that

(3.26) Wii(2) = Wzi(z) as fi] » o0, iieN(S),

uniformly on its closure.
Assume that w z ; (x) blows up like a square root at both @z ; and Sz ;. Then, we get from

(3.25) and Proposition 2.3 that Wz ;(x) # 0 for x € Az ;. Thus, the neighborhood in (3.26)

can be chosen so that all the functions are non-vanishing on its closure and respectively the

moduli |Wj; ;(z)| are uniformly bounded above and away from zero there for all |7i| large

enough, 77 € N(&). Then (3.24) and (3.25) yield that

=

Wz, ()7 S @, (x) < |wag, (x) X € A,

for all |7i| large enough, 7i € N (&), where the constants of proportionality are independent
of 1. Thus, (4.2) holds with »; = %y = —1.

Next, assume that wgz,(x) blows up like a square root at Sz; and vanishes like a
square root at @z ;. Then, we get from (3.25) and Proposition 2.3 that Wz ;(x) # 0 for
x € (az,Bz;) and Wz (z) has a simple zero at @z ;. Therefore, the neighborhood in
(3.26) can be chosen so that all the functions have exactly one zero, necessarily simple,
in its closure. Each Wj ;(z) is conjugate-symmetric and does not vanish on (aj ;. Bji.;)
by (3.25) and Proposition 2.3. Hence, for each 7 there exists y;; ; such that y; ; < @z,
Wi (vig) = 0,and y;; — ez as |i| — 0,71 € N(S). Then, (3.26) yields that
Wiiz)  Weu(z)

—
2= Yig T gy
uniformly on the closure of some neighborhood of Az, and all the functions are non-
vanishing on this closure. As in the first case, we can conclude that
X Vil /

3.28 — < Wl <
( ) |WA71,1 ()] il ®) |WA71,I €3]

(3.27) | — oo, 7feN(S),

X € A?l,l’

for all |7i| large enough, 7i € N(). Trivially, x —aj;; < x—vy;i; < 2(Bzi—ag), X € Ajy,
where the upper bound holds for all |7| large enough. Necessarily,

waz, ()] € wf, () < [wag, ()71 x e Az,

for all |77| large enough, 7i € N(&). Thus, (4.2) holds with —x;, = xy = —1.

The cases where wz ;(x) blows up like a square root at &’z ; and vanishes like a square
root at Bz, and where wz;(x) vanishes like a square root at both az; and Bz, can be
examined similarly. This finishes the proof of (4.2).
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Let us now verify (4.3). If a5, > a(u;), then we get from (2.2) and Proposition 2.2
that zj; ;| = a;;;. This, according to Proposition 2.3, implies that wj; ;(x) vanishes like a
square root at o ;. That is, y;; = aj; in (3.28) by (3.24) and (3.25). Hence, the upper
bound in (3.28) can be rewritten as

X — aﬁ,l
Big —x’
which yields (4.3) with zy = 1/2. When 5 ; < B(u), the analysis around S ; is identical.

Finally, since (3.26) is a claim about uniform convergence of analytic functions, we
easily get from Cauchy integral formula as well as (3.24) and (3.25) that {w; , (x)} converges

w:ﬁhl(x) < x €Ay,

uniformly to w'é .
of the densities w}l,l(x) on compact subsets of (az;, Bz,)- ]

(x) on compact subsets of (a g ;, Bz,;). This, in turn, yields equicontinuity

Functions «,(x) th
d

t appear in Theorem 4.2 will be drawn from the following family:
for each ¢ € (0, 1), |E| =

landi € I, set

(3.29) Kzi(x) = L (—V%‘( ) + % —5 D Vei(x ) x €A

c:i
' JEId J#i

Lemma 3.16. For each i € 14, the sequence {k; ; }7cn(z) Satisfies condition (1) of Theo-
rem 4.2 with u = y; and Ay, = Ay ;, i € N(S).

Proof. Fix | € I4. It follows from (2.2), that each «z;(x) = 0 on Az; and «z;(x) < 0 on
Aj\Az,;. Hence, the functions kj ; (x) satisfy the first part of assumption (1) of Theorem 4.2.
To verify the rest, let us concentrate on the estimates around «;; ; as estimates around Sj; ;
are similar. Naturally, we only have something to prove when «j; > a(u;). It follows
from (2.4) that

=2(|n/n1)xii i (x) = Jx (hiai (1) = hio()dt,  x € a(um), @zl

@i 1

As we have explained in the next to last paragraph of the previous lemma, @ ; > a(u;)
implies that y; ; = aj; ; in (3.27). In particular, we have that

(@ig —X)'? S hig(x) = hiy(x) S (@ — %)% xelag) — €]
for some € > 0 by (3.24). Since n; /|| — (§); as |ii| — o, i € N (&), we then get that
(s —x)? <~z 1(x) < (e —x)*2, xe [z — € azl

If @(u) < az,; — €, the above estimate can be readily extended to [a(u;), @z, — €]
by noticing that the functions «; ;(x) converge uniformly there to xz,(x) as || — o0,
i € N(&) (one can use (3.29) and the weak® convergence of measures to see this). This
finishes the proof of the lemma. O

Recall definition (3.5) of the operators H _ from the previous subsection. Let

1
(3.30) Sz = (I — 7‘{51)_155, C_ig = —(10g v;,l,logv;,z, . ,10g v;.’d),

where vz ; (x) is the Radon-Nikodym derivative of y; Az, With respect to the arcsine distri-
bution of Az ;, i € 14, see (1.7). As follows from Lemma 3.7 and (3.4), we have

10g|S- |—HA,. (sz.i»2),
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where we write 5z = (sz,1,5z2,...,5z4). Since the intervals Aj; ; converge to Az ; for
eachi € I as |ii| — o0, it € N(¢), we get from Proposition 3.2 that
(3.31) HAﬁ,i (Sﬁ,[,Z) g HAE,i (SE’,-,Z)

locally uniformly in Dy, as |ii] — o0, ii € N(S), for eachi € I,.

The following lemma is an application of Theorem 4.2. In what follows, we denote by
T,,(f 1) the n-th monic orthogonal polynomial with respect to the measure fu, where f is
a non-vanishing continuous function and y is a Borel measure.

Lemma 3.17. Let U be a compact set in C(A). Assume that yi; € USz(Az ;) for every
i € 1g. Foreachii € N(S), choose ii;; € U and write ii;; = (uj;,1, Uz 2, - - - - Ui q). Then, it
holds for every i € 1, that

log

T, (2o Wanon VD 00 ()] = o0 (1) = [V (2)
+ Hp,; (87, + u5)(00) — Hay (S5, + 5,)(2)s

where oy (1) is such that for every € > 0 and every closed K; D, there exists N such
that oy (1)|lc1(x;) < € |7i| = Ne, 7t € N(S), independently of the choice of {iiz} < U.

Proof. Foreachi € I, we apply Theorem 4.2 with
Alpi)s Ao =Din A=Az wp = (|fi]/ni)ws;  Kn(x) = Ki(x), 7€ N(S),
where «z ; (x) were defined in (3.29), and

(3.32) hii(x) == 2uz ;(x) — > (Hay,55;)(x)., x€A; i€ N(S).

The sequence {«; ;} satisfies assumption (1) of Theorem 4.2 by Lemma 3.16. It readily
follows from (3.31) that

{2ui — > Hp,sijciieU and iie N(E)}
J€la,j#i
is a precompact subset of C(A;). Clearly, its closure, say K;, is compact and hj; ; € %;
for each 7i € N(&). That is, the sequence {h;; ;} satisfies assumption (2) of Theorem 4.2.
The measures {(|7i|/n;)ws ;} satisfy assumption (3) of Theorem 4.2 by Lemma 3.15. All
assumptions of Theorem 4.2 have now been checked. Set
05,0 (x) 1= 2n (|71l /ni )V 51 (x) + 5.5 (x)) + hi i(x),  x € A
It readily follows from (3.29), (3.32), and the definition above that

Qu ;=i (Ha 55 4|V Csd BT, ey
Ty (72 B 20, ) (@) = 1 (O 10 ) () = T (081 2)

where the last equality holds because monic orthogonal polynomials do not depend on the
normalization of the measure of orthogonality. Then, an application of Theorem 4.2 gives

log [Ty, (€% i) (2)] = ou (1) — 7]V 7 (2) +
log ‘QAM (eh"“'/2 V,‘i’i,OO)) —log ’QAM (ghfhi/z /v;l,,-,z>

where we used (1.8). Here, oy (1) is such that for every € > 0 and every closed K; < Dag,»
there exists N such that oy (1)|ck,) < € |ii] = Ne, 1 € N(S), independently of
the choice of {ii;} < U. Now, notice that the error terms oy (1) represent functions
harmonic on K;. Hence, it follows from properties of harmonic functions, e.g., their

>
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integral representations, that for every e > 0, there is N such that lov (Dllcr (k) < €
| = N, 7t € N(&), independently of the choice of {iiz} < U.
Finally, we apply (3.30) to the vector 5 to write

(3.33) ,/vﬁ’i(x)e(ﬂﬁﬁgf‘)i(x) - /Vﬁ’l?(x)esﬁ,i(X)—(éﬁ)i(x) — oSii(x)
for almost every x € A; ;, i € I4. Notice that hj; ; /2 = uj ; + (Hz55); on A; ; by the very
definition of 3 _ in (3.5). Hence, (3.4) yields that

log ’QAM (ehnil? v;,,i,z)) = Hp; (s, + uiii)(2),
which finishes the proof of the lemma. O

Operators H;_ were designed to construct vectors of Szegd functions based on the
boundary value f)roblem satisfied by them. As the statement of Theorem 3.4 implies,
(normalized) Szegd functions also appear as the deviation of the multiple orthogonal
polynomials from their expected geometric behavior. This motivates introduction of the
following nonlinear operators. For j # i, j,i € 1, define

Dﬁ,AjHA[ : C(A,]) - C(Al)’
N (log ‘Tnj (EZLt_lmzk#j V @ik ,Uj)‘ T |ﬁ|vwﬁ,j)|A

It readily follows from (2.2) that in the case when Az ; = A; we can replace the sum
Dkt ; V@t by —2V“i.j in this definition as monic orthogonal polynomials do not depend
on the normalization of the measure of orthogonality. Further, let Dj; ,_,, be the operator
whose image is the zero function, i € I;. Put

1 d > >
Dﬁ = 5 (Dﬂ’A.f—’Ai)i,j=l . C(A) i C(A),
where i is the row index, j is the column one, and A= (A1,As,...,Ay). In the matrix
form, this gives
0 Dr_i,AzﬂAl T D;i,Ad"Al
IR 1| Dia—an 0 o Dj Ay,
"2 : : :
Diinyong Dingy—ng - 0

As each component of Dj; i is a restriction of a harmonic function, D;(C(A)) = C'(A).

Lemma 3.18. Let P;; ;(x), i € Iy, be as in (1.9) and (1.11). Set

1 W .
qii.i(x) == > Z (log [P (x)] + [i[Veri(x)), xe€As, i€l

jelg,ji
Then, G5 = (qji.1> G525 - - - » Gii.a) IS the unique solution of ii = Dy, U in C(K)

Proof. Since each gj; ;(x) is a restriction of a harmonic function, g; € C(A;). Moreover,
for each i € I;, we have

T, (ezqﬁfwz_,-#,f v "”jﬂi) (2) = T, (|P3/Pji i) (2) = P7i(2),

by the definition of Pj;(x) because Pj(x)/P5 ;(x) does not change sign on A;. Hence,

5 1 Sl ws
(Dida), ) = 5 3, (log|Ps,; ()] + [AlV (x)) = gsii(x). x€ A,
J€la,j#i
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i.e., gy (x) is a fixed point of D;;.

Conversely, let D;; ii = ii for some i = (uy,uz,...,uq) € C(Z) Set
Tﬁ(x) _ 1_[ Tﬁ,i(x), Tii,i _ Tn,— (eZM.'—m‘Zj#inﬁ,jlui) i ie Id-
iely

Then, the equality Dj ii = i yields that

ui(x) = > (log|T; ;(x)] + [i[Vi(x)), xeA, i€l
J€la,j#i

The last two displayed formulae imply that T; ; = T, (|T5/T; ;|14i), | € Iq. That is, the
polynomial T; satisfies orthogonality conditions (1.9) with respect to the measures g;,
i € I4. It follows from the uniqueness of the type II multiple orthogonal polynomials for
Angelesco systems that 7; = P;; and the proof is completed. O

Let now H; = 'HZ,-I,A’ see (3.6), and recall that sz was defined in (3.30). In what
follows, we shall slightly abuse the notation and write Hj;s; without specifying the exact
extension of 57 to a vector-function on A as the images under Hj; of all such extensions are
identical.

For each it = (uy,u,...,uq)in L' (cuzﬂ_), we introduce the following notation
(3.34) g0 = ((Hag,u1)(o0), (Ha, ,u2)(0), . . .. (Haz yua)(0)).
We also abbreviate (57 )74 into 55 .. Observe that
(3.35) 2AHGK)i(x) = — > (Hazjk)x)=— > k;
J€la,j#i J€lg,j#i
for any vector of constants k= (ki,kay. .. kq).

To obtain the asymptotics of P;; ;, we will first find the asymptotics of g;; ;. The expected
behavior of the polynomials P, ;(z) suggests that

e24iii(¥) — H }pﬁj(x)|e|ﬁ\v‘“ﬁ»f(x)

J€la,j#i
<~ T 8 ()] G 2 (HS3)i (2)=2(H (50 )i (x)
jelgjwil S %)

Hence, we expect that
(3.36) di“ ~ 7" Ha(55 — Siw) = Vi

Since g is the fixed point of Dj;, these heuristics suggest to study Dyj in the vicinity of the
vector-function y;, which we do now in the sequence of lemmas.

Lemma 3.19. For any € > 0 and any compact U < C(A) there exists Ny (€) such that
& ﬁHcl(Z) S€
forallii € U and |ii| = Ny (€), where
Y;: C(8) - C(d),
ii — Dy (Vi + i) — Hz (i — i 00) — -
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Proof. Since monic orthogonal polynomials do not depend on the normalization of the
measure of orthogonality, we get from Lemma 3.17 and the definition of the operators Dj;
that

Dj; (H;ss + D)), (%)
( 2ui =Yy (Hay sn,k+|mva—.,k)ﬂj) (x)‘ I |,-1>|Vwﬁ,j(x))

jeI
1
—ou() g D) (Hay (sns 1) (50) — Ha (s + 1) (1))
JElg,j#i
where, as usual, ii = (uy,us,...,uq), and for any € > 0O there exists Ny (€) such that

HoU(l)HC](K) < eforall |[ii| = Ny (e), ii € N(§), regardless the choice of i € U. Now, it
only remains to observe that

D5 (¥ + i) = ou (1) + Hy (i — tij,00) + Y-
by (3.6), (3.34), (3.36) as well as identity (3.35). o

In the view of the definition of the operator Y}, the fact that g is the fixed point of Dy
can now be rewritten as

(3.37) (G — Vi) — K@i — Vi) = (T — Ha) ™" 3G — Fi)s
where %j; is a bounded linear operator given by
%K; : C(A) — C(A),
(I = H) " Hid o = (I — (I = Hz) ") llj oo
The formula (3.34) shows that %C; has rank at most d and hence it is a compact operator.

Lemma 3.20. Let B be cither C(A) or C'(A). T — K is an invertible linear operator
from B into itself. Moreover, there exists a constant C such that
-1 > -
I(L =%G)" s < C, neN(S).
Proof. Since Hj; iij; o is a vector of constants and ]_C);i’oo = k for every vector of constants
k, we get from the very definition of K; that
- - - - —1/- -

(3.38) (I — %K) — Hi i o) = th — lhzi o0 + (L — Hz) ™ (i 0 — Hii llio0)
for every i € B. It follows from the linearity of #; that

177‘7‘{,1177[,00 2\7*7‘{,7\771,00 S (l/_t)*\_;) :7—[71(’77‘_;)71,00-
Thus, for the above equalities to be true, ii — v must be a vector of constants and therefore

is a fixed point of H;. Hence, i = v by Lemma 3.5. Therefore, 7 — % is indeed an
invertible linear operator. Acting on both sides of (3.38) with (I — K;)~! gives

(I =%)"Y = il — H; 5,00

It holds that | ii;; o[l < |i[® by the maximum principle for harmonic functions, see (3.34).
Hence,

Il
<y

I(Z = 9G) s < 1+ |[H;m.
The first estimate of Lemma 3.6 can be easily quantified to show that ||H;]|g is bounded
above by a number that depends only on the size of the convex hull of U;er,A; and the
shortest distance between A; and A, i # j, i, j € I4. This yields the desired claim. O
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Lemmas 3.18 and 3.20 as well as (3.37) allow us to make the crucial observation that
G — Y5 is the unique fixed point of the operator (I — K;)™'(I — H;)~'Y;. We now
use the Schauder-Tychonoff fixed-point theorem and Lemma 3.19 to show that these fixed
points must lie arbitrarily close to zero for all |7i| large enough.

Lemma 3.21. Given § > 0, there exists N z(6) such that

gi — i € Bs == {’7: H’ZHCI(B) < 5}

forall |ii| = Nz(6), ii € N(§).

Proof. Observe that Bs is a compact convex subset of a locally convex space C (5) It
follows from Lemma 3.9 and Lemma 3.20 that

—1 —1 - -
|(Z = 9G) ™" (1 = Ha) " Yl gy < Ce|Yail| oz,
for some constant Cz independent of 7i € N(&). We further get from Lemma 3.19 that
there exists Nz () such that
C&HYﬁ ﬁ“cl(l) <9

for all |ii| = Nz(6), n € N(&). Therefore, it holds that

3
((Z = 9G)~'(I = Ha)~'Y5)(Bs) < Bs

for all || > Nz(6), 71 € N(S). As (I —%K;)~'(I — H;)~'Y; is a continuous operator
from C (5) into itself, it must have a fixed point in Bs according to Schauder-Tychonoff
fixed-point theorem [12, Theorem V.10.5]. Since g; — V5 is its unique fixed point, the
desired claim follows. O
Lemma 3.22. Under the conditions of Theorem 3.4 (with ¢ replaced by &) it holds that
Sz,i(0)

Sz.i(2)

locally uniformly in Dy, for all |ii| large enough, 7t € N(S), and each i € 14.

Paste) = (1 o) ex (1 [Tox(c — X))

Proof. Recall the definition of the functions «; ;(x) in (3.29). Since monic orthogonal
polynomials do not depend on the normalization of the measure of orthogonality, it readily
follows from the definition of the vector-functions gy in Lemma 3.18 that

Pii(z) =Ty, (ezqﬁ,i+zni<<\ﬁ|/ni)v”ﬁvf+Kﬁ,i> ,Ui) (2).

It has been shown in Lemma 3.21 that g; = y; + ii;, where le_l)ﬁﬂcl(g) — 0 as |it| — oo,
n e N(g). It clearly follows from (3.31) and their definition in (3.36) that the vector-
functions y; form a uniformly convergent sequence whose limit, when restricted to A & 18
equal to ‘Hzé (52 —5z.4). As the sequence {G5} is convergent, it represents a precompact
set. Hence, we conclude that Theorem 4.2 is applicable with #,, = 2¢g; ; and we have

Paate) = (1 o) e (1 [ Toale — X)) )

Gexpt; (e =52.000(P) Gy ()

Gexp(Z‘H&e (§§_§§,oo)i) (Z) G”i‘Ag:,i (Z)
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as [71| — oo, 71 € N(S). Every component of function H3 5z o, is a constant function and
S
it will cancel out in the fraction. We recall definitions (1.4) and (1.8) to conclude that

(3.39) Gexp(Z‘HB: (2)) (Z)G’”\Ag,i (z) = QAg,i ( eXp(WB (.?5.),‘, Z) QASz’,- (4 [VAg 2).

3

Formula (3.10) yields

exp(5g,i) = \/VAz, exp((?-{A§§§),~)
and formula (3.9) gives S¢;(z) = Qa_,(exp(5z;),z). Substitution into (3.39) provides
the required asymptotics. O

4. STrRONG AsyMmptoTICS OF OPs wiTH VARYING WEIGHTS

In this section, we obtain two results that were crucial for proving Theorem 3.4. They
improve and generalize [41, Theorem 14.4] by Totik.

4.1. Main Theorems. We recall the following notation: given a non-negative Borel mea-
sure u on an interval A and a continuous non-negative function f on A, we denote by
T,,(f 1) the n-th monic orthogonal polynomial with respect to the measure fu, where, with
a slight abuse of notation, we write fu for the measure fdu.

Theorem 4.1. Let A = [a, 8] and {(tn, hn, wn)} be a sequence of triples, where uy, w,
are measures on A and hy, is a continuous function on A. Assume further that

(A) there exists a finite measure p on A such that for any non-negative function f € C(A)
it holds that

(B) if v, and v denote the Radon-Nikodym derivatives of w,, and p with respect to the
arcsine distribution wy, see (1.7), then |[logv, —logv|p1(y,) — 0asn — oo;

(C) the functions h,(x) belong to K, a fixed compact subset of C(A);
(D) dwy,(x) = w! (x)dx are probability measures such that the functions w),(x) form
a uniformly equicontinuous family on each compact subset of («, 8) and there is
T > 0 such that
w, (x) 2 [wax)[™, xela+n " B—n""],
w, (x) < [wax)[™,  x € (a.p),
for some xp,xy > —2, see (1.3).
Write 6,,(x) = 20V (x) + hy(x). Then, it holds locally uniformly in D5 = C\A that
G(eu,, o
@1 Ty ) () = (14 o) exp (n [ ogle —x)d 1)) FLE7E),
G(e un, 2)
Moreover,
J 77 (e%uy) (x)e% ™ dy,, (x) = 2(1 + 0gc(1))G* (" i, 0).
A

Theorem 4.1 generalizes [41, Theorem 14.4] in the following ways: it replaces a single
absolutely continuous measure y with a sequence of not necessarily absolutely continuous
measures eh"un. In [41], the analog of Theorem 4.1 is deduced from [41, Theorem 10.2]
combined with the work in [10]. We follow the same approach but replace the relevant
results in [10] by Theorem 5.8 proven further below in Section 5. Besides Theorem 4.1, we
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also need the following generalization which is used when the “pushing effect” is present
in the vector-potential problem (2.1)—(2.2) for Angelesco systems.

Theorem 4.2. Let u be a compactly supported positive Borel measure and [a,, Bn] =
An € A(u) = [a(u), B(1)] be intervals that converge to some interval A = [a, §]. Assume
that u € USz(A). Further, let {(k,, hn,wn)} be a sequence of triples, where ky, hy, are
continuous functions on A(u) and w,, are measures on A(u) such that

(1) the functions k,(x) are such that k,(x) < 0 on A(u), k,(x) = 0 on A,, and it
holds on A(u)\Ay, that lwa, (%)% < |kn(x)] < |wa, (x)|* for some » > 0;

(2) the functions hy,(x) belong to K, a fixed compact subset of C(A(u));

(3) dwy(x) = W), (x)dx are probability measures such that supp w,, = A, the densities
{w!,(x)} form a uniformly equicontinuous family on any compact subset of («, B),
and

“4.2) Wa, () € wp(x) S [wa, ()Y, x € (an. Bn),

Jor some xp,wy > —2; in addition, for all n such that a, > a(u), we assume that
there exists xy > 0 for which
(4.3) W (x) S |x— @V, x€(apan+06),

Jor some § > 0, and a similar assumption is made for all n for which B, < B(u).
Set 0,,(x) := 2n(V¥ (x) + kn(x)) + hn(x). Then, it holds locally uniformly in DA that

G(ehnﬂ\A’ OC)

T, (66"#> (z) = (1 + og(1)) exp (nJlog(z x)da)n(x)) m.

Moreover,
[ 72 () @) = 201 + 0(1)) G (Mrpa, 0).
A(p)

In the above two formulae, the functions G (" ya, z) can be replaced by G(e" ., 2).

4.2. Proof of Theorem 4.1. We prove Theorem 4.1 in three steps that we organize as
separate lemmas.

Lemma 4.3. It is enough to prove Theorem 4.1 for A = [—1, 1] only.

Proof. Let I(z) = az + b be any linear transformation with ¢ > 0 and b real. Set

AD = [71(A) and, given a measure u on A, let u¥) denote a Borel measure on A(®)
such that uV)(B) = u(I(B)) for any Borel set B = A). Notice that w(Al) = wpo and

that the Radon-Nikodym derivative of u(!) with respect to the Lebesgue measure (resp.
waw) is equal to ay’ (I(x)) (resp. v(I(x)), where p/(x) (resp. v(x)) is the Radon-Nikodym
derivative of u with respect to the Lebesgue measure (resp. wa). Observe also that

vele) = - flog 1) = 1()|deo® () = ~loga + V" (x)

for any Borel measure w. Hence, it holds that

T (27V <" +hn / — J"T. 2nV“’£l[)+h§,l) (1)
w (e tn) (1(z)) = a"T, | e M) (2)s
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where 1) = hol. Since wa(l(z)) = awam (z), the above considerations also show
that triples (,uE,l), hg), wg)) satisfy conditions (A) — (D) on AU if the triples (i, hy, wp)
satisfy (A) — (D) on A. Finally, we get from (1.4) and (1.8) that

0 (1
o V1og(1(2)=x)dw (x) G(e" pn, 0) g Tos(z-xdoll) () G (" ), o)

G(ehnpy, 1(2)) Glem ud . z)”

which finishes the proof of the lemma. O

Condition (D), placed on the measures w, in Theorem 4.1, comes from [41, Theo-
rem 10.2]. Under this assumption it was shown there that there exist polynomials H,,(x),
deg H,, < n, that do not vanish on [—1, 1] and such that the functions

tn(x) == VO =, (x)]2, xe[-1,1],

satisfy

44) 0 <x) <1, xe[-1,1],
limy, o §logudw =0, w = wi_y 1.

We remark that [41, Theorem 10.2] was formulated on [0, 1], but its results can be easily
brought to [—1, 1] by a linear transformation. In that theorem, we puty = 1/2 and u = 1,
and the degree satisfies deg H,, = n — i,,, where i, — 00. The non-vanishing of H,, was
claimed only on (—1, 1), but it is clear from the construction, see [41, pages 58 and 75],
that these polynomials also do not vanish at the endpoints. Set

H,(z)H(Z)

4.5) Ta(2) 1= RO

The polynomial 7,,(z) has even degree, deg 7, < 2n, and 7, satisfies the following proper-
ties:
1. 7,(z) has real coefficients,
2. 1,(0) =1,
3. 1, does not vanish on [—1, 1],
4. if we denote the zeros of 7,(z) by {a. ;}, j € {1,2,...,degt,}, then at least
a half of them, see [41, page 94], are located in {|Rez| < 0.9,|[Imz| > L,/n}
with lim,,_,o, L, = +00. This guarantees that condition (D[,l’l]) of Theorem 5.8
further below is satisfied by 7,,(z).

Lemma 4.4. Under the conditions of Theorem 4.1 with A = [—1, 1], it holds that

G*(e" i, 1, 0)

@6 T3 (") (2) = (14 ox(1) G

deg 75, deg 7y
1 (2) 1 — ¢(an,;)¢(2)
| | 2a, id(an ;) ———t —_— T
92n o ( a ,/¢(a ,J))¢2n—deg‘rn (Z) i ¢(z) — ¢(a,,,j)

locally uniformly in C\[—1, 1], where ¢(z) := B[-1,11(2), see (1.3). Moreover,

Gz(eh"Lnﬂn, OO) deg 7,

1
f T (% pn) () Welpn (x) = (1 + 0xc(1)) ——5— | | (24(an.))).

J=1
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Proof. Since monic orthogonal polynomials do not depend on the normalization of the
measure of orthogonality, we have that

T (66’””") (2) =Tn (ehnTrjlﬁn) (2),  fAn = taftn-

Let us show that conditions (A[_1,1]) — (D[—1,1]) of Theorem 5.8 are satisfied by the triples
(fin, hn,Tn).  We have already mentioned that the polynomials 7,(z) fulfill (D[_y ).
Moreover, condition (C) of Theorem 4.1 is identical to condition (C|_,1}) of Theorem 5.8.
Since the Radon-Nikodym derivative of /i, with respect to w = w(_1,1] is (txVs)(x), the
functions ¢, (x) obey the first line of (4.4), and

|10g(ann)(x) —log v(x)‘ < |10g vn(x) — logv(x)| — log ¢, (x),

condition (B[_; ;) of Theorem 5.8 follows from condition (B) of Theorem 4.1 and the
second line of (4.4). Finally, condition (A) of Theorem 4.1 implies condition (A[_; 1})
of Theorem 5.8 for the same measure ¢ due to the upper bound in the first line of (4.4).
If pu(0)(z) = ynz™ + -+ denotes the n-th orthonormal polynomial with respect to the
measure o, then we can write

T,(0)(2) = 73 ' pal0)(z) and 7,7 = J 12(c)dor

So, the first claim of the lemma is deduced from Theorem 5.8. To get the second one, we
first observe that (4.5) implies [H,(0)* = [ an,;. Then,

1

! 1 Ly dfin (x)
2 eﬁn X e()n,(x) x) = 2 eh"‘r 1 X ehn(x)
J\_l Tn ( /“ln) ( ) d/”ln( ) ‘Hn(o)‘z J\_] Tn ( n /“ln) ( ) Tn(.x)

and we only need to apply (5.19) to the last integral. O

Lemma 4.5. Theorem 4.1 holds on A = [—1, 1].

Proof. We will show that the right-hand side of (4.6) can be written in a form consistent
with (4.1). We readily get from (1.8) and (1.4) that

Gz(eh"tn,un,z)/Gz(eh"un, Z) _ Q(tn,z) _ Q(eznvwn’ Z)Q(‘Hnlz’ Z),

where Q is used as a shorthand for Q_; ;7. Let us show that

deg 7, KL — B(an, )b (2)
2 -1, deg 7, n,j —’j,
Q(Hal?.2) = ta(2)p*e™(2) <,1j[1 . ) ,1:[1 #(z) — ¢(an,;)

Qe¥",z) =¢'(z)exp {Jlog(z — x)da)n(x)} )

Both equalities follow from the same general principle: if f(x) is a continuous function on
[1,1] and Q(z) is a holomorphic non-vanishing function in C\[—1, 1] such that |Q(z)|
is continuous in the entire extended complex plane and |Q(x)| = f(x) on [—1, 1], then
Q(z) = Q(f,z). Continuity of |H, (x)|* is obvious while continuity of V¥~ (x) follows
from condition (D) and properties of logarithmic potentials. Recall that deg 7,, is an even
integer and that 2z¢(z) — 1 as z — 0. Now, to prove the lemma it only remains to notice
that the explicit representations given above yield

deg 7,
Q(|H,>,0) = [ ] @¢(an;)™" and Q(eV™, o0) =2. o
j=1
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4.3. Proof of Theorem 4.2. Similarly to Theorem 4.1, we prove Theorem 4.2 in four steps
organized as separate lemmas.

Write A(u) = [a(u),B(u)], A = [, 8], and A, = [ay,Br]. Recall condition (1) of
Theorem 4.2. Let {5, } be a sequence of positive numbers such that

4.7 S = (€n/n)?/ 0+,

where &, — 0 asn — o0 and it will be specified later in the proof of Lemma 4.8, see (4.21).
Set A := [, B], where @ := max {@, — 6,, @(u)} and B := min {B, + 6,,B8(1)}.
Our strategy will consist in applying Theorem 4.1 to obtain the asymptotics of orthogonal
polynomials P} for measures reduced to A%. Then, we show that asymptotics of the
polynomials 7}, from Theorem 4.2 coincides with that of P¥.

Lemma 4.6. Recall that 0, (x) = 2n(V®(x) + kn(x)) + hy(x), x € A(w). It holds that

P@) =T (™ paz ) (2) = (1 + 05c(1) F (2)
locally uniformly in D s, where

G(ehnﬂlA* 5 OO)
4.8) F(z) :=exp (n Jlog(z - x)dw,,(x)) ——

Ghpg )
Proof. To apply Theorem 4.1, we need to rescale the intervals A’ to their limit A. To this
end, let [,,(x) = aux + by, a, > 0, be the linear function that maps A onto A%. Clearly,

a, — 1 and b,, — 0 as n — 0. In the notation of Lemma 4.3, set @,, := wgll”). Then, it
holds that

supp @, = 1;'(Ay) €A and  dd,(x) = @, (x)dx = apw!,(1,(x))dx.

Write I, ' (A,) = [a/,(,l),,BEll)]. Since a, — 1 as n — o0, we get from the upper bound in
assumption (3) of Theorem 4.2 that

(Z);(X) < ()C . a'(ll))nu/Z( Sll) _x)%U/Z’ Ye (ar(ll), Sll))

If !’ > @ for some index n, then a, > a = a(u) and (x — a/ﬁll))"U/z can be replaced

by (x — a,(ll) )’A‘U in the above estimate as required by assumption (3) of Theorem 4.2, where
%y > 0. Similarly, if ﬁg) < B for some n, then ( f,l) — x)*v/2 can again be replaced by

(,8,(,1) — x)’?U . Either way, the upper bound in assumption (D) of Theorem 4.1 is fulfilled.
Similarly to the upper bound, we have that

- I L
w::(x) > |wl;](An)<x)|%L’ X € (ar(l)’ Sz))’

by the lower bound in assumption (3) of Theorem 4.2. If I, ' (A,) = A for all n, the above

inequality gives the desired lower bound in assumption (D) of Theorem 4.1. If at least one

of the intervals /,, | (A,,) is a proper subinterval of A, then the corresponding upper bound

requires that x; > 0. It can be readily checked that

I I
Wy, (] 2 wa@)], xe (@+2(y) —a),f—2(8-B)).
Notice that an(as,l) — ) = a, — @f < 6, and similarly that a, (8 — ,8,(11)) < 6,. It now
follows from (4.7) that there exists 7 > 0 such that

B,(x) 2 wa()l*, xe(a+n T p—n"T).
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Finally, equicontinuity of the functions @/,(x) on compact subsets of (a, 8) follows from
the analogous conditions placed on the densities w/, (x). Altogether, all the requirements
of assumption (D) of Theorem 4.1 are satisfied.

Next, let /1, = hy, o [,,. It follows from the locally uniform convergence to the identity
of the functions /,, that assumption (C) of Theorem 4.1 follows from assumption (2) of
Theorem 4.2 with the compact subset of C(A) being the closure of u,{hol, : h € K}.
Finally, let

dfin(x) = eznlz"(x)d(“mf)(ln)(x)’ Kn = Kn ©lp.

Given a continuous function f on A, it holds that

| =) - Lw(fol,zl - P+ |

AF\A

fol ldu —J fdu.

AN

The first integral on the right-hand side above converges to zero due to uniform continuity
of f. The second one converges to zero because f is bounded and Nn,A¥\A = J so
U(AM\A) — 0 as n — oo. The third integral is always non-negative. Hence, as &, (x) < 0,
assumption (A) of Theorem 4.1 is clearly fulfilled. To verify assumption (B), observe that

log ¥ (x) = 2n&y (x) + log v yx (In(x)),
where 7, is the Radon-Nikodym derivative of fi,, with respect to wa, see (1.7). We readily
have that
|Togva(x) —logv s (In(x))| = [log ' (x) — log ' (In(x)) — log an|.

Since a, — 1, it follows from (3.2) that |/ logva — logv s (In)| L1 (w,) — O asn — oo
Furthermore, we have that

J s = [ batoldony (< [ a0 dogs o),

n

where we used assumption (1) of Theorem 4.2. Hence, it readily follows from the definition
of A that

671
4.9) ZHL |Rn (%) |dwa(x) <a nL x(%H)/Zdw[o,gn](x) <p o2 _ £,

Since lim,, o, &, = 0 by our assumptions, we get [2n&, [ 11(4,) — 0 as n — oo, which
shows that condition (B) of Theorem 4.1 is also satisfied. Altogether, we have that the
triples (f,, Iy, @y,) satisfy all the conditions of Theorem 4.1 and therefore

T, (eZnV@n+Enﬂn) (z) = (1 +ox(1))exp <nflog(z _x)dd)n(x)> (;((ej;f;n,oj))

holds locally uniformly in Ds. Computations in Lemma 4.3 now show that the above
formula is equivalent to the statement of the lemma. O

The next lemma provides a simple uniform estimate on the boundary behavior for the
sequence of outer functions. Recall the definition of function G given in (1.8) and (1.4).

Lemma 4.7. There exists a non-decreasing function €,(t) such that lim; o €,(t) = 0 and
€u(t)
Vi

for every t € [0,B(n) — Bn] and every n. Moreover, an analogous estimate holds with
Bn + t replaced by a, — t for t € [0, an — a(u)].

log G_z(eh"umn,ﬁn +1) <
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Proof. By (1.4) and (1.8) that

log G~ (e pya, . Bu + 1) <

wa, (Bn + 1) J' |hn ()] + |10gVAn(x)|de (x).
An '

2 Bn+t—x

It follows from the Cauchy integral formula that

1 IJ 1 dx 7] dwa, (x)
wa,(2)  mi s, x—zwa,(x) )y, zox

where we used the fact that wa, 4 (x) = i|wa, (x)| for x € A,,. Since K is a compact, the
functions | A, (x)| are uniformly bounded. Therefore, we get that

[ ()]
An Bn+t—x
Recall further that va, (x) = mu’(x)|wa, (x)|. We have that

wa, (B +1) wa, (x) S 1.

[log [wa, ()] " log(Ba —x) dx
——n d <A VE+ AT
. Bnti—x wan () N \[anl Bn+t—x B,—x

<a Vit + |logt|.

wa, (Bn +[)J

Moreover,
log 1/ 1 PV |log ! 1 (P |logy
[log /() o 1 logur 1 (% loguol,
Ay BntE—x Vit Ja, pBn —x t Jg,—vi VBn—X

< 1og ' | L1 () N lf " |log ' (x)]
- \/E ! /Bn*\/; \/ﬁn_'x |

where we used (3.2) for the last estimate. Set

n [log ' (x)]
€(t) := sup J ——dx,
( ) n>Np JB,—+/1 VBn —Xx

where N is sufficiently large to make sure that integrals converge. Clearly, this is a non-
decreasing function of . We claim that lim, o €(¢) = 0. Indeed, assume to the contrary
that there exist €y > 0, a sequence {t,, } decreasing to 0, and a set {m,} such that

J o |log ! (x)]
nm 7\ﬁm ﬁ Nm X
If {m,} is bounded, it contains a constant sequence. However, (4.10) cannot hold along
this sequence as the integrals of a fixed integrable function over sets of decreasing measure
must vanish. On the other hand, if {n,,} contains a strictly increasing sequence, (4.10)
contradicts Proposition 3.3(iii) since u € USz(A). Hence, altogether,

€(t)

den(x) S”,A 1+ —=

7

(4.10) dx > €

| log ¢/ (x)]
An ﬁn +1—x

Collecting all the previous estimates gives us

Wa,, (ﬁn + t)

t+/t + /1| logt| + €(1)
Vit

Since the numerator above can be easily estimated by a non-decreasing function that has

zero limit at zero, the claim of the lemma follows. O

log G2 (e pia,, Bn + 1) Sapux
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Before stating the next lemma, we deduce the following estimate. If f is a function in
the Hardy space H?(D), then the Cauchy integral formula and Cauchy-Schwarz inequality
give

r@l < [ Ll Voo
rlz—n| 2n VI

Thus, if F is a function in the Hardy space H>(C\A), then F o ¢ is a function in H(D),
see (1.3), and therefore

IF L2 (on) < 10 22 (o)
VI=¢a(B+06) V6

Lemma 4.8. The sequence {£,} in the definition of 6, in (4.7) can be chosen so that

4.11) |[F(B+6)| <

L( s P¥(x)2e”Mdu(x) -0 as n— o.
H\A

Proof. Let I,,(x) = apx + by, a, > 0, be the linear function that maps of A onto A¥,
as in the proof of Lemma 4.6. Due to the compactness of %, it holds that the sequence
h, — hy, oI, converges to zero uniformly on A. The uniform Szeg$ condition implies

(4.12) G (e pppx,2) = (14 0x(1))G (e ppa, 2),
G(e"ua,z) = (1+0%(1))G (" pja. 2),

locally uniformly in Ds. Hence, the last asymptotic formula of Theorem 4.1 pulled back
to the intervals A¥ as in Lemma 4.6 shows that

(4.13) G2 (e pa,,» ) J P (x)2e% @ du(x) = 2 + 0gc(1).
A

n

Using the fact that k, (x) = 0 on A,,, we get that

|Fut (1) 72 = G2 (e paja,,, 0)e vy, (x)
almost everywhere on A,, by (1.5), (1.7) and (1.8), where
G(eh",umn , 00)

Fa(2) = exp (n flog(z - x)dwn(x)>

G(ehnﬂlAn,’ Z)

(here we again restricted u to A, and not A} as in Lemma 4.6). Therefore, it holds that

2
24 0(1) > [ [PE)/Fos (0 e, ()
An

where we first reduce the interval of integration from A} to A, in (4.13) and then drop
the singular part of u. Since the potentials V“ are continuous in C, each function P} /F,
is a product of a Szegd function and a bounded analytic function. As such, it belongs to
H?(D,,). Hence, it follows from (4.11) that

(PE/F) @) Sade 1A/ = Bas x € [Bus B(W)]-

The compactness of K as well as (4.12) imply that G(eh"umn, 0) Sux 1.
Now, we are ready to estimate the integrals in the statement of the lemma. We only carry

out the estimates on [B}, B(u)] as the estimate on [a(u), @] can be done analogously.
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Assume that 8 < B(u) (otherwise we have nothing to prove). In this case 8 = B8, + d,.
Using the bounds we just obtained, Lemma 4.7 and condition (1) in Theorem 4.2 give

B(1) B(1)
||, Preoe@aut - |

B B

2 Gz(ehnﬂ\An’oo)
G?(ehn i, x)

o Sl ) ot
VX = Bn VX = Bn -

Pr(x)

21k (x)+hy (x)d
e X
Folr) 11(x)

B(u)
SauK J exp (CAn(x — Bn)
B

We further get that

B) B(1)—Fn ;
J PE(x)? e du(x) <ax f exp <C <—nt"/2 + 6”—()>) du(t + Bn)
B 5n NG

(4.14) SapK MAX exp (c <_mx/z + e,;,/(;)» ’
where T := sup,,(B(¢) — By) and T > 0. Let

(4.15) Ty i= (2€,(T)/n)?/ D),

When

(4.16) T, <t<T

we get €,(t) < €,(T) since €,(t) is non-decreasing. Also, for such 7, we have €,(T) <
(n/2)t*+1/2 by the choice of T;, and combining these bounds gives

(4.17) €u(1) < (n/2)t* 12,
Respectively, we get for these ¢ that
(4.17) (4.16) y
71’[1"{/2 + e (I)/\/E < 7(n/2)t%/2 < 7(71/2)T:f/2 (—1;5) 7(}16:5(T)/2)1/(%+1),

and the right-hand side converges to —co as n — 0. Since €,(7,) — 0, we can choose &,
in (4.7) so that

(4.18) 2¢,(T,) < én.
Respectively, for
(4.19) on <t <T,

we have that €, (1) < €,(T,,) by monotonicity and €, (T,,) < (n/2)t** D2 byt > §,, (4.18)
and formula (4.7). Thus, combining these bounds gives

(4.20) €u(1) < (n/2)t*1/2
Hence, we get for such ¢ that

(4.20) (.19)

P+ e,()Vi < —(n)2)? < —(n)2)5%* ) —(1/2)(nex) VD),
Now, we choose positive sequence {&,} so that
@.18)
4.21) lim &, =0, lim n&) =400, and 2€,(T,) < &n.
n—ao0 n—oo

This finishes the proof of the lemma because the right-hand side of (4.14) converges to zero
when n — co. O

Lemma 4.9. Theorem 4.2 takes place.
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Proof. Let F;¥(z) be as in (4.8) and

Qu, (2) 1= Qpx (671 2),

n

which is an outer function in H?(D ,x ) whose traces satisfy |Q,,, + (x)[> = e=2%n(¥)

everywhere on A¥, see (1.5). Thus, it holds that

almost

|(Qu, Ff) £ (x)[ 72 = G 2w (x)

almost everywhere on A¥ due to (1.5), (1.7) and (1.8), where G, := G(eh",ulA:x:, o0). For
brevity, put P,, = T,,(e% u). Then, it follows from the Cauchy integral formula that

Pue) = PE() 1 [Puls) ~PE(s) 1 ds
Qo F)@war (@) 21) s (@ FR)(s) was()

_ LZ‘ Pale) —Pio), ((QKnF})+(x)) doys (x),

where I, is any counter-clockwise oriented Jordan curve that separates A* and z and we
used the following facts

Fy(x)=Fy (x) and wyx, (x) = —wps_(x) =ilwps(x), x €Ay,

as well as (1.2). Since the absolute value of the real part does not exceed the absolute value
of a complex number, we get from the Cauchy-Schwarz inequality that

Pa(z) = PER)[P ., wax(@) .02 6 (x
' (Qu, F)(2) "zdist(z, A%)? L* (Pn() = Pyi(x)) "™ v g (x) ey (x)
was (2)]?
(4.22) ‘QWZ)Z L  (Pa0) =P} (x))%e® ) dp(x).

It follows from the compactness of K and (4.12) that the constants G;? are uniformly
bounded above. Because P} is the n-th monic orthogonal polynomials with respect to
et Hyp and P, is a monic polynomials of degree n, we have that

||, P PE @S O duta) = [ | Pro2en Dt
Ay

n

from which we easily deduce that
(4.23)

(Pa(w) = P100) ) = [ Pae2e ) — || PH0Re V(o).

Af Af A

Recall that for the n-th monic orthogonal polynomial P,, it holds that

(4.24) J P,%(x)een(x)du(x)éf P?(x)e% ™) du(x)
A(p) A(p)



38 A.I. APTEKAREYV, S. DENISOV, AND M. YATTSELEV

for any monic polynomial P of degree n, and P} in particular. Therefore, we obtain from
(4.23), simple majorization, and (4.24) that

L* (Pa(x) — P:(x))zeg"(x)du(x) < J

A(p)

<[ Prape e — [ Prwen O dute)
Ap) X

Pa(x e ) = | PP dul

AY

- L( A% Py (x)*e" M du(x) — 0
H n

as n — oo, where the last conclusion was shown in Lemma 4.8. Since the intervals A}
converge to A, we get from (4.22), the above estimates, and Lemma 4.6 that

Py(2) = Pyi(2) + oxc(1)(Qu, F)(2) = (1 + 0c(1)) F (2)

locally uniformly in D, where the last equality also used the fact that Q, (z) = 1 + o(1)
locally uniformly in the complement of A as is clear from (1.4), (4.7), and (4.9). The first
claim of Theorem 4.2 now follows from (4.12). The second claim of the theorem is a
consequence of (4.12) for A, and of (4.13) if we observe that

|, Preres e < |

. Pn(x)zgen(x)dﬂ(x) < J Pn(x)zeen(x)dﬂ(x)
An

A(p)

< f P (x)%e ™ dp(x) = f PE(x)2e @ du(x) + o(1),
Aw) X
where we used Lemma 4.8 for the last equality. As we just mentioned, the last claim of the
theorem follows from the second line of (4.12). m]

5. StroNG AsymptoTics OF OPs witH REciProcAL PoLyNOMIAL WEIGHTS

In this section, we describe strong asymptotics of polynomials orthogonal with respect to
a sequence of measures that are ratios of certain bounded perturbations of a Szeg6 measure
and polynomials of growing degrees. Below, we mostly follow [38] and generalize some
results obtained in the pioneering work [10]. Theorem 5.8 further below was used in a
crucial way in Lemma 4.4 on the way to proving Theorem 4.1. Theorem 5.8 itself is a
straightforward consequence of Theorem 5.1 that we state in the next subsection.

5.1. Orthogonality on T. Let {(07, 2., W)} be triples of a finite positive Borel measure
on T, a continuous real-valued function on T, and a monic polynomial of degree n with all
its zeros inside the unit disk. For each n we then define an inner product on the unit circle
by

— e8n(&) o
Fokyen = [ Fle)E® 47 E)

[AGE
We are interested in orthonormal polynomials ¢, (z), deg ¢,, = n, satisfying
,EM =0, me{0,1,...,n—1},
(5.1) <¢n f >T,n { }
<¢ns ¢n>T,n = 13
and normalized to have a positive leading coefficient, i.e., ¢,,(z) = @nz" + ..., @y > 0

(when g, = 0 and 0, = o, this is exactly the setting considered in [38]).
In this section, we let the symbol * denote the transformation

p*(z) = 2"p(1/2)
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defined on the set of polynomials of degree at most n. In particular, if we denote the zeros
of Wy,(z) by b, ;, j € {1,2,...,n}, which all belong to the unit disk, then
n n
Wa(z) = [ [(z=bn;) and Wi(z) = [ [(1 = Dus2).
Jj=1 Jj=1
Write do, = v,dm + do, where the measures do-$ are singular to dm (&) = (2r)~!|dé|,
the normalized Lebesgue measure on T. In this section, we shall assume the following:
(AT) there exists a finite measure do = vdm + do*, where do* is singular to dm, such
that for any non-negative continuous function f on T it holds that
lim supjfdo;l < deo-;
n—0oo
(BT) the densities v, and v have logarithms integrable with respect to dm and || log v,, —
logv|pi(ry > 0asn — ooy
(Cr) the functions g, belong to &, a fixed compact subset of C(T);
(Dr) the zeros {bn,;} satisfy 3;_ (1 = |bn j|) — 00 asn — .
It is known, see [17, Section I1.2], that the condition (D) is equivalent to

Wa(z)
(5.2) —o(1)

Wi (2)
locally uniformly in D. To describe the results, let us introduce the Szeg6 function of a
measure do = vdm + do®, which is given by

D(o,z) = exp <% ? ti log v(f)dm(f))

and is independent of the singular part o*. When log v is integrable with respect to dm,
the function D(o, z) is analytic in C\T, in fact, it is an outer function in both D and C\D,
its values inside and outside of the unit disk are related via the identity

D Yo.,z) =D(0,1/Z), z¢T,

and it has a non-tangential limit on T (taken within D) that satisfies |D (o, ¢)|* = v(&) for
almost every & on T.

Theorem 5.1. With the above definitions, assume that the orthogonality measures in (5.1)
satisfy conditions (At) — (D). Then,

¢;lk (Z) Dn (Z)
5.3 D =1+ 1 d = 1
locally uniformly in D as n — oo, where D, (z) = D(e8" 0y, z). In particular, we have that
(5.4) @D, (0)=1+4+0g(1) as n— oo.

5.2. Proof of Theorem 5.1. As in the previous sections, we shall prove Theorem 5.1 in
a sequence of steps that we organize as separate lemmas. For the first step we define the
Caratheodory function of a measure o by

§+z
T do(§).

§—1z

Further, for each orthonormal polynomial ¢,,(z) we define its companion polynomial as a

polynomial y,,(z) of degree at most n such that y*(z) interpolates ¢ (z) F (e$7 0, z) at the
zeros of zW,(z), see [38, Equation (3.6)].

F(o,z):=
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Lemma 5.2. Under the conditions of Theorem 5.1, we have

i (2)
F(e$oy,,7) — 2 =o0g(l) as n—®
(omd) = ey ~ o8
locally uniformly in D. Moreover,
. ¥, (0)
(5.5) F(ef"0,,0) = .
(om0 = G0)
Proof. Combining formulas (3.23), (3.24), and (3.26) from [38], we get
. v (2) ‘ Wa(z) | les oy
F(e8m0,,2) — 2221 < 2427
(om D) = G ) Wi )| (1 )7
for z € D, where |u| denotes the total mass of the measure u. Taking f = 1in (Ar), we get
(5.6) limsup |o,| < |or| and limsup|e®" 0y, | <g |0,
n—oo n—oo

where the last bound follows from (Cr). Applying (5.2) finishes the proof of the lemma. O

Notice that Jensen’s inequality and (Cr) yield that

(5.7 liminf |0y, | = liminf exp (J log vndm> = exp <flog vdm) > —0
n—aoo n—aoo

and (Br) gives a lower bound

(5.8) limiorolf le$" o] 2 & exp (Jlog Udm) )
Put
N lﬁZ‘(Z))
(59) /ln(z) - RC (QS;:(Z) s |Z| < 1,

which is a harmonic function in some neighborhood of D. It has been shown in [38,
Equation (3.9)] that

* 2
(5.10) Y (2) _ E+ 27 |Wu(é)

v | e | e
Hence, 4, (z) is areal part of the Caratheodory function of an absolutely continuous measure
with strictly positive density and therefore is a strictly positive harmonic function in D. It
readily follows from the second claim of Lemma 5.2 that

(5.11) |[1,m| = 1,(0) = F(e8"0,,0) = |e8 0y

Lemma 5.3. Let Z be a compact set in C(T). Under the conditions of Theorem 5.1, it
holds that for any € > 0 there exists Ng, 7 (€) such that

Uheg"d(rn — fh/lndm‘ <e€

foralln = Ng 7(€) and each h € Z.

Proof. We use a standard approximation argument. Comparing the Taylor coefficients of
functions F(eS0v,, z) and ¢ (z)/¢%(z) at z = 0 and applying Lemma 5.2 gives

Jh(f) (endoy — Andm) = 0g (1)
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as n — oo, where h(¢) = &/, j € Z. Hence, this claim remains true for each trigono-
metric polynomial #. Now, given € > 0, we can use compactness and denseness of
trigonometric polynomials in C(T) to find a finite collection of trigonometric polynomials
{h1,ha, ..., hg(e)} such that for each i € Z thereis k € {1,2,...,K(e)} for which

€
h—nh —_—
[ kHoo<3M8

where |70, || < Mg. Then,

U(h — hy)ed doy

by (5.11). As just observed, for each A one can find a natural number Ng p, (€) such that

< g and U(h - hk)/lndm’ < §

U hi (e8ndoy, — /lndm)’ <

Wl m

forn = Ng p, (€). Taking Ng, 7 (€) = max|<k<k(e) V& i

—~

€) yields the desired claim. O

For the next step, we shall need the mutual entropy of two measures. Let u and v be two
measures on T such that y is absolutely continuous with respect to v. The entropy S(u|v)

is defined as
du
S =—11 — | du.
(1lv) J 0g <dv) u

Itis known that S(u|v) < log |v| and the following representation holds, see [36, Lemma 2.3.3,
p-137]:

(5.12) S(uly) = i?_f (ffdv - f(l + logf)d,u) ,

where the infimum is taken over all positive continuous functions on T. Moreover, see [36,
Example 2.3.2], if u = m and dv = v'dm + dv*, then

(5.13) S(m|v) = —flog (%) dm = flog v'dm.

Lemma 5.4. Under the conditions of Theorem 5.1, it holds that for any € > 0 there exists
Ng(€), that depends on & but not a particular choice of {gn} < &, such that

Jlog/lndm < J (gn +logu,)dm + €, n = Ngle).

Proof. Tt follows from (5.12) and (5.13), applied with ¢ = m and v = o, as well as the
condition (Br) that there exists a positive continuous function fe and a natural number
N (€) such that

Jffda'— J(l +log fo)dm < Jlogudm + Z < flogundm + %

for all n > Ni(e). Hence, we get again from (5.12) and (5.13), applied this time with
u = m and dv = A,,dm, that

JIOg Andm < f(e_g"fe)/lndm - f (1 + log(e_g"fs))dm

(5.14) < f (gn + log vn)dm + J(e_g"fe)/lndm — Jffdo + %
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for all n = Nj(e). Furthermore, it follows from the condition (Ar) that there exists a
natural number N, (€) such that

erdrfn < erdO' + 2

for all n > N(e). Thus, we get from Lemma 5.3, applied with Z = {e 8 f, : g € E}, that
there exists Ng(e) > max{N;(€), Na(e)} such that

(5.15) f(e_g"fé)/l,,dm < J(e_g"fg)eg"dan + Z < Jfde' + g
for all n = Ng(€). Clearly, inequalities (5.14) and (5.15) yield the desired claim. O

Lemma 5.5. Under the conditions of Theorem 5.1, (5.4) takes place.
Proof. Tt follows directly from (5.9) and (5.10), see also [38, Equation (3.8)], that

WEEP [ Walé)
¢ (£) ¢n(£)
As W(z)/¢%(z) is an analytic and non-vanishing function in the closed unit disk, the

logarithm of its absolute value is harmonic there. Thus, we get from the mean-value
property that

2

=a(é), l¢l=1

loga, = —log

Wi (0) 1
55(0) ' -2 f log Ludm,

where one also needs to recall that ¢ (0) = @, > 0 and W;*(0) = 1. Hence, it follows
from Lemma 5.4 and the very definition of D, (z) that

1
log @, > —3 f (gn +loguy)dm + 0g(1) = —log D, (0) + 0g(1).

On the other hand, we get from (5.1) that

0= logJ’%
n

Therefore, Jensen’s inequality gives

2
eSny,dm.

? ¢
eérdo, = logJ ’WZ

egnvn
0> | log——=dm = 2log (@nDy(0)),

n

which finishes the proof of the lemma. O

Lemma 5.6. Under the conditions of Theorem 5.1, it holds that

*
g

as n — o, where D,,(£) denotes above the non-tangential boundary values of D, (z) on T
taken from within D. In particular, the first asymptotic formula in (5.3) takes place.

2
dm = o0g(1)

Proof. Denote the integral in the statement of the lemma by /. Then, we have that

¢r [
I_J‘W_E‘Dn dm+1—2JRe(W—';Dn)dm.

n
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Since |D,(€)]> = e%(£)y,(£) for almost every || = 1, the mean-value property for
harmonic functions yields that
2 *
¢n ¢ (0)
I=||=—| e vydm+1—2R D,0) ) <2—-2a,D,(0).
J'Wn eSnu,dm e(W,”[(O) (0) anD,(0)

The first claim of the lemma now follows from (5.4). In particular, we have shown that
the functions 1 — ¢* D, /W belong to the Hardy space H>(D). Thus, the second claim
of the lemma now follows from the first and the Cauchy integral formula for functions in
H*(D). m

Lemma 5.7. Under the conditions of Theorem 5.1, the second asymptotic formula in (5.3)
takes place.

Proof. 1t follows from the first asymptotic formula in (5.3) that

Pn(z)  Wi(2) ¢nlz) ¢n(2)Dn(2)
¥ = * * = (1 + 05) e —
on(z)  #i(z) Wi(2) Wi (z)
Thus, it is sufficient for us to study the behavior of ¢, D, /W in the unit disk. Since these
functions have integrable traces on T and dm (&) = d¢/(2ni€), it follows from the Cauchy

integral formula that

¢n(£)Dn(£) dm(£)
Wn(€) l—Zf,

where B,,(z) = W,(2)/W; (z) and Un(§) = Du(&)/Dn(§). Since [Bn(§)Un(€)| = 1 for
|€] = 1, it follows from the Cauchy-Schwarz inequality that

f<%@““)1>m@u@ﬂ”9 90D/ W — V12(r)

f $n(£)Dn (&) dm(§)

5)1_g—fm®w@)

Wa(€) 1—z& V1= [z]?
Thus, we deduce from the first claim of Lemma 5.6 that
¢n(2)Dn(2) _ dm(¢)
W =og(1) + an(f)Un(f)l - ZE’

where 0g(1) holds locally uniformly in the unit disk.! Let {b,  } be the Fourier coefficients
of B,,(¢) and {u, (z)} be the Fourier coefficients of U, (¢)/(1 — z&). Then,

0
B, (&)U, (& = nkUn,—
J 1 - z.f kz:lo
Since both B,,(£) and U, (£) are unimodular functions,
dm(f) 1
Z|bn,k‘2 Z|n = —2:1_||2.
kez keZ — ] <

"When U, (&) = U (&), the last integral above can be understood as (777 By, ) (z), where 7 is a Toeplitz operator
with symbol U. Since 7"* J77 and the Blaschke products By, (z) converge weakly to zero in H 2(D) by (5.2),
the functions (7y B )(z ) also converge weakly to zero in H (D), which finishes the proof of the lemma in this
case. This observation somewhat simplifies the arguments given in [38, pages 182-188].
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The Cauchy-Schwarz inequality gives

dm(€) S S
JBn(f)Un(f) = < Z bn,kun,fk(z) + Z bn,kun,fk(z)
1 —z& k=0 k=K +1
< Z |un —k(Z)‘z
k=K +1

for any natural number K. Asymptotic formula (5.2) yields that for any € > 0 and any
K, there exists Nk (€) such that the first sum above is bounded by €/(1 — |z|*)!/? for
all n > Nk(€). Thus, to prove the lemma we are only left to argue that there exists
K = Kg ;(€), which is locally uniformly bounded with respect to z, such that the second
sum is bounded by €. To prove this claim, it is enough to show that the functions (as
functions in variable &)

1 D(e8,&) D(uy, &)
1 — 2€ D(e%,&) D(vy, €)

form a precompact set in L?(T) for g € &, n € N, and z in any fixed compact subset of D.
Let H be the Hilbert transform. The functions above can be written as

(1- Zg)*l Q2i(HE)(£) p2i(Hlog vm)(£)
Consider the following subsets of L?(T):

s ={(1- Zsz)_l : z € compact in D},
S, = {2 g e g,
Sy = {H(Hlogv)(&) e N}
The compactness of Sy in L?(T) is trivial. Since & is compact in C(T) it is also compact

in L?(T). The operator H is a bounded on L?(T). Hence, HE is a compact subset of
real-valued functions in L*(T). Given two real numbers f and g, we have

(5.16) e/ — e = 4sin’®((f — h)/2) <4|f —h

P, pe(0,2].

Therefore, S, is compact in L?(T). Finally, since logv, — logv in L!(T) due to our con-
dition (Br), it holds that H log v,, — H log v in LP (T for any p € (0, 1) by Kolmogorov’s
theorem. Using (5.16) with any such p yields that the functions exp(2iH log v,,) converge
to exp(2iH log v) in L?(T), which shows that S is precompact in L>(T). Since S1, S5, and
S5 are bounded in L (T), the product set S15,S53 is precompact in L?(T) as claimed. That
finishes the proof of the lemma. O

5.3. Orthogonality on[—1, 1]. We will now translate the results of Theorem 5.1 to the case
of polynomials orthonormal on the interval [—1, 1]. Here, we look at triples (f,, An, Tn)s
where [, is a finite positive Borel measure, %, is a continuous function, and 7, is a
polynomial of degree at most 2n with real coefficients that does not vanish on [—1, 1] and
is normalized to have value 1 at 0. For each n we define an inner product on [—1, 1] by

— ehn(x) (I (x
s = [ g T
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We are interested in the orthonormal polynomials with the above varying weights. That is,
we study polynomials p,(z), deg p,, = n, satisfying orthogonality relations

{<pn,xm>[1,1]’n =0, me{0,1,....,n—1},
<pn’pn>[—],1],n =1,

which are normalized to have positive leading coefficient that we denote by y,, i.e., py(z) =
vn2" + lower degree terms, y,, > 0.

The assumptions we made about the polynomials 7, can be equivalently stated in the
following way. Let {a,.1,an,, ..., an 2, } be a conjugate-symmetric multi-set (points a,, ;
can coincide and be either real or come in complex-conjugate pairs) such that a,, ; ¢ [—1, 1]
(these points can be equal to o0). Then,

(5.17)

where we understand x/a,,_; as 0 when a,, ; = o0. Below, we assume the following:

(A[=1,1]) there exists a finite measure y on [—1, 1] such that for any non-negative continuous
Sunction f on [—1, 1] it holds that

limsupffdﬁn < dey;

n—aoo

(B[-1,1]) the Radon-Nikodym derivatives of fi, and u with respect to w = w[_y 1), say ¥,
and v, see (1.2) and (1.7), satisfy |log v, —logv| 1) — 0asn — ;

(Cr=1,17) the functions h, belong to K, a fixed compact subset of C[—1,1];

(D[=1,1]) thezeros{ay, ;} of the polynomials T, satisfy 2511 (1—|¢(an,;)|) = wasn — o,
where ¢(z) = ¢1_1,11(2), see (1.3).

The next result is proven exactly as [38, Theorem 1]. Nevertheless, we provide most of
the details for the reader’s convenience.

Theorem 5.8. With the above definitions, assume that the triples (fin, hy, 1) satisfy con-
ditions (A[_1,1]) — (D[=1,1])- Let pn(z) be as in (5.17). Then,

2n

Pa@) 17 #() = ¢an)
7(2) H L= 0(an))#(2)

locally uniformly in C\[—1,1] as n — oo, where G ,(z) = G(e" i, z) and the meaning
of ox(1) is the same as in Theorem 4.1. In particular, we have that

(5.18) 2G2(z)

=1+ 07((1)

2
(5.19) G%l(oo)zz);—”_1 n (2an,j¢(an,;)) =1+ o0g(1) as n— .

Jian, j#o0

Proof. The results of this theorem follow from Theorem 5.1 after we connect orthogonality
on [—1, 1] to the orthogonality on the circle by the Joukovski map

J(z) = (z+z71)/2

To translate conditions (A[_ ;1) — (D[—1,17) into conditions (At) — (Drt), set ban,; =
#(an,j), j € {1,2,...,2n}. Thatis, J(bypn ;) = an, ;. Then

2an,jb2n,j§ Cné/zn

b}
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z = J(), where ¢, = ]_[amﬂm 2ap,ibon,j, Wan({) = ]_[3';1(5 — bop,j), and we used
the conjugate symmetry of the multi-set {b2,.1, 212, .- .,b2n2n}. Clearly, conditions
(D[=1,11) and (D) are equivalent to each other. Define & = {hoJ : h € K} and let
g = hy o J. It trivially holds that condition (Cj_;,;}) implies condition (Ct). Every
measure y defined on [—1, 1] can be mapped to a measure ¢ on T by the formula

20(A) = u(J(A4)) + u(J(AL)),
where A is any Borel subset in T, Ay = A n {e'’ : t € [0,7)},and A_ = A\A,. For
example, the mapping of the arcsine law w results in the normalized Lebesgue measure m
on the circle. More generally, if one has a function v that is integrable with respect to w,
the measure vdw is mapped to vdm, where v = v o J. We use this map to define measures
07, on T that correspond to the measures (i, on [—1, 1]. This gives do», = vy, dm + do-zsn
and do = vdm + do, where vy, = V,, o J and v = v o J. Notice that condition (3[71,1])
implies (Br). Similarly, condition (Aj_;,;7) implies condition (Ar).

Let now ¢, be the polynomials satisfying orthogonality relations (5.1) with the above
defined (07, gon, Wan). It is well-known, see [40, Theorem 11.5] or [38, Lemma 4.13],
that

2 . ¢;n(§)2 (1 + ¢2n(§)/¢§n(§))2 2 2,1_10/_%” ( ¢2n(0)>
P e T gm0 M T S o)

where z = J(£). It can be readily verified that G, (z) = D,,(Z). see [38, Lemma 4.3].
Thus, asymptotic formulae (5.18) and (5.19) follow from (5.3) and (5.4), where one needs
to use the identity

Tn(z) j=1 1-— ¢<an,j)¢(z)
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