JACOBI MATRICES ON TREES GENERATED BY ANGELESCO SYSTEMS: ASYMPTOTICS
OF COEFFICIENTS AND ESSENTIAL SPECTRUM

ALEXANDER I. APTEKAREV, SERGEY A. DENISOV, AND MAXIM L. YATTSELEV

ABsTrRACT. We continue studying the connection between Jacobi matrices defined on a tree and multiple orthogonal
polynomials (MOPs) that was discovered in [8]. In this paper, we consider Angelesco systems formed by two analytic
weights and obtain asymptotics of the recurrence coefficients and strong asymptotics of MOPs along all directions
(including the marginal ones). These results are then applied to show that the essential spectrum of the related Jacobi
matrix is the union of intervals of orthogonality.
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1. INTRODUCTION

It is well-known [1] that the spectral theory of one-sided self-adjoint Jacobi matrices can be naturally studied
in the context of orthogonal polynomials on the real line and, conversely, many results in the latter topic find
an operator-theoretic interpretation. In [8], we discovered that a wide class of multiple orthogonal polynomials
(MOPs), e.g., celebrated Angelesco systems, is connected to self-adjoint Jacobi matrices defined on rooted
Cayley trees. The present paper makes a further step in this direction. We perform a case study of Angelesco
systems with two measures of orthogonality given by analytic weights. Our analysis of the related matrix
Riemann-Hilbert problem provides the asymptotics of the recurrence coefficients and strong asymptotics of
MOPs for all large indices. One application of this precise asymptotic analysis is a characterization of the
essential spectrum of the associated Jacobi matrix.

We start this introduction by recalling some definitions and main relations connecting Jacobi matrices
on trees and MOPs and then state the main results of the paper. In what follows, we let N := {1,2,...}

and Z>o := {0,1,2,...}. We write || := ny + -+ ng for i = (n1,...,nq) € Zio, and let € =

(1,0,...,0),...,€4 = (0,...,0,1), 1= (1,...,1) = & + --- + é4. Given an operator A in the Banach
space, the symbols o (A) and oess(A) will denote its spectrum and essential spectrum, respectively [41]. In a
metric space, B, (X) denotes the closed ball with center at X and radius r. For a complex number z, Rz and Jz
are its real and imaginary parts, respectively. For a function f(z), holomorphic in C*, the upper half-plane, its
boundary values on R are denoted by f (x).

1.1. Jacobi matrices on trees. Denote by 7 an infinite (d + 1)-homogeneous rooted tree (rooted Cayley tree)
and by V the set of its vertices with O being the root. On the lattice N¥, consider an infinite path {7i(!),7(?), ...}
that starts at 1 (i.e., #(1) = 1) and satisfies 70U+ = () + € kje{l,...,d} forevery j = 0,1,.... Clearly,
these are paths for which, as we move from Tto infinity, the multi-index of each next vertex is increasing by 1
at exactly one position. Each such path can be mapped to non-selfintersecting path in 7~ that starts at O (see
Figure | for d = 2) and this map is one-to-one. This construction defines a projection IT : V — N¢ as follows:
given X € V we consider a path from O to X, map it to a path on N¢ and let TI(X) be the endpoint of the
mapped path. Every vertex Y € V,Y # O, has the unique parent, which we denote by Y(,,). This allows us to
define the following index function:

(1.1) 1:V = {l,...,d}, Yw—ysuchthatTII(Y) = II(Y()) + &,

and therefore to distinguish the “children” of each vertex Y € V by denoting Z = Y(.p,),,, whenY = Z,,), see
Figure | (for d = 2).

(1,1) ~ 0 =Y

(1,2) ~Y = O(cny,2

(3. 1) (2,2) #(2,2) ~ Yieny,1 (1,3) ~Yieny2

Ficure 1. Three generations of 7~ (for d = 2).

.....

0<aj; forallieNd, je{l,...,d},

(1.2) sup  az; < 0, sup b i| < o0.
iieNd ie{l,...,d} iezd Lief{l....d}
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For a function f on V, we denote by fy its value at a vertex ¥ € V. Given P satisfying (1.2) and ¥ € R¢ with
|| = 1, we define the corresponding Jacobi operator J; by

1/2 d 1/2
(L.3) (Fef)y = al‘[/(Y(p)),zny@) + by, Jy + i1 an/(y),ify@h),n Y #0,
: 1/2
(Jzf)o = Zidzl Kl'bT_g,.,[fO + Z?:l (L/ fo(ch),i’ Y=0.

1,i

Thus defined operator Jz is bounded and self-adjoint on £2(V).

The spectral theory of Jacobi matrices on trees enjoyed considerable progress in the last decade, see, e.g.,
[3, 14, 19, 22, 23, 25, 30, 31, 32, 33]. In this paper, we study Jacobi matrices on trees that are generated by
multiple orthogonality conditions. For this class of Jacobi matrices, one can study subtle questions of spectral
analysis, such as the spatial asymptotics of Green’s function, by employing the powerful asymptotical methods
developed in the context of multiple orthogonal polynomials (see, e.g, formulas (4.30) and (4.31) in [8]). In the
current work, we focus on characterizing the so-called R-limits and on detecting the essential spectrum in the
case, when the multiple orthogonal polynomials are given by the Angelesco system with analytic weights.

1.2. Multiple orthogonal polynomials and recurrence relations. In [8], we investigated properties of the
operator J; in the case when the coefficients P are the recurrence coefficients for MOPs. We now recall some
basic facts about multiple orthogonal polynomials.

Let i := (u1,...,1q), d € N, be a vector of positive finite Borel measures defined on R and 7i be a given

a multi-index in Z< , |ii| = 1. Type I MOPs {Aéj )}?:1 are not identically zero polynomial coefficients of the

=0’
linear form

d
0i(x) = Y. AV (W)dy;(x), degAl <m, iefl,....d},

defined by the conditions

é;

(1.4) Jleﬁ(x):O, < id|—1, A%’j =0.
<

Type Il MOPs Pj(x), deg (P5) < |iil, are not identically zero and defined by

(1.5) JPﬁ(x)xldyi(x) =0, I<n;, i€f{l,....d}.

The polynomials of both types always exist, but their uniqueness is not guaranteed. If deg(Pj) = |ii| for every
non-identically zero polynomial Pj(x) satisfying (1.5), then the multi-index 7 is called normal. In this case
Pj;(x) is unique up to a multiplicative factor and we normalize it to be monic, i.e., P;(x) = x/"l 4 - ... It turns
out that 7 is normal if and only if the linear form Qj (x) is defined uniquely up to multiplication by a constant.
In this case, we will normalize it by

(1.6) wa_lQﬁ(x) =1.

We will say that a vector f is called perfect if all the multi-indices 7 € Zio are normal.
When [ is perfect, it is known [43] that the polynomials P;(x) and the forms Qj(x) satisfy the following
nearest-neighbor recurrence relations (NNRRs):

0 { 2P;3(2) = Piiys,(2) + ba Pi(2) + S0y @i iPig, (2),
‘ d
20ii(2) = Qii—¢;(2) + bii—¢,,;Qa(2) + 2L 4i.iQiyz, (2),
For the coefficients {aj; ;, b ;}, we have representations [8]:
§ P (x) " (x) J ; il
1.8 ap.i = , bz = | X105 (x —fxl"‘ 105 s.(x).
49 " P () xm i (x) e Ca®) -2, (%)

If d > 1, unlike in one-dimensional case, we can not prescribe {a; ;} and {b; ;} arbitrarily. In fact, these
coefficients satisfy the so-called “consistency conditions” which is a system of nonlinear difference equations.
This discrete integrable system and the associated Lax pair were studied in [9, 43].

foreach j € {1,...,d}.
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1.3. Angelesco systems and ray limits of NNRR coefficients. We recall that i is an Angelesco system of
measures if

(1.9 suppu; = Aj = [a;, 6] : AinAj=w, i#j, i je{l,....d},
i.e., the supports of measures form a system of d closed segments separated by d — 1 nonempty open intervals.
We can always assume without loss of generality that 8; < «;41,7 € {1,...,d — 1}.

Angelesco systems form an important subclass of the perfect systems. They were studied by Angelesco
already in 1919, [4]. It is not difficult to see [8] that the corresponding NNRR coefficients satisfy conditions
(1.2) and thus define the Jacobi matrix J% by (1.3).

The asymptotic behavior of these coefficients {aj; ;, bj ;} for the ray sequences regime, namely when

d
(1.10) Nz = {ii} ni =ciliil +o(ii), ie{l,....d}, |E]:==) =1,
i=1
was studied in [8] for ¢ = (c1,...,cq) € (0,1)? (hereafter, limy, stands for the limit as |ii| — 0, 7i € Nz).

The following theorem was proved.

Theorem 1.1 ([8]). Ler i be an Angelesco system (1.9) such that for each i € {1,...,d} the measure y; is
absolutely continuous with respect to the Lebesgue measure on A; and the density pi'.(x) := du;(x)/dx extends to
a holomorphic and non-vanishing function in some neighborhood of A;. Then the ray limits (1.10) of coefficients
{aji i, bii i} from (1.7) exist for any ¢ € (0,1)4:

(1.11) limay ; = Az; and limb;, = Bz;, ie{l,....d}.
Ne ’ Nz ’

This result and expressions for Az ; and Bz ; were obtained from the strong asymptotics of the MOPs also
established in [8] (along the ray ¢ = (1/d, ..., 1/d) the limits in (1.11) can be deduced from the results in [10]).
As it happens, the numbers Az ; and Bz ; depend only on the vector ¢ and the intervals {A,v};i=1 (see (2.5) for
the case d = 2 where ¢ = (¢, 1 —c¢) and Az; = Ac;, Bz; = Bei).

1.4. Results and structure of the paper. In this paper, we restrict ourselves to the case d = 2. Our main
technical achievement is an extension of the results in [8] on the strong asymptotics of the Angelesco MOPs to
the full range of ¢: ¢ € [0, 1]%. As a corollary of this extension, we get the following result.

Theorem 1.2. Let ji be as in Theorem 1.1 with d = 2. Then the ray limits
(1.12) limaj; = Ac; and limbj; = B.;
Ne » Ne 7

exist for any c € [0, 1] and i € {1,2}, where N. := N 1—c) is any sequence satisfying (1.10).

Theorem 1.2 can be used to characterize the essential spectrum of the Jacobi operator Tz, defined in (1.3),
generated by an Angelesco system.

Definition. Let P := {aj;, /b\ﬁ’i}ﬁez2 fi=12 be a set of real numbers that satisfy (1.2) for d = 2 and the
constants {Ac.1,Ac.2, Be.1, Bc,z}ce[o,l] be limits from (1.12) (notice that P does not have to be a set of the
recurrence coefficients of any Angelesco system, but the limits {Ac.1, Ac.2, Be 1, Bc,z}ce[o,l] are generated by
some Ay and Ay). We say that P € P a,q (A1, Ay) if P satisfies

(1.13) limaz,; = Ac; and lim b = Be.i

c C

forany c € [0,1] and i € {1,2}, where, again, N := N 1_c) is any sequence satisfying (1.10).

By Theorem 1.2, the class Pa,g (A1, A2) is not empty since the recurrence coefficients of any Angelesco
system with analytic weights supported on A; and A, belong in P4,g (A1, Az). Consider Jacobi matrix Jz
defined in (1.3) with coefficients in P g (A1, A2). The following result gives characterization of its essential
spectrum.

Theorem 1.3. Let J; be the Jacobi operator defined by (1.3) and corresponding to a collection of parameters
P € Pang (A1, A2), then oess(Jz) = A1 WA Inparticular, the essential spectrum of the Jacobi matrix generated
by an Angelesco system with analytic weights supported on Ay and Ay is Ay U Ay.

We prove this theorem in Section 2. The necessary definitions and statements of the main results on strong
asymptotics of MOPs are adduced in Section 3. Auxiliary results and their proofs are relegated to Sections 4
and 5. Proofs of the main results can be found in Sections 6 and 7.
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2. EXPRESSIONS FOR THE RAY LIMITS AND PROOF OF THEOREM 1.3

2.1. Expressions for the ray limits. In this subsection we give formulas for the limits in (1.12).
Let A = [a1,B1] and Ay = [a2, B2] be two intervals on the real line such that 8; < a;. Denote by w; and
wy the arcsine distributions on A and A;, respectively. It is known [40] that

Elwr0n) < E(v). E(uy) = — [loglx = ylduo)dv(y),
for any probability Borel v measure on A;. The logarithmic potentials of these measures satisfy
G-V =0 on A,
for some constants ¢; and £», where V¥ (z) := — Slog |z — x|dv(x). Now, given ¢ € (0, 1), define
2.1) M. = {(vi,v2) : supp(vi) € Ai, [ = ¢, [va = 1—c}.
It is known [26] that there exists the unique pair of measures (w¢,1, w¢,2) € M, such that
2.2) I(we,1,we2) < I(vi,v2), I(vi,va):=2E(vi,vi) +2E(va,v2) + E(vi,v2) + E(v2,v1),

for all pairs (vy,v2) € M.. Moreover, supp(we.1) = [a1,Bc.1] =: Ac.1 and supp(we2) = [@e2, B2] =: Aco.
Similarly to the case of a single interval, there exist constants ¢, ;, i € {1,2}, such that

2.3) { e = VP e =0 on - supp(we.).

len — V@e1T20c2 =0 on  supp(we.).

The dependence of the intervals A, ; on the parameter c is described in greater detail in Section 4.
Let R, ¢ € (0, 1), be a 3-sheeted Riemann surface realized as follows: cut a copy of C along A | U A. 2,
which henceforth is denoted by !REO), the second copy of C is cut along Ac.1 and is denoted by 9{21), while the

third copy is cut along A, » and is denoted by mﬁz). These copies are then glued to each other crosswise along
the corresponding cuts, see Figure 2. It can be easily verified that thus constructed Riemann surface has genus

P P 91(.0)

@ o o5l ¥ g _gB2 ¢

S

i P ! : : mgl)
i i ©)
. Y
.f_¢—

FiGure 2. Surface R, when 8. = B and a.» = a».

0. We denote by 7 the natural projection from R, to Cand employ the notation z for a generic point on R, with
n(z) = z as well as z() for a point on R with 7(z) = z. We call a linear combination Y n;z;, n; € Z, a
divisor. The degree of > n;z; is defined as ) n;. We say that >_ n;z; is a zero/pole divisor of a rational function
on R, if this function has a zero at z; of multiplicity n; when n; > 0, a pole at z; of order —n; when n; < 0, and
has no other zeros of poles. Zero/pole divisors necessarily have degree zero. Since R, has genus zero, one can
arbitrarily prescribe zero/pole divisors of rational functions on R, as long as the degree of the divisor is zero.
A rational function with a given divisor is unique up to multiplication by a constant.

Proposition 2.1. Let R, ¢ € (0, 1), be as above and x.(z) be the conformal map of R onto C such that
(2.4) xe(@) =z+0(:"") as z— 0.
Further, let the numbers A, 1, Ac 2, B¢,1, Bc 2 be defined by

2.5) Xe(zD) =i Bei+ Aciz ' +0(z72) as z— o0, i€ {l,2}.
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Finally, let wi(z) 1= +/(z — a;)(z — Bi) be the branch holomorphic outside of A; and normalized so that
wi(z)/z = 1 as z — oo, in which case

1 i ;
(2.6) 0i(z) == > (z s era + wi(z)>

is the conformal map of C\A; onto the complement of the disk B(g,—a;)/4(0) satisfying ¢;(z) = z + O(1) as
7z — o0. Then it holds that

Acp = [(B2— 02)/4]2 =: Aoy,

27 lim Bep = (Br+a)/2 =: Bopo,
=0 A = 0 =: Ao,

Bey = Boa+ @) = Boi,

and analogous limits hold when ¢ — 1. Moreover, all the constants Ac1,Ac 2, Be,1, Be o are continuous
functions of the parameter c € [0, 1].

Let us stress that the numbers A, ; and B, ; defined in (2.5) are precisely the ones appearing in (1.12). Even
though the expression for By ; might seem strange, it has a meaning from the point of view of spectral theory
of Jacobi matrices, see (A.8).

We prove Proposition 2.1 in Section 5. It is worth noting that the constants A, ; and A, are always positive
(except for Ag,; and A1 3, of course). Indeed, denote by @1, B, 1, @2, B, the ramification points of R, with
natural projections @1, B¢.1, @c 2, B2, respectively. Then the symmetries of R, and y.(z) yield that y.(z) is real
and changes from —o0 to o0 when z moves along the cycle

OC(O) — @] — w(l) N ﬂc,l — Qe — 00(2) — ﬁZ — OC(O)

whose natural projection is the extended real line. Thus, y.(z) is increasing when it moves past co(!) and o0(®),
which yields the claim (this argument also shows that B. | < B ).

2.2. Proof of Theorem 1.3. Our proof will be based on a characterization of the essential support of a Jacobi
matrix on a tree obtained in [13, Theorem 4]. We need some preliminaries to formulate this result. Suppose 7~
is a 3-homogeneous rooted tree with root at O (a binary tree), which means that O has two neighbors and any
other vertex has three neighbors. Later in the text, we will use the notation Z ~ Y to indicate that vertices Z
and Y are neighbors and the symbol V' will denote the set of all vertices of 7~. Given a real function V defined
on V and a real positive function W defined on all edges, we make an assumption

(2.8) sup [Vy| <0, 0 <Wzy, sup Wzy <o,
Yey Z~Y,YeV

to introduce 7, a bounded self-adjoint Jacobi matrix
1/2

(2.9) Ty ==Vofy + Y, Wy fz, YeV,
Z~Y

defined on {’2(‘V ). One example one can think of is Jz introduced in (1.3). Consider a set of distinct vertices (a
path) {¥,,},n € N, in V such that ¥,, ~ ¥, for every n. Clearly, every such path on the tree escapes to infinity,
ie., dist(0,Y,) — o,n — oo. We want to define R-limit (or “right limit”) of J along this path. To do that,
suppose G is a 3-homogeneous tree (without a root), O’ is a fixed vertex on G, and J” is a bounded self-adjoint
operator on G. Recall that B, (Y) stands for the ball of radius r centered at ¥ and denote the restriction operator
to this ball by Pp, (y). Consider two finite matrices: PBr(Ynj)jPBr(Yn,) and PBr(O/)j"PBr(O/). If we identify
¢*(B,(0")) and ¢*(B, (Yy;)) by following the structure of the tree (and there are many ways to do that), then
these matrices are defined on the same finite dimensional Euclidean space. If this identification can be done so
that all sections of J” appear as the limits, we call J’ an R-limit or right limit:

Definition. We say that ' is an R-limit of J along {Y,,} if there is a subsequence {n;} such that
P, v, )IPB,(v,,) =~ Pg.(0)JI ' Pg 0 as j— ®

Jor every fixed r € N. Matrix ' is called simply an R-limit of J if there exists a path along which J' is an
R-limit of I .

Remark. For the rigorous definition of R-limit on more general graphs, see [13].
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Theorem 2.1. ([13, Theorem 4]) We have
o'ess(j) = U O-(j/) .

J"isan R— limitof J

Remark. [13, Theorem 4] was stated for the regular trees only, but the proof is valid for rooted trees as well.

Auxiliary operators Lﬁ.l) and LE.Z). Recall that 7~ denotes the 3-homogeneous rooted tree with the root
denoted by O and V stands for the set of all its vertices. There are two edges meeting at the root O. We label
one of them type 1 and the other one — type 2. Now, consider two vertices that are at distance 1 from O. Each
of them is coincident with exactly three edges. One of the edges for each vertex was labelled already, and we
label the remaining two as an edge type 1 and an edge of type 2. We continue inductively by considering all
edges that are at distance 2, 3, etc. from O and calling one of the unlabelled edges type 1 and the other one
type 2. Now that all edges of 7~ have types assigned to them, we continue by labeling the vertices. If a vertex Y
meets two edges of type 1 and one edge of type 2, we call it a vertex of type 1; otherwise, if it is incident with
two edges of type 2 and one edge of type 1, we call it type 2. We do not need to assign any type to the root O.

Atavertex Y # O of type ty, see (1.1), we define both operators Lgl) and ng) by the same formula:

210 (LPy)y = 3 \ Ay + Beytby. 1€ {1,2);

Je{1,2},Y'~Y ,typeofedge (Y.Y’)=j

and at the root O we define the operators LEI) and LEZ) differently from each other by

!
(L 9o = D \/Ac ity +Beo, 1€ {1,2}.
Jje{1,2},Y'~O, typeof edge (O,Y')=j
Notice that these operators represent Jacobi matrices on 7~ when ¢ € (0, 1). However, if ¢ € {0, 1} either A,
or A, » becomes zero and Lf.l), LE.Z) are no longer Jacobi matrices, strictly speaking.
Remark. The operators Lgl) and LE.Z) already appeared in [8] as the strong limits of Jacobi matrices on finite
trees that correspond to {P;}, the polynomials of the second type (see formula (3.3) and Subsection 4.5 in

[8]). We defined LE.I) and .EE.Z) by assigning the “types” to vertices of the tree and then defining the Jacobi
matrix accordingly. This is an example of more general construction that generates trees satisfying a finite cone
type condition. The Laplacian defined on trees with finite cone type and its perturbations were studied in, e.g.,
[31, 32, 33].

Lemma 2.1. If J has coefficients in P sng (A1, Az), then the R-limits of J and the R-limits ofﬁgl), 1e{l1,2},
are related by the following identity

2.11) U {j’ T isanR — 1imitofL£’>} —{J": " isanR — limitof J} .

cel0,1]

Proof. This follows from the definition of the R-limit, construction of Lél) and L£2>, and from the assumption
(1.13). m|

We further study auxiliary operators Lgl) and ng) in Appendix A.

Proof of Theorem 1.3. Assumptions (1.13) characterize the behavior of the coefficients at infinity. Thus, Weyl’s
theorem on the essential spectrum [41] implies that any two Jacobi matrices with parameters in P ;¢ (A1, A2)
have the same essential spectra. Moreover, by the same Weyl’s theorem, this essential spectrum is independent
of the choice of parameter ¥ in (1.3). Hence, it is enough to prove the theorem for the Jacobi matrix Jz
generated by some Angelesco system with analytic weights and with ¥ = €. In [8, Section 4] we established
that Aj U Ay € 0 (Jz,). Thus, A U Ay S 0ess(J3,) as follows from the definition of the essential spectrum.
To prove the opposite inclusion, take any . for which the coefficients belong to P 4,6 (A1, Az). The application

of Theorem 2.1 and Theorem A.1 to LE.]) gives

1
O'(jl) = O’ess(LE' )) = Ac,l o AC,29
J"isan R— limitof £L"

which yields an inclusion

2.12) U g s | (Ac,l U Ac,z) — AU A,

cel0,1] J' isan R— limitof Lél) cel0,1]
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where the last equality follows from the properties of A, ; and A, » (which we also discuss later in Proposition
4.1). Moreover, since

O-ess(j) = U U U—(JI)
c€[0,1] g7 isan R— limitof £{"
by Theorem 2.1 and (2.11), we get from (2.12) that 0ess(J) S A; U Ay, which proves the theorem. |

3. MuLrtipLE ORTHOGONAL POLYNOMIALS FOR ANGELESCO SYSTEMS

In this section we state the results on asymptotic behavior of the forms Qj (x) and polynomials P (x) defined
in (1.4) and (1.5), respectively, along ray sequences N = N/, 1_.) defined in (1.10) under the assumption that
the measures of orthogonality are as in Theorem 1.1. The study of strong asymptotics of multiple orthogonal
polynomials has a long history, see for example [29, 36, 6, 45]. Below, we follow the Riemann-Hilbert approach
used in [45], where the strong asymptotics of MOPs was derived for Angelesco systems with analytic weights
for non-marginal ray sequences. Here, we extend the results of [45] to marginal sequences, which is a non-trivial
problem requiring new ideas.

As before, we assume that the intervals A; = [a1,81] and Ay, = [az, ;] are disjoint and 81 < a;. In
accordance with the definition of the intervals A, |, A, after (2.2), we shall also set Ag j := {@;}, A2 = A
and Aj 1 := A, A1 = {ﬂz}

Throughout the paper, we use the following notation: given a system of Jordan arcs and curves X, we denote
by X° the subset of X consisting of points that possess a neighborhood that is separated by X into exactly two
connected components. In particular, A? = (a;, 8;), i € {1,2}.

3.1. Fully Marginal Ray Sequences. In this subsection we consider solely infinite ray sequences of the form
3.1 Ni—y = {ii : there exists C > Osuchthatn; < C}, i€ {1,2}.

To describe the asymptotics we need to introduce the so-called Szegd functions of the measures w1, (p. To
this end, let us set

(3.2) pi(x) == =2migi(x), x€A;.
Observe that (p;wi)(x) > 0 forx € AY := (a;, 8;), where w;(z) was introduced in Proposition 2.1. Put

Wi(Z)J log(piwit)(x) dx }, ie{l,2}.
A;

2mi 7—x wit(x)

(3.3) Spi(z) = exp{

Then each S, (z) is a holomorphic and non-vanishing function in @\Ai that is uniquely (up to a sign) charac-
terized by the properties!

(3.4) { (Spi+Spi—)(xX)(piwir)(x) =1, xeA;,

1S,,(2)] ~ |z — x| 7V4, 2= x4 € {ai, Bi}.

Notice also that if p; (x) is replaced by p; (x) /w; 1 (x) in (3.3), then S, /,,,, (2) retains all the described properties
except it is actually bounded around §3; and «;. The following theorem holds.

Theorem 3.1. Under the conditions of Theorem 1.2, it holds that
Pii(z) = (1 +0(1))(Sp,(2)/Sp, (0)) S™ (23 1) (z — 1) 95 (2)

uniformly on bounded subsets of C\(Ao.1 U Ay) along any Ny satisfying (3.1), where ¢»(z) was introduced in
(2.6) and

. o @2(2) — @2(x0)  @2(x0)92(z2) 172 —
(3.5) S(z3x0) = (%(XOM(Z)_AM — ) , zeC\Ay,

X0 € (—00, 0)\A, and the root is chosen so that S(00;x0) = 1. An analogous asymptotic formula holds along
N1 satisfying (3.1).

Since @a4 (x)@a—(x) = Ag for x € Ay, an explicit computation shows that

S(x;x0)+8(x;x0) - = |S(x;xo)i|2 = —o(x0)(x —xo)fl, x €A

1A(z) ~ B(z) as z — zo means that the ratio A(z)/B(z) is uniformly bounded away from zero and infinity as z — zg.
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As S(z;x0) is non-vanishing and holomorphic in @\Az as well as bounded around a3, 8> a standard argument
shows that

S(z:x0) = Sp(2)/So(0), S5 (0) = 4/=¢2(x0). 0(x) 1= (x —x0)/ w2+ (),

where S, (c0) > 0 when xg < @, while S, () € iR when xo > 3, with the choice of the square root depending
on the determination of log(x — x¢) used. We prove Theorem 3.1 in Section 6.

3.2. Szegé Functions. Let us set A.; := n~'(A.;), i € {1,2}, and orient it so that R'” remains on the left
when the cycle is traversed in the positive direction. Put
(3.6) Wei(2) 1= /(2 — aci) e — Bes) =2+ 0(1), 20,

to be the branch holomorphic outside of A. ;. In what follows, it will be convenient to introduce the following
notation
FR() = F(z), ke{o,1,2},

for a function F(z) defined on R.\(Ac.; U Ac.2). Then the following proposition holds.

Proposition 3.1. Given c € (0, 1) and functions p|(x), p2(x) as in (3.2) and Theorem 1.1, there exists a function
S¢(z) non-vanishing and holomorphic in R:\(Ac.1 U Ac2) such that

Sgii(x) = Sg(i%(x)(ﬁ)iwc,w)(x), x €A,

3.7) (sPsMsP)(z) =1, zeC,

ISP ~ |z —x0| ™4 as z—x0€ {1, Be, @0 B2}

Properties (3.7) determine S.(z) uniquely up to a multiplication by a cubic root of unity. Moreover, if
¢ — ¢y €(0,1), then

(3.8) 589 = [1+0(1)]SP(2),
locally uniformly in C\A, x when k € {1,2}, and in C\(A¢, 1 U Ac, 2) when k = 0. Furthermore, it holds that
1

Sp2(2)/Sp, (%), k=0,
(k)
(39) 5@ (14 01))

b k = ]‘7
589 (o)

)
SPZ(OO)/S/)Z (Z), k=2,

as ¢ — 0, where o(1) holds locally uniformly in C\Ag_1 when k € {0, 1} and uniformly in C when k = 2 (that
is, including the traces on A;), while it also holds that

(3.10)  1im S (a0)c!? = VS, (o0), lin})Sél)(oo)c’Z/S =V and 11%59)(0@)&/3 = V/S,,(0),
c— c—

li
c—0
where V := (2] (1) |wa(e1)|S,, (al))fl/S. Limits analogous to (3.9) and (3.10) also hold as ¢ — 1.

The construction leading to Proposition 3.1 is not new. As soon as strong asymptotics of MOPs became a
question of interest, it was well understood that classical Szeg6 functions need to be replaced by solutions to a
boundary value problem (3.7). The original approach reformulated (3.7) as a certain extremal problem, see [6].
Another approach using discontinuous Cauchy kernels on the corresponding Riemann surface was developed
in [11]. The latter construction is exactly the one we adopt in Section 5 to prove Proposition 3.1. Even though
out of necessity, but unlike previous works, we do examine here what happens to the Szegd functions S.(z)
when one of the intervals A. 1, A. 2 is collapsing.

3.3. Non-Fully Marginal and Non-Marginal Ray Sequences. In this section we assume that sequences N,
c € [0, 1], satisfy

(3.11) g = 1/min{n;,n} -0 as |n] >0, neN,.

We start by introducing an analog of the functions ¢;(z), ¢2(z) in the non-fully marginal and non-marginal
cases. Given a multi-index 7, let

(3.12) ci = ny/A|.

To alleviate the notation, in what follows we shall use the subindex 7 instead of c; for quantities depending on
cji such that R; = R, S;(z) = Sc, (z), etc. We shall denote by ®@;(z) a rational function on R; which is
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non-zero and finite everywhere except at the points on top of infinity, has a pole of order |ii| at 50(?), a zero of
multiplicity n; at oo() for each i € {1,2}, and satisfies
(3.13) @PoVoP) () =1, zeC.

Equality in (3.13) is a simple matter of a normalization since the logarithm of the absolute value of the left-hand
side of (3.13) extends to a harmonic function on C which has a well defined limit at infinity and therefore is a
constant.

Theorem 3.2. Under the conditions of Theorem 1.2, let P;(z) be the polynomials satisfying (1.5). Given
c € [0, 1], let N = {ii} be a sequence for which (3.11) holds. Then ii € N we have that

Pi(x) = (1+0())ya(S:®a) " (2),
Pi(x) = (1+0(1)ya(Si®a) " (x) + (1 + o(1))yi (Si®z) ¥ (x),

where the relations holds uniformly on closed subsets of @\(Ac,l U Ac2) and compact subsets A2 | U A ),
respectively, and y; is the constant such that

: il (0) _
Jim ;2" (85®5) " (2) = 1.

When ¢ # c¢*, c¢**, see Proposition 4.1 further below, the error rate o(1) can be replaced by O (&;;), where the
dependence of O, (&;;) on ¢ is uniform for ¢ on compact subsets [0, 1]\{c*, c**}.

In the above theorem the functions § (ﬁo) (z) could be replaced by their limits as discussed in Proposition 3.1.
However, we can do this only at the expense of the error rate O (&7).

To describe asymptotic behavior of the forms Q;(x), we need to introduce one additional function. Let
IT;(z) be a rational function on R; with the zero/pole divisor and the normalization given by

2(00™ + 0@ — @y — @i, — B, and Hg))(oo) =1L

il =
where @1, B;; 1, @; 1, B, are the ramification points of Rj;. Then the following theorem holds.

Theorem 3.3. Under the conditions of Theorem 1.2, let Ag) (z) be the polynomials defined in (1.4), i € {1,2}.
Given c € [0, 1], let N = {ii} be a sequence for which (3.11) holds. Then for ii € N we have that

Mw; ()
)

()~ (140
Ay (@) = —(1+ (1))%1(3 )0

n

uniformly on closed subsets of C\A..; for i € {1,2} when ¢ € (0,1),i = 2 when ¢ = 0, and i = 1 when ¢ = 1,
while

. , —1
49 (@) = o(1) (w2l ) (@)
uniformly on closed subsets of 6\A0,1 fori =1 when ¢ = 0 and of E\ALZ fori = 2 when ¢ = 1, where

T = yﬁSéo)(oo), i.e., it is a constant such that lim,_, Tﬂz“mq)g)) (z) = 1. Moreover,

l. (M wi i)+ (x) (M wi ) - (x)
AL () = (1 4+ 0(1) =T — (14 o(1)
Yi(Sa®a)y (x) i ($i®;) " (x)
uniformly on compact subsets of A] ;, i € {1,2}. As in the case of Theorem 3.2, the error rate can be improved
to O.(g5) when c € [0, 1]\{c*, ¢**} with dependence on c being locally uniform.

Let (ﬁ 1 ﬁz) be a vector of Markov functions of the measures y;, that is,

~ du;(x) 1 0i(x) _ )
(7) = — dx, C\A;, 1,2}.
fil2) szx 2mi Jp, x— 2 ceC\A;, 1e ]2}

Observe also that ({;+ — f;—)(x) = p;(x), x € Af, by Sokhotski-Plemelj formulae. Then one can deduce from
orthogonality relations (1.5) that there exist polynomials P(ﬁl) (z) such that

Réi)(z) — (Pﬁﬁi _ Péi))(z) - O(Z—(ni+1)) as 7z — o0,
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i € {1,2}. The vector of rational functions (Pg) /P;, P /P;) is called the Hermite-Padé approximant for
n n
(ﬁ 1 ﬁz) corresponding to the multi-index 7. It further can be shown that

0 L [ (Papi)x) A
(314) Rﬁ (Z) = TmJ?dx, ZE€ C\Ai, 1€ {1,2}
It also follows from (1.4) that there exists polynomial A;(x) such that
2
I i) ~ O5(x
(3.15) 071y = 3 (AV ;) (2) — Aalz) = La(z) = Z_(x)
i=1

where the asymptotic formula is valid for z — co. Then the following result holds.

Theorem 3.4. Under the conditions of Theorems 3.2-3.2, it holds for n € N that
RY(2) = (1+ 0(1)y:(8:0) " (2w L (2),
uniformly on closed subsets of C\A..;, that is, including the traces on A\A; for i € {1,2} when c € (0, 1), for
i =2whenc =0, and fori = 1 when ¢ = 1, while
RY(2) = o(1) 70 (w7} (2)
uniformly on closed subsets of @\AO,I fori = 1when ¢ = 0 and of @\Al,z fori =2 when ¢ = 1. Moreover,
6
¥i(Si®i) ()’

uniformly on closed subsets of @\(Ac,l U A¢ ). As in Theorems 3.2 and 3.3 the error rate can be improved to
O.(gj;) when c € [0, 1]\{c*, ¢**} with dependence on c being locally uniform.

Li(z) = (1 +0(1))

Theorems 3.2—3.4 are proven in Chapter 7.

4. ON THE SUPPORTS OF THE EQUILIBRIUM MEASURES

In this section we discuss further properties of the vector equilibrium problem (2.2)—(2.3) as well as prove
some auxiliary lemmas needed later.
With the notation introduced in the beginning of Section 2.1, the following proposition holds.

Proposition 4.1. There exist constants 0 < ¢* < ¢** < 1 such that
Beai <PBi, @ep=ay, 0<c<c¥,
Bei=B1, @cp=az, c*<c<ct,
Bea =PB1, aca>az, 1>c>c**
Moreover, it holds that?
We, i = We,is Qe — Ac, 2, Bc,l _’ﬁc,,l, gc,i - fC,,,i’ V@ei — V@i qs ¢ —cy € (O, 1)
Jori € {1,2}, where the convergence of potentials is uniform on compact subsets of C. Furthermore,
{ Wen B Wy, Bes =i, leg— 26, leg— V() as ¢ — 0,
Wet D w1, @ea = Pa e =20, Lep >V (B) as ¢ — 1,

and V@i — V@i uniformly on compact subsets of Cas ¢ — 2 —1i,i € {1,2}.

Further, recall the surface R, constructed just before Proposition 2.1. Given a rational function F(z) on R.,
we denote its divisor of zeros and poles by (F) and write

(F)=mzi+ - +mzi—kipy — - — k. p,
to mean that F(z) has a zero of order m; at z; for each i € {1,...,1}, a pole of order k; at p; for each
i €{l,...,t}, and otherwise it is non-vanishing and finite, where necessarily Zi:l m; = Zle k;.

2Given compactly supported measures v, n € Zxg, Vn X Vo as n — o0 means that S fdv, — S fdvg as n — oo for any compactly
supported continuous function f .
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It can be easily checked using Schwarz reflection principle, as it was done in [45, Proposition 2.1] for ¢
rational, that the function

_y@eatwea(z) 4 %’ z€ EREO),
H.(z) :=

Veei(z) — Lo, + Lttle2 7 %, ie{1,2},

“.1

is harmonic on R\ {o0(?, 501), 002}, Therefore, the function A (z) := 20, H.(z), where 20 := 05 — idy, is
rational on R.. In fact, it holds that

O (2 Jd(wc,l + we,2)(x)

. 2€C\(Ac1 UAn),

(4.2) . (Z)_ x
i We i X .
19 (2) :J? 7€ C\Aey, i€{1,2}.

The importance of this function lies in the following: it was shown in [45, Propositions 2.1 and 2.3] that

Z

o 1

(4.3) ®;(z) = Cexp {nj he, (x)dx} and Al log |5 (z)| = He, (z)

B

for z € R;;, where the constant C;; should be chosen so that (3.13) is satisfied.

Proposition 4.2. Let D, := ay + B, | + a2 + B, be the divisor of the ramification points of R.. It holds that
“4.4) (he) = 0@ + 0™ + 0@ 1z, — D,

for some z. € 9{20) such that z. € [Be.1, @c,2]. Moreover, z. is a continuous increasing function of ¢ and

{ ZC ZBC,ls C<C*9

<
Ze = Qcp, €= c*F.

This proposition has the following implication: point z. uniquely determines the vector equilibrium measure
(We,1,We,2). Indeed, choose z. € (a1,B2). Set Bi,i = min{B,z.} and @, = max{ay,z.}. Construct
Riemann surface R, with respect to the cuts [@1, B«,1] and [@« 2, B2] as before. Let &, (z) be a rational function
on R, with the zero/pole divisor

(he) = 0@ 4 oo 4 0@ 47, — @ — Bii — @2 — P,
where a1, B, |, @2, B, are the ramification points of R, and z, € w0 Clearly, h,(z(?) + h,(z(D) +
h.(z®¥) = 0 as this sum must be an entire function that vanishes at infinity. Normalize /. (z) so that
he(z®) = 1/z 4+ O(1/2%) as z — 0. Set ¢, = —lim,_,o zh,(z(V). Then R, = R.., z. = z.,, and
respectively h.(z) = h¢, (z). It further follows from Privalov’s lemma [39, Section II1.2] that
) . dx '
dwe,i(x) = (00 =0 (1) =, ie (1.2}
and thus, we have recovered the vector equilibrium measure from z,.

Proof of Propositions 4.1 and 4.2. Besides relations (2.3), it also holds that the left hand sides of (2.3) are
strictly less than zero on Aj\A. | and Ay\A. », respectively, see [26]. In particular, we can write

teq | =0 on supp(wc1),
2c

1
VE@el (x) 4+ V@2 (x) —

2¢ >0 on Aj\supp(we.1),

which, in view of [42, Theorem 1.3.3], can be interpreted in the following way: the measure %wc’l is the
weighted logarithmic equilibrium distribution on A; in the presence of the external field %V‘”C’Z (x). Hence,
its support maximizes the Mhaskar-Saff functional [42, Chapter IV]:

1
F.(K) :=logcap(K) — % jV‘””'zdwK,

where K C [a1, B1] is compact, cap(K) is the logarithmic capacity of K, and wk is the logarithmic equilibrium
distribution on K (when K is an interval, wg is the arcsine distribution on K). As mentioned before (2.3), the
maximizer of this functional is an interval containing @ (this was proven in [26]). Therefore, it is enough to
consider compact sets K only of the form [, 8]. Thus, the functional F(K) reduces to the function

B—ar 1 (P dx
- V c,2 s
4 2¢ Jo (x)ﬂ' (B—x)(x —a1)
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where we used explicit expressions for the logarithmic capacity and the equilibrium measure of an interval. To
find the maximum of F,(8) on Ay, let us compute its derivative. To this end, it can be readily checked that

B+h B
%(J 7 = [ r—= )

@ o/ (B+h—x)(x —ap) a v (B—x)(x —ap)
for every differentiable function f(x) on A;. Observe also that V“<2(x) is harmonic off A, and therefore

:fﬁ i (f (”’12:2) ‘f(")> . (ﬁi);(xm)

fe(x) :=V@2(x) = — {log |x — y|dw,2(y) is a smooth function on A;. Hence, by taking the limit as # — 0
in the above equality, we get
1 1! B—ai B+ a 1 +x
4.5 F! = - — ! dx.
(4.5) <(p) B—a 4nc 1fc< 2 xr 2 1—x

Itis also obvious that f/(x) = §(y —x)~!'dw. »(y), which is an increasing positive function on A;. Thus, F_.(8)
is a decreasing function of 8 and therefore has at most one zero. Moreover, it holds that
l-c , l—-c

< fi(x) < ,

Br—ai fol®) @ — B

Hence, F/(B1) < Oforall c small. Aslimg | .+ Fi.(B) = +00, we get that B, € (a1, B1) for all ¢ small. Using

1
F!(Bc.1) = 0 and the above estimates, we get from (4.5) that

4c 4c
@ = B) <fei—ar < (2~ @)
for all small c. This, in particular, implies that 8.1 — @1 as ¢ — 0. An analogous argument shows that a. >
approaches 8> when ¢ — 1. It further follows from (4.6) that f/(x) uniformly converges to zeroon Ay as ¢ — 1.
Thus, F.(B) > 0 for all 8 € Aj and all ¢ close to 1. Thatis, A.,; = Ay in this case. Similarly, we also get that
Ac2 = A, for all ¢ small.
Let us now describe what happens to the components of the vector equilibrium measure and their potentials

as ¢ — 0. Clearly, V®<1(z) — 0 uniformly on compact subsets of C\Ag; in this case. To show that w, » A wy

as ¢ — 0, notice that
> inf, V9,
o]t = JVdeU = f\/"'dwz
< supy, Ve,

(4.6) x €A

“.7

for any Borel measure o~ supported on A, since w, is a probability measure. It follows from (2.3) that V“<2(x)
is continuous on Ay = A, ». Therefore,

252(1 - C) = ngin Viees = y2ees (xmin) =1lc2 — Vel (xmin) =tc2 + 0(]),
2

252(1 — C) < nZaX VZwC‘z = Vzwc‘2 (xmax) =tlc2 — v el (xmax) =t + 0(1),
2

which implies that €. , = 26, + o(1) as ¢ — 0. Let w be a weak™ limit point of w.» as ¢ — 0. Then w is a
probability measure and

Ve (x) < limi(r)lf V@elr(x) = limigf (bep— V@' (x)))2=10, x€bhs,
C—> Cc—>
where the first inequality follows from the Principle of Descent [42, Theorem 1.6.8]. Therefore, E(w, w) <

0, = E(w,, wy), which implies that w = w, by the uniqueness of the equilibrium measure. To deduce the
behavior of the constants . 1 as ¢ — 0, observe that

V2earte(y) < €., x e (—o,m),
>

X
x) =Le1, x€|[Be1,Bil,

where the first claim can be easily obtained from (2.3) and the second one was already mentioned at the
beginning of the proof. Then

Vzw“"+w“’2(a1 _ 6) < fc,1 < V2wc,1+wc,2(a/1 + E)

Vch,l +(Uc,2(

for any € > O since B.,1 < @) + € for all ¢ small enough. Hence, we get that

Ve (a) —€) < limigf&,l < limsupf.,; < V() + €).

c—0
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Since V“2(x) is continuous on the real line and € is arbitrary, we get that £, ; — V“2(a;) as ¢ — 0. The
respective claims for the limits as ¢ — 1 can be shown in a similar fashion.

Let us point out one consequence of the fact that w, » X wy as ¢ — 0 that will be useful to us later. It holds

that
£1(2) = ‘[dwc,z()’) _)fdwz(Y) _ lfﬁz 1 dy _ 1
‘ y -z y=i mle i am oy mE)
locally uniformly in C\A,, where, as before, w1(z) := 1/(z — @2)(z — B2). Therefore, we can improve (4.7) to
4
(4.8) ¢ +o(1)

Bea—ar  |wa(ai)l
as ¢ — 0, where we again used (4.5).

The facts that w. ; X we, jand €. ; — Lo, jasc — ¢, € (0,1),7 € {1,2}, were shown in the proof of [45,
Proposition 2.1]. Let us now show that .1 — S, 1 in this case (that is, that 8. 1 is a continuous function of
c). Weak* convergence of measures necessitates that liminf._,._ 8.1 = Bc,.1. Assume to the contrary that
there exists a subsequence c¢,, — ¢, such that 5., | < Sy := liminf,_,« B.,.1. Then

liminf €., | = liminf V2@en1 ¥ @en2 (x) > Y2@eni T2 (x) > ¢, |

n—oo n—oo
for x € (B¢, .1, B+) due to the Principle of Descent [42, Theorem 1.6.8]. However, the above conclusion clearly
contradicts the claim £, — (., as ¢ — c.. The convergence a.» — a., 2 as ¢ — c, can be shown
analogously (unfortunately, this convergence of the endpoints was asserted without justification in the proof
[45, Proposition 2.1]). Given the convergence of the endpoint, the uniform convergence of the potentials as
¢ — ¢4 € (0, 1) was established in the proof of [45, Proposition 2.1] using harmonicity of H.(z). The same
arguments can be applied to show that V“<i — Vi uniformly on compact subsets of Cas ¢ — 2 —i,i € {1,2}.

Let us now establish the existence of the constants 0 < ¢* < ¢** < 1 and the monotonicity properties of
Be.1 and @ 5. Claim (4.4) was obtained in [45, Proposition 2.3]. There it was further shown that

4.9 Be1<P1 = ze=Pc1 and acp>ar = o = .

Assume now that 8¢, .1 = B¢,,1 < Bi. Then the functions %, (z) and h,(z) are defined on the same Riemann
surface. Their difference has at least four zeros (double zero at 0 and simple zeros at o™ and 00(2)) and
at most three poles @, @2, B,. This is possible only if the function is identically zero and therefore ¢; = c3
as hgl)(z) =cz7' + O0(z7%) by (4.2). Since B, — a; as ¢ — 0, this shows the existence of c* and proves
monotonicity of B..; as a function of ¢ (it is a continuous and injective function of ¢). The existence of ¢** and
monotonicity of @, » are proven analogously. It also follows from (4.9) that ¢* < ¢**. As it was shown in [45,
Proposition 2.3] that z.x = Bex.1(= B1) and zexx = ac#x 2(= @2), we in fact get that ¢* < ¢**.

It only remains to prove that z. is a continuous increasing function of ¢ on [¢*, ¢**]. To show monotonicity,
take ¢c* < ¢; < ¢z < ¢**. Ttfollows easily from (4.2) that each &, (x(o)) is a decreasing function of x € (81, @2).
Thus, to prove that z., < z,, it is enough to show that 2(x(?) > 0 in (81, @2), where h(z) := (he, — he,)(2).
Notice that A(x(©) = —ha(x() — h(x(?) by (4.2) and therefore it is sufficient to argue that i(x(1)) < 0 on
(B1,0) and h(x®) < 0 on (—c0, @3). These claims are obvious for all |x| large enough since

h(z(l)) — _% + ()(z*z) and h(z(z)) = CZZ;CI + O(Ziz)

as z — oo according to (4.2). As explained after (4.9), h(z) vanishes only at 0@, 50 and 0@, Therefore,
h(zM) and h(z(®)) cannot change sign on (B;,0) and (—o0, a2), respectively. Hence, these functions are
negative everywhere on the considered rays by continuity.

To show continuity of z. as a function of ¢ € [c*, ¢**], we shall once again use the fact that hc(x(o)) is
a decreasing function on (8, @2). When ¢ € (c*, c**), h.(x(?)) is unbounded on both ends of (8, a>) and
therefore changes sign from + to — when passing through z. (recall that 4. (z) has poles at 8, and a; in this
case). When ¢ = c¥*, hc(x(o)) is unbounded only at @, and, since it is non-vanishing, is negative on [Bi, a2).
Similarly, when ¢ = ¢**, it is unbounded at 3 only and therefore is positive on (8}, @z]. In any case, z. is the
point where the potential V®<.1%“c.2(x) achieves its minimum on [B1, az]. Thus, if z., — z« as ¢, — ¢, when
n — 0, ¢y, €4 € (c*, c**), then

Vwc0,1+wc0,2 (Z*) < linnl,igclf Vwcn,1+¢uc,,,2 (ch) < h,?li(gf Vwcn,1+wcn,2 (Zc,,) = Vwc,,1+wc,,2 (Zc*),

where the first inequality follows from the weak® convergence of measures and the Principle of Descent [42,
Theorem 1.6.8], the second one from the just discussed extremal property of z, , and the last equality holds due
to the weak™® convergence of measures and the fact that z., does not belong to the supports of the measures in
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question. Since V@ex1T®ex2(x) is smallest at z,.,, we get that z, = z.,. When ¢, = c*, essentially the same
argument works. One just needs to replace z., = 1 with 81 + € for any € > 0. Since V@er1t@ex2(x) is
increasing on [B1, 2], this shows that z, < z., + € for any € > 0 and therefore z, = z.,. Clearly, an analogous
modification works when ¢, = ¢**. m]

5. ProOF oF ProPOSITIONS 2.1 AND 3.1

On several occasions, we shall refer to the following consequences of Koebe’s 1/4-theorem, [38, Theo-
rem 1.3]. Given r > 0, let

0 0 1
a(z) = Z ar(z —z20)%, b(z) = Z brz %, and d(z) = Z di 7"
k=0

k=0 k=—o0
be univalentin D, = {|z — z0| < r}, Dp = {|z| > 1/r}, and D4 = {|z| > r}, respectively. Then,
.1 {lz—aol <rai/d} < a(Da), {|z—bo| <rbi/4} < b(Dp), and {|z| >4rdi} < d(Dg),

where f (D) stands for image of a domain D under the function f(z).

5.1. Proof of Proposition 2.1. Recall that y.(z) is univalent on R, and )(C(.O) (z) =z+0(z7 ") as z — 0, see
(2.4). Hence, it follows from (5.1) that there exists a finite constant R independent of ¢ such that {|z| > R} <

Xe (9150)) for all ¢ € (0,1). In particular, it holds that |y.(x)| < R, x € A1, as well as |B.;| < R,i e {1,2},
see (2.5), for all ¢ € (0, 1). For all ¢ < ¢** (in which case A, » = A,), define

@) 1 { 72— (B2 +@)/2 + wa(z), zE€ mﬁf’)\Ac,l,
Z) ==
Y 2| z- B+ @2)/2 —wa(z), ze€ mﬁ?).

This is a meromorphic function in (9120) v *.RE?))\AC,I with a simple pole at 00(?), a simple zero at 00, and
otherwise non-vanishing and finite. It is normalized so that ¢(z(®)) = z + O(1) as z — 0. Observe that ¢(z)
continuously extends to the closed set 9120) V) mﬁ”. It can be readily checked that the image of 9{20) ) 9122)
under ¢(z) is equal to C and ¢(z) is one-to-one everywhere except on A, ; that is mapped into an interval

¢(Ac,1) =t e = [@(@1),¢(Bc1)] = {¢(@1)} as ¢ —0.
Notice also that 99 (z) = ¢,(z) for z € C\A,, see (2.6).
Define f.(z) := ( ¢ ((,0_1 (z)) - Bc,z)/z. Then f.(z) is a holomorphic function in C\/.. ; (there is no pole at
the origin as ¢! (0) = c0® and y.(z) — B, vanishes there) with bounded traces on .| that assumes value
1 at infinity. Hence, it follows from Cauchy’s integral formula that

fc(z):1+j ME ze@\lc,l.

I, xX—2z 2ri
Since the traces f,4 (z) are bounded above in absolute value on /. ; independently of ¢ and |, ;| — Oas ¢ — 0,
we see that f.(z) — 1 as ¢ — 0 locally uniformly in C\{¢(a1)}. Hence, it holds that

Xe(z) =Bea+ (1+0(1))e(z)
locally uniformly on (‘J{E.O) ) ﬁig.z))\AC,l. Since the image of (mﬁ“’ V) !RE.Z))\ACJ under ¢(z) is C\I.; and
|I.1] — 0as ¢ — 0, for any € > 0 there exists § > 0 such that the image of (mﬁo)\n—l ({lz—ai] < €})) uRY
under y.(z) contains C\{|z — B.» — ¢(a1)| < 6}. Due to univalency of y.(z) on Re, this means that the

image of (!REO) N ({|z— a1l < €})) v R is contained in {lz — Bep — ¢(a1)| < 6}. Altogether, we get
that

¢(z), ze R URY,
plar), zenl,
where o(1) holds uniformly on the entire surface R.. Since
1 —m)? 1 1
¢(°)(z):z—m+0 2) and ¢(2)(Z):M_+O =),
2 z 16z 22

the desired limits (2.7) easily follow.
Continuity of A, 1, Ac 2, B¢.1, Bc 2 as functions of ¢ comes from the continuous dependence of @, > and S,
on ¢, see Proposition 4.2, and therefore the continuous dependence y.(z) on c.

(5.2) Xc(z) = Bea+ (1+0(1)) {
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5.2. Auxiliary Estimates, I. In the forthcoming analysis, the following functions will play an important role:
(53) Yei(2) i= Acixe(@) = Bey) ', i€ {12}

It follows from the properties of y.(z), see (2.4) and (2.5), that Y, ;(z) is a conformal map of R, onto C that
maps o0 into oo and 0© into 0. Moreover, it holds that

(5.4) Y@ =z+0(1) and YO)(2) = A1z +0(z?) as z— 0.
It was explained in [45, Section 7], see [45, Equation (7.2)], that
(5.5) Y.i(z) = Ye,.i(z) as c¢—co€(0,1),

uniformly on R, \U for each i € {1, 2}, where U is any open set the containing ramification points of R, (if

U, = M, is an open set such that n(ﬁiﬁf)\u) = n(mgk)\llc) for each k € {0, 1,2}, then the bordered Riemann
surfaces R, \W and R \U, are identical for all ¢ sufficiently close to ¢, and we can think of Y. ;(z) as a
function on R, \M). On the other hand, when ¢ — 0, the following is true.

Lemma 5.1. It holds that
v(z), zeRP U,
(5.6) Yeo(z) = (1+0(1)) )
w(al)’ Ve € m(; ’
as ¢ — 0, where o(1) holds uniformly on the entire surface R. and
(@) Agr 1 { 2= B+ a2)/2 —wa(z), z€ mE-O)\Ac,l,
7)) = —~ =2
¢(2) 2| z— (B +a2)/2+wa(z), zeRP,

that is ¢ (z) maps RE) conformally onto {|z| > (B2 — @2)/4} and ¢ © (2)y @ (z) = Ag 2. Moreover, it holds
that?

0 _ 2
5.7) YO @] ~cloc' @l NG|~ clec@) and Y2~ ¢
on C (including the traces on Ac1 U Ay, Ao, and Ay, respectively) as ¢ — 0, where
2 Bea +ai )
5.8 c(2)i= ——z2——5— +w.ilz
58) ble) im g (- e 1(2)

is the conformal map of @\Ac,l onto {|z| > 1} that fixes the point at infinity and has positive derivative there.

In addition, it holds that Ygli (z) = z — a1 + O(c) uniformly in C as ¢ — 0.

Proof. Formula (5.6) follows immediately from (5.2), the very definition (5.3), and the first limit in (2.7). It
also is immediate from (5.3) and (5.2) that

' Ac,l
(1+o()e(ar) + (1 +0(1))e®(2)

in C (including the traces on A,) as ¢ — 0 since | (z)| < (B2 — @2)/4 < |@(a))], see (2.6). It can be readily

verified that the symmetric functions of the branches of a rational function on R must be rational functions on

C. Since Yili (z) has a simple pole at infinity, Yg (z) has a simple zero there, and ngl) (2), k € {0, 1,2}, are

otherwise non-vanishing and finite, the product of three branches of Y. ; (z) must be a constant. Thus, similarly
to (5.9), it holds that

(5.9) Y2 (2)| =

~ Ac,l

(0) (1) (2) ‘ 1 ‘
0 1 2 c, ¢l 2
( ) ‘ C’I(Z) C’l( ) C’I(Z)’ Bc,2 - Bc,l (1 + 0(1))‘;(01) ol

inCasc — 0 (recall that ¢(a;) < 0). Foreach z ¢ A.1 U A, 2, let Z be the point on the same sheet of R, as z

with 71(Z) = Z and then extend this definition by continuity to A. | U A, . The function Y 1 (z) is meromorphic
on R, and has the same zero/pole divisor and normalization as Y. (z). Therefore, Y. 1(z) = Y..1(z). In

particular, Y( )( ) isreal on A, ; and the traces of Y( )( YonA. 1, k € {0, 1}, are conjugate-symmetric. Hence,
we get from (5 9) and (5.10) that

GID A~ A S YL @YD 0] ~ YL 0 = L)

2
£ X € Ac,l,

3Given non-negative functions A..(z) and B (z), we write A-(z) < Be(z) (tesp. Ac(z) ~ Be(z)) as ¢ — 0 on K, for some family of
closed sets { K}, if there exists € > 0 such that A.(z) < CBc(z) (resp. C'Ac(z) < Be(z) < CAc(z)) for all z € K. and each
€ [0, €], where C depends only on €.
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as ¢ — 0. Thus, (5.9), (5.11), and the maximum modulus principle applied to Yi’)( )b (z) and Y(l)( 2)/bc(2)
yield (5.7) with ¢ replaced by A, ;. That is, we need to show that A. | ~ ¢ as ¢ — 0.

As is mentioned above, the sum YE,(’))I (z) + Yilz (z) + Ygzi (z) is a rational function on C. Since it has only
one pole, which is simple and located at infinity, it is a monic (see (5.4)) polynomial of degree 1. In particular,
it holds that

(5.12) Bea — a1 =2Y0)(Be) + YO (Ber) = 2Y)(@1) — Y (1),

where we used the fact that Y( )( ) = Ygli(y) = Y.1(y) for y € {@1, B 1} Thus, it follows from (4.7) and
(5.12) (lower bound) together w1th (5.9)and (5.11) (upper bound) that

¢ < 2Y Be)| + Y2 (Be)| + 20} (@) + Y (@) £ AT + Aca £ A}

as ¢ — 0, where we also used the fact that A, ; — 0 as ¢ — 0 for the last inequality. On the other hand, it holds

that
(1 Ac2 Ac1Acp 1 1
Y — + -+0| =
¢ Z(Z) BC,Z - Bc,l Bc,2 - Bc,l Z Zz

as z — oo by the very definitions (5.3) and (2.4). Therefore, we can deduce from Cauchy’s integral formula that

Ac lAc 2 1 (1) (1) ﬁc | — @ (1)
5.13 — = | (Y -Y ) dy| <« =—=—— Y Z’
o1 Bep—Bey | 2ni Lm PETCOR PEMC) a amax en(X) +
for any complex number Z. Now, if we show that
Acp 12
5.14 Y(l) c, <A
G e (Yo0) + gt <Al

as ¢ — 0, inequalities (4.7) and (5.13) together with limits (2.7) will allow us to conclude that Al/ f < cas
¢ — 0, which will finish the proof of (5.7). To prove (5.14), observe that
Aco Ac,2 o AC,2 YC,I (Z)

Yen(z) = - = =
‘ Xc(z) —Bep B, _Bc,2+Ac,lY;§(Z) Bep — B, BA;‘]B, —Yea(z)

according to their very definition (5.3). Thus,

A A A
Yc,Z(Z) + c,2 _ c,2 c,l .
Bc,2 - Bc,l Bc,2 - Bc,l Ac,l - (BC,2 - Bc,l)Yc,l(Z)

The desired estimate (5.14) now follows from (5.11) and (2.7).
To prove the last claim of the lemma, observe that Yili (z) — (z — a1) is holomorphic in C\A. ; and

1 1
’Yi’ii(x) —(x— al)‘ < xrélAajgl ‘Yfii(x)’ +Bca1—a1Se, xeAq,

as ¢ — 0 by (4.7) and (5.11). The desired claim now follows from the maximum modulus principle. O

In our analysis, it will be convenient to apply Lemma 5.1 in the following form.

Lemma 5.2. For each 0 < § < (a2 — B1)/2 fixed, it holds that

14 (0 1y 242
AL L@ NG~ 1
(5.15) o . "
(1-)2M@) (1- 2@ @) ~ 1,
on K s :={z:dist(z,Ac,1) < ¢} forall c € (0, 1) and that
214 (0 oy (2
2’Y( ) c,l( 2’Y( ) )’ ~ 1,
(5.16) ) 1
(1 —c)‘WYL%(z), (1= YN @) 1= )| ~ 1.

on K¢, 52 = {z : dist(z,Ac2) < (1 —¢)8} for all ¢ € (0, 1), where the constants of proportionality depend
only on 9.
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Proof. We provide the proofs only for Y. 1(z), understandmg that the arguments for Y. »(z) are essentially

identical. Recall that Y. (z) is a conformal map of R, onto C that maps o0® into 0 and o) into co. Let
r := max{|a;|, |B2|}. Then it follows from (5.1) and (5.4) that

{lz] < Aca/a(r+8)} < YO ({2l > r +6}) and {[z > 4(r +8)} < Y} ({lz] > r + 6}).
Thus, it holds that
Aci
4(r +06)
Since A.,; — ((B1 — a1)/4)? by the limit analogous to the one for A, in (2.7), this establishes the desired

bounds in (5.15) and (5.16) for all ¢ € [€, 1) and any € > 0 fixed with the constants of proportionality dependent
on € and §. On the other hand, the bounds for ¢ € (0, €] readily follow from (5.7) and (5.8) as

|YL 1( )‘ 4( + 5) forall ze Kc,é,l ] Kc’g’z.

€6+ Bei —ai
5.17) <4— <4+ and ¢ zZ)| ~ |z —ap
< ge(2)] < o = |$c(2)] ~ | |
on K. s.1 and K. s.2, respectively, as ¢ — 0 by elementary estimates and (4.7). The estimates of ngz)( ) can
be verified similarly. O

Let a function I1.(z) be defined on R, analogously to the way II;(z) was defined on R; just before
Theorem 3.3. Further, let IT. ;(z), i € {1,2}, be rational functions on R, with the divisors and normalization
given by

, . ; 1 1
(5.18) (M) = 0@ + 0@ 42000 — D, and T¥(z) = -+ 0 (—2> ,
’ Z z
where D, is the divisor of the ramification points of R, see Proposition 4.2.

Lemma 5.3. It holds that
(5.19) (D weawe)@DMesi@) = (Y0 =Y (@), zemd,

forie{1,2} and

2 1 1 2 0

(ro X . 2ol

520 e = | (X018 YO0 . zenl
1 0 0 1 2

(V0 X @), zem?

Moreover, it holds that

(5.21) N (z) = (1 + o(1))
as ¢ — 0, where the first relation holds uniformly in C (that is, including the traces on A, | U Ay) and the
second one locally uniformly in C\Ay, .

Proof. Representations (5.19) and (5.20) can be easily verified by observing that the right-hand sides are
continuous across A,  and A, » and by comparing the zero/pole divisors and the normalizations of the left-hand
and right-hand sides, see (2.5), (5.3), and (5.18). Asymptotic formula (5.21) follows immediately from the first
relation in (5.20), asymptotic formulae (5.6) and (5.7), and the last claim of Lemma 5.1. O

5.3. Proof of Proposition 3.1. It was shown in [45, Section 6] that the Szegd function S.(z) satisfying (3.7)

is given by
2
1
Sc(z) :=exp — J. log(piwe.i+)(8)Cy(s) ¢ »
(z) p{6m§ N 8( +)(5)C( )}

where C, (s) is the third kind differential on R, with three simple poles at z, z1, z, that have the same natural
projection z and respective residues —2, 1, 1. Limit (3.8) was in fact proven in [45, Section 7]. Thus, it only
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remains to show the validity of (3.9) and (3.10). In order to do that we shall use an alternative construction of
S¢(z) that is more amenable to asymptotic analysis.

Since we are interested in what happens when ¢ — 0, we shall assume that ¢ < min{1/2, ¢**} (the choice
of 1/2 is rather arbitrary, but convenient to use in (4.7)). Set

[z (ﬁc,l + a’c,])/2 + Wc,l(Z) 172 =i
Dc,l(Z) = < 2Wc,] (Z) > Z€ C\AC’I’

where we take the branch of the square root such that D.. ;(z) is holomorphic and non-vanishing in the domain
of the definition and has value 1 at infinity. The traces of D ;(z) on A, ; satisfy
Beip—ar 1B —a
5.22 D ? = (DegsDeyo)(x) = 2 === . x€eA.
o2 P @F = PeaePeis) ) = 4, 0] = Twerst * &4
Let § > 0 be as in Lemma 5.2, that is, § < (@ — B1)/2. Then it follows from (4.7) that 5¢ < |A..1|/8. Using
(4.7) once more together with our assumption that ¢ < 1/2, we get that
V32 = B1) < |wea(9)l/(ev6) <3VB2—ar. s —ai| =éc. s — Bea| = oc,
Vo(az =) < |weix(x)[/c < 8(B2 — 1), @1 +6c <x < e — bc,

(the constants in the above inequalities are in no way sharp, but sufficient for our purposes). Therefore, (5.23)
and similar straightforward estimates of |2z — @1 — B..1| using (4.7) as well as (5.22) and the maximum modulus
principle for holomorphic functions applied to both D 1(z) and D:ll (z) yield that

|Dei(5)] ~ 6714, |s — ai| = bc, |s — Be.1| = dc,

1< [Dei(z)] 674, 0 < dc <dist(z. {1, Be.1})s
uniformly on the respective sets, where the constants of proportionality do not depend on ¢, §. Additionally,
since B.,1 — a as ¢ — 0 and therefore w. ;(z) = z — @) + o(1) locally uniformly in C\Ag,; as ¢ — 0, it holds
locally uniformly in C\Aq ; that
(5.25) D.i(z)=1+0(1) as ¢—0.

Now, let D ,, (z) be the Szeg@ function of the restriction of p;(x) to A. ; normalized to have value 1 at
infinity. That is,

(5.26) Dc’p](z)zexp{Wc,l(Z)J‘A logpi(x)  dx _L ME},

2ni Z—x Weit(x) o1 Wit (x) 2mi

(5.23)

(5.24)

z € C\A,.1, where we set log p; (x) := log iy (x) 4 log(2m) — mi/2, see (3.2) and recall that | (x) is positive
on A;. Observe that

1 dx 1 1 dr 1
(5.27) —f —— -1 and — =— ,
Ay We,i+(x) 7 mida,, 2= xwers(¥) wea(z)

by Cauchy’s theorem and integral formula. Hence, D, (z) = D, u, (z) is a holomorphic and non-vanishing
function in 6\AC,1 with continuous and conjugate-symmetric traces on A ; that satisfy
log p1 (x) dx }

5.28 D, 2= (p1Dep+Dep_)(x) = Gep, = - e
(5.28) P1(x)[De py+(x)] (pl p1+Pc.p )(x) Pl exp{ L We 14 (x) mi

c,1

according to Plemelj-Sokhotski formulae. Now, analyticity of p;(x) in a neighborhood of A; implies that
maxyea, , [01(x)/p1(a1) — 1| — 0as ¢ — 0. Combining this estimate with (5.27) yields that

log pi(x) dx log(p1(x)/p1(e1)) dx
_Lc,l (al) - JACJ

— =1 — =1 +o(1
We i (%) 0g pP1 Weis (@) i og p1(a1) + o(1)

when ¢ — 0 as well as that

wc,l(Z)J logpi(x) dx B wc,l(Z)f log(p1(x)/p1(e1))  dx
o Ja, T X weis(x) mio Ja, 7—x Wei4(x

] —logpi(ai)

= o(1) —logpi(ar)
uniformly on compact subsets of C\Ag,; when ¢ — 0. Thus, it follows from the maximum modulus principle
that

(5.29) Dep(z) =1+0(1) and G, = (1+0(1))pi(e1)
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locally uniformly in @\Ao,l as ¢ — 0. One can also see from its very definition in (5.28) combined with
the second formula of (5.29) that G, ,, extends to a non-vanishing continuous function of ¢ € [0, 1] (it is
constant for all ¢ > ¢*). This observation as well as (5.28) combined with positivity of p|(x) on A; show that
|Dc.py+(x)| ~ 1 uniformly on A. | for all ¢ € (0,1). Then the maximum modulus principle for holomorphic
functions applied to D ,, (z) and D! 1 (2) yields that

(5.30) Gepis|Dep (2)] ~ 1,

uniformly in C forall ¢ € (0, 1) (notice that |D,. ,, (z)| is a continuous function on the entire sphere C independent
of ¢ when ¢ > ¢¥).

Let T'c2 := xc(Ac2), which are clockwise oriented analytic Jordan curves (recall that A, is oriented so
that mﬁ.‘” remains on the left when A, ; is traversed in the positive direction and that y.(z) is conformal on R,
and maps c0(©) into c0). The function

—1
(531) Sea(2) = exp {L J 10g(Dc,ch,P1)(7T(Xc (S‘))) dS}

27 Jr S xe(@)

is holomorphic and bounded in R \A. » and has value 1 at 00 1t follows from Plemelj-Sokhotski formulae
that

(5.32) SC’Q, (x) = SC’2+ (x)(Dc,ch’pl)(x), X € Ac,2~

Observe also that (D¢ D¢ p, )(7(z)) is holomorphic in a neighborhood of A.,. Therefore, S.2(z) can
be continued analytically across each side of A.>. In fact, this continuation has an integral representation
similar to (5.31), where one simply needs to homologously deform I'. » within the domain of holomorphy of
(DeiDep)(m (/\{C_l (5))). Moreover, it holds that

(5.33) Sea(z)=1+0(1) as ¢—0 and [Sc2(z)] ~1, ce(0,c*],

uniformly on R, (again, this means including the traces on A. ). Indeed, observe that the analytic curves I'; »
approach the circle {|z — Bo,| = (B2 — @2)/4} by (2.7) and (5.2). Let 6 > 0 be small enough so that the
integrand in (5.31) is analytic in a neighborhood of the closure of the annular domain bounded by I'. » and
Cs :={|z — Bo2| = 26 + (B2 — a2)/4}. Assuming that C; is clockwise oriented, it follows from Cauchy’s
theorem that I'; 5 can be replaced by Cs whenever z € 9{22), i.e., whenever y.(z) is interior or on I'; ». Then it
trivially holds that
Seale)] < exp{ 5.2 max og(De Do) (x 51)

forz e 91((;2), where |Cs| is the arclength of Cs. The desired limit in 91((;2) now follows from (5.25) and (5.29)
while the uniform boundedness follows from (5.24) and (5.30). Clearly, the estimates in the remaining part of
R can be obtained analogously by deforming I'. » into the circles {|z — Bo2| = —26 + (B2 — @2)/4}.

As a part of the final piece of our construction, let 'z := x.(A¢,1). Similarly to I'; », these are clockwise
oriented analytic Jordan curves that collapse into a point By ; by (2.7) and (5.2). Let

(5.34) Se1(2) = exp { 1 J log[sz(ﬂ(XcI(S)))/sz(oo)]ds}’

271 Jr, s — xe(z)

which is a holomorphic and bounded function on R, that has value 1 at oM and whose traces on Ac,1 are
continuous and satisfy

(5.35) Sen—(x) = Se1(X)Sp, (X)/Spy(30), X € Ac.1,

by Plemelj-Sokhotski formulae. Notice that all the observation about analytic continuations (contour deforma-
tion) made for S »(z) apply to S, (z) as well. Since the Cauchy kernel is integrated against the pullback of a
fixed function S, (z)/S,, () from A, ; while the curves I'c ; collapse into a point, straightforward estimates
of Cauchy integrals as well as analytic continuation (deformation of a contour) technique yield that

(5.36) Sea(z)=1+0(1) as ¢—0 and [S.1(z)] ~1, ce(0,c*],

locally uniformly on (‘R( U 91 )\AL 1 and uniformly on R, respectively. To examine what happens to S| (z)

on 9{21), given € > 0, let C¢ := {|z — B.,1| = €} be clockwise oriented circle. It follows from (5.2) that the
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Jordan curve y. : (C¢) belongs to 915.0) and is homologous to A ; for all ¢ sufficiently small. A straightforward
computation shows that

(5.37) JC log [SPZ (N(XC_I(S)))/SM(OO)] E sz(a'l) ’l sz(Z)

- =log——+0 max
s — BC,I 2ri PZ(OO) ZE?T()(C_I(CS)) SPZ((Y])

It further follows from (2.7) and (5.2) that Jordan curves 7T( Xe ! (C E)) converge to the analytic Jordan curve
(2 + Bo2) "1 (Ce) (recall that ¢ (z) = 0© (z)) and the latter curves collapse into a point | as e — 0. Hence,
by taking the limit as ¢ — 0 and then the limit as ¢ — 0 of the O(:) in (5.37) gives 0. Therefore, analytic
continuation (deformation of a contour) technique and (5.34) imply that

. . 1 log | Sy, (7 /\/;1(5) /S 2(00) S z(a )
(5.38) lim Se.1 (o) :ili%exp{_Jq Sa (s—Bc,l)) - ]ds} B sl<o$>'

2ri
Finally, we are ready to state an alternative formula for the functions S.(z) when ¢ < ¢**. Since relations
(3.7) characterize S.(z) up to multiplication by a cubic root of unity, it follows from the normalization of
D..1(z) and D, p, (z) at infinity, the normalization of S, 1(z) and S, »(z) at 00(?), and relations (3.4), (5.22),
(5.28), (5.32), and (5.35) that

S ( ) S;ZI(OO)(DCJDC’/JI sz)(Z), Z€E !RE.O)\(AC,I U AC’Q),

< Z Pc,l — —

(5-39) (o0 (Se1Se2)(2) 3 i2elrG,  (DeiDep)  (2), z€ RENALL,
(Spa(0)Sp (2)) ", z€ R\Ac.

Now, it follows from (5.33) and (5.36) that
(5.40) S (2)/SE (20) = (14 0(1))(Sps (02) S5 (2)) ™"

uniformly in c (that is, including the traces on A,) as ¢ — 0. Similarly, it follows from (5.25), (5.29), (5.33),
and (5.36) that

(5.41) S(2) /82 (20) = (1 + 0(1))Sp, (2)/Sp, (0)

locally uniformly in @\Ao,l as ¢ — 0. Further, it follows from the middle relation in (3.7) and the last two
asymptotic formulae that

s (2) R U COR ) Spa(0)?
o ) P 0 00 sy

locally uniformly in @\Ao,l as ¢ — 0. Since relations (5.40)—(5.42) also provide asymptotics for the ratios of
S%) (00) /8 (c0), the Timits in (3.9) easily follow. In fact, we deduce from (5.40) and (5.42) that

(0) 2
64 5200 = (1405 ana s0(0) = (14 0(1) (SPZ(OO)>
92 (0) Sgo)(oo)

On the other hand, it follows from the normalization D 1(z) and D p, (z) at infinity, (3.2), (4.8), (5.29), (5.33),
and (5.38) that

1580 (c0)  2p (a1)lwa(@1)[Sp, (1)

(5.44) b 8 SEO)(OO) - S, (00)

Plugging in the second asymptotic formula of (5.43) into (5.44) yields the first limit in (3.10). The other two
now follow from (5.43).

5.4. Auxiliary Estimates, II. The sole purpose of this subsection is to state the following lemma that follows
from (5.24), (5.30), (5.33), (5.36), (5.39), as well as the analogous results for ¢ € [¢*,1) and ¢ — 1.

Lemma 5.4. Ir holds uniformly on R, for all ¢ € (0, 1) that

c

st ()
s ()

s ()|
53 (0)
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Moreover, let § > 0 be such that 0 < §¢ < |Ac1|/8 and 0 < §(1 — ¢) < |Ac2|/8 for all ¢ € (0,1). Then it
holds for all ¢ € (0,1) that

5O (2)
& (w0)

uniformly on each circle {|z—a| = 6c}, {|z—Be,1| = dc}, {|z—ac2| = (1 —c)}, and {|z—B2| = 6(1—¢)};
and

~ 6_1/4

59(z)

s (w0)

uniformly on {5c¢ < dist(z, {a1,Bc.1})} and {6(1 — ¢) < dist(z, {ac,2,B2})}. In addition, it holds for all
c € (0,1) and eachi € {1,2} that

< 514

50G)
5 (@)
uniformly on circles {|z — aci;| = 6(i — 1 — (=1)ic)} and {|z — Be.il = 6(i — 1 — (=1)ic)}; and
5@
S(l)( )
uniformly on {5(i — 1 — (—1)'c) < dist(z, {@c.i, Be.i})}-

~ s/

51/4 <1

~

6. Proor orF THEOREM 3.1

Let o) < xj,1 < Xjin < ... <Xz, < pB bethe zeros of P;(x) on Aj. Then we can write

Pj(x) =: Pi1(x)Pra(x),  Pri(x) = H(X = Xiii)-
Observe that the polynomials { P ;(x)};c n, form a normal family in a neighborhood of A;. As deg(Pj; ») = n2
and it holds that

J‘le,;’Z(x)P,;’](x)dug(x) =0, [€{0,....,np— 1},

by (1.5), the asymptotics of P »(z) follows from [12, Theorem 2.7]. Namely, it holds that

(6.1) Piia(z) = (1 +0(1))(Sp,(2)/Sps (0 (HSzxm> *(2)

uniformly on compact subsets of 6\A2 Thus, to obtain the asymptotic formula for P;(z), we only need to show
that all the zeros {x; l} !, approach a. We shall do it in a slightly more general setting.

Lemma 6.1. Suppose that u; is an absolutely continuous Szegd measure, i.e., SA; log w5 (x)dx > —oo, and that
Ny is any marginal sequence, that is, n1/n, — 0 as |ii| — oo for ii € Ny. Assuming formula (6.1) remains
valid, it holds that x; ,, — ay as |ii| — o for ii € Ny. Moreover,

Proof. Assume to the contrary that there exists € > 0 such that @; + € < xj ,, along some subsequence
N' < No. Let pj 1 (x) := Pj 1(x)/(x — x5.,,). Then it follows from (1.5) that

6.2) lim  lim

|7i|—00, AEN) 20

- Z) = _BO,i’ i€ {1,2}.

Xiin B
63 [ PR X)) = [ 02 0PI~ a ).

(since all the zeros of Pj; 5(x) belong to Ay, it has a constant sign on A1). As the zeros of the monic polynomial
P;.1(z) belong to A, we have that |Pj; (x)| < |81 — a1|™, x € A;. Moreover, since each S(z;x0) is a
non-vanishing function in @\Az, compactness of A; implies that there exists a constant C; > 1 such that
Cl_l < |S(x;x0)| < C for any x, xg € A;. Therefore, we can deduce from (6.1) that

Bl
(6.4) f p,%l,l(x)|Pﬁ,2(x)|( — Xii,m )dﬂl( ) ll‘p2(a1 + €)|n2

Xﬁ,nl
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for some absolute constant C; > 0. On the other hand, by restricting the interval of integration from [a1, X;; , ]
to [@1, a1 + €/2] and then using (6.1), the lower estimate of the Szeg6 functions S(z;x¢), the facts that x| (x) is
non-vanishing and |¢(x)| is decreasing for x < a, we get that

Xii,ng 5 " aj+e/2 5
65 [ o 01220 (6, — Wi 3) > Chgaten + e [ (o
) 4]
aj+€/2
e ([, W lestan + @2 = e + /)
neN’ @

for some constants C3, C4 > 0 that might depend on €, but are independent of 7i, where L, (x) is the n-th monic
orthogonal polynomial with respect to dx on [a1, @ + €/2] (rescaled Legendre polynomial) and the last estimate
follows from [37, Table 18.3.1]. Since n;/ny — 0 and |@2(x)| is decreasing on (—o0, @2), we have that

CZ'/n2|902(“1 +€/2) > C;l/n2|<,02(01 + )|

for all |7i| large, i € Ny. Hence, the above estimate shows that (6.4)—(6.5) are incompatible with (6.3). Thus, it
indeed holds that xj ,,, — aj as |7i| — o0, i € Ny. Further, it holds that

nj

Piie 1(Z) ! <
. n—+ej, _ oL = _ Lo ol
zll»nolo (m - Z) = I:Z:l Xjit&,i T i:Z:lxn,t a + 0(1) 1:21 (xn+el,t+1 xn,t)'
It is known that the zeros of Pj;(z) and Py (z) interlace, see for example [8, Lemma A.2]. Therefore,

n

0< > (ivaict — i) < Xira,n — X1 = o(1),

i=1
where the last conclusion follows from the fact that x;; 1, Xj 5, ., — @1 (observe that {ii + €, : 7i € Ny} is also
a marginal sequence). Thus,

Piiz .1z
(6.6) fim tm (e @ —ay.
[7i|—00, HENY 20 Pﬁ’l(Z)
Furthermore, it follows from the explicit definition (3.5) that
) 1 — Bo,z-&-;pz(xo) +0(z2) 1- % + 0(2_2)
S“(z;x0) = = )

Boa+Ao2e; ' (x0) ) -
- Borthore ) 4 o ) :

where we used (2.6) to get that ¢5(z) = z — Bo2 + O(z~!) as z — oo. Since
(6.7) B + ¢2(x0) — x0 — Ao29; ' (x0) = 2(Bo,2 + ¢2(x0) — x0),
we have that S(z;x0) = 1 — (Boz + ¢2(x0) — x0)z~' + O(z72) as z — 0. Now, interlacing of the zeros

{x,;Jrgl’i}l'.l:lrl and {x; ;}" |, their convergence to a1, and monotonicity of ¢, (z) yield similarly to (6.6) that

Hflflrl S(Z;xﬁ+gl i)
6.8 lim lim = — — 1] = —(Boa2 + @2(a1) —ay).
( ) |ii|—00, REN) Z~>OOZ ( H?;l S(Z;Xﬁ’[) ( 0.2 SDZ( 1) 1)

Hence, it follows from (6.1), (6.6), (6.8), and (2.7) that the limit in (6.2) when i = 1 is equal to
. A Pavaa ) TI S(zixi42,.0)

lim lim o —z | =—-Box.
Pia(z)  TTL, S(zxa,)

Since {ii + €, : i1 € Np} is a marginal sequence as well and the zeros of Pj;(z) and Pj_ ,(z) also interlace, the
limit in (6.2) for i = 2 follows similarly to the case i = 1. |

|fi|—00, AEN) 20

7. Proor oF THEOREMS 3.2-3.4

To prove Theorems 3.2—3.4 we use the extension to multiple orthogonal polynomials [24] of by now classical
approach of Fokas, Its, and Kitaev [20, 21] connecting orthogonal polynomials to matrix Riemann-Hilbert
problems. The RH problem is then analyzed via the non-linear steepest descent method of Deift and Zhou [17].

As was agreed in Section 3.3, we label quantities dependent on c;; only by the subindex 72 as in B | := B¢ 1.
A i = A, i, etc. If Ais a closed interval, we denote by A° the open interval with the same endpoints.
Moreover, when convenient, we write @ (= @) and B8 ,(= B2) even though they do not depend on the
index 7.
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Throughout this section, the reader must keep in mind the definition of constants ¢* and ¢** in Proposition4.1.
Moreover, we would like to use the symbol c¢ as a free parameter from the interval [0, 1], as was done in the
previous sections. Thus, we slightly modify the notation from the statement of Theorems 3.2-3.4 and assume
that we deal with a sequence of multi-indices NV, such that

ci =m/li| > cx€[0,1] and ny,np > o0 as |i| > o0, HeN,,.

We let [A]; ; to stand for (i, j)-th entry of a matrix A and E; ; to be the matrix whose entries are all zero
except for [E; j];; = 1. We set I to be the identity matrix, o3 := diag(1, —1) to be the third Pauli matrix, and
o (1) := diag (|#i|, —n1, —n,). Finally, for compactness of notation, we introduce transformations T;, i € {1, 2},
that act on 2 x 2 matrices in the following way:

e;r e 0 e;r 0 e
eyl e ey e
T 1 2] = er; exn 0 and T 1 12) = 0O 1 O
ey exn 0 0 1 ey exn e 0 e

7.1. Initial RH Problem. Let the measures y, u, be as in Theorem 1.2 and the functions p;(x), p2(x) be
given by (3.2). Consider the following Riemann-Hilbert problem (RHP-Y): find a 2 x 2 matrix function Y (z)
such that

(a) Y(z) is analytic in C\(A; U A7) and lim ¥ (z)z~ 7" =TI,

Z—0
(b) Y(z) has continuous traces on A that satisfy ¥ (x) = Y_(x)(I + p;(x)Ey;11),1 € {1,2};
(c) the entries of the (i 4+ 1)-st column of ¥ (z) behave like O (log |z — £]) as z — £ € {a;, Bi}, while the
remaining entries stay bounded, i € {1, 2}.

Lemma 7.1 (Proposition 3.1 of [45]). Solution of RHP-Y is unique and given by

1 2
P;(2) RV (2) RP(2)
(7.1 Y(2) = | miaPiog () ma R, (2) maaRY . (2) |,
1 2
mﬁ’zpﬁ,é'z(Z) mz,zR(ﬁ_)gz(Z) mﬁ,zRé_)é(Z)

where P;(z) is the polynomial satisfying (1.5), Rg)(z), i € {1,2}, are its functions of the second kind, see

(3.14), my ; are constants such that lim m;u-Rg) 5 (2)7" =Tland &, := (1,0), & := (0,1).

Z—00 — €
7.2. Opening of the Lenses. Given ¢ € (0,1) and § > 0, denote by U, s, an open square with vertices
etcd,eticdwhene € {a;,B.1}andet (1 —c)d,e+i(l—c)éd whene € {a.2,B:}. Define 6;(c), i € {1,2},
via

61(c) i= 1 min{Sc 1 — a1, B1 — B}, ¢ <c¥,
] © 8¢ | min{B; —ai, a2 — Bi}, c* <,

62(c) = 1 min{fB; — az, @ — B}, c < c*¥,
R 8(1 —c¢) | min{Br — ac2,acp — @2}, c** <c.

Of course, it holds that ¢&;(c) (resp. (1 — ¢)da(c)) is constant for ¢ > ¢* (resp. ¢ < ¢**). Moreover, 6, (c)
(resp. 62(c)) approaches a non-zero constant as ¢ — 07 (resp. ¢ — 17) by (4.8) and it approaches 0 as
¢ — c*7 (resp. ¢ — ¢**T). Set §(c) := min{d;(c), 62(c)}. For brevity, we write

Ue = Uc;,,é,e’ ne Nc,(’ e e E?i = E(,'ﬁ’ Ec = {al,ﬂc,l,ac,z’ﬁZ}s

assuming that § € (0, 8(c.)). In particular, all the domains U, are disjoint and 81 ¢ Ug,, when ¢, < c* while
a ¢ ﬁ%z when ¢, > ¢**, again, for all |7i| large enough, /i € N, .

Section 7.4 contains a construction of maps . (z), conformal in U,, e € E,, such that {,(z) is real on the
real line, vanishes at e, and maps (A.,; U A.») N U, into the negative reals (these subsets of A.; U A, are
covered by the darker shading on Figure 3). Using these conformal maps corresponding to c¢;; for i € N, , we
can select piecewise smooth open Jordan arcs F;Jii, connecting «;; ; to B85 ;, defined by the following properties:

(7.2) i (T3, N Up,,) © Iy o= {zarg(2) = +20/3}, Loy, (T3, " Uay,) © I,

and F;fl. consist of straight line segments outside of Uy, , and Ug, ,, see Figure 3. When ¢, = ¢*, we slightly
modify (7.2) and require that

(7.3) 8 (T3 0 Ug, ) S ey Zs (2) = Ly, (2) = s, (B),
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+ _rt
l—‘ﬁ,2_1—‘2

+ _ ot
/\ R /\
a o
B _ _ £
Qﬁ,z =Q,

Frj,z =Ty

F1GURE 3. The squares Ua;u., Uﬁfz,i’ and Ug,, arcs F%i, and domains Q%i (shaded).

with an analogous modification holding for ¢, = ¢** at o ,. We denote by Q;fl. the domains delimited by I“;fl.

and Aj ;, see Figure 3.
Given Y(z), the solution of RHP-Y, set

1 0 + .
Ti| - , ze€Qs ., ie{l,2},
(74) X(Z) = Y(Z) ! <+1/pi(z) ]> n,i { }
1, otherwise.
It can be readily verified that X (z) solves the following Riemann-Hilbert problem (RHP-X):
(a) X(z) is analytic in C\ | J~, (A; T UT> ) and lirrolo X(2)z 7@ = I,
n,i n,i 2

(b) X(z) has continuous traces on [ J;_; (A7 UTF U T ) that satisfy

_ 0 pi(s) )
"(Cafp 0)- oo
~ 10 P
X.i(s)=X_(s)+ T <l/p,~(s) 1) ., oselz uln,
1 i (s o
Ti (0 p‘§ >>, s € A\

for eachi € {1,2};
(c) the entries of the first and (i + 1)-st columns of X(z) behave like O (log|z — £|) as z — & € {a;, Bi},

while the remaining entries stay bounded, i € {1, 2}.

The following lemma is contained in [45, Lemma 8.1].

Lemma 7.2. RHP-X is solvable if and only if RHP-Y is solvable. When solutions of RHP-X and RHP-Y exist,
they are unique and connected by (7.4).
7.3. Auxiliary Parametrices. The following Riemann-Hilbert problem (RHP-N) is essentially obtained by
discarding the jumps of X (z) outside of A; | U Aj »:

(a) N(z)is analytic in C\(Aj; | U Aj ) and lim N(z)z 7™ =,

Z—00
(b) N(z) has continuous traces on A2 . that satisfy Ny (s) = N_(s)T; 0 pils) ;
i —1/pi(s) 0
(c) itholds that N(z) = O(|z — e|""/*) as z — e € Ej;.
Let S;;(z) := S, (z) be the one granted by Proposition 3.1. Put

S(z) = diag (83" (). 5} (2). 87 (2))
for z € C\(Aj,; U Aji). Further, let ®;(z), wji;(z) := We,.,i(2), and Y5 ;(z) := Y,.,i(z) be the functions
given by (3.13), (3.6), and (5.3), respectively. Define

1 1/wii1(2) 1/wi 2(2)
(@) Y@@ Yo @/wiak) |SE).

i,
(

(1.5) M(z):= 5" () | YY) 1
YO ) Y @)/wiix) Y ()/wial2)

n,
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Then RHP-N is solved by N(z) := C(MD)(z), see [45, Section 8.2], where C is a diagonal matrix of constants
such that

(1.6) lim CD(2)z~ 7™ =1 and D(z):= dlag( O ),@él)(z),QJf;)(z)).
Véand

Since the jump matrix in RHP-N(b) has determinant 1, it follows from RHP-N(a,b) that det(N)(z) is holo-
morphic in C\Ej; with at most square root singularities at the points of E;. Thus, det(N)(z) is a constant and
det(N)(z) = 1 by RHP-N(a). Therefore, it holds that det(M)(z) = det(D)(z) = det(C) = 1 due to the second
relation in (3.7) and (3.13). Moreover, it follows from (5.19) and (5.20) that

(0) (0) (0)
1.7 (2) I (2) I5(2)
(1.7) M~ () = 57 (2) | waa (D) () wa g (G (2) wai (D)) (2) | S(o0).
Wi (NG () Wi (MG (2) win(2)TIE)(2)
We use the following convention: |A(z)| < |B(z)| (resp. |A(z)| ~ |B(z)] if all the individual entries satisfy

I[Ali,j(z)] < |[B]i,j(2)| (xesp. |[A]i,j(z)| ~ |[B]i,j(z)]). Moreover, if the constants appearing in inequalities <
and ~ do depend on a certain parameter, say &, we write <s and ~ s. Furthermore, we shall write A (z) = O (1)
if all the individual entries satisfy |[A]; ;(z)] <s 1.

Lemma 7.3. It holds that M*'(z) = Os(1) uniformly for z such that 0 < Sc; < dist(z, {a1,B7.1}) and
0 < 6(1 — cz) < dist(z, {2, B2}), where the estimate is independent of the parameter cj;. Moreover, it holds
that |M(z)| is

571/4 671/4 1— ¢ 571/4 ci 571/4
~ 514 514 ci(1—cp) and ~ | czo V4 1 ci6~ 14

(1 —ci)6™ V% (1 —cp)o~ 1/ 1 sV il —cj) oA

uniformly on |z —a1| = 6cy, |z— Br.1| = 6ciandon |z—aj 5| = 6(1 —cj), |z—B2| = 6(1 —cj), respectively,
where the constants of proportionality are independent of c; and §. Finally, it holds that M~ (z) is equal to
1 1 1 1-— Ci 1 1 Ci 1
o|— 1 1 1—cj; and O | —— | czo=V* o714 com1/4
51/4 (51/4 7 .
(1—cp)d~ V% (1 —cp)6~ /4 o614 1 cii 1

uniformly on |z —ai| = 6cj, |2—Bi.1| = 6ci and on |z — 5| = (1 —cj), |z—Ba2| = 6(1—c5), respectively,
with O(-) holding independently of c;; and §.

Proof. Consider first z on one of the circles from the statement of the lemma. It follows from (3.10) and
Lemma 5.4 that

1/3 - 2/3 - —1/3
S(e0) ~ diag (e (1= ez) (1 = eq) e P (1= e)R),
where the constants of proportionality are independent of c;. It further follows from Lemma 5.4 that
1S(2)| ~ S(o0)diag ((5—1/4, 514, 1) and  [S(z)| ~ S(o0)diag (5—1/4, 1, 51/4)

uniformly on |z — | = 6cy, |2— B | = 6 andon [z — @z 5] = (1 —c5), [2— B2| = 6(1 —c5), respectively,
where the constants of proportionality are independent of c; and 6. Moreover, we deduce from Lemma 5.2 and
(5.23) that S(c0)|(MS™") (2)] is

1 clo12 1 1 1 (1—cz)~ 16712
~ ci 512 cé and ~ c% 1 %(1 —cp)lo71?
(1—cp)* ;' (1—cg)?6 2 1 1—ci (1—cz)? 612
uniformly on |z — 1| = 6c¢j, |z — Br.i| = 6cji and on |z — @jin| = 6(1 — ci), |z — Bo| = 6(1 — c5),

respectively, where the constants of proportionality are independent of ¢; and . The combination of the above
three estimates yields the desired asymptotics of M (z) on the circles around @y, B5 1, @ji 2, B2.
It further follows from Lemma 5.4 that

S.4(6)] < S(o0)diag (6714,1,1)

uniformly for x € (e + 6cj, Ba1 — 6cii) U (a2 + 6(1 — ¢i3), B2 — 6(1 — ¢j)) where the constants of
proportionality are independent of c¢; and 6. Analogously, it follows from Lemma 5.2 and (5.23) that the
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above estimate of S(o0) (M Sil)(z) on the circles remains valid as an upper estimate on (@1 + ¢y, Bi.1 —
6ci) U (@jin +6(1—c), B2 —6(1 —cj3)). The last two observations and the maximum modulus principle for
holomorphic functions show that M (z) = O (1) uniformly for z such that 0 < écj; < dist(z, {@1,B;,1}) and
0 < 6(1 — cj3) < dist(z, {2, B2}), where the estimate is independent of the parameter c;.

Finally, as det(M)(z) = 1, the estimates of M ~!(z) follow in a straightforward fashion from the ones for
M(z). o

Besides N(z), we shall also need matrix functions that solve RHP-X within the domains U,, introduced at
the beginning of Section 7.2, with an additional matching condition on the boundary. More precisely, let &;; be
given by (3.11). For each e € {1, 85,1, @ji 2, B2} we are seeking a solution of the following RHP-P,:

(a,b,c) P.(z) satisfies RHP-X(a,b,c) within U,;
(d) P.(s) = M(s)(I + o(1))D(s) uniformly on 8U6\U%:1 (A v F;;i U F:;,i)’ where

512, e = ai,
llo(1)];«] < Cej 6732, e = B when ¢, < c*,
(6(ze, *,31))71/2, e = B when ¢, > c*,
for some constant C > 0 independent of 7i and &, and analogous estimates hold around «; », B> (in the

cases ¢, = ¢* and ¢, = ¢** we cannot specify the exact rate of the error term), where the point z., or
more precisely z. was defined in Proposition 4.2.

We will solve RHP-P, only for e € {ai, 85} understanding that the solutions for e € {aj,, B2} can be
constructed similarly. Solution of each RHP-P, will require a construction, carried out in the next subsection,
of a local conformal map around «; and §; ;. Recall that these maps were already used in (7.2).

7.4. Conformal Maps. In this subsection we construct local conformal maps needed to solve problems RHP-
P.. To this end, recall the definition, given right after (4.1), and properties, described in Proposition 4.2, of the
function %, (z) that is rational on the surface R..

7.4.1. Local maps around ;. Given c¢ € (0, 1), define

. 2
(7.8) leoay(2) = (%J‘ (hgo) _ hgl)) (s)ds) , Rz <Be-

aj

Since thJ_Z (x) = hélji (x) on A? |, the function . 4, (z) is holomorphic in the region of definition. When w is a
real measure on the real line, it trivially holds that
J dw(x) f (x — x0)dw(x) - J dw(x)
— = iy | ———.
= mory) S —x ey ) w2

Therefore, if the traces of {(x — z)~'dw(x) exist at xo, they are necessarily conjugate-symmetric. In particular,
it follows from (4.2) that the integrand in (7.8) is purely imaginary on A° , and therefore . o, (x) < O for
x € A7 . Italso clearly follows from (4.2) that {¢,q, (x) > 0 for x < a;. Moreover, since h(z) has a pole at
a1, a ramification point of R, of order 2, . 4, (z) has a simple zero at a;.

Lemma 7.4. There exist 6o, > 0, Aq, > 0, and Do, > 0, independent of c, such that each ., q,(2) is
conformal in {|z — a1| < 8a ¢}, 4Aq ¢ < |Lg o (1), and L] 4, (2)| < Do c when {|z — ai| < dq,c} for all
ce (0,1).

Proof. We start by proving the estimate on the size of |{]. ,, (@1)|. Assume first that ¢ < ¢*. Since a; is a
simple pole of A.(z) and s (x) < 0 for x < a; by (4.2), it holds that 0 (x) = uc(a —x)~12 + 0(1)
for x < a; and sufficiently close to @, where the branch of the square root is principal and u, < 0. Since
h (x) = —ue(ay —x)~Y2 + O(1) around a1, it can be readily checked that £l o, (1) = —u?. It was shown
in [7, Equation 2.7] that h.(z) solves

z—d c—c

7.9 = (1—c+¢c? “h— =0,
7 ( Ve "
where I1(z) := (z — a1)(z — @2)(z — B2) and d, is the point such that the discriminant of (7.9), whose
numerator is a cubic polynomial, vanishes at 8. 1 and has an additional double zero. By plugging the identity

h9(x) = ue (e —x)~12 + O(1) into (7.9), it is easy to verify that

de —ay

(@2 —a1)(B—a1)

(7.10) ul=(1-c+c?)
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The numerator of the discriminant of (7.9) is equal to
(7.11) 4(1—c+ ) (z—de)* = 27(c — A) (2 — )z — 1) (2 — B2)

and must have a single sign change, which happens at 5. ;. If d. < a; were true, then the discriminant would
have been positive at a;, 8, and non-negative at «;, that is, it would have been positive on (1, 3;), which
contradicts vanishing at 8. ;. On the other hand if, d. > ., were to be true, then the discriminant would have
been strictly negative at 8. 1, which, again, leads to a contradiction. Thus, | < d. < B¢,1. Now, (7.9) yields
that

_ _ ¥ _3.)3

(7.12) de —a1 _ 1—c 31 . (1 —c*)(az—B1) ’
c (@2 —de)(B2—de) i (d.) (2 —a1)(B2 — a1)

where we used (4.2) to observe that hgz) (dc) < 1/(a2 — B1). The above inequality and (7.10) clearly yield

the desired estimate for |{/. , (@1)| = u2 when ¢ < ¢*. In fact, when ¢ — 0, it actually follows from the first

equality in (7.12) that

—_ . _d. 3 wr(x)\°
oy o - el (h<2><d0>)?(a2m)(/szal)(fif(al)) et

due to (4.2), the last conclusion of Proposition 4.1, and the formula before (4.8). In this case, (7.10) and (7.13)
yield that

1+ o(1
(7.14) Loy (1) = —uf = —cm as ¢ —0.
When ¢ € [c*, c**] the surface R, is always the same. Hence, one can argue using local coordinates that the
pull-backs of A (z) from a fixed circular neighborhood of @ to a fixed neighborhood in C continuously depend
on c. Since each |; ,(a1)| > 0 for ¢ € (0, 1), the desired estimate follows from compactness of [c*, ¢**].
When ¢** < ¢, ho(z) satisfies an equation similar to (7.9). Using this equation, we again can argue that the
estimate holds as ¢ — 1, thus, proving that it holds uniformly for all ¢ € (0, 1).

It remains to study conformality of (¢ q,(z). Denote by 4, (c) the supremum of & such that (¢ o, (2) is
conformal in {|z — ai| < 26c}. We take §4, := infee(o,1)Gq,(c). Since dq,(c) > 0 for ¢ € (0,1) and
continuously depends on ¢, we only need to study what happens as ¢ — 0 and ¢ — 1 to prove that §,, > 0.
Assume first that ¢ — 0. Set £ .o, (5) := ¢ 2Lc.a,(2(s5)), where z(s) := a1 + |Ac1|(1 — 5)/2. Then it follows
from (7.8) that

s Acal [* 20 7) ?
leoa(5) = <8_ (he” — he )(t)dt) ,
¢ Ji
where fzgk) (s) := hgk) (z(s)). By using (7.9), (7.13), and (4.8), we see that /. solves an algebraic equation of

the form
o 2D —1—o() . teo(y
S e o) 20 e P o)

where o(1) holds uniformly on compact subsets of the plane as ¢ — 0. The above equation converges to

~

- h 1 S
(7.15) (h " Twatan] 20 —s>|W2<a1>|2) (h Iwz<m>l>

Since the branches l%go) (s) and ﬁﬁ” (s) have 1 as a branch point, their limits come from the quadratic factor in
(7.15). This observation together with with (4.8) readily yield that

116 Lo (s) = fans) (f«/if > (Ve =T +10g s+ V2 = 1))’

locally uniformly in {|1 — s| < 2}, where the branches of the square roots and the logarithm are principal and
therefore £, (s) is holomorphic in C\(—o0, —1] and is positive for s € (1, o0). Using the explicit expression for
e, (), we can conclude that it is conformal in {|1 — s| < 2} and therefore liminf. . 4, (c) = 4|w2(a1)| by
(4.8). When ¢ — 1, we can similarly get from the algebraic equation for A (z) that £, o, (z) converges to
7.17)

(L gt -4 (g2 e n) ()

which allows us to conclude that liminf._,; d4,(c) > 0 as desired.
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Finally, let D4, (c) := ¢! MaX |z~ qy|<6, ¢ [{¢,q,(2)]- These constants are finite for each ¢ € (0, 1) since
each ¢ q,(2) is, in fact, analytic in {|z — @| < 284,¢}. Moreover, since . q,(z) continuously depends on c,
so do the constants D, (c). Thus, we only need to check their limits as ¢ — 0 and ¢ — 1. The finiteness of
D, :=8Up.c(o,1) Dy (¢) now easily follows from (4.8), (7.16), and (7.17). O

7.4.2. Local maps around B.,1 when c € (0, c*]. Given ¢ € (0, c¢*], define

2/3
3 Z
(7.18) L5, (2) = (ZL (hﬁ‘” - hﬁ”) (s)ds> . a1 <Rz <,
c,l1

where the choice of the root function can be made such that {_, (z) is holomorphic with a simple zero at . |
and is positive for x > S 1. Indeed, since & (z) is bounded at B, |, which is a ramification point of order 2,
we can write

(7.19) h (x) = he(Bey) = ver/x — Bt — O(x — Be.i)
for some number v and x > . sufficiently small. It follows from Proposition 4.2 that 4(8,. ;) is a non-zero

real number. It is also clear from (4.2) that hgo) (x) and hﬁz) (x) assume any non-zero real number somewhere on
(=00, 1) U (B2, 0) and (—o0, 2) U (B2, 0), respectively. Thus, if v. = 0, then the function h.(z) — h(B, ;)
would have at least four zeros (the zero at 8. ; would be at least a double one), but only three poles, which

is impossible. Hence, v. # 0, or more precisely, v. > 0 since h§°> (x) is a decreasing function on (Bc.1, @2)
as can be seen (4.2). Therefore, the integrand in (7.18) vanishes as a square root at B¢ 1. Thus, {g_ .(z) has a
51mple zero there. Again, as in (7.8), we select such a branch of the root function so that {_, (z) is negative on

A? . Since the difference n )( ) — hgl)( ) is real in the gap (8,1, @2), the map {g_, (z) is positive there.
Lemma 7.5. There exist g, > 0 and Ag, > 0, independent of ¢ € (0, c*], such that each {g_,(z) is conformal
in{|z — Bea| < dp,c} and dAg ™13 < 8. (Ben) forall c € (0,c*].

Proof. Since ¢ l/f(- (Be,1) # 0 for ¢ € (0,c*], to prove the second claim, we only need to consider what happens

as ¢ — 0. Similarly to considerations preceding (7.15), let . (s) := he(Be.1 + |Ac.1|(s — 1)/2) and A(s) be
the limit of & (s) as ¢ — 0. Then (7.15) gets replaced by

~

(i’z i IWz?m)l T 1>IW2<a1>|2) <’A" m> -0

Since each ﬁg") (s) has branchpoints at +1 and is negative for s < —1, see (4.2), the same must be true for their
limit (%) (s). Thus, solving the above quadratic equation gives us

A 1 s—1 1 1 s—1
AO@s) = ———— [ 1+ = - - A/ +O(s
( ) 2|W2(a’])| < s+ 1 2‘W2(Q’1)| 2|W2((11>| 2

Plugging the above limit and the substitution x = B¢ + |Ac,1|(s — 1)/2 into (7.19) yields

, s cip_ 1o
(7.20) Lpen(Bea) =ve™ =c (16)'3|wa(ay)|

as ¢ — 0, where v, was introduced in (7.19). This finishes the proof of the second claim of the lemma. To
prove the first one, it is enough to observe that

(721) (3¢) 3¢5, (Bea + Aeal(s — 1)/2) — (J \/: ) V52— 1—log (S+\/7))2/3

as ¢ — 0, where the limit is conformal around 1. m]

7.4.3. Local maps around By for ¢ close to ¢* from the right. This construction will be used only for the ray
sequences N« with infinitely many indices 7 such that ¢; > ¢*. By Proposition 4.2, h.x(z) is bounded at 8,
while . (z) has a simple pole at B, for all ¢ > ¢* and a simple zero z. that approaches B, as ¢ — c¢**. Since
the functions . (z) converge around B, to .« (z) as ¢ — ¢** by (4.2) and Proposition 4.1, we can write

(7.22) - % f (n = h") (5)ds = vz = Br (= Br — &) fe(2). @1 < Rz<as,
Bi

for some €. > 0 such that e, — 0% as ¢ — ¢**, where f.(z) is a holomorphic function that is real on (a1, @2)
(observe that the Puisuex expansion of (hgo) — hgl) )(x) around 8.1 does not have the integral powers of x — 31).
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Similarly, it holds that £ /33{ i (@) = (z- B1)%? f.x(z) for some holomorphic function f,«(z) that is real on

(a1, @) and is positive at B1. Since the right-hand side of (7.22) converges to g“;/ 1 1(z) as ¢ — c*t, the

functions f.(z) converge to f.=(z) (in particular, f.(8;) > 0 for all ¢ sufficiently close to c*).

Lemma 7.6. There exist ¢’ > c¢* and a fixed neighborhood of B\ such that for every c € (c*, ¢'] there exists a
function fc,ﬁ] (2), conformal in this neighborhood, such that

3(°/,0 1 53/2 5 5172

(7.23) -2 f (h? = hD) ()ds = £03 () = Lo (B + e), 2)
1

(we can adjust the constant 0g, > 0 from Lemma 7.5 so that the neighborhood of conformality is given by

{lz = B1| < 6p,¢'}). Moreover, L. g, (2) is positive for x > Bi and converges to (g _,, (z) as ¢ — c**.

Proof. Let F(z; €) be a family of holomorphic and non-vanishing functions in {|z| < ro} that are positive at
the origin and continuously depend on the parameter € € [0, €y]. Consider the equation

(7.24) u(z€)(u(ze) —3pe)’ = 28(z:€),  glzre) :=z(z — €)*F(zs ),
where p > 0 is a parameter that we shall fix in a moment. The solution of this cubic equation is formally
given by

u(zi€) =2pe +v'3(z€) + p2v=13(z ),

vze) = glze) — pt 4 @ e s(ze) — 2p).

Observe that g’(x;€) = (x — €)[(3x — €)F(x;€) + x(x — €)F'(x; €)]. The expression in the square brackets
is negative at 0 and positive at €. Since F(0;€) > § > 0, independently of € € [0, &] for some 6,y > 0
sufficiently small, the derivative of the expression in the square brackets, that is, 3F (x; €) + (5x — €)F'(x;€) +
x(x—€)F"(x;€), is positive on [0, €] for all € € [0, €], where we might need to decrease € if necessary. Hence,
there exists a unique point x, € (0, €) such that g’(x.) = 0. Then we let

(7.25) 2p3 1= g(xes€) = max g(x;e).
x€[0,€]

Since g'(x;€) = (x — €)[2xF(x;€) + (x — €)(F(x;€) + xF'(x;€))] and F(0;€) > ¢ > 0, independently of
€ € [0, €], we can decrease ry if necessary so that g’(x; €) > 0 for x € (e,rp) and € € [0, €]. Thus, there exists
a unique y. € (€, 7o) such that 2p3 = g(y.;€) for all € € [0, €], where, again, we might need to decrease €.
Hence, we can choose v(z; €) to be holomorphic in {|z| < ro}\[0, y] and v!/3(z; €) such that v!/3(x; €) — —p.
asx — 0.

Now, since g(x; €) — p2 is real on [0, y] and changes sign exactly once on each interval [0, x], [x¢, €], and
[€, ¥ ] while the square root vanishes at the endpoint of these intervals, the change of the argument of v, (x; €)
is equal to 37. Thus, we can define v'/3(z; €) holomorphically in {|z| < ro}\[0,yc] as well, where it also

holds that V1+/3 (v (x;€) = p? and v (€;€) = —eF2/3p . In this case u(z; €) is in fact holomorphic
in {|z] < ro}, has a simple zero at the origin, is positive for x > 0, and satisfies u(e;€) = 2p.. Since
u(z;0) = z(2F(z;0))'/? and u(z; €) continuously depends on €, we can decrease ry if necessary so that all the
function u(z; €) are conformal in {|z| < ro}.

Let u(z; €.) be the discussed solution of (7.24) and (7.25) with F(z;€.) = f2(z + 1)/2. Then the desired

function £ g, (z) is given by u(z — Bi; €). O

7.4.4. Local maps around 31 when ¢ > c*. This construction will be used only for the ray sequences N, with
¢y > c¢*. Similarly to (7.8), given ¢ € (¢*, 1), define

1 (* g

(7.26) lLop () i= (Z J (hE.O) - hﬁ.”) (s)ds> , a1 <Rz<an
B

Then £, g, (z) is holomorphic in the domain of the definition, has a simple zero at 31, is real positive for x > S,

and is real negative for x < ;.

Lemma 7.7. There exists a continuous and non-vanishing function g, (c) on (c*, 1) with non-zero one-sided
limit at 1 such that { g, (z) is conformal in {|z — B1| < 6p,(c)}. Moreover, the constant Ag, in Lemma 7.5 can
be adjusted so that 4Ag, (zc — B1) < |¢]. 5 (B1)|, where zc is the zero of hc(z) described in Proposition 4.2.
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Proof. Since . g, (z) has a simple zero at 81, g, (c) is simply the largest radius of conformality, which is
clearly positive. Moreover, when ¢ — 1, the limiting behavior of {. g, (z) is similar to the one described in
(7.17) and therefore lim._, - g, (¢c) > 0. To prove the second claim of the lemma observe that 7. ; (81) = u>
where

B () =ue(x = )72+ B0, B =0(1) as x> By,
exactly as in Lemma 7.4. Thus, we only need to investigate what happens when ¢ — ¢** (existence of a limit
of {cp,(z) as ¢ — 1, which is conformal around Sy, shows that [/, ; (B1)] is bounded from below as ¢ — 1).

It follows from the second part of Proposition 4.1 and (4.2) that the Puiseux expansion of hﬁ“’ (x) must converge
to the Puiseux expansion of hfzk) (x) in some punctured neighborhood of B;. In particular, we have that u, — 0

and 7 (xc) — h(o)(ﬁl) = hex(By) as ¢ — ¢** for any sequence of points x. — B, as ¢ — ¢**. Since

19 (z0) = 0, it holds that uc(ze — B1)~"2 = =i (z0) — —hex (By) as ¢ — ¢**, from which the estimate
follows. o

7.4.5. Estimates of HY (z) — Hf.])(z) around A;,). The following lemma will be used in the proof of
Lemma 7.10, but is presented here due to its connection to the conformal maps constructed above.

Lemma 7.8. Let H.(z) be as in (4.1) and Sp, as in Lemma 7.5. There exists op, € (0,8p,) such that given
€ (0,c*) and 6 € (0,8p,), it holds that

(7.27) (Hﬁo) - Hﬁ”) (x +iy) < —Bg,6%c, x€[Bei +dc,ar — ¢, y € [~6¢/2,6¢/2],

where Bg, > 0 is a constant independent of ¢ and 6. Moreover, for any fixed 56 > 0 small enough there exist
cs > 0and e > 0 such that

(7.28) (HE.O) _ Hﬁ.") (x +iy) < —
fJorallc € (0,¢s), x € [@) + 6,a3 — 6], and y € [—5/2,6/2]. Finally, for any ¢ € (0, 1), it holds that
(7.29) (HEO) - Hﬁ”) (x +i6c) > Bg,6"%¢c, x € [a1.Be.].

Proof. Since h.(z) = 20,H(z) and B, | is a ramification point of R belonging to both 915.0) and mﬁ.‘), it holds
that

(7.30) (HEO) - Hﬁ”) (z) =R (JZ (hﬁo) - hg”) (s)ds> . a1 <Rz<an.

c,1

It further follows from (4.2) that
2 2
. y- —(t—x)
6X‘R(h(0)—h(1)) + =f—d2 e +we)(t) <0
c c (.X ly) ((t—x)2 +y2)2 ( w ,1 w ,2)( )
when |y| < dc < dist(x, A¢s,1 U Ac2). Therefore, it holds that
(B =) (v +iy) < (B = B ) (Be + 6c + i)

forall x € [Be,1 + 6¢c, a2 — 6c] and y € [—6¢/2, 6c/2]. Now, by combining (7.18) and (7.30) we get that

(131) (HE,O) _ Hﬁ”) (2) = (gffl( )) . o <Rz<am,

for all ¢ € (0,c*]. Take 8, < sin(m/6)dp,. Since each map {g, ,(z) is conformal in |z — B¢ 1| < dp,c and
§ < sin(7/6)dp,, every point B¢ 1 + dc + iy lies within a disk of conformality of {p_,(z) when |y| < 6c/2.
Since Arg(dc +iy) € [~n/6, /6] when |y| < 6c/2 and {g_, (x) is positive for x > . 1, is negative for x < S |
and has a positive derivative at S, i, there exists 5. > 0 such that

({3/2(,8c,1+5c+1y) ‘ ,3c1+6c+1y)’

forall |y| < 6c/2and § < &.. Since the maps {g_, (z) continuously depend on ¢ and have a rescaled conformal
limit as ¢ — 0, see (7.21), the constants 6. can be chosen so that 6. > 5[;1 > 0 for all ¢ € (0, c*) and some
5,31 > 0. Thus,

(HEO) - Hﬁl)) (x +1iy) —-‘ 32 (Beat + 6c + ly)‘ —Bp, 6%
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for x € [Be1 + 6c,p — b¢), y € [—6c/2,6¢/2], and a constant Bg, > 0 independent of ¢ by Lemma 7.5 and
(5.1), which finishes the proof of (7.27).

Estimate (7.28) follows in straightforward fashion from the observation that the left-hand side of (7.28)
converges to V2(a1) — V*2(x + iy) as ¢ — 0 uniformly on the considered set by Proposition 4.1 and (4.1),
where w» is the arcsine distribution on Aj.

To prove (7.29), observe that for each x € A, ; fixed, the functions (HEO) — Hﬁl))(x + iy) are increasing
for y € [0, 00) and vanish at y = 0 by (4.1) and (2.3). Moreover, since these functions have the same value at
conjugate-symmetric points, it is enough to consider only the upper half-plane. As the right-hand side of (7.29) is
positive whenever ¢, § > 0, we can assume without loss of generality that 6 < min{d,, dg,, min.e[cr 1) I, (C)},
where ., 0g,, ¢/, and dg, (c) were introduced in Lemmas 7.4, 7.5, 7.6, and 7.7, respectively.

Suppose that |x + i6¢ — 1| < d4,c. Then it follows from Lemma 7.4 together with (5.1) that

1/2

(7.32) o (xHi6C)| = (Ag, /4261 2c.

It clearly holds that Arg(x + idc) € [ arctan(6/S, ), 7/2]. Since {¢, o, (2) is conformal, negative for z > @, and
positive for z < a1, there exists d. > 0 such that

(7.33) Arg (202, (c +16¢)) € (0, (x — arctan(5/6.,,))/2]

for all 6 € (0,6.). Since the maps ¢ q,(z) continuously depend on ¢ and have a rescaled conformal limit
as ¢ — 0, see (7.16), and a conformal limit as ¢ — 1, see (7.17), the constants ¢. can be chosen so that
6c = 64 > 0forall ¢ € (0,1). However, as mentioned before, without loss of generality we can consider only
6 € (0, 64). Furthermore, similarly to (7.31), it holds that

(B0 = 1) (2) = 4R (222,(2) . Rz < fe,
by (7.8). Thus, combining the above expression with (7.32) and (7.33) gives us

12

(7.34) (Héo) - H§1>) (x +i6c) > sin(arctan(6/64,)/2) |22, (x + i6¢)| = B'6*¢

for some B’ > 0, independent of ¢ and §.

Now, we shall examine what happens when x lies in the vicinity of 5. ;. Unfortunately, there are three different
constructions of the conformal maps in this case. Thus, we firstassume that ¢ € (0, ¢*]and [x+id— B¢ 1| < dg,c,
see Lemma 7.5. Then it follows from Lemma 7.5 and (5.1) that

‘g“;ézl (x + i6c)‘ > (Ag, /4)¥%6% ¢

In the considered case Arg(x +idc) € [n/2, m —arctan(6/6p,)]. Since the conformal maps gz/ 21 (z) continuously
depend on c, have a rescaled limit when ¢ — 0, see (7.21), are positive for z > S.,1 and negétive for x < Bc.1,
(7.33) gets now replaced by

(7.35) Arg (ggfl (x + iéc)) e (5n/8, (3 — arctan(6/6,))/2]

forall 6 € (0,6, ) and a possibly adjusted constant 6, > 0. Thus, combining the above observations with (7.31)
gives us that

(7.36) (Hﬁ.‘” - Hf.”) (x +i6¢) = (4/3) sin(arctan(§/55, )/2) ‘ggfl (x + iéc)‘ > B's52c

for some B” > 0, independent of 6 and c¢. Let now ¢’ be the same as in Lemma 7.6 and |x + i — B1| < g, ¢
for any ¢ € (c*, ¢'], again, see Lemma 7.6. Then it follows from (7.23) that

0 1 40, (232 P 51/2
(# = 1) () = 3R (85,0) — Lo (B + €l 2)
Since Zc,ﬁl (x) is positive for x > B; and negative for x < Sy, it holds that
4 30 s 51/2 4os (532
—3R (805, = e (B + )85 () > —3R (85,))

for z with Arg(z) € (0,7). Since the maps . g (z) continuously depend on ¢ € [c*,c’], where we set
Cex p,(2) := Lex g, (2), see Lemma 7.6, the constant J, can be adjusted so that (7.35) remains valid with
e (2) replaced by &, g, (z) for |§] < 64 and ¢ € [c*,c’]. Hence, we can proceed exactly as in the case
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c € (0, c*], perhaps, at the expense of possibly adjusting the constant B” in (7.36). Further, when ¢ € [¢/, 1), it
follows from (7.26) that

(Hgm N Hgl)) (2) = 4R (43{;1 (z)) . a1 < Rz<m.

It also follows from Proposition 4.2 and Lemma 7.7 that ], ; (81)] is bounded away from 0 independently of
¢ € [/, 1) (the bound does depend on ¢’). Notice also that in this case (7.33) remains valid with 4, replaced
by min.e[c,1) 0, (c). Therefore, (7.34) remains valid as well, where we need to replace ¢ q,(z) by e g, (2)
and, perhaps, adjust B’.
It only remains to examine what happens when @) + ¢’¢ < x < S.,1 — ¢'¢ for some ¢’ > 0. To this end, let
us denote by ..(x) the following function:
he() = 218 (hE) (@) = n) (x) = 1 (x) = K (x) = 1) (x)

2i (h{) (x)) = —2i3 () (x)) = 215 (K" (x)), xeA?.
Let us show that A (x) # 0 for x € A2 . Indeed, if 7. (x') = O for some x’ € A? |, then hCOJZ (x") = h@ (x') =
hElJZ (x") = hglj (x") and this value is real. That is, there exist x’,x” € A.| (n(x') = n(x”) = x’) at which
he(z) assumes the same non-zero real value. On the other hand, when ¢ € (¢*, ¢**), h.(z) has simple poles
at a1, B, @2, B,. Therefore, it can be clearly seen from (4.2) that h§°) (x) assumes every non-zero real value
twice, once on (—o0, @) U (B2, 90) and once on (8], @2 ). Furthermore, (4.2) also shows that e (x) and h? (x)
assume every non-zero real value once on (—o0, @) U (81, ) and (—o0, az) U (B2, ), respectively. As h.(z)
has four zeros/poles, it assumes every value exactly four times. Thus, if /. (x") were zero, h.(z) would assume
a given real value six times, which is impossible. Since the proof for the case ¢ € (0,c*] U [¢**,1) is quite
similar, the claim follows.
For the next step, we would like to argue that
Bin = inf min |i~lc(x)| > 0.
ce(0,1) a1+ 6'c<x<P.,1—06'c

For that, it will be convenient to consider the rescaled function Zc(s) = he(Bea + |Ac.1|(s — 1)/2). These
functions are purely-imaginary and non-vanishing on (—1, 1). It follows from (4.8) that there exists 6” > 0
such that

}Nlmin > inf min |flc(S)|
ce(0,1) —14+6"<s<1-6"

For each ¢ fixed, the minimum over s is clearly non-zero and continuously depends on c. On the other hand,

exactly as in Lemma 7.5, it holds that

2 1 1—s
(7.37) hols) > —— L=
(=) lwa(ar)| V 1+

as ¢ — O uniformly on [—1+6", 1 —¢§"], which again, has a non-zero minimum of the absolute value. Moreover,
a computation similar to the one leading to (7.17) gives us that

2 4i 1
739 hels) = ~ =

as ¢ — 1 uniformly on [—1 + §”, 1 — §”], which also has a non-zero minimum of the absolute value. Hence, it
indeed holds that /4, > O.
Now, observe that A (x) is a trace of a function analytic across A° ,, namely, of

hie(z) = h(z) — 1P (z), z>o0,
’ hgl)(z) i (z), Jz<0O.

Therefore, for each x” € [a@] + §'c, Be,1 — 6'c] fixed, there exists 6(c¢;x") > 0 such that

Z
(7.39) |He(z)] = (hmin/4)]z — ¥, Holzin) = J e (5)ds,

x/
for all |z — x'| < &(c;x")c by (5.1). Notice that §(x’)c can be taken to be the radius of the largest disk of
conformality of H.(z;x"). Observe also that §(c;x’) continuously depends on x” and therefore there exists
6(c) > O such that §(c;x") = 6(c) forall x’ € [a) + 6’c, Bc,1 — &8'c]. Since §(c) can be made to continuously
depend on ¢ and the limits (7.37) and (7.38) hold not only on (—1, 1), but in some neighborhood of (—1, 1) as
well, the constant 6, can be adjusted so that 6(c) > d, for all ¢ € (0, 1).
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Since the functions H,(z;x') are conformal in |z — x’| < 6,c¢ for each x’ € a1 + &'c, Be.1 — 6'c] and are
purely imaginary on the real axis, the same continuity and compactness arguments we have been employing
throughout the lemma imply that

(7.40) R (ﬁc (x" + iy;x’)) > C‘ﬁc(x’ +iy;x)]

for all y € (0,64c) and x' € [a) + ¢'c,Be1 — 6'c], where C > 0 is constant independent of c¢. Since
he(z) = 20,H.(z), it follows from (7.39) and (7.40) that

(7.41) (Hg°> - Hﬁ”) (x +i6c) = R (ﬁc (x + i50;x)> > (Chin/4)sc.

The estimate in (7.29) now follows from (7.34), (7.36), and (7.41). |

7.5. Local Parametrices. Below, we construct solutions of RHP-P,, for e € {ay, 85,1}, 1l € Nc,. Recall that
the squares U, have diagonals of length 26¢, where § < &(c,) see Section 7.2. Additionally, we assume
that § < min{d,,,0p,} or 6 < min{d,,,dp (c+)}, depending on c,, see Lemmas 7.4-7.7. Then the maps
constructed in Section 7.4 are conformal in the corresponding squares U,.

7.5.1. Matrix P4, (z). Let ¥({) be a matrix-valued function such that

(a) ¥(¢) is holomorphic in C\ (I U I_ U (=00, 0]), see (7.2);
(b) ¥(¢) has continuous traces on I U I_ U (—o0, 0) that satisfy

(& o). ce-wo

10
(1 1)’ ¢l

where I, are oriented towards the origin;
(©) ¥(¢) = O(log|¢]) as & — 0;
(d) ¥(¢) has the following behavior near co:

W= () (o (e e

uniformly in C\ (74 U I U (=20, 0]).
Solution of RHP-¥ was constructed explicitly in [35] with the help of modified Bessel and Hankel functions.
Observe that the jump matrices in RHP-¥(b) have determinant one. Therefore, it follows from RHP-¥(d) that

det(¥(2)) = V2.

Let {5 o, (2) := {c;,00(2), see (7.8), which is conformal in Uy, . It holds due to Lemma 7.4 and (5.1) that
(7.42) {lz] < Ag,0n7} < [i*Ei. 0y (Uay),
where A,, is independent of ¢ and c; = n;/|7|. It also follows from (4.3) and (7.8) that

1 2
(7.43) Gioy(2) = (mbg <¢;0>(Z)/q>él>(z))> . 7€ U,

Let D(z) be given by (7.6). Note also that the matrix o3¥({)o also satisfies RHP-W, but with the orientation
of all the rays in RHP-¥(b) reversed and i replaced by —i in the asymptotic formula of RHP-¥(d). Relation
(7.43) and RHP-¥(a,b,c) imply that the matrix

. —o3)2 0 —o3/2
040 Pul) = BT (0¥e) (60 ) o @) (0)) 7 ) D
satisfies RHP-P ,, (a,b,c) for any holomorphic prefactor E 4, (z). As ¢ i/ 4 il i/ * on (—0,0), where we take

the principal branch, it can be easily checked that

R T N e T L N S
V2 \—i 1) p \- 1)1 0

there. Then RHP-N(b) implies that

(7.45) Eo (z) = M(2)Ty ( \/; (_11 —11) p10'3/2(2)>
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is holomorphic in Uy, \{a1}. Since the first and second columns of M (z) have at most quarter root singularities
at a1 and the third one is bounded, see Lemma 7.3, E (z) is in fact holomorphic in U o, as desired. Finally,
RHP-P ,, (d) follows from RHP-¥(d) and (7.42).

Recall that det(M(z)) = det(D(z)) = 1 as explained between (7.5) and (7.6). Hence, it holds that
det(E o,(z)) = 1/4/2 and respectively det(P,, (z)) = 1.

7.5.2. Matrix Pg, | (z) when ¢, < c¢* and c;; < c*. Below, given N.,, with ¢, < ¢*, we solve RHP-Pj_
g *

along the subsequence N5 := {ii € N, : }, when such a subsequence is infinite. Clearly, N5 only
omits finitely many terms from N, when ¢, < c*.
Given o € C\(—0,0) and s € (—0, ), let ®,({; s) be a matrix-valued function such that

(a) ®,(;s) is holomorphic in C\ (14 U I_ U (—0,0));
(b) @ (;s) has continuous traces on Iy U I_ U (—00,0)

(&
@, (L55) = Po—(455) G

1 o
0 1

(©) ®1(L;s) =0(1) and @ (55) = O(log|L]) when o # 1 as ¢ — 0;
(d) ®(;s) has the following behavior near oo:

o= (1 1) (140 (7)) e -2 497

uniformly in C\ (74 U I_ U (—0,0)).

(0, 00) that satisfy

,0),

_—0 O =

) e
). cen
) ¢

As in the previous subsection, notice that det(®(£;s)) = /2.
Besides RHP-® ., we shall also need RHP-® obtained from RHP-® by replacing RHP-®((d) with

@ &>(4’ ; s) has the following behavior near oo:

D((;5) = 4\2/4 (1 ;) (I+O ({l/2>)exp{—§ ({3/2+s§1/2) }

When o = 1 and s = 0, the Riemann-Hilbert problem RHP-® is well known [16] and is solved using Airy
functions. In fact, in this case RHP-®(d) can be improved to

—03/4 . 2
(7.46) ®(£:0) = gﬁ (1 i) (1+0(¢7?) exp{—§§3/20'3}

uniformly in C\(I +ul_u (-0, oo)) More generally, when o = 1, the solvability of these two problems for
all s € (—o0, 00) was shown in [27] with further properties investigated in [28]. The solvability of the general
case o € C\(—0o0,0) was obtained in [44]. In [45, Theorem 4.1] it was shown that RHP-® . (d) can be replaced
by

—03/4 .
R (=) s

which holds uniformly for £ € C\(/; U I U (—0,0)) and s € (—00,90) when o # 0, and uniformly for
s € [0,00) when o~ = 0; and that RHP—&)(d) can be replaced by

~ —o3/4 .
(7.48) D(s;s) = gﬁ <1 i) <I+O< ||Z||ii>) exp{% (43/2+s§1/2) 03}

uniformly for £ € C\ (/4 U I- U (—0,0]) and s € (=00, 0].
Let {g; ,(z) := {p.. ., (z) be the functions defined in (7.18) that are conformal in Ug, ,, see Lemma 7.5. It
follows from (4.3) and (7.18) that

3 23
(7.49) gﬁﬁ,,(z)_< T o <<1>(0)/<D(1))> , z€Ug,,.
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According to Lemma 7.5 and (5.1), it holds that
2/3 N
(750 {lel < g om} < i g5, (U,

where Ag, is independent of 7i with 7i € N
Assume now that ¢, < c*. Recall that is this case 81 € Ug, , for all [ii| large enough. Relation (7.49) and
RHP-®(a,b,c) imply that the matrix

@s) Py, (2) = Ep,, (T) (cm (13¢5, (2):0) o7 72 (2) (@ /05) <z>)u<z>,

satisfies RHP-P_  (a,b,c) for any holomorphic prefactor Eg.  (z). As in the previous subsection, RHP-N(b)
implies that

—03/2

TEEIon —o3/4 , -1
(.52) By, ()= T, | ﬁ"&? (i 1)ee

is holomorphic in Ug; ,. Requirement RHP-P_ | (d) now follows from (7.46) and (7.50).
Assume now that ¢, = ¢* and recall (7.3). Observe also that 85 < B forii € Nf* and therefore
Sq = |ﬁ|2/3§,3ﬁ,1 (B1) = 0. Then, similarly to (7.51), we get from (7.49) and RHP-®(a,b,c) that

059 Py (@)= B @ (@0 (7850, 05) o0 (2 /2) 7 (2)) D)

satisfies RHP-P 3. (a,b,c), where holomorphic prefactor Eg, , (z) is again given by (7.52). Then it follows from
(7.47) and (7.49) that

-1 -1 §) = 0'3/2SL 1 —1 gﬁ,—,,l(ﬁl) 0-3/4L 1 1 o
o170 = 105 (4 1)<1+Zﬁﬁ,l<s>> 501

% (140 (il + g5, (81)) ) £y 7 (5))

for s € 0Upg, . Since Zg, , (B1) — Oas|ii| — 0,/ € N5, and {p,. 1 (2) is bounded below in modulus on dUsg; |,
RHP-Pp,  (d) follows. As in the previous subsection, we point out that det(Pg,  (z)) = 1.

7.5.3. Matrix Pg, (z) when ¢, = c* and c; > c*. Below, we solve RHP-Ps_ along the subsequence
NZ = {ii € Nox : ¢ > c*}, when such a subsequence is infinite. Let &g, (2) == e, (2) be the conformal
map in Ug, constructed in Lemma 7.6. As before, it follows from (4.3) that

$3/2 5 A2y 3 © /()
(7.54) 7. B (Z) - g?l,[ﬁ (ﬁl + En) it B (Z) - 7% IOg (q)ﬁ /(I)ﬁ ) , ZTE€ Uﬁl'
Let s; := —[ii|*3%; g, (B1 + €3). As above, it follows from (7.54) and RHP-® that

Pon(@) = B a)Ts ( (1354, (2055) o7 ) (@) @) ) Do),

satisfies RHP-P, , where Epg, () is given by (7.52) with {1 (z) replaced by {; 4, (z), and it follows from (7.48)
that RHP-Pg, (d) is satisfied with

o(1) = 0 (max {22 (81 + &) il ~1}) .
Again, we stress that det(Ppg, (z)) = 1.

7.5.4. Matrix Pg, (z) when ¢, > c*. The construction of Pg, (z) in the considered case is absolutely identical
to the one of P4, (z) in Section 7.5.1.

Clearly, we can assume that 77 € N, is such that c; > c*. Let {j; g,(z) := {c;.p,(z) be the conformal map
defined in (7.26), whose properties were described in Lemma 7.7. It follows from (4.3) and (7.26) that

2
1 0) (1
gﬁ,ﬁl(Z) = (mlog (q)(ﬁ )/(I);l )>> s ZEUﬁl-

According to Lemma 7.7 and (5.1) theorem and since n? < [7/?, it holds that

{|Z| < Aﬁlé(zc* 7ﬂl)n%} < |ﬁ|2§7hﬁl(UB1)’
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where 6, (c) is continuous and non-vanishing on (c*, 1]. Similarly to (7.44), a solution of RHP-Py, is given
by

Pa(e) 1= B T (¥ (P61 0) o ™) (2 /0") ™" () Do),

A2 e i\ _o
Ep (z) := M(2)T, <(| i ﬁ\l/(;)) (1 1)91 3/2(2))

where

It again holds that det(Pg, (z)) = 1.

7.6. Solution of RHP-X. Set Uj := Uq, U Up,, U Uay, W Up, and I :=T7 0T 0T, O, Put
Zjs = 0U; U ((Fﬁ U [Bi1. B1] U [z, @5 0]) \ﬁﬁ) ,

see Figure 4. For definiteness, we agree that all the segments in X s are oriented from left to right and all

\Us

aU(lz aUBZ

=
0U g, Fﬁ,l\Uﬁ

F;‘zl\Uﬁ

I\Us

FIGURE 4. Lens X; 5 consisting of two connected components X; 5 | (the left one) and X 5 5 (the
right one).

the polygons are oriented counter-clockwise. We shall further denote by Xj; 5 and X s » the left and right,
respectively, connected components of %j; .

For what is to come, we shall need uniform boundedness of the Cauchy operators on X 5. For convenience,
we formulate this claim as a lemma.

Lemma 7.9. Given r > 1, there exists a constant C, > 0 such that for all 6 > 0 it holds that
ICL fllLrzs.5) < CrllflLr(zs 4)s

where Cf(z) = 5= {5 : ft(i)zdt and Cy f (s) are the traces of C f (z) on the left (—) and right (+) hand-sides of
i s ’

Proof. Recall the following known fact, see [15, Equation (7.11)], if R;, R, are two semi-infinite rays with a
common endpoint, then

(7.55) ICr, fllLr (rRy) < Crllf L (ry)s

for some constant C,. > 0 (we can take C, = 1), where Cg, is the Cauchy operator defined on R;. Moreover, the
same estimate holds when R, = R; and Cg, is replaced by the trace operators Cg, +, see [15, Equations (7.5)—
(7.7)]. Trivially, the same estimate holds when R; is replaced by an interval disjoint from R; (may be for an
adjusted constant C,). Since we can embed any two segments with a common endpoint into semi-infinite rays
with acommon endpoint and embed a function from L" space of a segment into L" space of the corresponding ray
by extending it by zero, the desired estimate then follows from (7.55) (again, with an adjusted constant C,.). O

Given the global parametrix N(z) = C(MD)(z) solving RHP-N, see (7.5) and (7.6), and local parametrices
P, (z) solving RHP-P, and constructed in the previous section, consider the following Riemann-Hilbert Problem
(RHP-Z):

(a) Z(z) is a holomorphic matrix function in C\X; 5 and Z(0) = I;
(b) Z(z) has continuous traces on X _ that satisfy

D) (1) 1) D)), s TRT

o) (o P D) s an e T

Pe(S)(MD)_l(S), s € aUé’ ec {al’ﬂﬁ,lvaﬁ,%ﬁZ};
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(c) around the points of 25,5\(22 sV iBL, a@»}) the function Z(z) is bounded and around B (resp. @») its
entries are bounded except for those in the second (resp. third) column that behave like O(log |z — B1])
(resp. O(log|z — a2])).
To show existence and prove size estimates of the matrix function Z(z), let us first estimate the size of its
jump:
(7.56) V(s):=Z'()Z(s) — I, seZjs.
More precisely, the following lemma holds.
Lemma 7.10. Let V(s) be given by (7.56) and RHP-Z(b). Then it holds that

1, ce€]0,c*) v (c**,1],

o
(7-57) HVHLOC(E;M;) S (5_2 { _1/2’ **)

min{ze, — B1, @2 — z¢, } cv € (c*, ¢

)

with the constant in < being independent of 6 and ii. Moreover, it also holds that |V L=z, ,y = o(1) when
cx € {c*, c**}.

Proof. We shall prove (7.57) separately for different parts of X; 5. In fact, we shall do it only on X s ;
understanding that the estimates on X s, can be carried out in the same fashion. For s € 0U,, e € {a1, B7.1},
it holds that V(s) = P,(s)(MD)~'(s) — I. Therefore, the desired estimate (7.57) follows from Lemma 7.3 and
RHP-P.(d). Letnow s = x € Aj\(Aj v U;l), which is non-empty when ¢, < c¢*. In this case, it holds that

1 pi(x) -1 dJéO) (x) -1
V(x) = (MD)(x)T, (MD)™"(x) = I = p1(x) —7—M(x)E1 .M (x).
0 1 O]
o) (x)
Estimate (7.57) now follows from Lemma 7.3 and the estimate
(0) (1 _ - (0) (1) 3/2 Eii
(7.58) o (x) /0! (x)‘ - exp{\n| (Hﬁ (x) — H. (x))} < exp{—Bﬁ]cS n1} <5
see (4.3) and (7.27). Lastly, let s € Fr% 1\U,;. Then it holds that
1
1o (s)

M(s)Eo M~ (s).

1 0 1
V(s) = (MD)(s)T MD s)—1I =
)= MDOIT: () 1)) =1 = S =
n
The desired estimate (7.57) can be deduced exactly as in the second step of the proof with (7.29) used instead
of (7.27). O

It is essentially a standard argument in the theory of orthogonal polynomials to deduce existence of Z(z)
from Lemma 7.10, see [15, Chapter 7].

Lemma 7.11. Given N,,, c, € [0, 1], there exists a constant M (N,, ) such that a solution of RHP-Z exists for
all |it] = M(N;,) and it satisfies

(7.59) max ‘[Z(z) - I]i,j’ <6 Ve, )

for all z € C when ¢, € [c*,¢ z— Bi| = 6/5 when ¢, € (0,c*), dist(z, {a1,81}) = 6/5 when ¢, = 0,
|z — aa| = 6/5 when c. € (c¢**,1), and dist(z, {@2, B2}) = /5 when c. = 1, where the constant in < is
independent of 5 and .

**]

>

Proof. Let C and C_ be the operators defined in Lemma 7.9 and Cy : L" (X5, s5) — L"(Zj.s), r > 1, be an
operator defined by Cy F := C_(FV) for any 2 x 2 matrix function F(s) in L" (X5 s). Then it follows from
Lemmas 7.9 and 7.10 that

(7.60) ICv - < Cr VL= (z;.5) = o(1).

Let M(N,,) be such that the above norm is less than 1/2 for all 7i € N,,, || = M(N,,). Then the operator
I — Cy isinvertible in L" (X s) for all such 7i. Hence, one can readily verify that

Z(z) =TI+ CUV)(z), U(s):= (T —cCy) HI)(s).

The above formula and Holder inequality immediately yield that

UV|pr(z-
(7.61) max‘[z(z) _I]i,j‘ - WUV Lr(s5.4)

< —— " <5 Ve,
ij dist(z, 25 s) Wil .0
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for dist(z, 25’5) > §/5, where the constant in < is independent of 7i and § (it involves the arclengths of i s
but the latter are uniformly bounded above and below).

It can be readily seen from RHP-Z(b) that V() can be analytically continued off each connected component
of 22’ 5 Hence, solutions of RHP-Z for the same value of 7 and different values of § are, in fact, analytic
continuations of each other. Thus, using (7.61) together with (7.61) where ¢ is replaced by §/2, we get that
(7.61) in fact holds for dist(z, ([Bc,.1,81] U [@2, ac, 2])\Us) = 6/5. The set ([Be,.1,B81] v [@2, @c, 2])\U;
is not empty only when ¢, € [0,c*) U (¢**,1]. In particular, we have finished the proof of the lemma for
v € [c*,¢**]. When ¢, € (0,c*), set I s := [B1 +16¢y/3, 1] U (Be,.1 +i¢4/3, B1 + i8¢, /3)\U; and let
Oj.s be the bounded domain delimited by 0Uj, I s, and [Bc, 1,81)\Us. Observe that V(s) extends as an
analytic matrix function into Oj; s and still satisfies (7.58) there by (7.27). Thus, we can analytically continue
Z(s) into Oy s by multiplying it by I + V/(z) there. This continuation will still have a jump matrix satisfying
(7.57) and therefore itself will satisfy (7.61) away from its jump contour. This finishes the proof of the lemma
when ¢, € (0,¢*) U (c**, 1) (the proof for the case c. € (¢**, 1) is identical). The proof in the case ¢, = 0
(and therefore in the case ¢, = 1) is similar and uses (7.28) instead of (7.27).

The fact that the above constructed matrix Z(z) has behavior as described in RHP-Z(c) follows from the
fact that it admits an explicit local parametrix around B; (resp. @) when ¢, < ¢* (resp. ¢, > ¢**), see [45,
Sections 8.3 and 9.1]. O

The following lemma immediately follows from Lemma 7.11.
Lemma 7.12. A solution of RHP-X is given by
(MD)(z), zeC\Uj,
P.(z), z€U., ee{al B, i B2}

where Z(z) solves RHP-Z, N(z) := C(MD)(z) solves RHP-N, see (7.5)—(7.6), and P.(z) solve RHP-P,, see
Section 7.5.

(7.62) X(z) := CZ(2) {

7.7. Proof of Theorems 3.2-3.4. We are now ready to prove the main results of Section 3. We stop using the
notation ¢, and resume writing ¢ as in the statements of Theorems 3.2-3.4.

7.7.1. Proof of Theorem 3.2. Let K be a closed subset of C\(A..; U A..»). It follows from Proposition 4.1 that
the constant ¢ in the definition of the contour X s can be adjusted so that K lies outside of each ﬁ; ; as well as
U; for all |ii| large enough. Then it holds that

(7.63) Y(z) =C(ZMD)(z), z€Kk,
by (7.4) and Lemma 7.12, where we need to write Y 1 (z) and Z (z) for z € A\A¢ i, i € {1,2}. Set
(7.64) Bk(z) = [Z(Z)]l,kJrl — 6Ok = 0(1), k € {0, 1,2},

where ¢;; is the usual Kronecker symbol. Observe that By (c0) = 0 and

Os.c(e7), c¢{c*, c**},

os(1), ¢ € {c*, c**},

(7.65) |Br(z)| = {

uniformly in C\{ay, 81} when ¢ = 0, in C\{8;} when ¢ € (0,c*), in C when ¢ € [¢*, ¢**], in C\{a2} when
¢ € (¢**,1), and in C\{ay, B2} when ¢ = 1 by (7.57) and (7.59), where the dependence on ¢ of Os . (&5) is
uniform on compact subsets of [0, ¢*) U (¢**, 1]. Then it follows from (7.1), (7.63), the definition of M(z) in
(7.5), and of C, D(z) in (7.6) that

Pi(z) = [Y(@ha = [Clial(ZM)(2)ha[D(2)]1
— 7483 (@) (14 Bo(2) + 51 B1 (Y (2) + 552822 Yy (2) ) @ (2),
where s; ; 1= S(zo)(oo) / Sg)(oo), i € {1,2}. The first asymptotic formula of the theorem now follows from

(7.65), (5.5)—(5.8), and (3.10). .
Let now K be a closed subset of A° | U A? ,. Again, we can adjust ¢ so that K does not intersect Uy for all
|71| large enough. Hence,

(7.66) Yi(x) =C(ZMiD)(x) I+ p; ' (x)Eis11), x€K Ay,

L
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for i € {1,2}, again by (7.4) and Lemma 7.12. Thus, we get for x € K n A.; that

Pi(x) = 72 (53@7) ) (x) (1+ Bo(x) + B1(0)Y), (¥) + Ba() Y (), ()

£ yalpiwiiz) " (0(S3®a) V) (14 Bolx) + B YY), (x) + Ba(0)Y ), ().

Since Fg)) (x) = FJS: ) (x) on Ay ; for any rational function F(z) on R, the second asymptotic formula of the
theorem now follows from (3.7), (7.65), and (5.5)—(5.8).

7.1.2. Proof of Theorem 3.3. Similarly to the matrix Y (z) defined in (7.1), set

Li(2) -AY@ AP e
S 1 2
(7.67) V(o) = | ~dailare,(2) dinAl), (1) dinAS), (2) |,
1 2
~dinliia,(z) dinAY), (2) diaAl) ()

where the constants dj; ; are chosen so that the polynomials d;l,,-A(f) . (z) are monic. It was shown in [24,

Theorem 4.1] that B
(7.68) Y(z) = (Y ().
Hence, it follows from (7.63) that on closed subsets of 6\ (Ac,l U Ac,z) it holds that
Y@ =c'(z) @M ) @D ()
(Aas before, the contour X 5 can be adjusted to accommodate any such closed set, moreover, one needs to write
Y (z) for z € A}\A. ;). The above equation and (7.67) yield that

(7.69) AV () =-[c'Zz N QM) @D ()], zckK.

i

Let us rewrite (7.7) as

M~(z) =: diag I(z)S(0),

1
sV s sP ()
which serves as a definition of the matrix II(z). Notice that 7;;, defined in the statement of the theorem, is equal
to [C]1,1. Thus, it follows from (7.69) that

i CINT
(7.70) AY ) =—[(z7) (2)S ()T (2)] 5y =
7 (Sa®i) " (2)
Similarly to (7.64), set

Bi(z) = [(Z‘I)T(z)]l,kﬂ ook = o(1), ke{0,1,2).

Observe that all the jump matrices in RHP-Z(b) have determinant one. Since Z(c0) = I, we therefore get
that det(Z(z)) = 1. Hence, the functions By (z) do obey the estimate of (7.65) as well. Again, it holds that
By (0) = 0. Thus,

[(z7) (@S ()], ,,, =5 () (n@ (z) + Bo(z2)I1 (2)
s BN () 4y B @)), zek,
where, as before, 55 ; = Séo) (o0) /Sg)(oo). Now, observe that
Mas(2)/Ta(2) = —A> Yai(z) € (1,2},

which follows from comparing zero/pole divisors and the normalizations at c0(®) of the left- and right-hand

sides of the above equality (recall that Hg))(oo) = 1 and H;log (z) = —z~!' + O(z7?), which can be seen from
(5.19)). Therefore, it follows from (7.70) that
(@) (@) 0
. - Y. (z) . Y. (2) . IT. 'wy ) (z
(7.71) AD(2) = — | 1+ Bolz) - ——Bi(z) - —=—Ba(z) o v

Sii 1 A1 e Sii2A7 2 ¥i ( ,;db,;)(i)(z)‘
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Hence, the first asymptotic formula of the theorem follows from (7.65), (5.5)—(5.8) (here, one needs to recall
that B, (o0) = 0 and therefore the estimate for (Y(ﬁl)lﬁ 1)(z) around infinity follows from the maximum principle),

(3.10), and the fact that A; ; ~ c% shown in the proof of Lemma 5.1. When ¢ = O and i = 1, we also deduce
from (7.71) and the maximum modulus principle that

1 1 1
o(1) 85 (0) (MPwz )(2) (1) (1 wz1)(2)

2 1 2
G s el () i el

A(ﬁl) (z) =

where we also used (3.9) and o(1) behaves like the right-hand side of (7.65). Recall that Hg)(z) has a double
zero at infinity. Therefore,

(1) O+ 2) v~ Wil (2)
}(Hﬁ Wr%z,l)( )| = ‘(Yn 21— 1 2Y£1 1>( )w,qz(z)

uniformly on closed subsets C\Ag ; by (5.20), (5.6)—(5.8), and the maximum modulus principle. Clearly, the
last two estimates prove the second asymptotic formula of the theorem (the case ¢ = 1 and i = 2 can be treated
similarly).

Finally, (7.66) and (7.68) give us

5 1y I\T CINT _ _
Yi(x)=CNZ7") (x)(ML") ()DL (x)(I F p; ' (x)E1,i41)
on any compact subset of A°

= O(c%)

n

i € {1,2}. Analogously to (7.71), the above formula yields that

c,i’

() (i) )
~ N i, (%) Yo, (x) . n9%w;,) . (x)
A(f)(x):_ 1 + Bo(x) — RUAELS B (x A2 TR (x ( n )i
i Sn,lAn, Sn,2A71,2 vi Sﬁ¢ﬁ)$) (X)
(0) (0) (0)
-1 A Yias ) o Vi () I (x)
+p; (x) [ 1+ Bo(x) - ———Bi(x) — »(x) "
Si 1451 S;i2Azo - (S;, 71) (x)
Once again, (7.65) and (5.5)—(5.8) imply that
@) 0)
: (I wii) . (x) ) 1 (x)
AD (1) = ~(1+ (1) "2 & (14 o(1))p; ! (1) ——
¥ (Si®a) s (x) #(8307) O ()

uniformly on compact subsets of A_ ;. Since

_ 0 0 i

oY) (0)/(879) L (1) = (M wa i7) (0)/(8597) P (1), x € Az,
by (3.7), the last asymptotic formula of the theorem follows.

7.7.3. Proof of Theorem 3.4. As in the previous two subsections, given a closed set K in C\(A; U Ay), we
can adjust the contour X s so that K lies in the unbounded component of its complement. Hence, using the
notation of the previous two subsections, we get from (7.1), (7.5), (7.6), (7.63), and (7.65) that

RY(2) = yiS @i (@) (1+ Bo(2) + 551 B1 (@) Y4 (2) + s7.2B2(2)Y () ) @ (2)

n
for z € K, i € {1,2}. The first asymptotic formula of the theorem now follows from (7.65), (5.5)—(5.8), (3.10),

and the maximum modulus principle applied to (Y YU )lB )(z) to extend the desired estimates to the neighborhood
of infinity. As in the proof of Theorem 3.3, it holds when ¢ = 0 andi = 1 that

RV (2) = o()7:0Y ()w3 | (2)

uniformly on closed subsets of E\A(),l by (5.6)—(5.8) and (3.9)—(3.10). Since an analogous formula holds for
¢ = l and i = 2, the second asymptotic formula of the theorem follows.
Finally, it follows from (7.67) and (7.68) that

(0) (0) (0)
Y. (2) o Y. (2) . I
1,1 B _ n,2 B ( )

Li(z) = | 1+ Bo(z) -

1\ 2 Z2) | ——————————
i 147,1 Sii2452 ¥ii (S; @ )(0)( )

on closed subsets of 6\(Ac,l U Ac2), from which the last asymptotic formula of the theorem follows, as usual,
by (7.65) (holding for By (z) as well), (5.5)—(5.8), (3.10), and since Ajq~ c%l as shown in Lemma 5.1.
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8. PrOOF oF THEOREM 1.2

While proving Theorem 1.2 we first consider the case of fully marginal sequences and then consider separately
the asymptotic behavior of aj; 1, a; » and bj; 1, bj; 5.

8.1. Fully Marginal Ray Sequences. In this section we only consider sequences Ay and N satisfying (3.1).
Again, we present the proof only in the case of ¢ = 0. Recurrence formula (1.7) for P;(x) can be rewritten as

Piiz(2) P;_z(z) Pj_3,(2)
8.1 z—bj; = : + a;, + aj, , 1eil,2}.
Pa) T TR R o S
One can easily see from (8.1) that
. (Pive(2)
(82) b?z,i = 77,1520 (T(Z) — ).

Thus, the limiting behavior of b 1, bj; » follows from Theorem 3.1 and (6.2) in Lemma 6.1. Moreover, since
the rays {fi teé :ne No} are also fully marginal, we can use Theorem 3.1 to rewrite (8.1) for i = 2 as

a1 aji2
S(z;a1)(z — ay) ¢2(2)

Recall that S(z; 1) = 1 — (Bo,; —a1)/z + O(z7%) by (6.7) and (2.7). Hence, if we use (2.6) to obtain the first
four terms of the power series expansion of ¢, (z) at infinity, we then can rewrite (8.3) as

A Ao B 1
(84) z—bs,=(1+0(1)) (Z_BO,2—$— °*§2°*2+0(Z—3)>+

as B | ax B 1
4l (1+—O’1+0<—2>)+ 2 <1+ﬁ+0<—2)>.
Z Z Z Z Z Z

az1+azs=(1+0(1))Ap2 and Boiaz1 + Boo2az, = (1+ 0(1))Bo2A02,

(8.3) 2= bip = (1+0(1)g2(z) + (1 +o(1)) +(1+o(1))

It follows immediately from (8.4) that

from which the limits of a; 1, a; » easily follow (recall that ¢, (z) is non-vanishing).

8.2. Asymptotics of a;; |, a;; , along non-fully Marginal Sequences. From now on we are assuming that ray
sequences N, satisfy (3.11). It can be deduced from orthogonality relations (1.5) and definition (3.14) that

i hii 1 o A
RY(z) = _z_mﬁ +0(z7"72), = JP,q(x)x"’d,ui(x),
i € {1,2}. In particular, we have that mj ; = —27i/h;_;, ; in (7.1). Then it follows from the first and second

asymptotic formulae of Theorem 3.4, the definition of constants y;; and 7; in Theorems 3.2 and 3.3, respectively,
and the definition of the matrix C in (7.6) that

hﬁl’ 1 1 C hﬁl’ C
_lai_Lto() [Cha o i [Cl1.1

8.5) - - —_—
2mi sii [Clivtit 2mi [Clit1,it1

where, as before, sj; ; = S(ﬁo)(oo)/Sg) (0), i € {1, 2}, the first formula holds fori € {1,2} whenc € (0,1),i = 2
when ¢ = 0, and i = 1 when ¢ = 1, and the second formula holds for the remaining cases. Furthermore, we
get from (7.1) that

2

(8.6) - = mj; = lim 2" 7Y (2)]ig10.

hi—z,.i s

Analogously to the computation after (7.63)—(7.65) we get that [Y(z)];+1.1 is equal to
S (ﬁO) () (0) (0) (0) (0)
(8.7) [C]H-l,i-HT (Sﬁ,iYn i(2) + Bo,i(2) + s7.1B1,:(2) Y | (2) + 57.2B2,i(2) Y 2(2)> .7 (2)
S+ (0) ’ ’ ’

in a neighborhood of infinity, where By ;(z) := [Z(2)]i+1.k+1 — Sik, k € {0, 1,2}, satisfy (7.65). Since
By i(o0) = 0 and Yfloz (z) = Ajiz7 ' + 0(272) as z — 0, see (5.3), we get that

[C]i+1 i+1
(8.8) = (504, + o(1)) ST LI
hi—z, i (707 + o(1) [Clia
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Now, it is well known, see for example [8, Lemma A.1], that a; ; = hy ;/hsi—z, ;. Therefore, it follows from
(8.5) and (8.8) that

az; = (1+ 0(1))(A;,,l- + sr{i.o(l)) or aj;= 0(1)(s;l,,-A;l,,- + 0(1))

i € {1,2}, where the first formula holds for i € {1,2} when ¢ € (0,1),i = 2 when ¢ = 0, and i = 1 when
¢ = 1, and the second formula holds for the remaining cases. The desired limits of aj; ; therefore follow from
continuity of the constants A, ; with respect to the parameter c, see Proposition 2.1, asymptotic formulae (3.10),
and the estimates A | ~ ¢ asc¢ — 0 (Ac2 ~ (1 —c¢)?asc — 1), see (5.11) and after.

8.3. Asymptotics of b;; |, b;; , along non-fully Marginal Sequences. Excluding the casesi = 1 whenc = 0
and i = 2 when ¢ = 1, we get from (8.6)—(8.8) and (5.6)—(5.8) that

(89 Pi—g,(2) = (1+0o(1) ALY (2)7i (830:) ) (2)

N

in some neighborhood of the point at infinity. Replacing the sequence N, with {7i + ¢€; : i € N}, we get from
(8.2), Theorem 3.2, and (8.9) that

Ajiz
b = —(1+ o(1) Jim | —aE 2| (14 o1)) By
Yﬁ+5i,i( )

where we also used (2.5) and (5.3). The desired claim now follows from Proposition 2.1.

Out of the two exceptional cases, we shall only consider the case i = 1 when ¢ = 0 understanding that the
other one can be treated similarly. Assume for the moment that the measure y; is, in fact, the arcsine distribution
on A, that is,

dx dx

(8.10) dua(x) = 2/ = @2) B — %) T 2miwas (x)

Recall the notation of Section 6 where we wrote Pj;(z) = Pj.1(z)Pji.2(z) with polynomial Pj ;(z) having all
its zeros on A;. We would like to show that when p; is of the form (8.10), formula (6.1) still holds along any
marginal ray sequence Ny. To this end, we shall use 2 x 2 Riemann-Hilbert analysis of orthogonal polynomials.
Since this method has been described in detail in Section 7, we shall only outline the main steps.

It follows from (1.5) and (8.10) that the Riemann-Hilbert problem

(a) Y(z) is analytic in C\Ay and lim Y (z)z 7™ = I,
Z—0

L (P /war)(x).

0 1 ’

(c) the entries of the first column of ¥ (z) are bounded and the entries of the second column behave like

O(lz — €7 as z —> & € {ar, Ba}:

is solved by
(2
P;is(z R (z
Y(z):=< 2(2) i () )

m%,ng,z(z) m R (2)

(b) Y(z) has continuous traces on each A that satisfy ¥, (x) = Y _(x)

where P; 2(z) is the monic polynomial of degree n, — 1 orthogonal to lower degree polynomials with respect
to the weight Pj; ; (x)dua(x) and
1 P5,(x)Ps(x)dua(x) 1

2 = +0(z™ ).

2mi xX—z m* _7m
n,2

R;»(2)

Let I'; be a Jordan curve encircling A, counter-clockwise and containing A; in its exterior. Set

1 0
X(z):=Y(z) (_(Wz/Pﬁ,l)(Z) 1) et
1 otherwise,

where Q is the interior domain of I',. Then X (z) solves the following Riemann-Hilbert problem:
(a) X(z) is analyticin C\(A; uT?7) and lim X(z)z7™ =
Z—00



44 AL APTEKAREYV, S. DENISOV, AND M. YATTSELEV

(b) X(z) has continuous traces on A U I'; that satisfy

(_(W2+/0Pﬁ,1)(S) (Pa,l/vgu)(s)) , SEN,
((WZ/Plﬁ,l)(S) (1)> » s€ly;

(c) the entries of the first column of X(z) are bounded and the entries of the second column behave like
Oz —¢|7'?) as z — & € {2, Ba}.
The solution of the above Riemann-Hilbert problem is given by X(z) = C(ZL)(z), where

. 1 1/W2(Z) amy\ o
He)= (1/902( ) @z )/Wz(z)) (83852) " (2)
_(x)=1onAy)

X.(s) = X_(s)

with (compare to (3.5) and observe that @, (x)@»

2(2) — ¢2(x5ii)  @2(2) >]/2

932(1)[52()%1') —lz—x5;

220 = 4,1 3= (
i=1

C is a diagonal matrix of constants such that lim, .., CL(z)z~"™?% = I, and Z(z) solves the following
Riemann-Hilbert problem:

(a) Z(z) is a holomorphic matrix function in C\I' and Z(o0) = I;

1 0
b) Z(z) has continuous traces on I'; that satisfy Z_ (s) = Z_(s)L(s L71(s).
(b) Z(z) 2 Yy Z,(s) (s) ()<(W2/Pﬁ,1)(5) 1> (s)
Indeed, as in Section 7, we only need to verify that the jump of Z(z) on I'; can be estimated as I + o(1) as
ny — o0, i1 € Np. The latter is equal to

1 @o(s) -1
r (WP 1S2 2"2)(S) (@%(s) —(,52(S)> '
Observe that
_ . $2(2) — a(xo)
(P7.153)(s) = ¢5'( Hb ($3x7.),  b(zxo) 1= FACIACOENE

Notice that infser, |§2(s)| > 1 and infer, xoea, |0(s3x0)| > 0 by the compactness of A} and I';. Therefore,
there exist positive constants C; > 1 and C, < 1 such that

sup |(w2P7 383" (5)] 7! < OGS = (G Gy < o(1)

sel’

as nj/ny — 0. This finishes the proof of the identity X(z) = C(ZL)(z) from which (6.1) easily follows.
Observe that u, as in (8.10) is a Szegd weight. Hence, Lemma 6.1 is applicable. Therefore,

Priz (2
(8.11) lim  lim L'()—z = By,
|ii| >0, ieNy 2=\ Pj(2) ’
by (6.2). On the other hand, it should be clear from the above argument that the proof in Section 7 will work if
o is as in (8.10). Therefore, Theorem 3.2 for such a choice of u, gives us that
Piiyg (2) Yire (Sive, Piive) V) (2)
P5(2) i (i ®;) 0 (2)
in a neighborhood of the point at infinity. It follows from (8.11), (8.12), and (3.9) that

(8.12) — (1+0(1))

Ty, @) (2)

(8.13) _ lim_ lim g*e‘ —z|=—Bo.,
|ii]|—00, AENy 20 T;,CD;! )(Z)

where 7; was defined in Theorem 3.3. Observe that (8.13) is a statement about Riemann surfaces R;; for 7z € N
and is independent of the original measures up, u». By Theorem 3.2, (8.12) holds for measures up, y as in
Theorem 1.2, which we are currently proving. Hence, polynomials Pj(z), i1 € Np, satisfy (8.11) by (8.13) and
(3.9). The final claim of the theorem now follows from (8.2).
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APPENDIX A.

In this appendix, we will study the operators Lgl) and ng) defined in (2.10). As we have already mentioned
in Section 2.2, these operators appear in [8, Formula (4.20)] used with ¥ = €| and K = &5, respectively. The
analysis in this section is fairly standard for the Spectral Theory of Jacobi matrices on trees (see, e.g., [33]
where the Laplacian and its perturbations were studied for some trees with the finite cone type). However, to
make the paper self-contained, we provide complete proofs. That will also emphasize the connection between

the quantities used in Spectral Theory, such as m—functions to be defined a few lines below, and the quantities

standard in the asymptotical analysis of multiple orthogonal polynomials, e.g., function X( ),

We denote by §() the delta function (Kronecker symbol) of the vertex Y. Consider two functions

(A1) my(z) == (LY — 2)7160) 5Oy (z) 1= (LD — )16 5O
Given the function y.(z) from Proposition 2.1 and ¢ € (0, 1), [8, Equation (4.22)] yields that
-1 -1
mp(z) = ———— my(a)=—{——,
X" (@) By X () = Bea

where, as usual, )(( )( ) are the values taken from the zero-th sheet 91( ) By the Spectral Theorem [2], they
can also be written in the form
2)

do'(l) X dO'( X
my(z) = JRO—(), my(z) = fRO—(),

X —Z X —Z

where crg ) is the spectral measure of 6(?) with respect to Lf.l), 1 € {1,2}. The properties of the conformal map

Xc(z) imply that the functions m; (z) and my;(z) satisfy:

(A) my(z) and my;(z) have no poles since /\/EO)(z) # B jforze ‘R((;O) by conformality;

(B) both m;(z) and my;(z) are Herglotz-Nevanlinna functions in C™, i.e., they are analytic, have positive
imaginary part, and are continuous up to the boundary. Moreover, Im;(x) = Imy;(x) = 0 forx € R\(A.; U
Acp) and Im (x) > 0,3m;,(x) > 0forx € AL VAL,

We will use the following notation. If Y, Z € V and Y ~ Z, then deleting the edge (Y, Z) that connects them
leaves us with two subtrees. The one containing ¥ will be called 7z y, the other one will be called Ty z). The
restriction of any Jacobi matrix J to a subtree 7 will be denoted by J7-.

We learned from (A) and (B) above that o-él ) and 0'(()2) are absolutely continuous measures with supports
equal to A. 1 U A. 2. We need this for the following lemma.

Lemma A.1. Ifc € (0, 1), then LE” and ng) have no eigenvalues.

@

Proof. Suppose that LE.I), [ € {1,2}, has an eigenvector ¥. Since o, s purely absolutely continuous as just

explained, the restriction of Lél) to the cyclic subspace generated by 6(©) has no eigenvalues by the spectral
theorem. Therefore, we must have W = 0. Now, consider the restrictions of ¥ to 7[0, 0., ,] a0d t0 7[0,0, .4, ,]-
One of these functions is not identically equal to zero and the one that is not must be an eigenvector of the
corresponding operator: either j‘ﬁo,o((.h),,] or j’T[o,o(C,,),z]' By construction, these operators are identical to

either Lgl) or ng) and, as we established earlier, this implies that ¥o.,,, = Yo, = 0. Repeating the
argument, we can now show that ¥ = 0 identically on the whole tree which gives a contradiction. O

The following observation holds for a general Jacobi matrix (2.8) and (2.9). Let oy denote the spectral
measure of () with respect to T, i.e.,

d
(A2) my (z) = <(j —1s(), 5<Y>> f dov(®) et
xX—z
If we delete all edges connecting Y to its neighbors, say / of them, we will be left with the vertex Y and [ subtrees
{Tfy’yj] }l,':r The restrictions of J to these subtrees are also Jacobi matrices and we previously denoted them

by jrr[y’yj] . Let

doy .y (
(A3) iy 11 (2) i= ((Frtyyy = 2)7160), 6090 = J T, zect

Then the following lemma holds.
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Lemma A.2. For every z € Ct, we have
1
Vy = Xy Wy rmpy ) () — 2

Proof. Let f := (J —z)~'6™). Clearly, 7 f = zf + 6Y), that is,

1/2
VXfX +ZZ~X Z/X X = ZfX7 X #* Y7

(A4) my(z) =

(A5) (T P)x = 1/2

VYfY+ZjlW v =zfr +1, X=Y.

Set fU) .= — (W;/ ; fy) - fl“’[YYﬂ’ which is a renormalized restriction of f to the set of vertices Viy y,) of
Tiv.y,]- Observe that '

" (Tr9D), =2, x#7,
a6 (T V), -
Y, 1/2
j X V f(l) + ZZ~YI Z2Y Z/Y le) (l) + 1 X = Yj’
where both relations follow from the first line of (A.5) (for the second relation we need to separate the summand

corresponding to Z = Y, bring it to the other side of the equation, and then divide by it). It follows immediately
from (A.6) that

j?{y,yj]f(j) =zfD 4% = U= (j‘r[y,yj] — )"0,
The claim of the lemma follows from the second equality in (A.5) since fy = ((J —z)~'6™),6¥)) = my(z)
and similarly fy, = — (W, 1/2 )fY]) ;/Zymy (2)mpy y;)(2)- m
Remark. The recursion relations for m-functions, such as the one in formula (A.4), are well-known and have
been used previously, e.g., [5, 18, 34].
Let us now return to the operators J = LE.I), 1 e {1,2}. Take any vertex ¥ # O. Deleting the edge (¥, Y(,))
leaves us with two subtrees. As before, we denote by 7}y y,,, the one containing ¥(,,), and let mg,l )(z) and

mg,)’z] (z) to be given by (A.2) and (A.3), respectively (with J = Lg)).

Lemma A.3. For everyY # O, the function mg,) Yol (2) is meromorphic in C\(A¢.1 U Ac2) and the function
X(p

m;l) (z) is analytic there.

Proof. Recall that the functions m;(z) and m; (z) are in fact analytic in C\(A..; U A.2). We shall prove the
desired claims inductively on n, the distance from Y to the root O. Assume first that n = 1. Let ¢ be the type of

Y. Formula (A.4) applied at the vertex O to the operator Lgl) restricted to the subtree Tjy o) gives

Y (@) 1

l 9
Bc,l - Ac,3—LmEO)’Z] (Z) —Z

where Z is the other “child” of O and we used an obvious fact that the restriction of LE.I) from 7y o) to the

subtree 7{0 z] is the same as the restriction of Lf.l) from 7" to 7[p,z]- Since the restriction of LE.I) to Tjo,z]

is .[Z %g Z](z) is equal to either m;(z) when ¢ = 2 or my;(z) when ¢ = 1. In any case, mEQ’O] (z) is
meromorph1c outside Ac 1 U Ac 2.

Suppose now that the claims are true for all vertices up to the distance n. Consider any Y such that its distance
from the rootis n + 1. Let ¢ be the type of Y. As in the first part of the proof, apply (A.4) at the vertex Y,y of

the subtree Ty v,,»)] to get
1

O]
m (z) = .
[Y.Y(p)] _ (0 _ 0 _
BC"p AC’L(P)m[Y(p)a(Y(p))(p)](Z) Ac3- [Y(p).Z] (Z) Z
where ¢(,,) is the type of ¥,y and Z is the “sibling” of Y. The first function in the denominator is meromorphic

O]
) ) ) i [Y.Y(p)]
also meromorphic outside A, ; U A, 2. This way we get the claim for n + 1 and so we proved the first statement

of the lemma.
Now, apply (A.4) to m!! )( ). The functions involved are my y,, .1(z), j € {1,2}, and m[y y, |(z). The
first two are my (z), myy(z ) and they are analytic in the considered domain. The third one is meromorphic there

outside A.; U A, » by the inductive assumption and the other one is either my (z) or my;(z). Thus, m is
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by the first statement of the lemma. Notice that mg,l )(z) can not have poles by Lemma A.1 thus it is analytic
outside A.;1 U Ac . O

Lemma A4. LetY € V and ¢ € (0,1). Ifa'l(,l) is the spectral measure of Y with respect to LEI), 1 e{1,2},
then it is absolutely continuous and its support is equal to A. 1 U A 2.

O]

Proof. The measure o, is purely absolutely continuous and is supported on A, ; U A, 2 as explained before

o
Lemma A.l. Fix Y # O and let ¢y be the type of Y. Further, let mg) (z) and mg,)’z] (z) be given by (A.2) and
(A.3), respectively, with J = Lgl). Then is follows from (2.10) and (A.4) that
0 . 2 o (D) .
0 . B Ac,tysm[y’y(m](E + 16) + Zi:l Ac,lsm[y,y(vh)’i](E + 16) te€
Imy’ (E +i€) = D . 5 0 . .
|Be,oy — Ac,tym[y’y(p)](E +i€) — D, Ac’im[Y,Y(c,,),,-](E +ie) — (E +ie)|?
1 1
S D) . 2 D) . S 0 N
Ac.iy 5m[Y’YU’>](E +i€) + 2, Ac’igm[Y,Y(ch),f] (E +i€) + € Ac’lsm[Y,Y((,,>‘,]<E + i€)

because the imaginary parts of all m-functions are positive in C*. Notice now that the restriction of Lgl) to any
O]

- . (1) 2)
subtree of the type 7z, z] is in fact equal to either L. or L. Therefore, MY Yema]

is either my or myy.
The properties (A) and (B) of m; and my; listed above can be now applied to get

sup \Smg)(E + i€)| <
Eel,0<e<]

for every interval I < A, 1 U A . This implies that a'l(/l)
the measure 0'1(,1) is supported inside A, ; U A, 2 and Lemma A.1 implies that it has no mass points. Therefore,

we conclude that 0'1(,1)

is purely absolutely continuous on /. By Lemma A.3,

is purely absolutely continuous, as claimed. O

Theorem A.1. We have that U'(Lg)) = o-ess(Lgl)) = Ac1 U A, I €{1,2}, where, as before, we understand
that A()’l = {(1’1} and A1,2 = {ﬁz}

Proof. If ¢ € (0, 1), Lemma A .4 shows that §(¥) belongs to the absolutely continuous subspace of Lgl) for all
Y. Since all linear combinations of §) must belong to this subspace and are dense in £%(V), this subspace is

in fact the whole space ¢>(V). Thus, o-(.[jgl)) = o-ess(ljgl)) and it is equal to A.,; U A, > by Lemma A.4 and
the Spectral Theorem.
Let ¢ € {0, 1}. We shall consider .E(()z) only, other cases can be handled similarly. By (2.7), we have Ag,; = 0

and Ap> > 0. Thus, the operator L(()z) decouples into the following direct sum

e}
(A7) £ =a, P (6—) ﬂz)
n=1
where A is one-sided Jacobi matrix

Bo’z «/Ao’z 0 0
Ay = VAoz  Boza /A2 0

0 \/Ao2  Bop App

and A, is one-sided Jacobi matrix given by

BO,I A/ A(),z 0 0
Ay = | VA2 Boa  /Aoa 0
' 0

VA2  Bop App

This direct sum decomposition implies that O'(L(()z)) = o(Ay) v o(Ay). Itis well known that o(A;) =
[Boo — 24/A0.2, Boa + 24/ A0 2] = [z, B2], see (2.7) for the second equality, and that
02— 2+ \/(Z — 30’2)2 —4Ap,2 Bo2 —z+wa(2)

R B B
i (2) == (A = 2)7'6", 610 = 2A0,2 - 2402
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Furthermore, since the restriction of A, from ¢*(Z) to £*(N) is equal to A; and therefore m(o,1)(z) = 1 (z)
in the notation of (A.3), we get from (A.4) that

-1
L —15(0) <(0)\ _
1= —z) 67,67) = ~ ’
my(z) == (A2 — 2) ’ Ao (z) + 2 — Bo,

where wy(z) was introduced in the Proposition 2.1. One can readily check that I, (x) > 0 for x € (a2, B2),
Iniy(x) = 0 for x ¢ [aa, B2], and that 775 (z) has the unique pole at a point X € R given by

(A.8) Appmi(X) +X — Bo,1 =0

which implies that X = a) thanks to (2.7). In other words, o-(Ay) = @) U [a2, B2]. Now, the statement about

the spectrum and essential spectrum follows from direct sum decomposition (A.7). O
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