ON SCHUR PARAMETERS IN STEKLOV’S PROBLEM

S. DENISOV, K. RUSH

ABSTRACT. We study the recursion (aka Schur) parameters for monic polynomials orthogonal on the unit
circle with respect to a weight which provides negative answer to the conjecture of Steklov.

1. INTRODUCTION

Given a probability measure do on the unit circle T = 9D, D = {z € C : |z| < 1} with infinitely
many growth points, we define the monic polynomials {®,} orthogonal in L?(do) by beginning
with the set {1,2,22,...} and applying the Gram-Schmidt orthogonalization procedure, i.e.,

®(2,0) = 2"+ an_1,2""1 + ...+ agn, / D, (e? 0)e 0 (0) =0, j=0,...,n—1.
T

Consider the so-called *-operation (of order n) defined as

Pr(z) =2"P,(z71), z€C,
which gives

PX(z)=2"P,(z), z€T

for any polynomial P,, of degree at most n. Given {®,,}, one can define the orthonormal polynomials

by the formula

D,(z,0 1/2

u(es) = T lag = ([ 0aPac) )
[Pnll2,0 T

The polynomials of the second kind will be denoted by {¥,,} (monic) and ¥} (z) = 2"V, (271), z €
C, {¢n} (orthonormal), and {¢;}. The pair (®,,®}) satisfies the Szegd recurrence:

(I>7L+1(z70') = z@n(z,a) _Wn‘l);(’z?a) (2)
;kz-i—l('z? U) = (I);kz(za U) - ’YnZ‘I)n(Z, U)

The pair (¥;, ¥7) satisfies the same recurrence except that the parameters are {—v,}. We refer the

reader to [20, 21] for the basic theory (our v; = o from [21]). The recursion parameters {7, } C D>

are sometimes called the Schur parameters due to their relationship with Schur functions and the
Schur algorithm. Two of the key identities in the theory are

ne1 1/2
1@nlloe = | [T - 1P|
j=0
1 s
oo (4 [ meno'@)a0) =TLose o= -y 3)

730
and the measure o is said to satisfy the Szeg6 condition if the left hand side in the last formula is
positive (which is equivalent to {v;} € ¢2(Z")). Due to (1), we have

|0 (2)] ~ |®n(2)] (4)

uniformly in n and z provided that ¢ is Szeg6 measure.
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The condition on the measure to be a probability one controls only the size of the orthonormal
polynomials, not the monic ones. Indeed,

D;(2,a0) = B;(2,0), ¢i(z,00) = a V2p(z,0). (5)

In 1921, Steklov conjectured in [22] that, for a positive weight p given on the interval [a, b] of the
real line R, the corresponding sequence of orthonormal polynomials { P, (z,p)} is bounded in n for
every fixed = € (a,b). This conjecture attracted considerable interest (see, e.g., [10]-[14]) and was
answered negatively by Rakhmanov in the series of papers [18, 19]. The proofs first dealt with
polynomials orthogonal on the unit circle and then the obtained results were recast to handle {P,,}
by making use of a formula due to Geronimus. In this paper, we will only be focusing on the case
of orthogonality on the unit circle. We define the Steklov class of measures as

Ss = {a : /dcr =1, o >6/(2r), ae ©0O¢c [0,2#)},
where § € (0,1). The following variational problem was considered in [18, 19]

M, s = sup H(bn(ZaO')HLOO(T)'

oc€Ss

In [19], the estimates

n \1/2
( > <5 Mm(s <5 n1/2

In3n
were established (see formula (9) below for the definition of <s) and [2] improved it to

Mnﬁ ~g n1/2.

The paper [2] contained a method that presents both the measure o*( ¢ S5 and the polyno-
mial ¢n(z,a*(")), which satisfies qun(z,a*(”))Hoo ~gs n'/2, explicitly. However, the parameters
{’y§n)} that correspond to this construction were defined only implicitly. Neither did methods of

Rakhmanov provide much information about the behavior of {7§")}. In the current paper, we study
the recursion parameters that give a negative answer to the conjecture of Steklov. That opens new,
difference-equation perspective to the problem and addresses a question raised in [2]. The main
result of the current paper is

Theorem 1.1. Fiz € € (0,¢e9] where ey is sufficiently small. Then, there is ng(e) such that for
every n > ng(€), there is a weight W™ such that

@™ satisfies the uniform Steklov condition : || —— <1, (6)
(n) ~
w Loo(T)
p2n+1 (2, ™) oo (py >e Inn, (7)
and the asymptotics for *yj(-n) s given by
7;‘7+1 - 2i€ev F( - @)
—— N TR+ 1) e e 0<j<n—1
J + 1 v==+1 r (%) )
Z’j/-‘rl . ) 2iev F(l — ﬂ) .
() —j/+1z’l}]+l(2(]/+1))ﬂ W‘L'Ug—i_rj/’e’ nS]SQn—l
,_Y.TL - _ ’U::tl T (8)
/ 0, j=2n ‘
(_1)jij—2n Z i—2n _ Mr(l _ @) '
. v (2(] - 2”)) i — = + Tj—2n,e, 2n+1<j5<3n
J=2n ()
0, j>3n




where 7' =2n —1—j and |rj| < Ce(j +1)72.

Remark. The existence of the measure satisfying these conditions is not a new result [1] and
the logarithmic growth is not optimal [6]. However, the construction and the asymptotics of the
Schur parameters are new and might be interesting. The polynomial constructed by our method
has a structure similar to the one from [18, 7].

Remark. The bulk of the technical work done in this paper is based on the recent progress in
understanding the asymptotics of the orthogonal polynomials given by the so-called Fisher-Hartwig
weights (see, e.g., [4, 8, 16]).

Remark. The careful analysis of (8) shows that the main terms are real-valued and converge
to 0 as € — 0 for every fixed j. The results in [4] allow one to control the dependence of C¢ on €
when it converges to zero and we conjecture that lim._,o Ce = 0.

We will use the following notation. If fi(9)(x) are two positive functions for which f; < Cfa
with some absolute constant C, uniformly in the argument, we will write f1 < fo. If fi < fo and
fg g f17 then fl ~ f2. If

sup N1 < C(e), 9)
T 2

where € is a parameter, then we will write fi <. fa. Relations fi ~¢ fo, fi >¢ fo are defined
similarly.

The symbol I' denotes the Gamma function. We will call a function F Carathéodory if it is
analytic in D and its real part is positive. Given a measure o, we will denote the Carathéodory
function given by the Schwarz transform of o as

If o is in Szegd class, II will denote the outer function in D that satisfies
T(2)| 72 = 270’, aec.z€T, TM(0)>0.

The structure of the paper is as follows: the second section contains the proofs of auxiliary
Lemmas and the main Theorem. The third section is an Appendix with the proof of a Lemma in
the main text.

2. PROOF OF THEOREM 1.1

The measures considered below will be symmetric with respect to R and the related Schur
parameters will be real. We will need the following simple Lemma.

Lemma 2.1. Suppose @, ¥y, &7, Uy are the polynomials that correspond to real Schur parameters

{o ?;5. Then, the polynomials associated to the sequence of Schur parameters {v;} given by
R e 0<j<k-1
W= —op-1-5 h<j<2k-1
satisfy

20y, = BF + BTy, — 27 H(DF)2 + 271 D1,
203, = (BF)% 4+ BLU; — 207 + 20,7y,

Proof. It is known that the pair (¥}, \II;‘) satisfies the Szeg6 recurrence with parameters {—a;}. If

= T, 7= a
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then
o, v, 11
[@: _@;}—AL —1]'

a:q)k—l-\lfk b:(I)k—\I/k CZCI’Z—\II* :(I)Z-F\I/Z
2 7 2 2 '
First we reverse the dynamics. We are interested in

Thus,

7=0
We see that
U0 (A (R [ )
= B = ]
o Vi 1 i 0 =z zy; 1 0 =z
k—1
-l A0 )b
0 =z o —zv; 1 0 z
Therefore,
k—1
N R
_ = -1
e zyj 1 0 =z 0
We have

Therefore, (10) implies

j=k—1
Combining the above results, we get

’ﬁz yl [t 0] ,rt 0
o 2 11 |0 —=z 0 —z7t>

and so
Do, Wy | |1 Offa c| |1 O |]a bl|1 1
g e ) el e et
_Ja(a+b) —z7te(c+d) ala—1b)+z7te(d—c)
_[d(c+d)—zb(a+b) d(c—d)—i—zb(b—a)]
Thus,
2By, = D2 4+ Oy, — 2~ 1(DF)2 + 271 DL U
and

205, = (01)2 + DLUF — 202 + 20,0,
O

The following result is well-known.

Lemma 2.2. If {a;} are the Schur parameters for the measure o(0), then parameters {a§5)} for
the translated measure c®) = (6 — B) are given by
ag-ﬁ) = e_i(j"'l)ﬁozj, 7=0,1,...
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Proof. The proof follows from making the following two observations:
D, (2,00 = P, (ze )
(which follows from the definition) and, take z = 0 in (2), ®;41(0,0(?) = —a@. O

We will need the following decoupling Lemma. Its proof is contained in [2, 7]. However, following
[7], we include the sketch for the reader’s convenience.

Lemma 2.3. Suppose we are given a polynomial ¢, of degree n and Carathéodory function F which
satisfy the following properties

1. ¢%(2) has no roots in D.
2. Normalization on the size and “rotation”

[l =2, 6.0)>0. (1)
T
3. FEC™(T), ReF >0 on T, and
1 ~
— F(e%do=1. 12
5 | Re Fe?) (12)
Denote the Schur parameters given by the probability measures j, and o
de . Re F'(¢)
dity = ——————, do=0d) = ———-df
i aajgr(em 07 ar

as {;} and {7;}, respectively. Then, the probability measure o, corresponding to Schur coefficients
Y05 -+ s Yn—1,70, V15 - - -
s purely absolutely continuous with the weight given by
, 45" 2Re I

o= = = = . (13)
‘¢n+¢;+F(¢;§_¢n)|2 W‘¢n+¢;+F(¢;_¢n)|2

The polynomial ¢, is the n—th orthonormal polynomial for o.

Proof. First, notice that {7;} € ¢! by Baxter’s Theorem (see, e.g., [21], Vol.1, Chapter 5). There-
fore, o is purely absolutely continuous by the same Baxter’s criterion. Define the orthonormal
polynomials of the first/second kind corresponding to measure o by {¢;},{1;}. Similarly, let
{#;}, {1} be orthonormal polynomials for o. Since, by construction, p, and ¢ have identical first
n Schur parameters, ¢, is n-th orthonormal polynomial for o.

Let us compute the polynomials ¢; and 1);, orthonormal with respect to o, for the indexes j > n.
The recursion can be rewritten in the following matrix form

where A, B,y Co, Doy satisfy
Ao Boy _ (1 0
Co Do - 0 1 ’

(e o0 )= (s 1) (5 )
C‘zm Dm ﬁO"-"ﬁm—l —Z’A)/Jmfl 1 —ZA’)/J() 1

and thus depend only on 7y, ..., ¥m_1. Moreover, we have

b Um N [ Am Bm 11
&~k )\ Cm Dm 1 -1/
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Thus, Am = (dm +Um)/2, B =(Im —Um)/2, Cm = (&%, —0%)/2, Dp=(0%, +¥%,)/2 and their
substitution into (14) yields

2651 = OBy = Vi) + GG+ V) = B (6 + 65 + P65 — 60)) (15)
where ~
Fn(z) = Ym2)
Oinl2)

Since {7} €¢* and {7} € ¢}, we have ([21], p. 225)

Fm—>}?asm—>ooand¢;f—>ﬂ, ajﬁﬁasj%oo.

uniformly on . The functions IT and II are related to o and & as follows: they are the outer
functions in D that satisfy

0|2 = 2n0’, |72 =2x5", II(0) >0, II(0)>0 (16)

on T. In (15), send m — oo to get
20 =11 (60 + 6, + F (6, — 6n)) (17)
and we have (13) after taking the square of absolute values and using (16). O

The next result has to do with the recent analysis of the asymptotics of the polynomials or-
thogonal with the respect to the so-called Fisher-Hartwig weights. We will use [4] as the main
reference.

Consider the weight on T given by

F2) = €9, (g, e (2) (18)

where z = €, § € [0,27) and € € (0, ] with € to be chosen sufficiently small. For z; = %
_ eimP; :0<argz <

92385 T\ e~imBi 0; <argz <2m °

That is, f is a weight with two jumps, one from e to e™¢ around 4 (in counterclockwise direction),
and one from e~ back to e around —i (again in counterclockwise direction). It does not define a
probability measure but this will not influence the polynomials much due to (4),(5). Notice that f
is symmetric with respect to R so all its recursion parameters are real.

We will need the following two Lemmas the proofs of which (essentially contained in [4]) will be
discussed in the Appendix.

Lemma 2.4. The Schur parameters {v;} associated to the f above satisfy:

%ru—ﬁ

v=—G+17 <<2<J’ U

()G ) FF(1(+))> + e

el < Ce(G+1)72.
The next Lemma will be needed in the proof of Theorem 1.1.

Lemma 2.5. Let € € (0, €] andn > no(€). Then, for the weight f given by (18), the n-th associated
monic polynomials of the first and second kinds ®, and V,, respectively, and their *-polynomials
Ur and @) satisfy the following estimates:

[@n(2)| ~ 1, z€eT, (19)
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@97, + 2@,V ||poo(ry > Inn, 2€T, (20)

<1, zeT. (21)

~

“I’Z(Z) Vi (=2)
P5(2)  Pp(—2)

Remark. Denote the Schur parameters that correspond to measure f in (18) by {«a;}. The
following general identity is immediate from Szeg6 recursion by taking the determinant

n—1
der| g M | =2 TLO - o)
SO

n—1
DU+ &5, =2 [[(1— |oyl?)
7=0

v N (\1!*)
or '\ &

uniformly over T if the polynomials correspond to the weight (18).

Then, (19) gives

<1 (22)

Now we are in position to give a proof of Theorem 1.1.
Proof. (of Theorem 1.1). Given € > 0 and large n, we consider f defined by (18). Recall that the
corresponding Schur parameters are denoted by {c;}. We consider the weight w™ given by Schur

parameters {'yj(-n)} defined as

aj, i<n—-1
(n) —ajr, jJ=2n—-1-jn<j<2n-1
0, j=2n
(_1)j72naj_2n_1’ n+1<35<3n

Now, (8) follows immediately from Lemma 2.4 and we need to show (6) and (7).
Let us prove (7). Notice first that |¢;| ~ |®;| by (4) and (5) so it is sufficient to consider ®o, 4.
We apply Lemma 2.1 to say

29, = B2 + &, T, — 2 1B 4 27 OF U

n n?
205, = P12+ DIV — 202 4 20,7, .
Since the 7" = 0, we get ®gn 11 = 2®ap, Uiy = 2Ws,, &3, = B3, and T3, | = ¥, s0
2Dg i1 = 202 + 20,0, — X2 L QI 205 ) = L7 4 DLUE — 2D 4 20,0, (23)
We have
2[[P2nt1lloc > [0, + 2P0 W loo — 2||(I>n||go >¢lnn
by Lemma 2.5.

To show (6), we will use Lemma 2.3. We choose Carathéodory function for the decoupled problem
Py = Ualo2) _ i) | ()
¢n(_z) (I)n(_z) (I)n(z)

We have (see [21], Theorem 3.2.4)
Re F(e") = \¢> ()72

as

+0(1) by (21). (24)



and F is Carathéodory function of the Bernstein-Szegd weight (2m)~1|¢* (¢'(®+™)|~2 having the

Schur parameters
(_1)j+1aj’ j<n
{ 0, j>n
(n)

as follows from Lemma 2.2. Since our Schur parameters v;

(=2) = ¢} (=2 F)l ~1, by (19).
So, by the identity (17), we only need to show

|Pong1 + P pq + ﬁ(¢§n+1 — Pony1)[ ST

=0, > 3n, we have

*

- v
uniformly on T. Recall that F' = ——= + O(1) by (21). We introduce auxiliary

7,
P* P+ (I)*2
D=7 A=--2
2 2
Notice that
D w* D
Al~1, =—=-—"T=_= O(1 25
A~ =g ——(F)+ou (25)

by (19) and (22). We can now rewrite (23) as
Popi1=—-A"+D"+A+D, &, =—-A+D+A+D".

(where the (x)-operations in these identities are of order 2n + 1).
Then, by (24),

¢%H+@aﬂ+ﬁ<aﬂ—%mn=200+0w+QV—m)+mU=

5 <D* + ZA*) +0(1) = Qin (Z +<Z>> —on)

by (25).

3. APPENDIX: PROPERTIES OF POLYNOMIALS AND SCHUR PARAMETERS,
PROOFS OF LEMMA 2.5 AND LEMMA 2.4

3.1. Setup. We wish to analyze the asymptotics of the orthogonal polynomials with respect to the
weight
f(z) = 66917_%(2)9_1'7%(2),
where z = |z]e?, 0 € [0,27). For z; = €%
_ eimhi :0<argz <
92385 T\ e~imBi 0; <argz < 2w
as defined in the main text.

This f belongs to the class of Fisher-Hartwig weights considered in [4] (see also [8] for the weight
on the real line), so much of this Appendix consists of examining the results of [4], which performs
asymptotic analysis of a Riemann-Hilbert problem involving the orthogonal polynomials. Recall
the three properties of these polynomials we need:

(1)
|©7,(2)] ~ 1,
8



(2)

n

2797, 4+ 2PpWn| Lo (T) >e Inn,

@ Wiz W)
() o) O

for z € T,n > ng(e).
As was noted in [3] and [9], the orthogonal polynomials of the first and second kinds satisfy a
particular Riemann-Hilbert problem with contour C = T. If Y is defined by

D, d
WER R LT
T &— 2z 2miE"
Y(z) = , (26)
] Pn-1(§) f(£)dE
() - [ Tt
r &—z 2mi€
then it satisfies the following Riemann-Hilbert problem:
e Y (z) is analytic in C\T.
e For z € T\{i,—i}, Y has continuous boundary values Y, (z) as z approaches T from the
inside, and Y_(z) from the outside, related by the jump condition

Yi(2) = Y (2) ( LA ) .

e Y(2) has the following asymptotic behavior at infinity:
1 zZ" 0
Y(z) = <I+o<z>> ( . )

Y(z) = ( O(1) O(ln |z — i) > |

e As z — 41,2 € C\T,

O(1) O(ln|z — %i)

In what follows, we consider n to be a sufficiently large but fixed parameter.

The analysis of Riemann-Hilbert problems of this type proceeds by: enclosing the singularity
points z; by small but fixed disks U,;; enclosing the curve ¢ = T by lenses meeting in these
disks; solving the Riemann-Hilbert problems induced in these regions; finally stitching them back
together. For Fisher-Hartwig singularities this was performed in [4]. Since two of our estimates
must be uniform over z € T, we will be concerned with the formulas that result in the regions
enclosed by U, as well as the the regions outside U, but inside the lenses.

Before we begin the analysis of Riemann-Hilbert problem, we list a few useful identities and
notations. Following [4], our complex logarithm will be cut at the negative real axis unless otherwise
noted.

The measure dy = ﬁd@ is a probability one. Therefore, one has (see [21], equation
mcosh e
(3.2.53)):
i0
S0 1(2) - Wi () = [ 28 (e
TeY —z
0
R S [ B e
— RS, (@) du =0+ 2
‘ /T e? — 2 H(ef)dp =0+ 22 v &—z i2m€coshe
S0

e > omi — 2o FE)P(2) — (cosh ¥4 (2)), (27)

9

(e - [ BHO O



where F' is the Carathéodory function associated to f(G)% (ie. F = 8(f/2nm)), and ¥, is the
second kind polynomial associated to ®,,.
The exact expression for F' is easy to compute:

eie z
F(z) = /T g

e? — 2 27
= et =) In (lz) —i—l(e*e—kee). (28)
7r 1+ z 2
We will use the following notation from [4]:
B =—ie/m, a1=0, z =i
B =ie/m, as=0, z0=—i

Before we discuss the results obtained in [4], we need to introduce confluent hypergeometric
function ¥ (a,b, () which plays the key role in the analysis of the Riemann-Hilbert problem. We
will have to use many facts about . For this purpose we refer the reader to the National Institute
of Standards and Technology’s Digital Library of Mathematical Functions [24] and the appendix
of [15].

The function 1 (a, b, ¢) is the confluent hypergeometric function of the second kind, often written
as U(a,b,C). It is defined as the unique solution to Kummer’s equation

d*>w dw
— + (b—-{()— — =0

satisfying w(a, b,() ~ (~* as ( — oo. We will be interested in the following choices of the parame-

ters: b=1and a = {f;,1+ B;},j = 1,2. The function 1 is analytic in ¢ on the universal cover of

C\0 and can be represented by the series (formula 13.2.9 in [24]):

1 K(a) Ma+k) 20V(k+1)
vla1,0) = _I‘(a)kzzok!fck (11’“ Tla+k)  Th+1) ) (29)

r k
where (a); = (IC“L(Z)) is the Pochhammer symbol. This allows us to write 1 as
¥(¢) = g(¢) In ¢+ R(C), (30)
where g and h are entire and single-valued. In particular, we have
1 IM(a) 2I'(1)
1,{)=——=—— (1 — O(¢1 31
b1, = s (e 1 = ) + otemo) (31)

for ¢ : |¢] < 1. The precise asymptotics of ¢ as ( € C — oo, —37/2 < arg( < 37/2 for fixed a is
(formula (7.2) in [15])

Y(a,1,¢) =T —a’¢T + O(¢7Y)] (32)
This asymptotics is a consequence of the following integral representation of ¢ (formula (7.3), [15]):
1 coe i
P(a,1,() = ) / 14 t) % dt, —m<a<m —7/2+a<argl<T/2+ .
a) Jo
That representation, in particular, implies that
sup  |Y(Eie, Lu)| =1, €—0 (33)
u€iR,|ul>1
and
sup  |¥(1 tie, 1,u) —¢(1,1,u)] =0, €—0. (34)

u€iR,|ul>1
10



The crucial property of 1 which makes it indispensable for the Riemann-Hilbert analysis is the
following transformation formula (formula (7.30) in [15])
27

—2mi A\ __ 2mia _
1/1(6%076 C) =e€ w(aa ¢, C) F(G)F((I _ C+ 1)
Following [4], we will use the convention that, unless otherwise mentioned, ( always satisfies

0 <arg( < 2.

Concerning the logarithmic derivative of the Gamma function (the digamma function) which
appears above, we will have occasion to use its reflection formula (equation 5.15.6, [24])

I'l—=z) T'(2)

I(1—2z) I(2)

eimecw(c —a,c,e ).

= mcot(7mz). (35)

Now, we need to discuss another function which will be important below. Consider

D(2) = exp (;M/Tilf_(z)ds’).

This function is analytic away from T with a.e. boundary values satisfying Dy (z) = D_(2)f(z),
|D4(2)* = f(2) (compare with II defined in (16)). Notice this definition a priori differs from that
in [21], section 2.4. However due to the normalization [.In(f(#))df = 0, in fact these two agree.
We may compute D explicitly:

D(z) = exp <21m/1rl§{(i)ds) = exp (;im (Z;i)) (36)

3.2. Asymptotic formulas for solution of the Riemann-Hilbert problem. In the next two
subsections, we recall how asymptotics of Y on T is obtained through solving Riemann-Hilbert
problem. Then we will apply this asymptotics to prove Lemma 2.5.

In [4], the Riemann-Hilbert problem undergoes various transformations until it is in a form for
which explicit solutions can be written. The singularity points ¢ and —i, along with the artificially
introduced point z = 1 (though the analysis reduces to triviality here and we drop this case) are
all enclosed by the small disks U;, U_; of fixed radius 6 > 0. The remainder of the unit circle is
enclosed in “lenses” (see Figure 1).

We trace through the various transformations of the RH problem for z away from the points of
singularity ¢+ and —i. These reductions are:

Y—>T—S—R. (37)

We will explain each of these transformations below. However, our analysis will be limited to the
case when € € (0, ¢],n > no(€),|z| <1 and z belongs to one of the lenses. This choice is motivated
by our goal to control Y only on the unit circle T itself so we will only need to take |z| = 1 later
on. In these domains, some of the transformations in (37) are trivial, e.g., T'=Y (formula (4.1) in
4)).

Then, (formula (4.3), [4]), S is related to T' by

1 0
S(z) =T(z) < —f(z)_lz" 1 ) .
Now, the original Riemann-Hilbert problem for Y can be written in terms of .S and its solution
proceeds by first choosing various parametrices (approximate solutions) in each of the domains. The
parametrices outside of U;U,; and inside of each U,; will be denoted by N and P,,, respectively.

Our final transformation is to R, which satisfies the Riemann-Hilbert problem of very special form.
11



Region 1 Region IV

FIGURE 1. Setup of Riemann-Hilbert problem on T

In fact, the correct choices of parametrices N and P,; makes it possible to say that each jump in
the Riemann-Hilbert problem for R is of the form I +O(n~!) when n — oo on each of the contours
involved (see (4.57)—(4.59)) and an asymptotics of R at infinity is I + O(1/z). Then, the standard
argument (see, e.g., [5]) implies that

R=T1+0(n") (38)
uniformly over z € C. It is clear now that the main asymptotics of Y is captured by N and P;.
Below we will discuss these parametrices in detail.

3.2.1. Case 1. Parametriz N, z outside of U,;. For z : [z| < 1, we write (formula (4.7), [4])

o= (5 ) (%)

R(z)=I1+0 <1>

n

and

by equations (4.61) and (4.65-71) in [4]. Since we are away from the singularities of the weight, all
terms are uniformly bounded. Collecting O (%) errors, we have

S(2) = N(2) + O <711> .

Reversing these transformations

So,



when |z| < 1and z ¢ U.,. Now, to get asymptotical behavior of Y'(2) (and thus of ®},(z) and ¥}, (2)
by formula (27)) on T but outside U, we need to take \ | = 1in (39) and this gives

Y(2) = ( Zif;i%(’f) > < > (40)

uniformly over z € T, 2 ¢ U,.

3.2.2. Case 2: Parametriz P,,, z € U,,;. The nature of the singularities of the weight f at points
z1 and 2y is the same so we will discuss only asymptotics in U, in detail. By formula (4.23) in [4],
we write

S|

. zn/2
sz(z):E(z)\I/(j)(z)< 0 2_2/2>,

where F(z) is chosen so that P.; and N approximately match across dU.,. For example, we
choose region I on Figure 1 (we can also take the similar domain around z3). This corresponds to
lz] < 1,0 < argfj < 7/2. By introducing ¢ = nlnfj we get arg ¢ € (w/2,7) and the choice of E

and UU) are made by (formula (4.32), [4])

w() = W10 (£) 7 - e (3) " Y
J —emip(+ ;1,0 (2) " RE w5 1,677 ()"
singy (2 20 ing n/2 ) L 6G) |

- —:mﬂj ]<Ezjj))n/2 c;})lwéj) e E:(S)/? ¢ . (this defines 1,!)8%73,4,0%)

and (formula (4.47))

Bj “n/2 —2mif;
(&) (7 8)( )
J

Multiplying matrices, we find

P = (gt T8 ) i ) )
2 —D(z)" 0 _ezmgjcga)zjngfﬁjwéj) 6mﬁj<fﬁng) .

Restricting our attention to j = 1, and using the notation Y (1) to identify this as the solution ¥
in region I around point z; = i:

YD =7 = RP,, < 1 0 > .
z z

We have again

and

R(z)=I+0 (i)

as follows from (38). However, since we have singularities in our expressions, we will leave R in
this form for now. This yields

yaD(z) = <I+ 0 (;)) P.y(2) < f_llzn ; ) (41)

13



B 1 0 D(z)
“(rro () (oot 37

y sze/ﬂ*w(l) _efecgl)cfie/ﬂifnwél) ( 1 0 >
nglﬁ/ﬂw eeCie/ﬂwil) fﬁlzn 1

“(rro()) (ot V)

y ( <7ie/7rw§1) _efefflzncgl)Cfie/ﬂifnwél) _efecgl)cfie/ﬂifnwél) )

eZecgl)incie/ﬂwél) T eefflzncie/frwil) eecie/ﬂwil)
(1410 1 D(Z)(—eQEcgl)inCie/ﬂlﬁ +eff~ 1 ncze/n¢£1)) D(Z)6€Cie/7r1/1£1)
o T ﬁ _D(z)—l(q—ie/ww(l) e~ f~ 1,n (1 ¢ is/wi—n¢(1)) D(z)—16—66(1)C—ie/ﬂi—nw(1) )
1 3 2 3
In U,,, the calculations are exactly the same, but with z; = ¢ replaced by z2 = —i and (; replaced
by B2 = —f1. Therefore, we have
v (z) =

(I +0 <1>> D(Z)(_G_QGCSZ)(—@'Q)”C —ie/my +Qe—ff ‘lzncie/mgf)) D(z)e;eg—ie/wwf) Y
n) )\ D)ty — e plan@ gy gy D) e cielm (=)
Recalling that

() = { e, —m/2<argz<m/2

e ¢, otherwise ’

we see that f = e~ in U,,, region I, and f = e in region I of U,,. Thus, we get

YD (z) =
<I+0<1)>< D (z)(—ei V¢l 4 zn iy ll) D(z)ec/m ol )
n) )\ =D(z) (¢l — anelDeimimnyg Ny D) temeett eyl
and
y&D(z) =
(HO(l)) ( €2 D(2) (=i ¢ (i) 4 2n¢mmR) D()e << ie/my P > |
n D () (el — I i)y () lerd® il (i)

Because of the singularities involved, we must take care in performing this last multiplication.
Denote by Y, the right-hand matrix in the above equation. That is

}7(]) _ €2€®(2)(—C§1)Cie/winwgl) +2nCi€/ﬁwil)) D(Z)eegie/rrwil) 19
(2) L pietnn o (D iafmin (U W e | (42)
—D(2)7 (¢ Y — 2" ¢ iy 7) D(z) ey ¢ iy

POy = PR i 4 zn¢idmy®)  D(z)ee¢ iy
- D(z)~ <cﬁ/w P (i) ) D) les ) el (i) )
(43)

We start with proving Lemma 2.4.
14



Proof. (of Lemma 2.4). We only need to use formula (1.23) from [4]. This equation shows, in the
notations introduced above,

_ 9B, PA+B1) | o, (1 + Bs)
A = Dp(0) = k2P ko2B2 7 0 T T =20l ko2B T T PRy 44
V-1 k(0) 1 T(—5) 2 T(—f1) k, (44)
and
[7h,e] < Ce(k+ 172 (45)
O

Remark. The estimates (44), (45), and (3) imply that the recursion coefficients for the weight
f satisfy

vl S Ve Il <e (k+1)70 (46)

Recall that ¥, and ¥} satisfy recursion

{ U= 20, +7,0% (47)
\I];kz—&-l = U} +mz¥y,
and we have
Wna1] < [Un|(+|ml),  [Wol =1
Iterating this formula and using (46) we get a rough upper bound
10| oo () <e nEe. (48)

This estimate can be substantially improved by Riemann-Hilbert analysis but (48) will be good
enough for our purposes.

Now we are ready to verify Lemma 2.5.

Proof. (of Lemma 2.5).

3.3. [®f(2)] ~ 1,z €T for e € (0,e0] and n > ng(e).
We consider two cases.

3.3.1. z outside U,,. By equation (39), ®}(z) — D (z)~! uniformly in this region. Since [D | =
f1/2 a.e. on T, this trivially implies our desired estimate for z outside of UL;.

3.3.2. z inside U,;. We consider the boundary values as |z| — 1 in the asymptotics for Y. Notice
that, since |Dy|?> = f, we have |D,| = e~%/? in region I around z = i. We will focus on region

I where ( = iu,u > 0. In the other regions, analysis is the same. Recall that ( = nIn%. So, if
z = e(™/247) 1 > 0, we have
C—ie/w — (n In i)iie/ﬂ — (niT)—ie/W — 66/26—%111(717').
i
Therefore, in region I, in which arg # > 0, one has

1
Daciae| =€ 49
‘@(zwe/ﬂ ‘ (49)
Similarly, in region IV, the other side of i, |D(z)| = e/? and |[¢~%/"| = |e—7je7r*11n€| — 63¢/2 gince
1
arg ¢ = 3m/2). We again obtain ‘W — et

15



Consider the expressions involving the v in the first column of }Z(I)(z). We focus on }2(2, the
bottom left corner of the Y matrix. Due to (49) and definition of ¢,

W (A", 0] _ el (e e+ —
¢1 <Z> Cy w?) ’—6 1/}( ﬂ_vlvc) € F(—%) w 1+7_[_717€ C .

Q(C7€) = ¢ <—7:, 1,C) — ecmw (1 4 %, 1’ei7r<) )

It is the analysis of this function which concerns us. We want to show that

Cmanx 192(¢,e)] — 1] = 0, €—0.

We do this in two steps. The estimates (32),(33), and (34) imply that

max |[|2(¢,e)] -1 — 0, €—0.
C=tu,|ul>1

Vo) = e

Consider

For || < 1, we will use series (29) for ¢». We want to show

max |[|Q(¢,e)] -1 — 0, €—0.
C=iu,|ul<1

Recall that T'(¢) has a pole at 0 so lim. o ' ~!(%ie) = 0. From (30), we get
Q¢ €) = (InQ)g(—ie/m, ¢) + h(—ie/m, ()

I(1+ ie/m) Cin . —in : —im
ey (TN e/, e7TC) b1 /7, e7C)),

where

000:6) =~ 2 G ¢ (50)

1 o (a)k . (T'(@a+k) 20"(k+1
hla,¢) = " T(a) kzzo (k!)z ¢ <F((a + k)) a F(/(€ + 1))> ' (51)
These expansions converge uniformly in ¢ : [(| < 1 and the coefficients depend on € explicitly. In
2, the logarithmic singularities cancel each other as follows (recall that ( = iu,u > 0)
In¢ In(e=™"¢)  —im
[(—ie/m)  T(—ie/m) T'(—ie/m)
where we accounted for the first terms in the series (50) and (51) only since for the other terms we
can use

—0,e—0,

K¢l ST, [¢<1.
Therefore, the required asymptotics of 2 will follow from
I (—ie/m)

1 —
= [2(—ie/m)

Now, recall that (26),(43),(41) yield
~®;_1(2) = OV} (2) + L+ 0(n V51 (2).

The analysis to show that Y(I)( ) = O(1) is nearly identical to that showing \Y 21( )| ~ 1 except
that it may be performed with less care, since only an upper bound is needed. The estimates we
obtained prove (19) in Lemma 2.5.
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34. |00 + 28,V foo(r) > Inn. We will investigate ® 0% + 28, ¥, for z = ¢, € (7/2 +
n=0% /2 4 2n95). Since ¢ = nlni = ju,u ~ \/n, this puts us in the { — oo regime when using
the parametrix ,Pizl' This also allowsl us to easily perform the final multiplication in (41), since all
elements in the Y matrix are O(1) when || > 1. Recall equation (27):

22"Y29(z) = (coshe)V;_(2) — F(2)®),_1(2). (52)

n—1

Performing the multiplication and noting the error, (42) gives
) 1
Yao(2) = D(z) te e Ml 4 0 <n> .

By (32), D(z)_1e_€cgl)c_i5/”i_"w§1) = O(n'2) and Yas(z) = O(n~Y/?). Similarly, by equation
(42),

=D 1+ 0 <\}ﬁ> (53)

for ¢ = iu,u ~ y/n. Therefore, we finally have
|Ur(2)| ~elnn (54)

due to (26). Recall that z"®% = ®,,. So, we can write

S— A
QLY + 20, U, = BLUS + 22" TETE = OE UL (1 + an“q)quf) :

n—-n

Inserting (52),(53), and using |D| ~ 1, we have

0, F(2)(D(z) 2+0(1/Vn) _F (D\ o
®xUx — F(2)(D(z)"2+0(1/yn)) 7 <D> (1+0(n=%%)). (55)

and
5 = (22— 1/n) (L o(w), o0

in our range of z = €. Therefore, substitution into (55) shows that there is some 6y : 6y €
(7/2 +n7% 7/2 + 2n=95) for which

1 +z2n+1q’§'%(zo)‘1’?%(zo)
O @ (20) W% (20)

n

~1

where zg = eifo
Since, by (54), we have |V (z0)| = O(Inn), and |®%| ~ 1, we get
|5V, + 2@, W || oo () >e Inn
as desired.
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i) | Ui(-2)
() " dy(—2)
so we only consider z inside U,
U_;, welet z € U;.

Before we proceed with the analysis of Riemann-Hilbert problem, let us make two remarks.
Firstly, since |®}| ~ 1,n > ng(€), we only need to show that Us,, defined by Uay,(2) = U7 (2) P} (2)+
U (—z)®r (—z), satisfies

3.9.

=0(1),z € T,n > ng(e). Outside of U.

21(2

, this statement is trivial by (39),

12+ Further, since the calculations are exactly similar in U; and

1UznllLoo(my S 1
Secondly, Us, is a polynomial of degree at most 2n and

|Uanl| oo () <e n©

by (48). The Bernstein inequality gives us

[ Ubp I oo (my <e n*TC
Thus, to prove ||[Usy| () = O(1), we only need
|Uan ()] S 1 (56)

for §:0 € (7/2+e V™ /24 6;) and the parameter 0; here is of the same size as the radius of Uj.
Recall that Y121 denotes the Y matrix in the region I that corresponds to point Z1(2), respec-
tively. By (27),

an —z n%— z —z)) — (coshe
) ) a y — (PO P) e

so we want to show
nY(l’I) z n (27[) —2z
<F(z) —i—F(—z)) —9 (z ﬁf)() +(—2) %H = 0(1)
Yy (2) Yy (—2)

uniformly on T provided that n is large enough.
The formula (28) implies

F(z) 4 F(—z) = — & =€) <ln (2 - i) +1n <Z + Z>) e et = e e

™ 11—z

\I];kz—l(z) ‘1’2—1(—2)
5 () <I>;;_1<—z>> !

Due to this cancelation, we may focus on

Y0 (), Y (-2)
Y (2) Yo (=)

where z = €, 0 € (7/2,7/2 4 61). In fact, since we know that |®*| ~ 1 uniformly on T, we may
multiply out the denominators and only examine

n 1 2 n 2 1
Yy ()Yt (—=2) + (=) (—2) Y (2).
We must take care in performirig the final multiplication in the Riemann-Hilbert problem. We have
previously seen that Y21 (z) = Ya1(2) + O (1) ~ O(1) uniformly z € T. Therefore,
Yoy ()Y (=2) + (—2)"Y5 ()Y (2) = (57)

v () v ()
~ - - Vi ()| + Yoy (2)
Y ()Y} (=2) + (=2)"Yay (=2)Vy) ) (2) + O g%’ ‘n‘ ‘
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Since the final term has a logarithmic singularity at z = i, we will handle it away from this point.
In the range z = €, /2 + e~ V" < § < 7/2 4 61, we have (by (42) and estimates on 1))

e+ veel <|1n<|> O(i/m) = O(n=1/2).

7=1,2 n
So, it suffices to show
Y (YA (—2) + (—2)" Yy (—2)¥ (2) = O(1). (58)
By (42) and (43), we have
Y (V3] (—2) + (—2)" Y (—2) ¥y ()

: Z)" eV g —2\" @,
W(z) 2 1[)3 (ZD( )<¢1 - (_2> cy s ))
6€<i6/7r —2\" (2) (2 Z\" (1) (1)
“cm (71) S (g (47 - () Y)).

z
Notice it is not ambiguous to leave the arguments of the v functions unidentified, as { = nln —
Zj

z =z
and — = — . Taking absolute values, we have
i

T (T3 (=2) + ()"0 ()T ()| =

IDED(—2) o= (Up = (2)" dDeDePuD) + e (Dl — () PPy o)

_I'(1+ %) i€ Cin i€ (1 - z;e) ie » e
g =l Gt W(w’“)*er(:)‘”(l‘#’e c)e(-5ne)

PO+ 5T - %) r2yn (1 Eonemnc) o (1 )
— €+ —€ T _ T <7) 1+ , ’ —Z7I' 7’1’ —T .
(e +e7) D(—E) (&) \i (G ¢y —1e¢
By (32),(33),(34), these expressions are uniformly bounded in (,|¢| > 1,e < €y,n > ng(e). Thus,
we only need to consider the case ¢ : |¢| < 1. On that interval, (z/i)" = €¢ = 1+ O(¢). We are

concerned with the logarithmic singularities and the constant terms in the series expansions for .

I"(z)

I'(2)
function, we get

co = eF(—:W <1n(e”<) +d (1 + :) _ 2d(1)) (mg +d (:) - 2d(1))
(e + ee)r(gf);(—ﬂ) <ln( )4 d ( ;) > <ln ) 4 d <1 _ :) _ 2d(1)>
+€r(ﬂ)r1(—ﬂ)( n(e~""¢) +d< ;) ><1ng+d< - )—2d(1)>.

Performing these multiplications, writing In(iu) = Inu+in/2, In(e”™iu) = Inu —i7/2, and pulling
out the common factor yields

o0 = r(ﬁ?—) (e (a (%) a(1-5) vim) e (a( ) +a 1+ 2) +in) ) vor,
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We isolate these terms and denote their sum c¢y. Using the notation d(z) = for the digamma



where ¢ = iu. Using the reflection formula (35) gives

Inu
e (e (=T cot(—i€)) + e“im + e (—m cot(i€)) + e “im)
INCIINCE
mlnu
= - (i(e“ + e7°) — e cot(—ie) — e “cot(ie)) = 0,
LET(-%)
because cot z = M. Therefore,

GZZ — 6712

V3 ()Y (=2) + (—2)"V3 (=) Vs () = O(1)

and . .

(Dn(z) (I)n(_z)
uniformly in z € T for n large enough. This finishes the proof of Lemma 2.5. U
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