POINTWISE BEHAVIOR OF SU(1,1) NONLINEAR FOURIER TRANSFORM

SERGEY A. DENISOV

ABsTrACT. We show that SU(1,1) NLFT can diverge pointwise for square-summable coefficients.
As a consequence, we prove that the classical pointwise asymptotics of polynomials orthogonal on
the unit circle can fail for measures in the Szeg6 class. We also discuss some special cases when the
pointwise convergence holds.
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1. INTRODUCTION TO SU(1,1) NLFT, STATEMENT OF THE PROBLEMS, AND MAIN RESULTS.

1.1. SU(1,1) NLFT on Z. Let T and D denote the unit circle and open unit disc in C, respectively,
both centered at the origin. Let F' = {F},}|,ez be a double-infinite sequence of complex numbers and
|F,] < 1,¥n € Z. Taking N € Z*, we define a compactly supported sequence FN) by truncation:
F5N> = Iy - X|n|<N> 7 € Z, where x g denotes the characteristic function of a set E. Define the 2 x 2
matrices X, (z, FN?) as solution to the recursion

z 0

(1) X, =) (5]

>Xn—17 TLEZ,

where

L 1 1 Fn <N> _ Zn 0 _
QTL(F)'_(1—|Fn|2)§<Fn ! ), Xn(z, F\Y7) = 0 1) n<-—-N.

Let J := (§ %) and notice that matrix Q,(F) is J-unitary (i.e., belongs to U(1,1)). The matrix
(9) is J-unitary for z € T, it is J-contraction if |z| < 1, and J-expansion if |z| > 1. Since det X,, =
2z, n € Z it makes sense to renormalize

Z" 0\
02 S
and then
~ 1 1 F<N>an ~
1.3 X, = — " Xn 1,
(1.3) (1- |F7§N>|2)% ( F7<LN>Zn 1 !

with X, = I := (§9) for n < —N. One can view X, (z, F$M) as Jost solution of recursion (1.3) with
normalization X, (z, FN?) = I as n — —o0. Now X,, € SU(1,1) for z € T. More careful study of this
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new recursion implies that (see p.5 in [35]) the matrix X,, takes the form

5{' ( F<N>) . an(Z>F<N>) b%*)(Z,F<N>)
ST b FY) a0y )

where
(1.4) FO() = FED.

Clearly, f(*)(z) = f(z) if z € T. Following [35] (except that we take the transposition of the matrix
product used in [35], p.4 when defining the NLFT because we prefer to multiply the transfer matrices
in the order ... (*)_n41 - (+)_n rather than (:)_n - (-)_n41...) we put forward a definition:

Definition. For FXN?, define SU(1,1) nonlinear Fourier transform (NLFT) on Z as the map

— (N
(N vy [ a(z, F)
F — F : ( b(z,F<N>) )

where a(z, F<V?) i= a,, (2, FN?) and b(z, FY?) = b, (2, F<Y).

In fact, since FT<LN> =0 for n > N, we get

a(z, FXV) a, (2, FV)
= >
<b(z,F<N>> b (2, F) ) TN

The definition of NLFT can be extended to other classes of {F,} that decay as |n| — 00. We will
provide more references later but we start by focusing on F € ¢?(Z),p € [1,00). It is known [35],
p.10 that F € ¢}(Z) implies existence of two functions a(z, F) and b(z, F'), both defined on T, such
that [a(z, F<Y?) — a(z, F)|aery — 0 and [b(z, F<NV?) — b(z, F)|acry = 0 when N — oo and A(T)
denotes the Wiener’s algebra. Similarly, for F' € ¢P(Z) with p € (1,2), the nonlinear analog of the
Menshov-Paley-Zygmund theorem was established (see, [35], p.11 and [17,26,29]) which yields, in
particular, the following result: if p € (1,2) and F € ¢P(Z), then the limits limy_,., a(z, FN?) and
limy_,.. b(z, FY?) exist for a.e. z € T. For p > 2 the above limits might diverge for a.e. z € T
(see [24] for the discussion in the context of Jacobi matrices). The borderline case p = 2 is critical,
it attracted a lot of attention in harmonic analysis and approximation theory communities but the
answer was not known. We formulate the following two questions:

Q1 (the strong version of SU(1,1) pointwise convergence of NLFT on Z): Let F € (*(Z).
Is it true that the limits imy_, a(z, F<N>) and limy_, b(z, F<N>) ezist for a.e. z€ T?

In folklore, the assertion that those limits do actually exist often went under the name Nonlinear
Carleson Conjecture (NCC) (see, e.g., [5], p.5 for SU(2) setting). This problem is motivated by the
study of the existence of wave operators for Jacobi matrices (see [16]). The SU(1,1) structure of the
problem ensures that

(1.5) al®) (z, FNYa(z, FN) — ™) (2, F"b (2, FN?) =1, zeC
and, in particular, |a®*)(z, FN?)| > 1 for z € T. We will use the following notation
t(z, FN2) := b(z, FN?) Ja™) (2, F)
Clearly, t(z, F<N?) satisfies [t(z, FXN?)| < 1,z € T. We suggest the following weaker version of Q1z.

Q27 (a weak version of SU(1,1) pointwise convergence of NLFT on Z): Let F € (*(Z). Is it
true that the limit limy_,., v(z, FN?) ezists for a.e. z € T?

Our first main result is the following theorem
Theorem 1.1. The answer to Qlyz is negative. If fact, there is F € (*>(Z) such that the limits

limy o a(z, F<N>) and limpn_, b(z,F<N>) do not ezist at every z € T.

Remark. In the theorem, we can take F such that supp F < Z*. Our argument does not provide an
answer to Q2.
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Let o be a probability measure on T with the infinite support (in the sense of cardinality). Denote
the monic orthogonal polynomials by {®,(z,0)} and orthonormal polynomials by {¢,(z,0)}, we use
OPUC for both as shorthand. That is,

f ®,(2,0)z 7do =0, J on(z,0)29do =0, Yje{0,...,n—1}, J. lon(z,0)|%do =1,
T T T
deg(®,,) = deg(p,) =n, coefl,(®,) =1, coeff,(¢,) >0,

where coeff,,(Q) denotes the n-th coefficient of the polynomial . For any polynomial @, we let
Q* := 2"Q(z~1). Notice that such #-operation is different from the (x)-operation in (1.4) and it
depends on n € Z*. In fact, Q* = z"Q*).

Definition. The measure o belongs to the Szegd class (o € Sz(T)) if
J logwdm > —o0,
T

where do = wdm +dos , m is the normalized Lebesgue probability measure on T and oy is the singular
part of o.

The existence of the limit lim, .. ¢Z(z, o) for z € T has been studied in many papers under different
assumptions on measure o and we will discuss some results in section 3. Now, we give two relevant
applications of Theorem 1.1 to the OPUC theory:

Theorem 1.2. There is o € Sz(T) such that the limit lim,,_, ¢%(z,0) does not ezist for all z € T.
and

Theorem 1.3. There is o € Sz(T) and the sequence {,} € (>(Z") such that the orthogonal series
(1.6) > anpn(z,0)
nez+

diverges for all z € T.

Remark. The measure o in the previous two theorems is actually more regular: it is absolutely
continuous with continuous and positive density (see Theorem 3.1). For ¢ = m, we have ¢, = 2™ and
the series (1.6) converges a.e. on T for every {a,} € (*(Z") by the Carleson theorem [10,29] which
settled the Lusin’s conjecture. The Theorem 1.3 shows that the analog of Lusin’s conjecture does not
hold within the Szegd class of orthogonality measures.

1.2. SU(1,1) NLFT on R. Suppose ¢ € LL (R). For every T > 0, we let ¢*77 := q - x|;;/<7. Define
X (z,k,¢<T) as the solution to

. T ikx
ox=( & Ty )X forser ad Xk = (9 1) for w<oT,
where k € C. Tt is easy to check that X € U(1,1) for k € R, X is J-contraction for k € C*, and

J-expansion for ke C™. If X =: (eigz ?) )Z', then

& 0 6<T>€_ikx ~ ~ (TS 1 0
= _ = < -
0. X ( Dk 0 X for zeR and X(z,k,¢""7) 0 1 for z<-T.

Now, X € SU(1,1) for k € R. For z > T, we have

v > _ . a(k7q<T>) b#(k7q<T>)
X (@ kg ") = ( bk, ) ot (k, g )

where we denote f# (k) := f(k) for k e C.
Definition. For ¢¢7, define SU(1,1) NLFT on R as the map

—N T
T y . ( alkq"7)
T (b(k,q<T>> '

In analogy with Z setup, we have two questions for the critical case when q € L?(R) (they both have
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positive answers for g € LP(R),p € [1,2), see [11], [25], [28], [29]):

Q1 (the strong version of SU(1,1) pointwise convergence of NLFT on R): Let g € L*(R).
Is it true that the limits limp_,o a(k, ¢<7?) and limp_,, b(k, ¢7?) eist for a.e. ke R?

and

Q2r (a weak version of SU(1,1) pointwise convergence of NLFT on R): Let g € L3(R). Is it
true that the limit limp_,., b(k, ¢<7?) /a# (k, F<T?) exists for a.e. ke R?

The first question is motivated by the scattering theory in Schrédinger evolution [14]. Our next
result is

Theorem 1.4. The answer to Qlg is negative. In fact, there is ¢ € L*(R) for which the limits
limr o a(k, ¢77) and limp_,., b(k, ¢<7?) do not exist for all k € R.

The structure of the paper is as follows. The second section contains the proof of Theorem 1.1.
There, we also briefly mention how the proof of Theorem 1.1 can be modified to get Theorem 1.4.
In the third section, we discuss the connection of SU(1,1) NLFT on Z to the OPUC theory and
prove Theorem 1.2 and Theorem 1.3. We also explain how the general theorems on convergence of
orthogonal series provide the best known results on the pointwise convergence of SU(1,1) NLFT on
Z.

Acknowledgments. I thank Roman Bessonov for helpful discussions.

Notation.

e Welet N={1,2,...} and Z* = {0,1,2...}. T and D denote the unit circle and open unit disc in
C, respectively, both centered at zero.

e The symbol C' denotes the absolute constant which can change the value from formula to formula.
If we write, e.g., C(«), this defines a positive function of parameter «.

¢ For two non-negative functions f; and fo, we write f; < fo if there is an absolute constant C' such
that f1 < C'fs for all values of the arguments of f; and f>. We define > similarly and say that f; ~ f5
if f1 < foand fo < fi simultaneously. If | f3| < fa, we will write f3 = O(f4). If « is a parameter, we
write f1 <4 f2 if f1 < C(«)fa. The symbol 04(1),¢ — oo indicates a quantity that converges to zero
when t — 0.

o If F is a set, the symbol yg denotes its characteristic function and |E| indicates its Lebesgue
measure.

e The class S(R) is the class of Schwartz functions on R, CZ(R) is the class of infinitely smooth
functions on R with compact support, and C*(T) is the class of infinitely smooth functions on T.
The symbol C(T) denotes the space of continuous functions on T. The class S(Z) = {F = {F,,}|nez :
|F] <o (1+ |n])~%Vn € Z,¢ € Z*} is the Schwartz class on Z. We write S*(Z) := {F € S(Z) :

| F|¢»(zy < 1}. The symbol A(D) denotes the class of functions analytic in D and continuous in D.

e We write f(*)(2) := f(z71) and f#(k) := f(k). For any polynomial Q, we let Q* := z"Q(z~1),n €
/R

e For a sequence F = {F,}|,cz defined on Z, N € Z*, and M € Z, we write FN? = F . X|n|<n for
truncation and F_,ps : (F ), = F_ s for translation. Also, we denote F<M := F .y, <.

e The symbol m often stands for the normalized probability Lebesgue measure on T. For f € L(T),
we define the Fourier transform by f(n) := {; f(2) exp(—inz)dm,n € Z.

e In the text below, v,n* € N will be taken as large parameters and 6, ¢ will be small positive
parameters.
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2. PROOFS OF THEOREM 1.1 AND THEOREM 1.4.
Suppose w : Z — [1,0) satisfies

w(=n) = w(n),

w(ny + n2) < w(ng)w(ne),

|n| "t logw(n) — 0, |n|— 0.
We call these w strong Beurling weights [32], p.306. The standard example is w = (1 + |n|)?, 8 = 0.

One says f € A, (T) if
1w = 1Fles ) = D wn)|f(n)] < 0.

nez
In the case when F € ¢! (Z) and w is a Beurling weight, we have b(z, FN?) — b(z, F) and a(z, F<M?) —
a(z, F) for N — oo and the convergence is understood in the Wiener’s algebra A,,(T). That allows us
to define the NLFT for F € S*(Z) if we choose w = (1 + |n|)?,V3 = 0.

Definition. For F' € §*(Z) the NLFT is the map
T M=)
F— F '_(b(z,F))'
If F e 8*(Z), the function a*)(z, F) e C*(T) satisfies the following properties:
(A) We have |a®*)(z, F)[?> = 1 + |b(z, F)|? for z € T.
(B) al*)(2, F) € A(D) is outer function in I and

21)  a®)(z F) = exp ( | £ sl F)|dm) — exp (; [ 2 ona+ e F)F)dm) |
for z € D.
(C) (nonlinear Plancherel identity [26,35])
(2.2) — S log(1 - |Fuf?) = 2 j log [a®) (¢, F)|dm = j log(1 + [6(¢. F)[?)dm.
nez T T

We need the following two results (see [4], p. 314 in [32], and [27] for SU(2) case, the same proof
works for SU(1,1)). The first one is important for solving the Ablowitz-Ladik equation ( [1,2]) via
the inverse scattering approach.

Theorem 2.1. The map F — b(z, F) is bijective from S*(Z) to C*(T).

Theorem 2.2. There is 7o > 0 such that |F|¢,zy < 70 = [6(, F)|a, (1) S |Fleyzy and [[b]la, ¢y <
o = [|[F(6)[ e, z) < [6]la,(T)-

We will be using the following notation: given N, M € Z and a sequence F' = {F},}|nez, we write
Fon: (F—>N)n = n—NavneZaFSM =TI Xn<M -
One has the following lemma.

Lemma 2.3. Suppose F and G are compactly supported sequences on Z, supp F' < (—oo, N1],
supp G € [—Na, @), and N > Ny + Ny. Then, for each M = —Ns, we have

(2.3) a2, F + (G, n) = a™(z, F)a™ (2, GSM) + 2V 6™ (2, F)b(z, G=M),
(2.4) b(z, F + (GSM)_n) = 2V6(2, GS)a(z, F) + b(z, F)a®) (2, GSN),
(2.5) ¢(z, F + (G=M) ) — oz, F)| < [e(z, G| /(1 = [e(2,GSM)]),  z€T.

Proof. We start with the first observation (p.6, [35]) that for each H with compact support, we have
(2.6) a2, H p) = a™ (2, H), b(z, H ) = b(z, H)zM, VM eZ.

Next, notice that supp F nsupp((GSM)_,n) = & so (1.3) and (2.6) give the first two identities in the
lemma. Dividing the second by the first, one has

(2, F) + 2Ne(z, GSM)a(z, F) a2, F)

1+ 2Ne(z, GSM)b) (2, F) fa®) (2, F)

oz, F+ (GSM) ) = ©
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SO

< B w8z, F)/a®) (2, F) —v(z, F)b™) (2, F) ja¥) (2, F)
(2, F + (GSY) L, n) —t(2, F) = 2Ne(2,GSM) 1+ 2Ne(z, G=SM)b(#) (2, F) /a(*) (2, F)

(1.5) 2Ve(z, GSM) 1
(a0 (2, F))? 1+ 2Ne(2, GSM)b() (2, F) /a*) (2, F)

and, recalling that [a*) (2, F)| > 1, |t(z, F)| < 1, and |6(*)(2, F)/a®*)(2, F)| < 1 for z € T, we get
ez, F + (G=Y) o) = oz, F) < Jo(z, GS)|/(1 = o(2, GSM))),  z€T.

Lemma 2.4. Suppose F,G € §*(Z) and N € N. Then, as N — «©
2.7)  a®(, FO 4+ (GN)5n) = a¥ (2, F)a®) (2, G) + 2N 0¥ (2, F)b(2,G) + o(1),

(2.8) b(z, FY? + (G sn) = 23Vb(2, Q)a(z, F) + b(z, F)a'™ (2,G) + o(1),
lim sup [e(z, FN 4+ (GN) an) — vz, FO)| < Je(z,G)I/(1 = [e(z,G)))

uniformly in z € T.

Proof. Given N, consider truncated coefficients F<V? and G<V? and apply the previous lemma to get
(2.10) a2, FN? 4 (GM) Lan) = a) (2, FN2)a) (2, GNV) 4 23N p) (2] FON)Y (2, GEV),
(2.11) b(z, FN + (G ,5n) = 22N (2, GN)a(z, FN) + b(z, FN)a®™) (2, GV,
(2.12) (2, FY 4+ (G) ) — ez, FOY)| < ez, G| /(1 = [e(z, GE9))
Since F,G € §*(Z), we have for N — o
a(z, M) = a(z,G) + o(1), a(z, FYV?) = a(z, F) + o(1),
b(z, GN) = b(2,G) +0(1), bz, FN) = b(z, F) + o(1)

uniformly in z € T. Substituting these identities into the previous formulas gives the statement of the
lemma. 0

Given F € S*(Z), the function a(*)(z, F) € A(D) is outer in D, a*)(2) € C*(T), and the formula,
(2.1) holds. So, the argument of a(*)(z, F) is well-defined by the formula

argal®) (2, F) = L Im (gti) log [a™) (&, F)|dm = %le <§i_i> log(1 + [b(¢, F)[*)dm .

These formulas extend to z € T where the integrals are represented by the Hilbert transform

1 -0 .

(2.13) arga®) (e F) = f cot (“”) -log(1 + [b(e®, F)[*)df
47T [0,27) 2

which is understood in v.p. sense.

Remark. To visualize, consider a straight segment {re’?,r € [0,1]} connecting the origin to a point
e® on T. The corresponding image, i.e., the curve {al¥) (re’?, F),r € [0, 1]}, lies outside D and it

connects a point a*) (0, F) =[], _,(1 — |F,|?)~ 2 € [1,0) to a point a*)(e!?, F). The total variation
of the argument of a point on that curve is equal to arg al* )( @ F), the quantity we are interested in.

First, we address the following variational problem for the maximal function. Suppose I ¢ T, I # T
is an arc. For every positive w, we define

Srw = sup inf sup |arg al® )( 7F<N>)|_
FeS*(Z),|1F| 2z Sw 2€l Nez+

Clearly, §7.w, < $1w, if w1 Sws and §1, 0w = 1,0 if I € Io.

Theorem 2.5. For every I and w, we have i, = +00.
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Proof. Without loss of generality, we take I = {€!?, ¢ € [7/2,37/2]}. Then, we let v € N be a large
parameter and let ¢; = 27mj/v,j € {0,...,v — 1} and A; = [p;, p;+1) be the corresponding intervals
that provide a partition of [0,27). Let p € C*(R) be a nonnegative function with supp p = [0, 27].
Let § be a small positive parameter. Define b;(e*?) = dp(v(p — ¢;)). We clearly have that

(2.14) supp b; = {ei“’, peN;},
(2.15) bj, bj, =0, j1 # J2,
(2.16) |bj| + ...+ [bj+s| £ 6,V5,s.

Since b; € C*(T), it uniquely defines ¢/} € S*(Z) such that b; = b(z,¢")) by Theorem 2.1. From
(2.2), we know that

(2.17) 14972z ~ 6% /v
We also have [b;] 4,(r) < 0 which, by Theorem 2.2, implies
(2.18) Az lerzy < 9-

Each b; defines ag-*)(z) by the formula (2.1) and ag-*)(z) = ag-*)(z,q(j)). We introduce the function
Aj(2) = ai(2) ... al™(2), € {0,....x — 1},

Lemma 2.6. 2; satisfies the following properties:
(A) 2; € A(D), it is outer and

<1+C6, zeD,
2.19) el { 5] Ay A,

(B) For the argument of A, we get an estimate:
(2.20) |arg A;(e?)| = 62(Cylogr — Cs), @€ N1, je[v/10,9v/10].

Proof. The product of outer functions is an outer function and A(D) is an algebra. Also, from (2.15),
an identity |a(e’?,q\))|? = 1 + |b(e??, ¢'9))|?, and the choice of b;, we get (2.19) when 2 € T. The
application of the maximum principle extends the bound to z € D.

UL

Pj-3 Pj-2 PLji-1 PLj Pj+1
Figure 1: log|2;|. Creation of logarithmic growth by piling bumps to the left of ¢.
The “height” of each “petal” is ~ §2 and its “width” is ~ 1/v. We have @5 — s 1 = (27)/v.

The estimate (2.20) follows from the estimate on the Hilbert transform:

J
(i (2é3)ij p—0 . loo(1 NP
arg A (e'?) i Joon cot ( F5— ;:Zoog( + |bs(e9)[?) | do

after we notice that

| >0, 6 € [0,2m),
J . < Cé?, 6€e[0,2m)

log(1 + |bs () ? —o o
2 log(l+ b)) 2 0 € [pj1,2m),

s=0 2 1 1
~ 0%, Beuocegloe + 0.1 e — 0107 1]
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S0
foan = (577) (St e mecrr
cot | —— | - log(1 + |bs(e*”)|?) | dO| =
[0,27) 2 =0
J Lpg+1—0.1l/71 0 — 0
10| D] f cot (2> df| — C26% = €162 log v — 0962,
t=j—[v/20] Ve t0- 107
when ¢ € Aj4q and j € [v/10,9v/10]. O

We now recursively produce the set {F(© ... F®#=D} where each FU) j € {1,...,v — 1} has
compact support as follows: F(© = ¢(© and

(2:21) FU = (FUD)T0 4 ((qV)T2) Sar,, j € {1, v =1},
where Tj is a large natural numbers and 107 < T4, V.

Notice that for such choice of {T}}, we have (FU~D)T> = pl=1 je {2,... v—1}. For shorthand,
we will write

limsup G(T1,...,T;) = limsup (...limsup G(T1,...,Tj)...)

Tfjﬁm Ty —© T;—>w0
for any function G(T1,...,T}).

Lemma 2.7. For je{l,...,v—1}, we have

(2.22) |FD |24 < C8%j /v,
(2.23) limsup |a*) (2, FY) — 2A,(2)| = 0 uniformly inze D,
oo
(2.24) lim sup 6(z, FD| < |2;(2)](|6(2, ¢ + ... + [6(2,¢D)|) uniformly inz € T,
Tj—c
(2.25) limsup [e(z, F9) — (2, FUY) < [e(z, ¢Y)] /(1 = [e(z, ¢9)|) uniformly inz e T.
Tj—>w0

Proof. The bound (2.22) is immediate from (2.17) and the construction. To prove (2.23) and (2.24),
we proceed by induction. For j = 1, they follows from (2.7), (2.8), (2.15), and (2.16). Suppose the
claims hold for j — 1. We use (2.7) to write (with fixed T3,...,Tj_1)

(2.26) a(*)(z’F(j)) - a(*)(z,F(j_l))a(*)(z,q(j)) + 23T b(*)(z,F(j_l))b(z,q(j)) +or, (1)
and

lim sup [a®) (2, F9) — 20;(2)| < (limsup la®) (2, FU=1) — mj_l(z)|) 1) (2, ¢9)))|

T;—x Tj—>w
+(limsup |b(*)(z,F(j*1))|> -16(2,¢"9)| + lim sup lor, (1)].
Tyosor Ty

The last term is zero. In the first and the second terms, the functions involved are independent of T}
so we can use inductive assumptions for the j — 1 and (2.15) to obtain (2.23) uniformly in z € T. By
the maximum principle, we get our statement in D, as well. By (2.8),

(2.27) b(z, FU)) = 2*T6(2,¢V)a(z, FU™Y) + b(z, FU=1)a™)(2,¢Y)) + o7, (1)
uniformly in z € T. We argue similarly,

limsup [6(2, )] < (limsup la(z, FY~)]) oz, )] +

Tj—>»w Tj—>o0
(lim sup |b(z, F(j_l))|) lat®) (2, ¢Y9))| + lim sup or;(1).
T - Tj—w

The last term is zero and the first two are independent of 7T so applying both inductive assumptions
for j — 1 we get our statement. The bound (2.25) follows from (2.9). O
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Besides a large parameter v and small parameter § > 0, we introduce an additional small parameter
e>0.
Definition. Given (v,9,¢), we call F, 5, := Fl%;l) from (2.21) an (v,0,€)-daisy if for every j €
{1,...,v—1} we have

(2:28) |Evs.elifez) < €32,
(2.29) 0 (2, F9) ) = 2;(2)| < e uniformly inz €D,
(2.30)  |b(z, Fyge)| S 60z, ¢ +...+16(2,¢9)))+e<d+e  uniformly inzeT,
(2.31) supp F.J), < [~T1,4T}],
<4T; 4T j
(2.32) Fi0 =F47 =F9)
(2.33) sup |t(z, F;5€)| <o0+e€ uniformly inzeT.
teZ
Lemma 2.8. One can choose the parameters T, ...,T,_1 large enough such that the (v,0,¢€)-daisy

exists for every triple (v, 9, ¢€).

Proof. Application of the previous lemma guarantees that (2.28)-(2.32) can be satisfied. Now, we
focus on (2.33). First, we notice that (2.29) and (2.30) yield

(2.34) le(z, FY)

v,0,€

| <0+€ uniformlyinzeT

for each j. For each t € Z, define j(t) : mingeqy, . 1y [t — 47| = [t — 4T} (1) |. Then,

(2.18)

D0 Fusdsl s 6 for D |(Fuses| <6
tSS$4T]‘(t) 4Tj(t)$5§t
and
(2.34)+Lemma4.3

e, 3 Ol < e, Fp ) = e EAO + [ BN s o+

and existence of the daisy is proved. O
Take € = 0.1. Then, (2.20), (2.29), and (2.32) give us

(2.35) larg at) (¢, Fe527)| = 62(Cilogy — Co), @€ Aju1, j € [1/10,90/10].

Taking the sequence {v;} and ¢ such that

C6% <w? lim v, = +0

S—

and the corresponding (vs, d,0.1)-daisies, the bound (2.35) yields the Theorem 2.5 for I = {€'?, ¢ €
[7/2,37/2]}. Clearly, our construction can accommodate any other arc. The proof of Theorem 2.5 is
finished. O

Introduce £(v, 0, €) as
{(v,0,¢) =min{s:s€Z",supp F, 5. C [—s,s]}.
Since each daisy is compactly supported, such a number is always well-defined and finite.
Proof of Theorem 1.1. Fix some n* € N, a large parameter, and let
(2.36) Vn = [exp(exp(n?))], 6, = exp(—n), €, = exp(—n),
where n > n*. Let D" := Fo, 6n.ens @ (Un,0p, €,)-daisy from the previous lemma. Partition T to the
left semicircle Ty := {€?, ¢ € [r/2,37/2]} and the right semicircle T, := {¢¢, p € [—7/2,7/2]}. Using
our construction, we can arrange (see (2.32) and (2.35) for T,) that
(2.37) inf sup |arga®™ (z, (DU)Y<V)| 2 62 log v,
2€Ty NeN
for even n and

(2.38) inf sup |arga® (z, (D™)<N)| > 62 log v,
2€T, NeN
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for odd n. Recall that supp D™ < [—£(vy, 0n,€n), £(Vn, On, €n)]. We define
HO™ = (D),
where L, > €(vp#, 0%, €,% ). Then, we recursively define
(2.39) H™ = gD 1 (D™) 3, n > n*,
where L,, satisfies L,, > 2L,,_1 and L,, > ¢(vp, 0y, €,,), which ensures
(2.40) supp H"~Y < [1,2L,,), supp D™ c (=L, L), supp H" ™ A supp(D™) 51 = &.
Let
(2.41) H = lim H™.

n—xL

Notice that our choice of {L,,} guarantees that:

(2.42) supp H c N,
(2.43) by (2.40), the terms in (2.39) have disjoint supports so H is well defined,
(2.44) H, =0for n€ Ugopnx[4Ls,2Ls11],
. (2.22) (2:36) ) &
(2.45) I1H 72y < Z | D )”?2(2) S Z o S eI

n=n¥* n=zn¥
Next, we will study a(z, H™) and b(z, H™).

Lemma 2.9. For every n > n*, we have

(2.46) |a®) (2, HM)| < 1 + Cexp(—n*), |b(z, H™)| < C exp(—n*)
and
(2.47) e(z, H"TD) —v(z, H™)| < |e(z, D) /(1 = [¢(2, DY) S exp(—n)

uniformly in z € T and n = n*.

Proof. From (2.3) and (2.4), we get
(2.48) a®) (2, H" )| < 0™ (2, HM)a(z, DY) + Jb(z, H™)b(z, D HD)|
(2.49) |6(z, H" )| < |a™) (2, H™)b(2, D™ TV)| + [b(2, H™)a®) (2, DD |
uniformly in z € T. Next, from (2.19), (2.29), and (2.30), we get
1% (2, D™)| < 1+ C exp(—n), [b(z, D™)]| < exp(—n).
Adding (2.48) and (2.49), we get
Mpt1 < My (1 + Cexp(—n)),
where m,, := |a®*)(z, H™)| + |b(z, H™)|. Since my,+ < 1 + Cexp(—n*), we use Lemma 4.1 from
Appendix to get
m, <1+ Cexp(—n*), Vn=n".

Substituting this estimate back into (2.48) and (2.49), we have
(2.50) |at®) (z, H®D)| < |a¥) (2, HM) (1 + C exp(—n)) + Cexp(—n),
(2.51) |6(z, H™D)| < |b(z, H™)(1 + C exp(—n)) + C exp(—n)
uniformly in z € T. Applying Lemma 4.1 one more time, we get
(2.52) [0 (2, HM)] < 1 + Cexp(—n*), |b(z, H™)| < C exp(—n*)
uniformly in z € T and n > n*. The bound (2.47) follows from (2.5) and (2.33). O

We claim that

Lemma 2.10. For H, given by (2.41) with large enough n*, we get
sup |arg a® (z, HT)| = 400

T>0

for all ze T.
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Proof. The proof is by contradiction. Suppose z* € Ty is a point (the case z* € T, is handled similarly)
where | arg a®*)(2*, H{T?)| < C* for all T € N. By (2.37), we can take a sequence {n;} and the numbers
{N} such that

(2.36)
(2.53) |arg al®) (z*, (D)) sN3)| > op loguy, 2 exp(nf—2n;) — 40, j— 0.

Notice that H(™—1) 4 ((D("-f))gNj)_,gLnj = HGEn tND = g<BLa N5 From (2.3), one has

(254) Cl(*)(Z,H(nj_l) + ((D(nj))éNj)*)BLn ) =

J
al®) (z, H =Yg (2 (DM))SNi) 4 230m5500) (5 g =) p(2, (D)) <N5)
and
|a(*)(z7H<3Ln_,»+Nj>) — a2, H D) a®) (2, (D)) SNi) < |60 (2, H =D (2, (D)) SNi)

(2.30)+(2.33)+(2.46)
(2.55) < exp(—(n* +n;))

uniformly in z € T. We can extend this bound to z € D by applying the maximum principle. Taking
n* sufficiently large, we can guarantee that the r.h.s. is smaller than 0.1 which yields

arg a® (z, HGL N2y = arga®) (2, H™ D) + arg a®) (2, (D"))<Ni) 4+ O(exp(—(n* + n;))
for z € T. The property (2.40) shows that H(i~1) = HS2Ens = g3ng), Then, for n* large enough
|arg a*) (2%, (D)) =No)| <
|arg a®) (2%, HGE +NDY | 4 | arg a® (2, HL75)| 4+ O(exp(—(n* + n;)) < 3C*
and that contradicts (2.53). O
Lemma 2.11. The sequence {t(z, HS™)} converges uniformly on T.

Proof. Indeed, by (2.47) and Cauchy criterion, the sequence {t(z, H*))} converges uniformly on T.
For n, define m,, as any minimizer in minys, |n —3L,| = |n — 3Ly, |. If s, is defined (check (2.39))
by HS" = H{me=1) 4 ((DUmn))<sn) gy then (2.5) and (2.33) yield

e(z, HS") —v(z, H"~Y)| < exp(—my,) = 0, n— o
uniformly in 2 € T. Hence, t(z, HS") converges uniformly on T. (]

We can now finish the proof of Theorem 1.1. First, we claim that {a(z, H)} diverges at every
point z € T. We argue by contradiction. Suppose lim,,_,. a(z*, H"™) = o* at some point z* € T.
Clearly, |o*| = 1. Then, for every € > 0 there is n. such that |a(*)(z*, H) — a¥| < ¢ for all n > n..
Take € = 0.1. By Lemma 4.2 in Appendix, we also have | arg a®) (z*, H<2?) —arga(®) (2*, H")| < €
for all ny,ng > n.. That contradicts Lemma 2.10 and so {a(z, H<™)} diverges at every z € T.

Now let F' = pxn—o + H, where u € (0, 1) is a parameter. Notice that these two terms have disjoint
supports since supp H < N. Then, (1.3) yields

1
at¥) (2, FWY) = %b(z,HOD) n ﬁa(*)(z,fﬂ@) -
(1 - 23 (1 - u2)3
1
) (2, H™) | ———— 4 ¢(z, H™)—
(1—p?)2 (1—p?)2

By the previous lemma, the second factor converges uniformly on T and the limiting function has
no roots on T as long as n* is chosen large enough for given p because [t(z, H(™)| < exp(—n*). So
{al*)(z, F¢)} diverges on T. Similarly,

b(z, F™) = —b(z, H™) 4 —H a0 (2, HO) =
(1—p?)2 (1—p?)2
1
a2, HOY [ —E (e, HO)

(1—p2)? (1-p2)?
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and the last expression has no limit at every point of T for the same reason. The Theorem 1.1 is
proved. O

Remark. We emphasize again that the sequence H we constructed satisfies the following properties:

(2.56) supp H © N,
(2.57) |H | ¢2(z) < exp(—n™), where n* is arbitrary large,
(2.58) t(z, HS") — t(z, H),

where the last convergence is uniform over T and the limiting function we denoted by t(z, H) is
continuous and satisfies

(2.59) [¢(=, H)| < exp(—n*)
for all z € T.

Proof of Theorem 1.4. Our proof for Z carries over to the case of NLFT on R word-for-word (the
reader can find more details in [19]). We will only make a few comments. The Theorem 2.1 can
be replaced by an inverse scattering result where the bijection is established between ¢ € S(R) and
b(k,q) € S(R). On T, to create the infinite growth of the argument, we used two proper subarcs:
T, and T,. On R, after we build an analog of (v, d,€)-daisy for which the maximal function of the
argument is large on the interval I of size one, we define the required ¢ by using the recursion in which
the employed intervals {I;}|;, satisfy two properties:

. |IJ| = 1,Vj € N,

o for every k € R, we have inclusion k € I; for infinitely many j € N. O

Remark. The construction we used in the proof of Theorem 1.1 is flexible enough to produce F' that
satisfies F,, € R,Vn € Z, and Theorem 1.2 can be adapted to the case of polynomials orthogonal on
the real line. Similarly, one can modify the proof of Theorem 1.4 to show that the generalized eigen-
functions 1 (z, k) of Schrédinger operator —” 4+ V (x)y = k?1) with oscillating and square summable
potential V' do not have to have the standard Jost asymptotics when x — oo for a.e. k.

3. COoNNECTION TO OPUC AND PROOFS OF THEOREM 1.2 AND 1.3.
The polynomials {¢,(z,0)} satisfy recurrence (see [32], formulas (1.5.23) and (1.5.24))
(3563) o 7)) (36)-C)
@Z(za O') (1 — |’}/n,1|2)% —Tn—17 1 </7:_1(2'70) ’ ng(z:o’) 1 ’

where n € N and the recurrence coefficients {v;}|/., satisfy 7; € D. It is known that there is a bijection
between probability measures o (with infinite support on T) and such {~;} € D*. Denote the measure,

given by {—~,}, by . Then,
< <pn(275) ) — 1 ( z Tn—1 > ( (pn—l(zaa—) ) ( 900(275—) ) — < 1 )
23 ) T 0t L 1 et ) L sizo) 1
Consider the NLFT on Z with

(3.1) F:F,=0n<0; F,=-7,_1,n=>1.
From (1.1), we get

(BE0 i) -xen( 4)-

Therefore,
(3.2) Oi(2,0) = b(z, F<") +a®) (2, F<"), 0%(2,5) = —b(z, F<") + al*) (2, F<").

We will prove a result stronger than Theorem 1.2. It will imply Theorem 1.3, as well.
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Theorem 3.1. For every e > 0, there is a function w € C(T) such that |w[1,m =1 and |w—1]¢m) < €
so that the sequence {pk(z,0)} diverges at every point z € T. Here, do = wdm.
Moreover, there is a sequence {ay,} € (?(Z%) such that the othogonal series

Z AnPn (Zv U)
n=0

diverges at every z € T.

Proof. Take F' = H from (2.56)-(2.58). For such F', define {v,} and then o as above in (3.1). From
(3.2), one has
i (z,0) = a® (2, FS") (1 + ¢(z, F<")).

By Theorem 1.1 and Lemma 2.11, the sequence {p*(z,0)} diverges at every z € T. Now, we only
need to show that o satisfies the required properties when n* is chosen large enough. Define the Wall
polynomials, related to o, by A,(z,0) and B, (z,0) (see [23]). Denote by f(z,c) the Schur function
for o. Then, we have (see (3.2) and the formula (5.5) in [23]).

b(z, Fsntl) An(z,0)
3.3 Fsmihy= - 2= 02 o
(3:3) t(z, ) a(¥) (7, F<n+) “Bon(z,0)
By (2.58), we have t(z, F<"*1) — t(z, F) uniformly over T. The right hand side in (3.3) is analytic in
D so we can extend this uniform convergence to D. Since A, (z,0)/Bn(z,0) = f(z,0) locally uniformly
in D (check Corollary 4.7 in [23]), we get v(z, ') = —2f(z,0), f(2,0) € A(D) and | f(2,0)|am) < e "
by (2.59). By the formula (2.2) in [23], we get
1— 2
wi=o'(z) = M,
1—zf(z,0)
and |w—1| < e™™". Making n* large enough, we ensure the required bound |w — lle(ry < e. We now
focus on the second claim of the theorem. From the OPUC recurrence, we get

zeT

n—1
1
Vn@:(z70):1_2273'%'@]'(270)7 Un = 1_[ (1_|’V]'|2)27
j=0 j<n—1

which is a partial sum of the orthogonal series {<pj}|f=0 in L2(T). For Szegs measures, lim,_ v,
converges to a positive number. We take a; = v;jv;. Since {a;} € (2(Z") and {¢}(z,0)} diverges, the
claim follows. O

Other results on pointwise convergence/divergence.

Below, we list some applications of general results by Menshov and Olicz on orthogonal series
(see [33]). In what follows, {~,} are the recursion parameters of OPUC with measure o.

o (see [22], p.190) If Y, o |ynl? log? n < o0, then lim,, . @¥(z,0) exists a.e. on T.
o (see [22], p.201) Suppose w(t) : RT — RF, w(t) T+ ast — o0, and Y, w '(n) < wo. If
Yn — 0 and
D7 lml? - (log? |ym]) - w(log [1og [ynl]) < oo,

n=0
then lim, o, p%(z,0) exists a.e. on T.

In particular, (see [22], p.200) {y,} € P(Z*),p € [1,2) implies a.e. convergence of {p*(z,0)}.

The following result shows the a.e. convergence of {¢*} for lacunary ¢2 recursion parameters.

o (see [31] and [18]) Suppose {n;}|;_, is a subsequence in N that satisfies
(3.4) Nl 4 VjeZt, mo=1,
Ny
where q > 2. Take {6} € (*(Z%) such that | {6;} g z+) < 1. Let yn, = 6;, Vj € Z* and set », = 0
for all other n € Z". Then, lim,_, p*(2,0) exists for a.e. on T.

All these results can be directly applied to show pointwise convergence of SU(1,1) NLFT on Z
after we split the problem to {n > 0} and {n < 0}.
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For measures o that are more regular, we list two results (one can find more in [20, 21]):

e (see [34], Theorem 12.1.3) If do = wdm and the modulus of continuity of w satisfies w(h,w) <
(|log h|)~1=¢ for some € > 0, then {p*(z,0)} converges uniformly in z € T.

e (see [6], p.32) There is a positive continuous w such that limsup,,_,, |¢n(z*,0)| = +0 at some
z* € T where do = wdm.

The mentioned result of M. Ambroladze is one of many that deal with the Steklov problem in
the theory of orthogonal polynomials. That problem, generally speaking, asks to estimate the size
of the orthogonal polynomial given certain assumptions on the orthogonality measure o (see [33]
and [3,7,9,12,13,15,30] for more recent results in this direction). For example, for o € Sz(T), the
question whether limsup,,_,. |on(z,0)| < oo for a.e. z € T is still open (see [8] where this problem is
viewed as a version of Schrodinger conjecture in the context of Jacobi matrices). However, we have
the following result:

e (see [33], p.36) If o € Sz(T), then

lon(z,0)| = o(1) logn

for a.e. zeT.

4. APPENDIX.
Lemma 4.1. Suppose {z,},{y.} and {z,} are given sequences of nonnegative numbers and
Tni1 < xn(l + yn) + Zn, Vn = 07
then
n—1
(4.1) T, < M, <l‘0 + Z szj+11> ,
j=0
where M, := ]_[2:01(1 +yj), Mo := 1. Moreover, if xo < 1, |[{yn}|ez+) < % and [[{zn}] o (z+) < %, we
get
(4.2) zn < 2o + Cl{yntlerz+) + Cl{zntllez+) -
Proof. Let x,, = M,%,,n € Z". Then, we have 7,,.1 < T, + Mnjilzn, Ty = xo. After adding those
bounds, we get
n—1
Fo <mo+ Y, Mz
3=0
Multiplying both sides with M,,, we get (4.1). The estimate (4.2) follows. O

Lemma 4.2. Suppose the sequence F' satisfies two properties: supp F,, c [ng,©) and F,, — 0 as
n — +00. Then,
|arg a®) (z, F™) —arga™® (2, F"2)| < |F| = 0, n— o
uniformly in z € D.
Proof. For n > |ng|, we have F<" = F<{"_ Notice that (1.3) gives
1

(4.3) al¥) (2, F<W) = T
(1= [Fn]?)2

(Foz"6™) (2, FO70) 4 ) (2, POy

for n = |ng| + 1. Then,

(4.4) al®) (z, F<W) _ 1 F,z"b() (2, F<=1) N
| (=R \ SOEF)

o) (2, 1)
Since |60 (z, F<*=D) /al¥) (2, F"=D)| < 1, z € T and F,, — 0, we get

() (5. <

oz ) 1| < |B|

a(*)(z7F<"—1>)

uniformly in z € T if n is large enough. The maximum principle extends this bound to z € D. The
estimate on the difference of the arguments follows. O
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Lemma 4.3. Suppose the sequence G is such that supp G C [ng, ®0) and Zm+1<s<m+p |Gs| < % for
a fized m and p € N. Then,

(4.5) [o(z, GS7HP) —(z, G5 S ) |G

m+1<s<m+p

for z€eT.

Proof. We take z € T. For shorthand, we let a;(2) := a®) (2, GS), B;(2) := b(2,G¥), and r; :=
Bj/a;. Then, from (1.3), one has

1 1
Oy = —— (an + Gry12" 1 BY), Buyr = — B+ Gri12"al).
(1= [Gnia[?)2 (1 =[Gnya[?)2
That gives
T+ Gni12" ok /ay, na1 O o — BEry /oy, (15)
Tl = Tn = —rp = Gny12 =
1+ G128 Jay, 14+ Grypr2" 6% o,
Gn+12n+1
an (14 Gri12" 1B fa)
and, recalling that |3/, | < 1, |rn| < 1, |an| = 1, we get
= |rns1 = ol < |Gnaal/(1 = [Grial) s
so (4.5) follows by summation and triangle inequality. O
REFERENCES

[1] M. J. Ablowitz and J. F. Ladik. Nonlinear differential-difference equations and Fourier analysis. J. Mathematical
Phys., 17(6):1011-1018, 1976. 5
[2] M. J. Ablowitz, B. Prinari, and A. D. Trubatch. Discrete and continuous nonlinear Schridinger systems, volume
302 of London Mathematical Society Lecture Note Series. Cambridge University Press, Cambridge, 2004. 5
[3] Michel Alexis, Alexander Aptekarev, and Sergey Denisov. Continuity of weighted operators, Muckenhoupt A,
weights, and Steklov problem for orthogonal polynomials. Int. Math. Res. Not. IMRN, 2022(8):5935-5972, 2022.
14
Michel Alexis, Gevorg Mnatsakanyan, and Christoph Thiele. Quantum signal processing and nonlinear Fourier
analysis. Rev. Mat. Complut., 37(3):655-694, 2024. 5
Michel Alexis, Gevorg Mnatsakanyan, and Christoph Thiele. One sided orthogonal polynomials and a pointwise
convergence result for SU(2)-valued nonlinear Fourier series. arXiv preprint, 2025. https://arxiv.org/abs/
2507.05124. 2
[6] M. U. Ambroladze. On the possible rate of growth of polynomials that are orthogonal with a continuous positive
weight. Mat. Sb., 182(3):332-353, 1991. 14
[7] A. Aptekarev, S. Denisov, and D. Tulyakov. On a problem by Steklov. J. Amer. Math. Soc., 29(4):1117-1165, 2016.
14
[8] Artur Avila. On the Kotani-Last and Schrédinger conjectures. J. Amer. Math. Soc., 28(2):579-616, 2015. 14
[9] Roman Bessonov and Sergey Denisov. Zero sets, entropy, and pointwise asymptotics of orthogonal polynomials. J.
Funct. Anal., 280(12):Paper No. 109002, 38, 2021. 14
[10] Lennart Carleson. On convergence and growth of partial sums of Fourier series. Acta Math., 116:135-157, 1966. 3
[11] M. Christ and A. Kiselev. Scattering and wave operators for one-dimensional Schrédinger operators with slowly
decaying nonsmooth potentials. Geom. Funct. Anal., 12(6):1174-1234, 2002. 4
[12] S. Denisov and K. Rush. On Schur parameters in Steklov’s problem. J. Approz. Theory, 215:68-91, 2017. 14
[13] S. A. Denisov. On the growth of polynomials orthogonal on the unit circle with a weight w that satisfies w,w™! €
L*(T). Mat. Sb., 209(7):71-105, 2018. 14
[14] Sergey Denisov and Liban Mohamed. Generalizations of Menchov-Rademacher theorem and existence of wave
operators in Schrédinger evolution. Canad. J. Math., 73(2):360-382, 2021. 4
[15] Sergey Denisov and Keith Rush. Orthogonal polynomials on the circle for the weight w satisfying conditions
w,w™! € BMO. Constr. Approz., 46(2):285-303, 2017. 14
[16] Sergey Denisov and Giorgio Young. Wave operators for Jacobi matrices. arXiv preprint, 2026. https://arxiv.
org/abs/2604.18442. 2
[17] Sergey A. Denisov. Two quantitative versions of the nonlinear Carleson conjecture. C. R. Math. Acad. Sci. Paris,
363:1533-1541, 2025. 2
[18] Sergey A. Denisov. Convergence of sparse square-summable NLFT. arXiv preprint, 2026. https://arxiv.org/
abs/2606.06661. 13
[19] Sergey A. Denisov. The strong version of nonlinear Carleson conjecture fails. arXiv preprint, 2026. https://
arxiv.org/abs/2605.01658. 12

[4

[5


https://arxiv.org/abs/2507.05124
https://arxiv.org/abs/2507.05124
https://arxiv.org/abs/2604.18442
https://arxiv.org/abs/2604.18442
https://arxiv.org/abs/2606.06661
https://arxiv.org/abs/2606.06661
https://arxiv.org/abs/2605.01658
https://arxiv.org/abs/2605.01658

16

[20]
[21]

[22]
(23]

[24]
[25]
[26]
[27]
[2s]
[29]
[30]
[31]
[32]

[33]

[34]

[35]

SERGEY A. DENISOV

Géza Freud. Orthogonal Polynomials. Pergamon Press, 1971. 14

B. L. Golinskil. Asymptotic representation of orthogonal polynomials. Uspekhi Mat. Nauk, 35(2(212)):145-196,
280, 1980. 14

S. Ka¢maz and G. Steingauz. Teoriya ortogonalnykh ryadov. Gosudarstv. Izdat. Fiz.-Mat. Lit., Moscow, 1958. 13
Sergei Khrushchev. Schur’s algorithm, orthogonal polynomials, and convergence of Wall’s continued fractions in
L2(T). J. Approz. Theory, 108(2):161-248, 2001. 13

Alexander Kiselev, Yoram Last, and Barry Simon. Modified Priifer and EFGP transforms and the spectral analysis
of one-dimensional Schrddinger operators. Comm. Math. Phys., 194(1):1-45, 1998. 2

Vjekoslav Kova¢, Diogo Oliveira e Silva, and Jelena Rup¢i¢. A sharp nonlinear Hausdorff-Young inequality for
small potentials. Proc. Amer. Math. Soc., 147(1):239-253, 2019. 4

Vjekoslav Kova¢, Diogo Oliveira e Silva, and Jelena Rup¢i¢. Asymptotically sharp discrete nonlinear Hausdorff-
Young inequalities for the SU(1, 1)-valued Fourier products. Q. J. Math., 73(3):1179-1188, 2022. 2, 5

Gevorg Mnatsakanyan. £* mapping properties, smoothness and decay for SU(2)-valued nonlinear Fourier transform.
arXiv preprint, 2026. https://arxiv.org/abs/2603.02021. 5

Camil Muscalu, Terence Tao, and Christoph Thiele. A counterexample to a multilinear endpoint question of Christ
and Kiselev. Math. Res. Lett., 10(2-3):237-246, 2003. 4

Richard Oberlin, Andreas Seeger, Terence Tao, Christoph Thiele, and James Wright. A variation norm Carleson
theorem. J. Eur. Math. Soc. (JEMS), 14(2):421-464, 2012. 2, 3, 4

E. A. Rahmanov. Estimates of the growth of orthogonal polynomials whose weight is bounded away from zero.
Mat. Sb. (N.S.), 114(156)(2):269-298, 335, 1981. 14

Jelena Rupéié. Convergence of lacunary SU(1,1)-valued trigonometric product. Commun. Pure Appl. Anal.,
19(3):1275-1289, 2020. 13

Barry Simon. Orthogonal polynomials on the unit circle. Part 1, volume 54, Part 1 of American Mathematical
Society Colloquium Publications. American Mathematical Society, Providence, RI, 2005. Classical theory. 5, 12

P. K. Suetin. V. A. Steklov’s problem in the theory of orthogonal polynomials. In Mathematical analysis, Vol.
15 (Russian), Itogi Nauki i Tekhniki, pages 5-82. Akad. Nauk SSSR Vsesojuz. Inst. Naun. i Tehn. Informacii,
Moscow, 1977. 13, 14

Gabor Szeg6. Orthogonal polynomials, volume Vol. 23 of American Mathematical Society Colloguium Publications.
American Mathematical Society, Providence, RI, 1959. Revised ed. 14

Terence Tao and Christoph Thiele. Nonlinear Fourier Analysis. arXiv preprint, 2012. https://arxiv.org/abs/
1201.5129.2,5

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF WISCONSIN-MADISON, 480 LiNncoLN Dr., MabisoN, WI 53706,
USA
Email address: denissov@wisc.edu


https://arxiv.org/abs/2603.02021
https://arxiv.org/abs/1201.5129
https://arxiv.org/abs/1201.5129
mailto:denissov@wisc.edu

	1.  Introduction to SU(1,1) NLFT, statement of the problems, and main results.
	1.1. SU(1,1) NLFT on Z.
	1.2. SU(1,1) NLFT on R.

	2. Proofs of Theorem 1.1 and Theorem 1.4.
	3. Connection to OPUC and proofs of Theorem 1.2 and 1.3.
	4. Appendix.
	References

