
POINTWISE BEHAVIOR OF SU(1,1) NONLINEAR FOURIER TRANSFORM

SERGEY A. DENISOV

Abstract. We show that SUp1, 1q NLFT can diverge pointwise for square-summable coe�cients.
As a consequence, we prove that the classical pointwise asymptotics of polynomials orthogonal on
the unit circle can fail for measures in the Szeg® class. We also discuss some special cases when the
pointwise convergence holds.
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1. Introduction to SUp1, 1q NLFT, statement of the problems, and main results.

1.1. SUp1, 1q NLFT on Z. Let T and D denote the unit circle and open unit disc in C, respectively,
both centered at the origin. Let F � tFnu|nPZ be a double-in�nite sequence of complex numbers and

|Fn|   1,@n P Z. Taking N P Z�, we de�ne a compactly supported sequence F xNy by truncation:

F
xNy
n � Fn � χ|n|¤N , n P Z, where χE denotes the characteristic function of a set E. De�ne the 2� 2

matrices Xnpz, F
xNyq as solution to the recursion

(1.1) Xn � ΩnpF
xNyq

�
z 0

0 1



Xn�1, n P Z ,

where

ΩnpF q :�
1

p1� |Fn|2q
1
2

�
1 Fn

Fn 1



, Xnpz, F

xNyq �

�
zn 0

0 1



, n   �N .

Let J :�
�
1 0
0 �1

�
and notice that matrix ΩnpF q is J-unitary (i.e., belongs to Up1, 1q). The matrix

p z 0
0 1 q is J-unitary for z P T, it is J-contraction if |z|   1, and J-expansion if |z| ¡ 1. Since detXn �

zn, n P Z it makes sense to renormalize

(1.2) Xn �:

�
zn 0

0 1


 rXn ,

and then

(1.3) rXn �
1

p1� |F
xNy
n |2q

1
2

�
1 F

xNy
n z�n

F
xNy
n zn 1

� rXn�1,

with rXn � I :� p 1 0
0 1 q for n   �N . One can view rXnpz, F

xNyq as Jost solution of recursion (1.3) with

normalization rXnpz, F
xNyq � I as nÑ �8. Now rXn P SUp1, 1q for z P T. More careful study of this
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new recursion implies that (see p.5 in [35]) the matrix rXn takes the form

rXnpz, F
xNyq �:

�
anpz, F

xNyq b
p�q
n pz, F xNyq

bnpz, F
xNyq a

p�q
n pz, F xNyq

�
,

where

(1.4) f p�qpzq :� fpz̄�1q.

Clearly, f p�qpzq � fpzq if z P T. Following [35] (except that we take the transposition of the matrix

product used in [35], p.4 when de�ning the NLFT because we prefer to multiply the transfer matrices

in the order . . . � p�q�N�1 � p�q�N rather than p�q�N � p�q�N�1 . . .) we put forward a de�nition:

De�nition. For F xNy, de�ne SUp1, 1q nonlinear Fourier transform (NLFT) on Z as the map

F xNy ÞÑ

hkkikkj
F xNy :�

�
apz, F xNyq

bpz, F xNyq



,

where apz, F xNyq :� a8pz, F
xNyq and bpz, F xNyq � b8pz, F

xNyq.

In fact, since F
xNy
n � 0 for n ¡ N , we get�

apz, F xNyq

bpz, F xNyq



�

�
anpz, F

xNyq

bnpz, F
xNyq



, @n ¥ N .

The de�nition of NLFT can be extended to other classes of tFnu that decay as |n| Ñ 8. We will

provide more references later but we start by focusing on F P ℓppZq, p P r1,8q. It is known [35],

p.10 that F P ℓ1pZq implies existence of two functions apz, F q and bpz, F q, both de�ned on T, such
that }apz, F xNyq � apz, F q}ApTq Ñ 0 and }bpz, F xNyq � bpz, F q}ApTq Ñ 0 when N Ñ 8 and ApTq
denotes the Wiener's algebra. Similarly, for F P ℓppZq with p P p1, 2q, the nonlinear analog of the

Menshov-Paley-Zygmund theorem was established (see, [35], p.11 and [17, 26, 29]) which yields, in

particular, the following result: if p P p1, 2q and F P ℓppZq, then the limits limNÑ8 apz, F xNyq and

limNÑ8 bpz, F xNyq exist for a.e. z P T. For p ¡ 2 the above limits might diverge for a.e. z P T
(see [24] for the discussion in the context of Jacobi matrices). The borderline case p � 2 is critical,

it attracted a lot of attention in harmonic analysis and approximation theory communities but the

answer was not known. We formulate the following two questions:

Q1Z (the strong version of SUp1, 1q pointwise convergence of NLFT on Z): Let F P ℓ2pZq.
Is it true that the limits limNÑ8 apz, F xNyq and limNÑ8 bpz, F xNyq exist for a.e. z P T?

In folklore, the assertion that those limits do actually exist often went under the name Nonlinear

Carleson Conjecture (NCC) (see, e.g., [5], p.5 for SUp2q setting). This problem is motivated by the

study of the existence of wave operators for Jacobi matrices (see [16]). The SUp1, 1q structure of the

problem ensures that

(1.5) ap�qpz, F xNyqapz, F xNyq � bp�qpz, F xNyqbpz, F xNyq � 1, z P C

and, in particular, |ap�qpz, F xNyq| ¥ 1 for z P T. We will use the following notation

rpz, F xNyq :� bpz, F xNyq{ap�qpz, F xNyq .

Clearly, rpz, F xNyq satis�es |rpz, F xNyq|   1, z P T. We suggest the following weaker version of Q1Z.

Q2Z (a weak version of SUp1, 1q pointwise convergence of NLFT on Z): Let F P ℓ2pZq. Is it

true that the limit limNÑ8 rpz, F xNyq exists for a.e. z P T?

Our �rst main result is the following theorem

Theorem 1.1. The answer to Q1Z is negative. If fact, there is F P ℓ2pZq such that the limits

limNÑ8 apz, F xNyq and limNÑ8 bpz, F xNyq do not exist at every z P T.

Remark. In the theorem, we can take F such that suppF � Z�. Our argument does not provide an

answer to Q2Z.
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Let σ be a probability measure on T with the in�nite support (in the sense of cardinality). Denote

the monic orthogonal polynomials by tΦnpz, σqu and orthonormal polynomials by tφnpz, σqu, we use

OPUC for both as shorthand. That is,»
T
Φnpz, σqz

�jdσ � 0,

»
T
φnpz, σqz

�jdσ � 0, @j P t0, . . . , n� 1u,

»
T
|φnpz, σq|

2dσ � 1,

degpΦnq � degpφnq � n, coe�npΦnq � 1, coe�npφnq ¡ 0 ,

where coe�npQq denotes the n-th coe�cient of the polynomial Q. For any polynomial Q, we let

Q� :� znQpz̄�1q. Notice that such �-operation is di�erent from the p�q-operation in (1.4) and it

depends on n P Z�. In fact, Q� � znQp�q.

De�nition. The measure σ belongs to the Szeg® class (σ P SzpTq) if»
T
logw dm ¡ �8 ,

where dσ � wdm�dσs , m is the normalized Lebesgue probability measure on T and σs is the singular

part of σ.

The existence of the limit limnÑ8 φ
�
npz, σq for z P T has been studied in many papers under di�erent

assumptions on measure σ and we will discuss some results in section 3. Now, we give two relevant

applications of Theorem 1.1 to the OPUC theory:

Theorem 1.2. There is σ P SzpTq such that the limit limnÑ8 φ
�
npz, σq does not exist for all z P T.

and

Theorem 1.3. There is σ P SzpTq and the sequence tαnu P ℓ
2pZ�q such that the orthogonal series

(1.6)
¸

nPZ�
αnφnpz, σq

diverges for all z P T.

Remark. The measure σ in the previous two theorems is actually more regular: it is absolutely

continuous with continuous and positive density (see Theorem 3.1). For σ � m, we have φn � zn and

the series (1.6) converges a.e. on T for every tαnu P ℓ
2pZ�q by the Carleson theorem [10, 29] which

settled the Lusin's conjecture. The Theorem 1.3 shows that the analog of Lusin's conjecture does not

hold within the Szeg® class of orthogonality measures.

1.2. SUp1, 1q NLFT on R. Suppose q P L1
locpRq. For every T ¡ 0, we let qxT y :� q � χ|x| T . De�ne

Xpx, k, qxT yq as the solution to

BxX �

�
ik qxT y

qxT y 0



X for x P R and Xpx, k, qxT yq �

�
eikx 0

0 1



for x ¤ �T ,

where k P C. It is easy to check that X P Up1, 1q for k P R, X is J-contraction for k P C�, and

J-expansion for k P C�. If X �:
�
eikx 0
0 1

� rX, then

Bx rX �

�
0 qxT ye�ikx

qxT yeikx 0


 rX for x P R and rXpx, k, qxT yq � �
1 0

0 1



for x ¤ �T .

Now, rX P SUp1, 1q for k P R. For x ¥ T , we have

rXpx, k, qxT yq �: � apk, qxT yq b#pk, qxT yq

bpk, qxT yq a#pk, qxT yq



,

where we denote f#pkq :� fpk̄q for k P C.
De�nition. For qxT y, de�ne SUp1, 1q NLFT on R as the map

qxT y ÞÑ

hkkikkj
qxT y :�

�
apk, qxT yq

bpk, qxT yq



.

In analogy with Z setup, we have two questions for the critical case when q P L2pRq (they both have
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positive answers for q P LppRq, p P r1, 2q, see [11], [25], [28], [29]):

Q1R (the strong version of SUp1, 1q pointwise convergence of NLFT on R): Let q P L2pRq.
Is it true that the limits limTÑ8 apk, qxT yq and limTÑ8 bpk, qxT yq exist for a.e. k P R?

and

Q2R (a weak version of SUp1, 1q pointwise convergence of NLFT on R): Let q P L2pRq. Is it
true that the limit limTÑ8 bpk, qxT yq{a#pk, F xT yq exists for a.e. k P R?

The �rst question is motivated by the scattering theory in Schrödinger evolution [14]. Our next

result is

Theorem 1.4. The answer to Q1R is negative. In fact, there is q P L2pRq for which the limits

limTÑ8 apk, qxT yq and limTÑ8 bpk, qxT yq do not exist for all k P R.

The structure of the paper is as follows. The second section contains the proof of Theorem 1.1.

There, we also brie�y mention how the proof of Theorem 1.1 can be modi�ed to get Theorem 1.4.

In the third section, we discuss the connection of SUp1, 1q NLFT on Z to the OPUC theory and

prove Theorem 1.2 and Theorem 1.3. We also explain how the general theorems on convergence of

orthogonal series provide the best known results on the pointwise convergence of SUp1, 1q NLFT on

Z.

Acknowledgments. I thank Roman Bessonov for helpful discussions.

Notation.


 We let N � t1, 2, . . .u and Z� � t0, 1, 2 . . .u. T and D denote the unit circle and open unit disc in

C, respectively, both centered at zero.


 The symbol C denotes the absolute constant which can change the value from formula to formula.

If we write, e.g., Cpαq, this de�nes a positive function of parameter α.


 For two non-negative functions f1 and f2, we write f1 À f2 if there is an absolute constant C such

that f1 ¤ Cf2 for all values of the arguments of f1 and f2. We de�ne Á similarly and say that f1 � f2
if f1 À f2 and f2 À f1 simultaneously. If |f3| À f4, we will write f3 � Opf4q. If α is a parameter, we

write f1 ¤α f2 if f1 ¤ Cpαqf2. The symbol otp1q, t Ñ 8 indicates a quantity that converges to zero

when tÑ8.


 If E is a set, the symbol χE denotes its characteristic function and |E| indicates its Lebesgue

measure.


 The class SpRq is the class of Schwartz functions on R, C8
c pRq is the class of in�nitely smooth

functions on R with compact support, and C8pTq is the class of in�nitely smooth functions on T.
The symbol CpTq denotes the space of continuous functions on T. The class SpZq � tF � tFnu|nPZ :

|Fn| ¤ℓ p1 � |n|q�ℓ,@n P Z, ℓ P Z�u is the Schwartz class on Z. We write S�pZq :� tF P SpZq :

}F }ℓ8pZq   1u. The symbol ApDq denotes the class of functions analytic in D and continuous in D.


We write f p�qpzq :� fpz̄�1q and f#pkq :� fpk̄q. For any polynomialQ, we letQ� :� znQpz̄�1q, n P

Z�.


 For a sequence F � tFnu|nPZ de�ned on Z, N P Z�, and M P Z, we write F xNy � F � χ|n|¤N for

truncation and FÑM : pFÑM qn � Fn�M for translation. Also, we denote F¤M :� F � χn¤M .


 The symbolm often stands for the normalized probability Lebesgue measure on T. For f P L1pTq,
we de�ne the Fourier transform by pfpnq :� ³

T fpxq expp�inxqdm, n P Z.


 In the text below, ν, n� P N will be taken as large parameters and δ, ϵ will be small positive

parameters.
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2. Proofs of Theorem 1.1 and Theorem 1.4.

Suppose w : ZÑ r1,8q satis�es

wp�nq � wpnq,

wpn1 � n2q ¤ wpn1qwpn2q,

|n|�1 logwpnq Ñ 0, |n| Ñ 8 .

We call these w strong Beurling weights [32], p.306. The standard example is w � p1 � |n|qβ , β ¥ 0.

One says f P AwpTq if
}f}AwpTq :� } pf}ℓ1wpZq :� ¸

nPZ
wpnq| pfpnq|   8 .

In the case when F P ℓ1wpZq and w is a Beurling weight, we have bpz, F xNyq Ñ bpz, F q and apz, F xNyq Ñ

apz, F q for N Ñ8 and the convergence is understood in the Wiener's algebra AwpTq. That allows us
to de�ne the NLFT for F P S�pZq if we choose w � p1� |n|qβ ,@β ¥ 0.

De�nition. For F P S�pZq the NLFT is the map

F ÞÑ

hkkikkj
F :�

�
apz, F q

bpz, F q



.

If F P S�pZq, the function ap�qpz, F q P C8pTq satis�es the following properties:

(A) We have |ap�qpz, F q|2 � 1� |bpz, F q|2 for z P T.
(B) ap�qpz, F q P ApDq is outer function in D and

(2.1) ap�qpz, F q � exp

�»
T

ξ � z

ξ � z
log |ap�qpξ, F q|dm



� exp

�
1

2

»
T

ξ � z

ξ � z
logp1� |bpξ, F q|2qdm



,

for z P D.
(C) (nonlinear Plancherel identity [26,35])

(2.2) �
¸
nPZ

logp1� |Fn|
2q � 2

»
T
log |ap�qpξ, F q|dm �

»
T
logp1� |bpξ, F q|2qdm .

We need the following two results (see [4], p. 314 in [32], and [27] for SUp2q case, the same proof

works for SUp1, 1q). The �rst one is important for solving the Ablowitz-Ladik equation ( [1, 2]) via

the inverse scattering approach.

Theorem 2.1. The map F ÞÑ bpz, F q is bijective from S�pZq to C8pTq.

Theorem 2.2. There is τ0 ¡ 0 such that }F }ℓ1pZq ¤ τ0 ñ }bp�, F q}A1pTq À }F }ℓ1pZq and }b}A1pTq ¤

τ0 ñ }F pbq}ℓ1pZq À }b}A1pTq.

We will be using the following notation: given N,M P Z and a sequence F � tFnu|nPZ, we write

FÑN : pFÑN qn � Fn�N ,@n P Z , F¤M :� F � χn¤M .

One has the following lemma.

Lemma 2.3. Suppose F and G are compactly supported sequences on Z, suppF � p�8, N1s,

suppG � r�N2,8q, and N ¡ N1 �N2. Then, for each M ¥ �N2, we have

ap�qpz, F � pG¤M qÑN q � ap�qpz, F qap�qpz,G¤M q � zNbp�qpz, F qbpz,G¤M q,(2.3)

bpz, F � pG¤M qÑN q � zNbpz,G¤M qapz, F q � bpz, F qap�qpz,G¤N q,(2.4)

|rpz, F � pG¤M qÑN q � rpz, F q| ¤ |rpz,G¤M q|{p1� |rpz,G¤M q|q, z P T .(2.5)

Proof. We start with the �rst observation (p.6, [35]) that for each H with compact support, we have

(2.6) ap�qpz,HÑM q � ap�qpz,Hq, bpz,HÑM q � bpz,HqzM , @M P Z .

Next, notice that suppF X suppppG¤M qÑN q � H so (1.3) and (2.6) give the �rst two identities in the

lemma. Dividing the second by the �rst, one has

rpz, F � pG¤M qÑN q �
rpz, F q � zN rpz,G¤M qapz, F q{ap�qpz, F q

1� zN rpz,G¤M qbp�qpz, F q{ap�qpz, F q
,
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so

rpz, F � pG¤M qÑN q � rpz, F q � zN rpz,G¤M q
apz, F q{ap�qpz, F q � rpz, F qbp�qpz, F q{ap�qpz, F q

1� zN rpz,G¤M qbp�qpz, F q{ap�qpz, F q

(1.5)
�

zN rpz,G¤M q

pap�qpz, F qq2
1

1� zN rpz,G¤M qbp�qpz, F q{ap�qpz, F q

and, recalling that |ap�qpz, F q| ¥ 1, |rpz, F q|   1, and |bp�qpz, F q{ap�qpz, F q|   1 for z P T, we get

|rpz, F � pG¤M qÑN q � rpz, F q| ¤ |rpz,G¤M q|{p1� |rpz,G¤M q|q, z P T .

□

Lemma 2.4. Suppose F,G P S�pZq and N P N. Then, as N Ñ8

ap�qpz, F xNy � pGxNyqÑ3N q � ap�qpz, F qap�qpz,Gq � z3Nbp�qpz, F qbpz,Gq � op1q,(2.7)

bpz, F xNy � pGxNyqÑ3N q � z3Nbpz,Gqapz, F q � bpz, F qap�qpz,Gq � op1q,(2.8)

lim sup
NÑ8

|rpz, F xNy � pGxNyqÑ3N q � rpz, F xNyq| ¤ |rpz,Gq|{p1� |rpz,Gq|q(2.9)

uniformly in z P T.

Proof. Given N , consider truncated coe�cients F xNy and GxNy and apply the previous lemma to get

ap�qpz, F xNy � pGxNyqÑ3N q � ap�qpz, F xNyqap�qpz,GxNyq � z3Nbp�qpz, F xNyqbpz,GxNyq,(2.10)

bpz, F xNy � pGxNyqÑ3N q � z3Nbpz,GxNyqapz, F xNyq � bpz, F xNyqap�qpz,GxNyq,(2.11)

|rpz, F xNy � pGxNyqÑ3N q � rpz, F xNyq| ¤ |rpz,GxNyq|{p1� |rpz,GxNyq|q .(2.12)

Since F,G P S�pZq, we have for N Ñ8

apz,GxNyq � apz,Gq � op1q, apz, F xNyq � apz, F q � op1q,

bpz,GxNyq � bpz,Gq � op1q, bpz, F xNyq � bpz, F q � op1q

uniformly in z P T. Substituting these identities into the previous formulas gives the statement of the

lemma. □

Given F P S�pZq, the function ap�qpz, F q P ApDq is outer in D, ap�qpzq P C8pTq, and the formula

(2.1) holds. So, the argument of ap�qpz, F q is well-de�ned by the formula

arg ap�qpz, F q �

»
T
Im

�
ξ � z

ξ � z



log |ap�qpξ, F q|dm �

1

2

»
T
Im

�
ξ � z

ξ � z



logp1� |bpξ, F q|2qdm .

These formulas extend to z P T where the integrals are represented by the Hilbert transform

(2.13) arg ap�qpeiφ, F q �
1

4π

»
r0,2πq

cot

�
φ� θ

2



� logp1� |bpeiθ, F q|2qdθ ,

which is understood in v.p. sense.

Remark. To visualize, consider a straight segment treiφ, r P r0, 1su connecting the origin to a point

eiφ on T. The corresponding image, i.e., the curve tap�qpreiφ, F q, r P r0, 1su, lies outside D and it

connects a point ap�qp0, F q �
±

nPZp1� |Fn|
2q�

1
2 P r1,8q to a point ap�qpeiφ, F q. The total variation

of the argument of a point on that curve is equal to arg ap�qpeiφ, F q, the quantity we are interested in.

First, we address the following variational problem for the maximal function. Suppose I � T, I � T
is an arc. For every positive ω, we de�ne

FI,ω :� sup
FPS�pZq,}F }ℓ2pZq¤ω

inf
zPI

sup
NPZ�

| arg ap�qpz, F xNyq| .

Clearly, FI,ω1 ¤ FI,ω2 if ω1 ¤ ω2 and FI1,ω ¥ FI2,ω if I1 � I2.

Theorem 2.5. For every I and ω, we have FI,ω � �8.
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Proof. Without loss of generality, we take I � teiφ, φ P rπ{2, 3π{2su. Then, we let ν P N be a large

parameter and let φj � 2πj{ν, j P t0, . . . , ν � 1u and ∆j � rφj , φj�1q be the corresponding intervals

that provide a partition of r0, 2πq. Let ρ P C8pRq be a nonnegative function with supp ρ � r0, 2πs.

Let δ be a small positive parameter. De�ne bjpe
iφq � δρpνpφ� φjqq. We clearly have that

supp bj � teiφ, φ P ∆ju,(2.14)

bj1bj2 � 0, j1 � j2,(2.15)

|bj | � . . .� |bj�s| À δ,@j, s .(2.16)

Since bj P C
8pTq, it uniquely de�nes qpjq P S�pZq such that bj � bpz, qpjqq by Theorem 2.1. From

(2.2), we know that

(2.17) }qpjq}2ℓ2pZq � δ2{ν .

We also have }bj}A1pTq À δ which, by Theorem 2.2, implies

(2.18) }qpjq}ℓ1pZq À δ .

Each bj de�nes a
p�q
j pzq by the formula (2.1) and a

p�q
j pzq � a

p�q
j pz, qpjqq. We introduce the function

Ajpzq � a
p�q
0 pzq � . . . � a

p�q
j pzq, j P t0, . . . , κ� 1u .

Lemma 2.6. Aj satis�es the following properties:

(A) Aj P ApDq, it is outer and

(2.19) |Ajpzq|

"
¤ 1� Cδ2, z P D,
� 1, z � eiφ, φ R ∆0 Y . . .Y∆j .

(B) For the argument of Aj, we get an estimate:

(2.20) | argAjpe
iφq| ¥ δ2pC1 log ν � C2q, φ P ∆j�1, j P rν{10, 9ν{10s .

Proof. The product of outer functions is an outer function and ApDq is an algebra. Also, from (2.15),

an identity |apeiφ, qpjqq|2 � 1 � |bpeiφ, qpjqq|2, and the choice of bj , we get (2.19) when z P T. The

application of the maximum principle extends the bound to z P D.

φj�3 φj�2 φj�1 φj φj�1

φ

Figure 1: log |Aj |. Creation of logarithmic growth by piling bumps to the left of φ.

The �height� of each �petal� is � δ2 and its �width� is � 1{ν. We have φs � φs�1 � p2πq{ν .

The estimate (2.20) follows from the estimate on the Hilbert transform:

argAjpe
iφq

(2.13)
�

1

4π

»
r0,2πq

cot

�
φ� θ

2



�

�
j̧

s�0

logp1� |bspe
iθq|2q

�
dθ

after we notice that

j̧

s�0

logp1� |bspe
iθq|2q

$''&''%
¥ 0, θ P r0, 2πq,

¤ Cδ2, θ P r0, 2πq,

� 0, θ P rφj�1, 2πq,

� δ2, θ P Y0¤ℓ¤jrφℓ � 0.1ν�1, φℓ�1 � 0.1ν�1s
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so �����
»
r0,2πq

cot

�
φ� θ

2



�

�
j̧

s�0

logp1� |bspe
iθq|2q

�
dθ

����� ¥
C1δ

2

������
j̧

ℓ�j�rν{20s

» φℓ�1�0.1ν�1

φℓ�0.1ν�1

cot

�
φ� θ

2



dθ

������� C2δ
2 ¥ C1δ

2 log ν � C2δ
2 ,

when φ P ∆j�1 and j P rν{10, 9ν{10s. □

We now recursively produce the set tF p0q, . . . , F pν�1qu where each F pjq, j P t1, . . . , ν � 1u has

compact support as follows: F p0q � qp0q and

F pjq � pF pj�1qqxTjy � ppqpjqqxTjyqÑ3Tj , j P t1, . . . , ν � 1u ,(2.21)

where Tj is a large natural numbers and 10Tj   Tj�1,@j.

Notice that for such choice of tTju, we have pF
pj�1qqxTjy � F pj�1q, j P t2, . . . , ν�1u. For shorthand,

we will write

lim sup
T⃗jÑ8

GpT1, . . . , Tjq � lim sup
T1Ñ8

p. . . lim sup
TjÑ8

GpT1, . . . , Tjq . . .q

for any function GpT1, . . . , Tjq.

Lemma 2.7. For j P t1, . . . , ν � 1u, we have

}F pjq}2ℓ2pZq ¤ Cδ2j{ν ,(2.22)

lim sup
T⃗jÑ8

|ap�qpz, F pjqq � Ajpzq| � 0 uniformly in z P D ,(2.23)

lim sup
T⃗jÑ8

|bpz, F pjq| ¤ |Ajpzq|p|bpz, q
p0qq| � . . .� |bpz, qpjqq|q uniformly in z P T,(2.24)

lim sup
TjÑ8

|rpz, F pjqq � rpz, F pj�1qq| ¤ |rpz, qpjqq|{p1� |rpz, qpjqq|q uniformly in z P T .(2.25)

Proof. The bound (2.22) is immediate from (2.17) and the construction. To prove (2.23) and (2.24),

we proceed by induction. For j � 1, they follows from (2.7), (2.8), (2.15), and (2.16). Suppose the

claims hold for j � 1. We use (2.7) to write (with �xed T1, . . . , Tj�1)

(2.26) ap�qpz, F pjqq � ap�qpz, F pj�1qqap�qpz, qpjqq � z3Tjbp�qpz, F pj�1qqbpz, qpjqq � oTj
p1q

and

lim sup
T⃗jÑ8

|ap�qpz, F pjqq � Ajpzq| ¤
�
lim sup
T⃗jÑ8

|ap�qpz, F pj�1qq � Aj�1pzq|
	
|ap�qpz, qpjqq|

�
�
lim sup
T⃗jÑ8

|bp�qpz, F pj�1qq|
	
� |bpz, qpjqq| � lim sup

T⃗jÑ8

|oTj
p1q| .

The last term is zero. In the �rst and the second terms, the functions involved are independent of Tj
so we can use inductive assumptions for the j � 1 and (2.15) to obtain (2.23) uniformly in z P T. By
the maximum principle, we get our statement in D, as well. By (2.8),

(2.27) bpz, F pjqq � z3Tjbpz, qpjqqapz, F pj�1qq � bpz, F pj�1qqap�qpz, qpjqq � oTj
p1q

uniformly in z P T. We argue similarly,

lim sup
T⃗jÑ8

|bpz, F pjqq| ¤
�
lim sup
T⃗jÑ8

|apz, F pj�1qq|
	
|bpz, qpjqq| ��

lim sup
T⃗jÑ8

|bpz, F pj�1qq|
	
|ap�qpz, qpjqq| � lim sup

T⃗jÑ8

oTj p1q .

The last term is zero and the �rst two are independent of Tj so applying both inductive assumptions

for j � 1 we get our statement. The bound (2.25) follows from (2.9). □
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Besides a large parameter ν and small parameter δ ¡ 0, we introduce an additional small parameter

ϵ ¡ 0.

De�nition. Given pν, δ, ϵq, we call Fν,δ,ϵ :� F
pν�1q
ν,δ,ϵ from (2.21) an pν, δ, ϵq-daisy if for every j P

t1, . . . , ν � 1u we have

}Fν,δ,ϵ}
2
ℓ2pZq ¤ Cδ2 ,(2.28)

|ap�qpz, F
pjq
ν,δ,ϵq � Ajpzq| ¤ ϵ uniformly in z P D ,(2.29)

|bpz, F
pjq
ν,δ,ϵq| À p|bpz, qp0qq| � . . .� |bpz, qpjqq|q � ϵ À δ � ϵ uniformly in z P T ,(2.30)

suppF
pjq
ν,δ,ϵ � r�T1, 4Tjs ,(2.31)

F
¤4Tj

ν,δ,ϵ � F
x4Tjy
ν,δ,ϵ � F

pjq
ν,δ,ϵ ,(2.32)

sup
tPZ

|rpz, F¤t
ν,δ,ϵq| À δ � ϵ uniformly in z P T .(2.33)

Lemma 2.8. One can choose the parameters T1, . . . , Tν�1 large enough such that the pν, δ, ϵq-daisy

exists for every triple pν, δ, ϵq.

Proof. Application of the previous lemma guarantees that (2.28)-(2.32) can be satis�ed. Now, we

focus on (2.33). First, we notice that (2.29) and (2.30) yield

(2.34) |rpz, F
pjq
ν,δ,ϵ| À δ � ϵ uniformly in z P T

for each j. For each t P Z, de�ne jptq : minsPt1,...,ν�1u |t� 4Ts| � |t� 4Tjptq|. Then,

¸
t¤s¤4Tjptq

|pFν,δ,ϵqs|
(2.18)

À δ

��or
¸

4Tjptq¤s¤t

|pFν,δ,ϵqs| À δ

�

and

|rpz, F¤t
ν,δ,ϵq| ¤ |rpz, F¤t

ν,δ,ϵq � rpz, F
pjptqq
ν,δ,ϵ q| � |rpz, F

pjptqq
ν,δ,ϵ q|

(2.34)�Lemma 4.3

À δ � ϵ

and existence of the daisy is proved. □

Take ϵ � 0.1. Then, (2.20), (2.29), and (2.32) give us

(2.35) | arg ap�qpeiφ, F
x4Tjy
ν,δ,ϵ q| ¥ δ2pC1 log ν � C2q, φ P ∆j�1, j P rν{10, 9ν{10s .

Taking the sequence tνsu and δ such that

Cδ2 ¤ ω2, lim
sÑ8

νs � �8

and the corresponding pνs, δ, 0.1q-daisies, the bound (2.35) yields the Theorem 2.5 for I � teiφ, φ P

rπ{2, 3π{2su. Clearly, our construction can accommodate any other arc. The proof of Theorem 2.5 is

�nished. □

Introduce ℓpν, δ, ϵq as

ℓpν, δ, ϵq � mints : s P Z�, suppFν,δ,ϵ � r�s, ssu .

Since each daisy is compactly supported, such a number is always well-de�ned and �nite.

Proof of Theorem 1.1. Fix some n� P N, a large parameter, and let

(2.36) νn � rexppexppn2qqs, δn � expp�nq, ϵn � expp�nq,

where n ¥ n�. Let Dpnq :� Fνn,δn,ϵn , a pνn, δn, ϵnq-daisy from the previous lemma. Partition T to the

left semicircle Tℓ :� teiφ, φ P rπ{2, 3π{2su and the right semicircle Tr :� teiφ, φ P r�π{2, π{2su. Using

our construction, we can arrange (see (2.32) and (2.35) for Tℓ) that

inf
zPTℓ

sup
NPN

| arg ap�qpz, pDpnqq¤N q| Á δ2n log νn(2.37)

for even n and

inf
zPTr

sup
NPN

| arg ap�qpz, pDpnqq¤N q| Á δ2n log νn(2.38)
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for odd n. Recall that suppDpnq � r�ℓpνn, δn, ϵnq, ℓpνn, δn, ϵnqs. We de�ne

Hpn�q :� pDpn�qqÑLn�
,

where Ln� ¡ ℓpνn� , δn� , ϵn�q. Then, we recursively de�ne

(2.39) Hpnq � Hpn�1q � pDpnqqÑ3Ln
, n ¡ n� ,

where Ln satis�es Ln ¡ 2Ln�1 and Ln ¡ ℓpνn, δn, ϵnq, which ensures

(2.40) suppHpn�1q � r1, 2Lnq, suppD
pnq � p�Ln, Lnq, suppH

pn�1q X supppDpnqqÑ3Ln � H .

Let

(2.41) H � lim
nÑ8

Hpnq.

Notice that our choice of tLnu guarantees that:

suppH � N,(2.42)

by (2.40), the terms in (2.39) have disjoint supports so H is well de�ned,(2.43)

Hn � 0 for n P Ys¡n�r4Ls, 2Ls�1s,(2.44)

}H}2ℓ2pZq ¤
¸

n¥n�

}Dpnq}2ℓ2pZq
(2.22)

À
¸

n¥n�

δ2n
(2.36)

À e�2n� .(2.45)

Next, we will study apz,Hpnqq and bpz,Hpnqq.

Lemma 2.9. For every n ¥ n�, we have

(2.46) |ap�qpz,Hpnqq| ¤ 1� C expp�n�q, |bpz,Hpnqq| ¤ C expp�n�q

and

(2.47) |rpz,Hpn�1qq � rpz,Hpnqq| ¤ |rpz,Dpn�1qq|{p1� |rpz,Dpn�1qq|q À expp�nq

uniformly in z P T and n ¥ n�.

Proof. From (2.3) and (2.4), we get

|ap�qpz,Hpn�1qq| ¤ |ap�qpz,Hpnqqapz,Dpn�1qq| � |bpz,Hpnqqbpz,Dpn�1qq| ,(2.48)

|bpz,Hpn�1qq| ¤ |ap�qpz,Hpnqqbpz,Dpn�1qq| � |bpz,Hpnqqap�qpz,Dpn�1qq| ,(2.49)

uniformly in z P T. Next, from (2.19), (2.29), and (2.30), we get

|ap�qpz,Dpnqq| ¤ 1� C expp�nq, |bpz,Dpnqq| À expp�nq .

Adding (2.48) and (2.49), we get

mn�1 ¤ mnp1� C expp�nqq ,

where mn :� |ap�qpz,Hpnqq| � |bpz,Hpnqq|. Since mn� ¤ 1 � C expp�n�q, we use Lemma 4.1 from

Appendix to get

mn ¤ 1� C expp�n�q, @n ¥ n� .

Substituting this estimate back into (2.48) and (2.49), we have

|ap�qpz,Hpn�1qq| ¤ |ap�qpz,Hpnqqp1� C expp�nqq � C expp�nq ,(2.50)

|bpz,Hpn�1qq| ¤ |bpz,Hpnqqp1� C expp�nqq � C expp�nq(2.51)

uniformly in z P T. Applying Lemma 4.1 one more time, we get

(2.52) |ap�qpz,Hpnqq| ¤ 1� C expp�n�q, |bpz,Hpnqq| ¤ C expp�n�q

uniformly in z P T and n ¥ n�. The bound (2.47) follows from (2.5) and (2.33). □

We claim that

Lemma 2.10. For H, given by (2.41) with large enough n�, we get

sup
T¡0

| arg ap�qpz,HxT yq| � �8

for all z P T.
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Proof. The proof is by contradiction. Suppose z� P Tℓ is a point (the case z
� P Tr is handled similarly)

where | arg ap�qpz�, HxT yq|   C� for all T P N. By (2.37), we can take a sequence tnju and the numbers

tNju such that

(2.53) | arg ap�qpz�, pDpnjqq¤Nj q| Á δ2nj
log νnj

(2.36)

Á exppn2j � 2njq Ñ �8, j Ñ8 .

Notice that Hpnj�1q � ppDpnjqq¤Nj qÑ3Lnj
� Hx3Lnj

�Njy � H¤p3Lnj
�Njq. From (2.3), one has

ap�qpz,Hpnj�1q � ppDpnjqq¤Nj qÑ3Lnj
q �(2.54)

ap�qpz,Hpnj�1qqap�qpz, pDpnjqq¤Nj q � z3Lnj bp�qpz,Hpnj�1qqbpz, pDpnjqq¤Nj q

and

|ap�qpz,Hx3Lnj
�Njyq � ap�qpz,Hpnj�1qqap�qpz, pDpnjqq¤Nj q ¤ |bp�qpz,Hpnj�1qqbpz, pDpnjqq¤Nj q

(2.30)�(2.33)�(2.46)

À expp�pn� � njqq(2.55)

uniformly in z P T. We can extend this bound to z P D by applying the maximum principle. Taking

n� su�ciently large, we can guarantee that the r.h.s. is smaller than 0.1 which yields

arg ap�qpz,Hx3Lnj
�Njyq � arg ap�qpz,Hpnj�1qq � arg ap�qpz, pDpnjqq¤Nj q �Opexpp�pn� � njqq

for z P T. The property (2.40) shows that Hpnj�1q � H¤2Lnj � Hx2Lnj
y. Then, for n� large enough

| arg ap�qpz�, pDpnjqq¤Nj q| ¤

| arg ap�qpz�, Hx3Lnj
�Njyq| � | arg ap�qpz,Hx2Lnj

yq| �Opexpp�pn� � njqq   3C�

and that contradicts (2.53). □

Lemma 2.11. The sequence trpz,H¤nqu converges uniformly on T.

Proof. Indeed, by (2.47) and Cauchy criterion, the sequence trpz,Hpsqqu converges uniformly on T.
For n, de�ne mn as any minimizer in minp¥n� |n� 3Lp| � |n� 3Lmn

|. If sn is de�ned (check (2.39))

by H¤n � Hpmn�1q � ppDpmnqq¤snqÑ3Lmn
, then (2.5) and (2.33) yield

|rpz,H¤nq � rpz,Hpmn�1qq| À expp�mnq Ñ 0, nÑ8

uniformly in z P T. Hence, rpz,H¤nq converges uniformly on T. □

We can now �nish the proof of Theorem 1.1. First, we claim that tapz,Hxnyqu diverges at every

point z P T. We argue by contradiction. Suppose limnÑ8 apz�, Hxnyq � α� at some point z� P T.
Clearly, |α�| ¥ 1. Then, for every ϵ ¡ 0 there is nϵ such that |ap�qpz�, Hxnyq � α�| ¤ ϵ for all n ¥ nϵ.

Take ϵ � 0.1. By Lemma 4.2 in Appendix, we also have | arg ap�qpz�, Hxn2yq� arg ap�qpz�, Hxn1yq| À ϵ

for all n1, n2 ¥ nϵ. That contradicts Lemma 2.10 and so tapz,Hxnyqu diverges at every z P T.
Now let F � µχn�0�H, where µ P p0, 1q is a parameter. Notice that these two terms have disjoint

supports since suppH � N. Then, (1.3) yields

ap�qpz, F xnyq �
µ

p1� µ2q
1
2

bpz,Hxnyq �
1

p1� µ2q
1
2

ap�qpz,Hxnyq �

ap�qpz,Hxnyq

�� 1

p1� µ2q
1
2

� rpz,Hxnyq
µ

p1� µ2q
1
2

�
 .

By the previous lemma, the second factor converges uniformly on T and the limiting function has

no roots on T as long as n� is chosen large enough for given µ because |rpz,Hxnyq| À expp�n�q. So

tap�qpz, F xnyqu diverges on T. Similarly,

bpz, F xnyq �
1

p1� µ2q
1
2

bpz,Hxnyq �
µ

p1� µ2q
1
2

ap�qpz,Hxnyq �

ap�qpz,Hxnyq

�� µ

p1� µ2q
1
2

� rpz,Hxnyq
1

p1� µ2q
1
2

�
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and the last expression has no limit at every point of T for the same reason. The Theorem 1.1 is

proved. □

Remark. We emphasize again that the sequence H we constructed satis�es the following properties:

suppH � N,(2.56)

}H}ℓ2pZq À expp�n�q, where n� is arbitrary large,(2.57)

rpz,H¤nq Ñ rpz,Hq,(2.58)

where the last convergence is uniform over T and the limiting function we denoted by rpz,Hq is

continuous and satis�es

(2.59) |rpz,Hq| À expp�n�q

for all z P T.

Proof of Theorem 1.4. Our proof for Z carries over to the case of NLFT on R word-for-word (the

reader can �nd more details in [19]). We will only make a few comments. The Theorem 2.1 can

be replaced by an inverse scattering result where the bijection is established between q P SpRq and
bpk, qq P SpRq. On T, to create the in�nite growth of the argument, we used two proper subarcs:

Tℓ and Tr. On R, after we build an analog of pν, δ, ϵq-daisy for which the maximal function of the

argument is large on the interval I of size one, we de�ne the required q by using the recursion in which

the employed intervals tIju|
8
j�1 satisfy two properties:


 |Ij | � 1,@j P N,

 for every k P R, we have inclusion k P Ij for in�nitely many j P N. □

Remark. The construction we used in the proof of Theorem 1.1 is �exible enough to produce F that

satis�es Fn P R,@n P Z, and Theorem 1.2 can be adapted to the case of polynomials orthogonal on

the real line. Similarly, one can modify the proof of Theorem 1.4 to show that the generalized eigen-

functions ψpx, kq of Schrödinger operator �ψ2 � V pxqψ � k2ψ with oscillating and square summable

potential V do not have to have the standard Jost asymptotics when xÑ8 for a.e. k.

3. Connection to OPUC and proofs of Theorem 1.2 and 1.3.

The polynomials tφnpz, σqu satisfy recurrence (see [32], formulas (1.5.23) and (1.5.24))�
φnpz, σq

φ�npz, σq



�

1

p1� |γn�1|2q
1
2

�
z �γn�1

�γn�1z 1


�
φn�1pz, σq

φ�n�1pz, σq



,

�
φ0pz, σq

φ�0 pz, σq



�

�
1

1



,

where n P N and the recurrence coe�cients tγju|
8
j�0 satisfy γj P D. It is known that there is a bijection

between probability measures σ (with in�nite support on T) and such tγju P D8. Denote the measure,

given by t�γnu, by rσ. Then,�
φnpz, rσq
φ�npz, rσq



�

1

p1� |γn�1|2q
1
2

�
z γn�1

γn�1z 1


�
φn�1pz, rσq
φ�n�1pz, rσq



,

�
φ0pz, rσq
φ�0 pz, rσq



�

�
1

1



.

Consider the NLFT on Z with

(3.1) F : Fn � 0, n ¤ 0; Fn � �γn�1, n ¥ 1.

From (1.1), we get�
φnpz, σq φnpz, rσq
φ�npz, σq �φ�npz, rσq



� Xnpz, F q

�
1 1

1 �1



��

znpapz, F¤nq � bp�qpz, F¤nqq znpapz, F¤nq � bp�qpz, F¤nqq

bpz, F¤nq � ap�qpz, F¤nq bpz, F¤nq � ap�qpz, F¤nq



.

Therefore,

(3.2) φ�npz, σq � bpz, F¤nq � ap�qpz, F¤nq, φ�npz, rσq � �bpz, F¤nq � ap�qpz, F¤nq .

We will prove a result stronger than Theorem 1.2. It will imply Theorem 1.3, as well.
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Theorem 3.1. For every ϵ ¡ 0, there is a function w P CpTq such that }w}1,m � 1 and }w�1}CpTq ¤ ϵ

so that the sequence tφ�npz, σqu diverges at every point z P T. Here, dσ � wdm.

Moreover, there is a sequence tαnu P ℓ
2pZ�q such that the othogonal series¸

n¥0

αnφnpz, σq

diverges at every z P T.

Proof. Take F � H from (2.56)-(2.58). For such F , de�ne tγnu and then σ as above in (3.1). From

(3.2), one has

φ�npz, σq � ap�qpz, F¤nqp1� rpz, F¤nqq .

By Theorem 1.1 and Lemma 2.11, the sequence tφ�npz, σqu diverges at every z P T. Now, we only

need to show that σ satis�es the required properties when n� is chosen large enough. De�ne the Wall

polynomials, related to σ, by Anpz, σq and Bnpz, σq (see [23]). Denote by fpz, σq the Schur function

for σ. Then, we have (see (3.2) and the formula (5.5) in [23]).

(3.3) rpz, F¤n�1q �
bpz, F¤n�1q

ap�qpz, F¤n�1q
� �z

Anpz, σq

Bnpz, σq
.

By (2.58), we have rpz, F¤n�1q Ñ rpz, F q uniformly over T. The right hand side in (3.3) is analytic in

D so we can extend this uniform convergence to D. Since Anpz, σq{Bnpz, σq Ñ fpz, σq locally uniformly

in D (check Corollary 4.7 in [23]), we get rpz, F q � �zfpz, σq, fpz, σq P ApDq and }fpz, σq}ApDq À e�n�

by (2.59). By the formula (2.2) in [23], we get

w :� σ1pzq �
1� |fpz, σq|2

|1� zfpz, σq|2
, z P T

and |w� 1| À e�n� . Making n� large enough, we ensure the required bound }w� 1}CpTq ¤ ϵ. We now

focus on the second claim of the theorem. From the OPUC recurrence, we get

νnφ
�
npz, σq � 1� z

n�1̧

j�0

γjνjφjpz, σq, νn �
¹

j¤n�1

p1� |γj |
2q

1
2 ,

which is a partial sum of the orthogonal series tφju|
8
j�0 in L2

σpTq. For Szeg® measures, limnÑ8 νn
converges to a positive number. We take αj � γjνj . Since tαju P ℓ

2pZ�q and tφ�npz, σqu diverges, the
claim follows. □

Other results on pointwise convergence/divergence.

Below, we list some applications of general results by Menshov and Olicz on orthogonal series

(see [33]). In what follows, tγnu are the recursion parameters of OPUC with measure σ.


 (see [22], p.190) If
°

n¥1 |γn|
2 log2 n   8, then limnÑ8 φ

�
npz, σq exists a.e. on T.


 (see [22], p.201) Suppose ωptq : R� ÞÑ R�, ωptq Ò �8 as t Ñ 8, and
°

n¥0 ω
�1pnq   8. If

γn Ñ 0 and ¸
n¥0

|γn|
2 � plog2 |γn|q � ωplog | log |γn||q   8,

then limnÑ8 φ
�
npz, σq exists a.e. on T.

In particular, (see [22], p.200) tγnu P ℓ
ppZ�q, p P r1, 2q implies a.e. convergence of tφ�npz, σqu.

The following result shows the a.e. convergence of tφ�nu for lacunary ℓ
2 recursion parameters.


 (see [31] and [18]) Suppose tnju|
8
j�0 is a subsequence in N that satis�es

(3.4)
nj�1

nj
¥ q, @j P Z�, n0 � 1 ,

where q ¥ 2. Take tδju P ℓ
2pZ�q such that } tδju }ℓ8pZ�q   1. Let γnj � δj , @j P Z� and set γn � 0

for all other n P Z�. Then, limnÑ8 φ
�
npz, σq exists for a.e. on T.

All these results can be directly applied to show pointwise convergence of SUp1, 1q NLFT on Z
after we split the problem to tn ¥ 0u and tn   0u.
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For measures σ that are more regular, we list two results (one can �nd more in [20,21]):


 (see [34], Theorem 12.1.3) If dσ � wdm and the modulus of continuity of w satis�es ωph,wq À

p| log h|q�1�ϵ for some ϵ ¡ 0, then tφ�npz, σqu converges uniformly in z P T.


 (see [6], p.32) There is a positive continuous w such that lim supnÑ8 |φnpz
�, σq| � �8 at some

z� P T where dσ � wdm.

The mentioned result of M. Ambroladze is one of many that deal with the Steklov problem in

the theory of orthogonal polynomials. That problem, generally speaking, asks to estimate the size

of the orthogonal polynomial given certain assumptions on the orthogonality measure σ (see [33]

and [3, 7, 9, 12, 13, 15, 30] for more recent results in this direction). For example, for σ P SzpTq, the
question whether lim supnÑ8 |φnpz, σq|   8 for a.e. z P T is still open (see [8] where this problem is

viewed as a version of Schrödinger conjecture in the context of Jacobi matrices). However, we have

the following result:


 (see [33], p.36) If σ P SzpTq, then

|φnpz, σq| � op1q log n

for a.e. z P T.

4. Appendix.

Lemma 4.1. Suppose txnu, tynu and tznu are given sequences of nonnegative numbers and

xn�1 ¤ xnp1� ynq � zn, @n ¥ 0 ,

then

(4.1) xn ¤Mn

�
x0 �

n�1̧

j�0

zjM
�1
j�1

�
,

where Mn :�
±n�1

j�0 p1� yjq,M0 :� 1. Moreover, if x0 ¤ 1, }tynu}ℓ1pZ�q ¤
1
2 and }tznu}ℓ1pZ�q ¤

1
2 , we

get

(4.2) xn ¤ x0 � C}tynu}ℓ1pZ�q � C}tznu}ℓ1pZ�q .

Proof. Let xn � Mnrxn, n P Z�. Then, we have rxn�1 ¤ rxn �M�1
n�1zn, rx0 � x0 . After adding those

bounds, we get

rxn ¤ x0 �
n�1̧

j�0

M�1
j�1zj .

Multiplying both sides with Mn, we get (4.1). The estimate (4.2) follows. □

Lemma 4.2. Suppose the sequence F satis�es two properties: suppFn � rn0,8q and Fn Ñ 0 as

nÑ �8. Then,

| arg ap�qpz, F xnyq � arg ap�qpz, F xn�1yq| À |Fn| Ñ 0, nÑ8

uniformly in z P D.

Proof. For n ¥ |n0|, we have F
¤n � F xny. Notice that (1.3) gives

ap�qpz, F xnyq �
1

p1� |Fn|2q
1
2

pFnz
nbp�qpz, F xn�1yq � ap�qpz, F xn�1yqq(4.3)

for n ¥ |n0| � 1. Then,

ap�qpz, F xnyq

ap�qpz, F xn�1yq
�

1

p1� |Fn|2q
1
2

�
Fnz

nbp�qpz, F xn�1yq

ap�qpz, F xn�1yq
� 1



.(4.4)

Since
��bp�qpz, F xn�1yq{ap�qpz, F xn�1yq

�� ¤ 1, z P T and Fn Ñ 0, we get���� ap�qpz, F xnyq

ap�qpz, F xn�1yq
� 1

���� À |Fn|

uniformly in z P T if n is large enough. The maximum principle extends this bound to z P D. The

estimate on the di�erence of the arguments follows. □
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Lemma 4.3. Suppose the sequence G is such that suppG � rn0,8q and
°

m�1¤s¤m�p |Gs| ¤
1
2 for

a �xed m and p P N. Then,

(4.5) |rpz,G¤m�pq � rpz,G¤mq| À
¸

m�1¤s¤m�p

|Gs|

for z P T.

Proof. We take z P T. For shorthand, we let αjpzq :� ap�qpz,G¤jq, βjpzq :� bpz,G¤jq, and rj :�

βj{αj . Then, from (1.3), one has

αn�1 �
1

p1� |Gn�1|2q
1
2

pαn �Gn�1z
n�1β�nq, βn�1 �

1

p1� |Gn�1|2q
1
2

pβn �Gn�1z
n�1α�nq .

That gives

rn�1 � rn �
rn �Gn�1z

n�1α�n{αn

1�Gn�1zn�1β�n{αn
� rn � Gn�1z

n�1 α�n{αn � β�nrn{αn

1�Gn�1zn�1β�n{αn

(1.5)
�

Gn�1z
n�1

α2
np1�Gn�1zn�1β�n{αnq

and, recalling that |β�n{αn| ¤ 1, |rn|   1, |αn| ¥ 1, we get

� |rn�1 � rn| ¤ |Gn�1|{p1� |Gn�1|q ,

so (4.5) follows by summation and triangle inequality. □
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