ON THE GROWTH OF THE POLYNOMIAL ENTROPY
INTEGRALS FOR MEASURES IN THE SZEGO CLASS

S. DENISOV, S. KUPIN

ABSTRACT. Let o be a probability Borel measure on the unit circle T
and {¢,} be the orthonormal polynomials with respect to o. We say
that o is a Szegl measure, if it has an arbitrary singular part o, and
Jplogo'dm > —oo, where ¢’ is the density of the absolutely continuous
part of o, m being the normalized Lebesgue measure on T. The entropy
integrals for ¢, are defined as

en = / |6u[? log |gn|do
T

It is not difficult to show that e, = o(y/n). In this paper, we construct
a measure from the Szeg6 class for which this estimate is sharp (over a
subsequence of n’s).

1. INTRODUCTION

Let o be a probability Borel measure on the unit circle T = {z : |z| = 1}.
The moments ¢, = cx(0), the Schur parameters v, = 5 (o), the orthonormal
polynomials ¢,, = ¢, (o) with respect to the measure as well as their monic
versions ®,, = ®,,(0) are defined in the standard way, see Simon [7, Ch. 1]
for definitions and terminology. We often indicate the dependence on the
measure explicitly to avoid the misunderstanding.

It is quite reasonable to ask the following question: does some additional
condition on the measure provide nontrivial bounds on the size of the poly-
nomials ¢, beyond the normalization

/ (60 (2) 2o = 17
T

The size can be controlled by LP(do) norm (p > 2) or by other quantities.
This problem is classical and was addressed, for instance, in the framework
of Steklov’s conjecture [6] by Rakhmanov (see also [1]) where the L>°(T)
norms were studied.

In this paper, we measure the size of the orthonormal polynomials by
taking the entropy integrals

(L.1) enlo) = /T 60l 1og | 6u|do
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Set logz = logt 2 — log™ x. Since 0 < 2?log™ x < 1/(2¢), x > 0, one has

(1.2) /T (6n[?log™ [guldo < 1

Now, if one considers
6 = / |pn|? log™ || do
T

it becomes clear that only € can contribute to the growth of €.
We say that o is a Szegd measure (notation: o € (.9)) if its singular part
o is arbitrary and

/loga'dm > —00,
T

where ¢’ is the density of the absolutely continuous (a.c., for shorthand) part
of o and dm = dm(t) = df/(2n),t = € € T is the normalized Lebesgue
measure on T. One might think that the Szegd condition is relevant to the
entropy integrals for the following reason. Assume first that o is purely
absolutely continuous with the smooth positive density: do = p(0)dm and
p(0) = |7()|2 where 7(2) is an outer function on I such that 7=1(2) is in
the Hardy space H2(D). Then, one can easily show that ¢ (z) goes to 7(z)
uniformly on D. What happens to the entropy integrals? Obviously,

dm

(1.3) en:/1r|¢n|2log|¢n||w(z>’2 —>/Tlog|7r(z)]d,m

Now, it one considers o € (5) instead, then the convergence of the polyno-
mials is not uniform but the right-hand side in (1.3) does exist. So, one can
conjecture that ¢, has a limit without any smoothness assumptions and that
the only condition needed is o € (S). This conjecture is well-known in the
orthogonal polynomials community and attracted some attention recently
(see Beckermann et al. [4] and Aptekarev et al. [2, 3]). In [4], for example,
the entropies were studied for the polynomials on the real line and under
additional assumption that the measure is absolutely continuous.

In this paper, we do not make this additional assumption. We conjecture
that the construction from theorem 1.1 can be adjusted to produce an a.c.
measure o (see remark 2.4 below).

In the following theorem, we construct a Szegd measure with unbounded
€,’s thus proving that the above reasoning (1.3) is not true for general Szegé
measures.

Theorem 1.1. Let h: N — R, be an arbitrary positive decreasing function
such that limy,_,oo h(n) = 0. Then there is o € (S) and a sequence { My}
such that

e (0) =/1T|¢Mk(0)|210g|¢Mk(0)|d0 > h(My) - /My

as k — oo.

It follows from the discussion in section 2 that this result is sharp and, in
particular, bound (2.5) cannot be improved.

The by-product of the proof of this theorem is a result on the growth of
other integrals that measure the size of the polynomials, see corollary 3.1.
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The simple counterpart of theorem 1.1 also holds for orthogonal polynomials
with respect to a Szeg6 measure on an interval of the real line.

Let F,G > 0 be two functions. We write FF 2 G (F < G) if F > ¢G
(F < ¢G, respectively) with an absolute constant ¢ > 0 for all values of
the arguments. Naturally, writing F' ~ G stands for FF < G and F 2 G
simultaneously; equivalently, this means that 0 < ¢; < F/G < ¢2 < o0
with absolute constants ¢y > 0,co > 0 for all arguments. The symbol X
stands for the weak—(x) convergence of measures. Non-essential constants
are denoted by C' and they can change from one formula to another.

2. PRELIMINARIES AND THE MAIN LEMMA

We begin with several simple observations:
o If ||[v]co < 1/2, one has

(2.1) /T logo'dm = 3 log(1 — [l?) ~ = 3 pl?
k k

where the both sides could be equal to —oo. They are finite iff
o € (S) (see [8], [7, p. 136, formula (2.3.1)]).
e Let k, be the leading coefficient of ¢,,. It is well-known that
1
(22) Hz = n—1 2\’
k=0 (1 = [l?)

n
SO sup,, kn, < oo iff o € (S). Hence, we can study the entropy of
monic polynomials ®,, = ¢,,/k,, instead, i.e.

(2.3) ?n:/|<1>n|210g|<1>n|do, aj:/|<1>n|210g+q>n\da
T T

We will do just that, the estimates obtained will imply theorem 1.1.

e An upper bound for €, is easy to obtain. Recalling the Szegd recur-
rence formulas [7, theorem 1.5.2] (notice that our v, are —a,, from
the book)

{ D, = Z(I)n+’7nq):ba Qg =1,

24 * N "

and |9, (z)| = |®)(2)|, z € T we see that

n—1
1®n(2)] < [T+ nel)
k=0
for 2 € T. Since o € (5), one has {v} € 2(Zy), and

n—1 n—1
log [®n(2)] < ) log(1+[wl) <D Il
k=0 k=0

[Vn] n—1
= Y ohwl+ Dol <l + 0o,
k=0 k=[v/n]+1

1/2
by Cauchy-Schwarz inequality. Above, v,, = (ZZ;[l Vil ]’yk|2> =0

as n goes to infinity, and [z] is the integer part of a real number x.
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Consequently, the right-hand side of the above inequality is o(y/n),
and

n—1
(25) @= /T 1B, log [, do < (Z mr) /T 1, do = o(v/n)
k=0

Now we need to introduce some definitions to be used later in the text.

Let p be a probability measure on T with Schur parameters {v;(u)} and
corresponding orthogonal polynomials {¢,, (1) }. Given integers N’ < N and
arbitrary x > 0, we introduce the so-called (N’, N; k)—transformation of the
measure (or, equivalently, of its Schur parameters). Strictly speaking, the
(N', N; k)-transformation depends also on {} }x=n'11,.. N, & “new interval”
of Schur parameters we want to “incorporate” into {7;}. However, we will
suppress this dependence to keep the notation reasonably simple.

Definition of (N, N; k)—transformation.

First, consider

dm

- |p N1 ()2

This measure is the so-called Bernstein-Szeg6 approximation to du. Its
Schur coefficients v (po) satisfy ([8, 7]): vi(uo) = ve(w), & = 0,..., N/,
Yk (o) = 0, k > N’. Secondly, define the new sequence of Schur parameters
by

dpo ]

’Yk(u()) ’ :ICZO,...,N,
(2.6) Yelpr) =< s , k=N +1,....N
0 , k>N

This corresponds of course to writing dpui[p] = 1/|¢n41(p1)]? dm and the
polynomial ¢ny1(dpy) is defined by Schur parameters through (2.4). Next,
we let

(2.7) dolu] = 1; (dpur + 1 d61)

where 47 is the Dirac’s delta measure at z = 1 on the unit circle. The measure
o and its Schur coefficients {vx(o)} are called the (N’, N; k)-transformation
of u and its Schur coefficients {7 (p)}, respectively. Notice that the normal-
ization in (2.7) guarantees that o is a probability measure.

We now define the functions I'y,, ¥,, : R® — R, depending on n-tuples
{Tkth=1,.n as

(Z;‘L:I xj) exp (Z?:l xj)
2 j—1 €XPp (Zi:l xk)
exp (Z?:1 xj)

D j—1€xPp (Zi:l wk)

Lemma 2.1. Let 0 < L < 1075 be arbitrary small. Then, there ex-
ists an increasing sequence {Np} C N and the corresponding Ny—tuples

(2.8) n = Ta({aw}) =

U, = U,({zx}) =
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{@rjiti=1,..Ny, 0 < <1, such that

Ny,
(2.9) > ap o~ L
j=1
and
(2.10) I'n,({zny}) 2 LN, Uy ({mg)) 2 LP

Proof. Rewrite I', as
Doty Tt
-1
L+ 3202 exp (= 3y @)

and make the change of summation index t - n —t+ 1, Z; = z,_¢11. We
have

(2.11) T, =p({a)) =

Lp=Tn({ze}) =

Z?:l zy
1+ Z?{:ﬁ €xXp (_ 2121 fU\t)

Define the sequence { Ny} by recursion

k
1 /N; — N;_
(212)  Niy1 = N+ 2 &P LE Jj—zjl , k=12,
=1

where Ny = 0 and [y] is the integer part of a real y. Take N3 = 10L73.
Then, one obtains by induction that

(2.13) Niy1 — Ny > L3+
and
(214) Nk+1 - Nk ~ Nk+1

for any k=0,1,... and for 0 < L < 1075,
Indeed, let us consider (2.13). For k = 0, this follows from the choice of
Ny and N;. For k > 0, we have

1 L\/Ny — Nj_1
(2.15) Niy1 — N > — exp (k:2 —1

k?

by (2.12). Assuming that (2.13) holds for k£ — 1, we continue as

1 [1-3k/2
Ngt1— N 2> 2P| T -1

It is left to notice that

1-3k/2
1 exp (L / ) — 1> L30k+D

k.2

holds for any k = 1,2,... and for 0 < L < 107%. Estimate (2.13) is hence
proved and it implies
1— L3k

2.1 N, > L3k
( 6) k= 1—1L3
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To show (2.14), it is sufficient to prove

N,
Nit1— Ni > k;l
which is the same as
(2.17) Niy1 — N > Ng

We proceed by induction. Again, for k = 0, this follows from the choice of
Ny and Nj. For k > 0, assuming (2.17) for k£ — 1 and using (2.15), we get

1 L/ Ny
Nk+1—Nk>k2eXp< 2 )—1
Now, it is sufficient to notice that
1 L+/Nyg
erxp( 12 )—1>N;g

follows from (2.16). Bound (2.17) is proved and so we have (2.14).
For each k, we choose the following {Zy +}i=1,... N,

Tpt = T
’ w/Nj—Nj_17

2 j=1,...,k—1, and B = 1. We have

(2.18) t e (Nj_l,Nj],

j=1,..., k. Furthermore, §; = j

k—1
(2.19) Zxkﬁz Z 77, =~ L2 Z_l4+1
j=1 t=N;_1+1 =17

and hence condition (2.9) on the Np-tuple {v;} is satisfied. Let us now
compute (2.11). For the numerator, one has

d @ = L Zj—2+ Ne—Ni | 2 VN = Ney 2 L\/Nk

Bound (2.19) and the Cauchy—Schwarz inequality imply

Z Tk t \/]\Tk
Therefore
(2.20) ifik’t ~ L/ Ny
Next, estimating the denomin;tor in (2.11), we have

m
> Epe> Y (N = Ni1)Zpn,, m e [Nj1,N)
1

SO
Ny, —

m k 7—1
Z ( ZE ) rgNl"‘Z(Nj— eXp( — N 196kNl>
=1 j=2

m=1 l:l
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k NN
=N + Z(N Nj_1) exp( Z Nl Nl 1)
j=2

(2.12) ; k 1 ;
S L7+ , S LT
Z_IZ (j—1)?
j_
Combining this bound and (2.20), we get the first inequality in (2.10). The
second one follows similarly. O

The estimates obtained are not sharp in L when L is small. However,
they are sharp in n and this is all we need.

Remark 2.1. Estimate (2.20) yields

Ny J Ny
(2.21) Zexp (Z xl> > exp (Z :Ul> > exp(CL\/JTk)
j=1 =1 =1

Remark 2.2. Let ¥, = {{z;};=1,.n, : Zjvkl ? L?}. Then, for any
L,0< L <1075, we have
max Ty, ({z;}) = L*\/Ny,
{z;}CZL
The bound

{II]{ax FNk({:E]} <L\/Nk
z;}CX

trivially follows from definition (2.8) and the Cauchy-Schwarz inequality.

Remark 2.3. The reasoning of the above lemma can be adapted to handle
any sufficiently large n, not necessarily constructed as a sequence {Ny}.

Recalling the definition of the (N’, N;k)-transformation, we have the
following key lemma.

Lemma 2.2. Let p € (S) be a probability measure on T with real Schur
parameters. For any natural N' and arbitrary small positive § and L, there
is o, a (N', N; k)~transformation of p such that:
(1) N >2N',
(2) the coefficients {Vi}k=nN'+1,..N are positive and
N
> P
kE=N'+1
(3) 0< k<4,
(4) Finally,

av(o) = /T B (0) 2 log | @y (0)]do = LVE

Proof. We start the proof with some simple observations. Let, as above,
o = polp], p1 = pa[p] and o = ofu]. First, assuming that such a transfor-
mation exists and using (2.1), we see that

Nl
/T log ydm = Y " log(1 — [()|?)
k=0
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and

(2.22) Zlog(l — (@)} = / log o’dm = / log pydm — log(xk + 1)
k=0 T T

N’ N

2.6)

=" Tlog(1— (W) + Y log(l — |yl?) —log(1 + k)
k=0 k=N'+1

This estimate controls the growth of the #2-norm of Schur coefficients under
our transformation.

We assign N — N’ = Nj where N is an element of the sequence {Ny}
constructed in lemma 2.1; the precise choice of k will be made below. From
now on, we already assume that these N’, N satisfy (1). We define the Schur
coefficients {vx tr=n/41,.. N as

YN+1-t = 9’ t=1,...,Ng

where {Zj;}i=1,. n—n’ comes from (2.18). Notice that 74 > 0 for these t
and the Ni-tuple {7 }+=n741,.. N satisfies (2).
Introduce the Christoffel-Darboux kernel

(2.23) Ko Z¢k 11)(2)dr (1) (w)

We define & as
1

Kn-1(p1)(1,1)

and now we need a bound from below for Kn_j(u1)(1,1). Notice that all
Schur coefficients are real so ®;(u1)(1) are real and ®;(u1)(1) = @5 (p1)(1).
Let B = [®nv41(p1)(1)]. All zeroes of ®;(u1)(z) are inside D so B > 0.
Then, by Szegé recurrence relations (2.4), one has

(2.24) K=

m—1
(225)  [Pu(u)W=B-| [[ 1+w)|, m>N+1
t=N'+1
Hence,
(2.26)

N-1 N-1
Kn-1(p1)(1,1) = G 2 Y @) (D

t=0 t=N'+2

N-1  t-1 N-1 t—1
= B2 ) J[ 0+9*=B* > ep|2 Y 7
t=N'+2 j=N'+1 t=N'+2 J=N'+1

where we used inequality
(2.27) l+z<e*<l4+z+(e/2)2?, 0<z<l1

along with Szegé condition and (2.22). By remark 2.1, the latter quantity
goes to infinity through a constructed subsequence in N = N’ + N. So,
(2.24) implies (3) for k large enough.
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To start with (4), recall the following formula usually attributed to Geron-
imus (see, e.g., [6, p. 253] or [5, p. 38, (3.30)]; this very formula was used
by Rakhmanov in his paper on the Steklov’s conjecture [6])

B(0)(2) = B()(2) e P Koy 1)

Our choice of £ (see (2.24)) yields

By (0)(1) = q’N(l;l)(l)
and
(o) = /T By (0)]? log |2 ()| do

- / By (o) log™ [ By (0)]dor — / B (0)[2log~ |@(0)|do
T T

(1-2) 270t
> [Jen(o)Plos" [@n(o)jdo - €
T

In the first term of the right-hand side we leave only the integration against
k(14 k)71d1, see (2.7). This leads us to

en(o) 2 wl@n(0)(1)]*log™ [N (0)(1)| ~ C
For the first term
RPN (0)(1)[*log™ [Py (0)(1)]
(2.25),>(2.26) B2 n et (L + )2 - logt (B [Ty 1+ %)/2)
T @) (D)2 + N B o (14 7)?
N B? exp(zt:?\,ur1 27¢) (2 logB —2log2 + th\g\},ﬂ 2%)
T 1) (D2 + B2 exp(X o 275)

where we again used (2.27) along with the Szeg6 condition and (2.22). The
last expression can be written as Iy + I where

B? exp(z,{v;vl,ﬂ 2%) (2 log B —2log?2)

Il == N’
> im0 [Pe(p1)(1)[2 + B? t N’+1 eXp(Z§':N’+1 275)
and
N_
I 1 exp(zt N’+1 27t) (Zt:]\%”rl 2%)
2 =
Q 1+, N’ 1eXP<Z§=N/+1 27;)
where
1 B*Q N @ NE
o1y L BEN @)

1+ Zt N’+1 eXp(Z;:N’—&—l 27;)

For I;, we have |I;| < |2log B —2log2|. In the expression for (), the denom-
inator goes to infinity as N — oo due to (2.21) and so Q@ — 1 as N — oo.
Applying (2.10) to the second factor in the formula for I, we get

L > L*/N =N > L*/N
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whenever N = N’ + N, is large enough and N}, belongs to the subsequence
from lemma 2.1. Thus, bound (4) for €y (o) is proven, and so is the lemma.
O

Remark 2.4. The lemma above along with remark 2.3 imply the sharp
bound
sup  en(0) = /n
o {[lvllz2<1/2}

In our construction, the measure o yielding the lower bound contained a
mass point. However, taking the Bernstein-Szegd approrimations o; to o,
we obtain for j >n

en(0;) = / 6n(05) 2 1og | n(0)ldo; = / 160(0) 2 1og | ()| do; —

Lieu@R oz ion(@lr. o
stnce ajim as j — oo. Thus, we have

sup €n (Jac) = \/ﬁ

gac: {[7ll2<1/2}

where oqc stands for a purely absolutely continuous measure.

3. PROOF OF THEOREM 1.1 AND SOME COROLLARIES

Proof of theorem 1.1. Let h be the given function from the formulation of
the theorem, 6 > 0, 0 < L, < 1079, and

(o] (o)
Y sp<107f, > Ii<107
k=1 k=1

The construction will recursively use lemma 2.2 from the previous sec-
tion. We will construct the sequence of probability measures o; by applying
the (M', M ; k)—transformation consecutively (properly choosing parameters
M', M,k at every step) and then will take the weak limit of {o;}. The
measure o obtained in this way will have the necessary properties.

First step: k = 1. Let du® = do® = dm, the Lebesgue measure on T.
Take M/ = 0; then, by lemma 2.2, there is a (M7, My; k1 )—transformation of
0¥ which is denoted by o'; it depends on the sequence of Schur parameters
{1k th=n1;41,....01, - We can arrange M; to be large enough, i.e., pick My > 21
so that h(M;) < L{/2 and k1 < 41, see (3) in lemma 2.2. Also,

My

DT
k=M]+1

and (again by the same lemma)
(3.1)

GYACOE /T |ar, (01)* log |, (o) dot 2 Liv/ My > 2h(My)y/ M
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Notice that for the Schur parameters of o' we have

00 M
(3-2) D log(t— (e )Py = Y log(l —|vyl*) —log(l + k1)
=0 I=M{+1

due to (2.22).
For each measure o

Tag, (0%) = [@as,(0")[* log [, (F)], j <k

This function is continuous on T since ®;(c*) has all its zeroes inside D.
Second step: k = 2. Consider Ty, (o!); this is a continuous function
and hence there is a trigonometric polynomial f; such that

(3.3) | Tas, (01) = filloo < €'

for any fixed ¢’ > 0. Let M} = max{deg f1, M1}. Define 02 as (M}, Ma; ko)~
transformation of o'. Once again, we choose My > 22 large enough to
guarantee h(Msy) < L3/2, ko < 83 by (3) of lemma 2.2, and

k we construct later, let us introduce

Mo

S lel* L3

k=M}+1

Notice that the inequality xo < do allows us to have ||y(c?)||2 under control
(3.4)

00 Mo
> log(1—|m(o Zlog —u(eHP)+ D log(1—|vyl*)—log(1++2)
1=0 I=M}+1

Once again, by lemma 2.2

e, (o /|<1>M2 D2 log |, (02)|do? = Lav/ My > 2h( M)/ My

Now, we could continue to apply the same procedure to generate measures
o) with
(3.5)

eui (o) :/|<I>Mk(ak)|210g|<1>Mk( do® > LA/, = 2h(My) /M,
T

However, we want more than (3.5): we want every measure o* to have all
of the entropies {€ns, (%), ..., €, ,(0%)} large. That, as we will see next,
can also be achieved by the choice of large M.

Let us handle the case k = 2 first. We need to make €y, (02) large. Recall
the definition of (N’, N; k)-transform. Set u? = jo[o!] and o2 = o[o!]. We
have v;(o') = v (1?), ci(o!) = ¢;(u?) for I < M) where ¢;(+) are the moments
of the measures. Therefore

(36) P, (Ul) =Py (H2)7 T, (01) =T, (/1’2)

Since f1 is a trigonometric polynomial of degree smaller than M, we have

[Tuthast < < [ paot = [ fd < [ Tty + &
T T T T
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by (3.3). Consequently

(3.7) /TTMl(al)dal -2 < /11‘TM1 (p?)dp

Now, notice that
¢j(0?) = ¢i(p?), j <My
as k2 — 0 and this convergence is uniform in the choice of My and {v;(c?),j >

M}}. Indeed, it follows from (2.7)
¢j(1?) + ko
¢j(0%) =~

<M/
14 ko J 2

) -

Therefore
<I>1\41 (U2) - (I)M1 (/‘2)
as kg — 0 and, recalling that ®yy, (4?) has no zeroes on T,
Tany (0%) = [@ar, (0)* log |@ar, (0%)] = [@ar, (1) log | @ s, (17)] = T, (47)

uniformly on T. Thus,

(3.9) / Tor, (6%)do? — / Tor, (42)do?
T T

and

(3.9) /f1d02—>/f1d,u2, as kg — 0
T T

again, uniformly in the choice of My and {v;(c?),j > Mj}. On the other
hand, (3.3) and (3.6) guarantee

(3.10) ’AfldMQ_ATM1(M2>dN2‘ <, ’/EfldUz—/ETMl(/LQ)dUz <

Thus, recalling (3.8), (3.9) and (3.10), we only need to make sure that kg is
small enough to guarantee

/TM1 (0?)do? > /TM1 (u?)du? — 3¢’
T T

and then
(3.7)

(3.1)
/TM1 (0*)do?* > /TMl(Ul)dUl —5¢' > Liv/M; —5¢ > h(M)\/M,
T T

whenever € is small enough.
k—th step. Similarly, we construct the measure o* such that (3.5) holds
along with

(3.11) /TTMJ. (c®)do® > /TTMj(aj)daj — 5’ > Lj\/M; — 5/, j <k

Moreover, we have

(3.12) Y log(l— (") 2 =Y Li=> "9
— : :

by induction (check, e.g., (3.2) and (3.4)). It is now clear from the con-
struction that {o*} converges (¥)-weakly to some o. Indeed, recall that the
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p-th moment of a measure o is denoted by c¢,(c). At each step we have a
recursion
w1y _ (") + Rk
ep(0™) =

1+ Kgt1
where p is fixed. Since kp < dk, we have convergence of cp(o'k) by Cauchy
criterion. That is equivalent to o¥5o.

Repeating the arguments given above and using (3.5) and (3.11), we ob-
tain

[ 1901 (o) 10g s, ()

k—oc0
> e, (07) — 5" 2 Lj\/M; — 5¢ > h(M;)+/M,;

for ¢ small enough and any fixed j. For the £2-norm of the Schur parameters,
we have

(3.13) D@ P SD L+ b
=0

k=1 k=1

lim / ‘(I)MJ (O'k)‘2 log |q)MJ (o’k)|d0'k
T

The theorem is proved. O

One can obtain the following striking generalization. Let F': Ry — Ry
be an increasing continuous function such that lim,_, F'(z)/x = co. The
proof of the next statement repeats the arguments of the previous proof
word for word.

Corollary 3.1. For any gauge F, there is o € (S) such that

() = [ P21 (0)P)dor = o0
T
for some My, — oo.

As one can expect, theorem 1.1 can be transferred to the polynomials on
an interval of the real line. We say that o is a Szegé measure on [—1,1] if it
has an arbitrary singular part and

' Jogd’

—1V 1-— 562
The orthonormal polynomials with respect to the measure o are denoted
Pn = pn(0).

dr > —00

Corollary 3.2. Let h be a function as in theorem 1.1. Then, there is a
Szegd measure & on [—1,1] and a subsequence { My} such that

1
e, (3) = / 19 (@) 108 Ipas, ()7 > W) - /N

as k — oo.

Sketch of the proof. Notice that the measure ¢ from theorem 1.1 is sym-
metric on T. Consequently, its Schur coefficients as well as coefficients of
corresponding orthonormal polynomials are real. Let ¢ denote the image of
the measure o constructed in theorem 1.1 from T to [—1, 1] by the (standard)
transformation z = cos = (z + 271)/2, z =€ € T.
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The classical formula [8, theorem 11.5] implies that

Pn(x) 2 2" P20 (2) + 2" P20 (2)
if o € (5). We adjust the construction of theorem 1.1 such that M, are all

even. Then |pMk/2(1)| ~ o, (1)].
Consequently,

1
o @ = [ 1pan @) P 108" I 2@l

> eh (0%) > h(My)y/ My,

by theorem 1.1 as the value at z = 1 alone provides the necessary growth of
the entropy. O

It is an interesting question to find a natural class of measures for which
the polynomial entropy integrals are bounded. It might be that by improving
the technique of [6, 1] one can show that the Steklov’s condition on the
measure is not good enough for the entropies to be uniformly bounded. In
the meantime, it is quite possible that fairly mild conditions are sufficient
for the averages of €, to be under control.
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