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Abstract. We develop the wave packet decomposition to study the Schrödinger evolution with

rough potential. As an application, we obtain the improved bound on the wave propagation for the

generic value of parameter.
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1. Introduction.

That work aims to develop a new technique in perturbation theory for dispersive equations. As a

model case, we take Schrödinger evolution with time-dependent real-valued potential V px, tq:
(1.1) iutpx, t, kq � �k∆upx, t, kq � V px, tqupx, t, kq, upx, 0, kq � fpxq, t P R ∆ :� B2xx ,
where k P R is a real-valued parameter. For a large value of T " 1, we consider the problem (1.1)

either on the real line x P R or on the torus x P R{2πTZ and make the following assumptions about

the real-valued potential V and the initial data f when studying u for t P r0, 2πT s:
(A) if x P R, then

}V px, tq}L8pR�r0,2πT sq À T�γ , γ ¡ 0 ,(1.2)

}fpxq}2   8,(1.3)

(B) if x P R{2πTZ, then
}V px, tq}L8pR{2πTZ�r0,2πT sq À T�γ , γ ¡ 0 ,(1.4)

}fpxq}2   8 .(1.5)

The behavior of free evolution ei∆t is well-understood (the presence of k only scales the time t). It is

governed by the dispersion relation for which the higher Fourier modes propagate with higher speed,

giving rise to ballistic transport. In the current work, we study how the presence of V changes the

free evolution eik∆f for the time interval t P r0, 2πT s.
This research was supported by the grant NSF-DMS-2054465 and by the Van Vleck Professorship Research Award.
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The solution u in (1.1) is understood as the solution to the Duhamel integral equation

(1.6) up�, t, kq � eik∆tf � i

» t

0

eik∆pt�τqV p�, τqup�, τ, kqdτ, t P r0, 2πT s

in the class u P Cpr0, 2πT s, L2q. Its existence and uniqueness are immediate from the contraction

mapping principle. More generally, for 0 ¤ t1 ¤ t ¤ 2πT , the symbol Upt1, t, kq denotes the operator

f ÞÑ Upt1, t, kqf where Upt1, t, kqf solves

(1.7) iBtUpt1, t, kqf � �k∆Upt1, t, kqf � V px, tqUpt1, t, kqf, Upt1, t1, kqf � f .

The propagator U satisfies the standard group property: Upt1, t1, kq � I, Upt1, t2, kqUpt0, t1, kq �
Upt0, t2, kq, and, since V is real-valued, U is a unitary operator in L2 : }Uf}2 � }f}2. To set the

stage, we start with an elementary perturbative result (below, the symbol }O} indicates the operator

norm of the operator O in the space L2).

Lemma 1.1. Suppose 0 ¤ t1 ¤ t ¤ t2 ¤ 2πT and }V }8 À T�γ . Then,

(1.8) Upt1, t, kq � eik∆pt�t1q � i

» t

t1

eik∆pt�τqV p�, τqeik∆pτ�t1qdτ � Err

and the operator norm of Err allows the estimate }Err} À T�2γpt2 � t1q2 .
Proof. That follows from the representation

Upt1, t, kq � eik∆pt�t1q � i

» t

t1

eik∆pt�τqV p�, τqeik∆pτ�t1qdτ � Err ,(1.9)

Err :� �
» t

t1

eik∆pt�τ1qV p�, τ1q
» τ1

t1

eik∆pτ1�τ2qV p�, τ2qUpt1, τ2, kqdτ2dτ1

and two bounds: }V }L8 À T�γ and }Upt1, τ2, kq} � 1. □

That lemma has an immediate application.

Corollary 1.2. Suppose γ ¡ 1, then

(1.10) }Up0, t, kq � eik∆t} � OpT 1�γq, t P r0, 2πT s, k P R .

Hence, for γ ¡ 1, the propagated wave is asymptotically close to the free dynamics irrespective of

the value of k and of the initial vector f . In the current paper, we study the problem for generic k

and show that the analogous result holds for some γ below the elementary threshold 1. We also give

examples which show that (1.10) cannot hold for γ   1 for all k, in general.

The Schrödinger evolution with smooth V was studied in [1, 11, 13] where the upper and lower

estimates for the Sobolev norms of the solution were obtained. In the context of the general evolution

equations, these questions were addressed in [6, 8]. Equations similar to (1.1) appear in the study

of Green’s function Gp�, �, k2q of the stationary two-dimensional Schrödinger equation �∆ � V with

slowly-decaying V px1, x2q where px1, x2q P R2 and k P R�. When written in the polar coordinates

pθ, rq, θ P r0, 2πq, r ¡ 0 with r considered as “time”-variable t, the WKB-type correction takes the

form close to (1.1) (see [7] for more detail). The asymptotics of solutions to the 2� 2 systems of ODE

for generic value of parameters was studied using the harmonic analysis methods (see, e.g., [3, 4] and

references therein). Below, we develop a different approach. It is based on writing the linear in V

term in (1.9)

(1.11)

» t

t1

eik∆pt�τqV p�, τqeik∆pτ�t1qdτ

in the convenient basis of wave packets (see, e.g., [9]) which allows a detailed and physically appealing

treatment of the multi-scattering situation at hand. We will mostly focus on problem (A); however,

our analysis is valid for the problem (B), too. Denote (see Figure 1)

(1.12) ΥT :� tx P r�πT, πT s, t P rcT, 2πT s, 0   c   2πu .
The following theorem is one application of our perturbative technique.
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Theorem 1.3. There is γ0 P p0, 1q such that the following statement holds. Suppose V satisfies

}V }L8pΥc
T q
À T�α, α ¡ 1,(1.13)

}V }L8pΥT q À T�γ , γ ¡ γ0 ,(1.14)

supp pV pξ1, ξ2q � tξ : ρ1   |ξ|   ρ2u(1.15)

and ρ2 ¡ ρ1 ¡ 0. Then, for each interval I � R�, there is a positive parameter δpρ1, ρ2, Iq such that

for every function f that satisfies

}f}2 � 1,(1.16)

}f}L2p|x|¡2πT q � op1q, T Ñ8(1.17)

and

(1.18) supp pf � p�δ, δq ,
there exists a set Nres � I such that limTÑ8 |Res| � 0, Res :� IzNres and

(1.19) lim
TÑ8

}upx, 2πT, kq � eik∆p2πT qf}2 Ñ 0

for k P Nres.

Figure 1

t2πT

�2πT

2πT

x

ΥT

Remark. In contrast to Corollary 1.2, the theorem says that the propagation is asymptotically free

even for some γ   1 if we consider a generic value of k. It is crucial that we can handle essentially

arbitrary initial data f . In fact, for f that is well-localized on the frequency side, a simple perturbative

argument can be used to get an analogous result. The conditions (1.17), (1.18), and (1.13)-(1.15) on

the f and V are included to guarantee that the bulk of the wave u given by f hits ΥT . On the

other hand, assumption (1.18) is essential for the statement to hold and cannot be dropped as will be

illustrated in Section 5 by example.

Remark. For given f , such set Nres (which can depend on f) will be called the set of non-resonant

parameters within the interval I. Later, for every γ   1, we will present f and potential V so that

the resonant set Res is nonempty.

Remark. Simple modification of Lemma 1.1 shows that the potential V from Theorem 1.3 is negligible

outside ΥT due to (1.13). Inside ΥT it satisfies the “weak decay condition” if γ   1, and it oscillates

on scale � 1 there due to (1.15). For the problem we consider, the assumption (1.15) is actually

necessary since dropping it can introduce a well-known WKB-type correction in the dynamics and

(1.19) would fail.

Lemma 1.4. Let pϕpξ1, ξ2q be a smooth centrally symmetric real-valued bump function supported on

B1p0q in R2. Denote κ :� ?
T and let ϕκpx, tq � ϕpx{κ, t{κq. Then, the function

V �
¸

|2πnκ| T {4,

|2πmκ�πT | T {20

T�γcn,m cospxλn,m � tµn,mqϕκpx� 2πnκ, t� 2πmκq,

pn,mq P Z2, cn,m P r�1, 1s, γ ¡ γ0, λ
2
n,m � µ2

n,m � 1(1.20)

satisfies conditions of the previous theorem.

Proof. Indeed, pϕ P SpR2q so ϕ P SpR2q and ϕκ is real-valued. Then, the Fourier transform of

cospxλn,m� tµm,nqϕκpx�2πnκ, t�2πmκq is supported on two balls centered at p�λn,m,�µn,mq with
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radii κ�1. Moreover,

|V | ¤ CbT
�γ

¸
|2πnκ| T {4,|2πmκ�πT | T {20

�
1� |xκ�1 � 2πn| � |tκ�1 � 2πm|

	�b

with any positive b. Hence, taking c small enough in the definition of ΥT , we get |V | À T�γ on ΥT

and |V | ¤ CbT
�b with any positive b outside of ΥT . The condition λ2n,m � µ2

n,m � 1 guarantees that

the function pV is supported on the annulus ρ1   |ξ|   ρ2 with some positive ρ1 and ρ2. □

The random potentials V that model Anderson localization/delocalization phenomenon exhibit

strong oscillation (see, e.g., [2, 5, 10, 12]) similar to the one considered in Theorem 1.3.

The structure of the paper is as follows. The second section contains the formulation of our central

perturbation result, we develop the suitable wave packet decomposition there. The third and fourth

sections frame the problem in this new setup, they contain the main arguments and the proof of

Theorem 1.3. Section five provides some examples of resonance formation. In the appendix, we

collect some auxiliary results.

Some notation:


 If x P Rd and r ¡ 0, then Brpxq stands for the closed ball of radius r around the point x. Given

a set E � Rd, the symbol Ec denotes its complement Ec � RdzE.


 The Fourier transform in Rd of function f is denoted by

Ff � pf � p2πq� d
2

»
Rd

fe�ixx,ξydx .

We will use both symbols p� and F in the text, depending on what is more convenient.


 Suppose fT P L2pRq, }fT }L2pRq � 1 and T " 1 is a large parameter. We will say that fT is

concentrated around aT at scale ℓT (aT P R, ℓT ¡ 0) if

lim
qÑ�8

lim sup
TÑ8

»
|x�aT |¡qℓT

|fT |2dx � 0 .


 Let κ :� T
1
2 . We introduce the lattice 2πκZ�2πκZ and call the cubes tBp,qu � r2πκp, 2πκpp�

1qs � r2πκq, 2πκpq � 1qs, p, q P Z the characteristic cubes in px, tq P R2. We will say that a point has

“unit coordinates” pp, qq if its coordinate x � 2πκp and its coordinate t � 2πqκ.


 If B is a cube on the plane (or an interval on R), then cB denotes its center and αB denotes

the α-dilation of B around cB , α ¡ 0.


 Given an interval I � rk1, k2s � R�, the symbol I�1 denotes tη � k�1 | k P Iu � rk�1
2 , k�1

1 s.

 Symbol C8

c pRdq denotes the set of smooth compactly supported functions on Rd and SpRdq
stands for the Schwartz class of functions.


 We will use the following notation standard in the modern harmonic analysis, i.e., given two

positive quantities A and B and a large parameter T , we write A Æ B if there is Cϵ such that

A ¤ CϵT
ϵB for all T ¡ 1 and all ϵ ¡ 0. Given a quantity f , the symbol Opfq will indicate another

quantity that satisfies |Opfq| ¤ C|f | with a constant C.


 For a function g P L2pRq and a measurable set E � R, the symbol PEg will indicate the Fourier

orthogonal projection to the set E, i.e., PEg � F�1pFg � χEq.

 Symbol κ is used for T

1
2 and η for k�1. In many estimates below, the letter R will indicate a

positive quantity that satisfies R Æ 1 where κ and T are large parameters.

2. The main estimate and the wave packet decomposition.

We start with a result that illustrates the Fourier restriction phenomenon of the Duhamel operator³T
0
eikpT�tq∆dt.

Lemma 2.1. Suppose gpx, tq P SpR2q. Then,»
R

�����
» 2πT

0

eik∆p2πT�tqBxgp�, tqdt
�����
2

2

dk À }g}2L2pR2q
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and »
R

�����P|ξ|¡δ

» 2πT

0

eik∆p2πT�tqgp�, tqdt
�����
2

2

dk À δ�2}g}2L2pR2q

for all δ ¡ 0.

Proof. Taking the Fourier transform in variable x, we get

F

�» 2πT

0

e�ik∆tBxgp�, tqdt
�
� Cξ

» 2πT

0

eiktξ
2pFgqpξ, tqdt � CξFpχ0 t 2πT � gqpξ,�kξ2q,

where F in the right-hand side is a two-dimensional Fourier transform, which is restricted to a k-

dependent parabola. The simple change of variables and Plancherel theorem gives us»
R

»
R
|ξFpχ0 t 2πT � gqpξ,�kξ2q|2dξdk À

»
R

»
0 t 2πT

|gpx, tq|2dxdt ¤ }g}22 .

The second bound in the lemma follows immediately from the first. □

In our paper, we will be estimating expression (the one-collision operator)» 2πT

0

eik∆p2πT�tqV p�, tqeik∆tfdt ,

which corresponds to the linear in V term in (1.8). Notice that V p�, tqeikt∆f depends on k and the

previous lemma is not applicable. However, for f localized on low frequencies on the Fourier side, the

dependence on k is so weak that a variant of that lemma can be used to obtain an estimate better than

the general bound we get. To treat the general f , we will apply the different technique standard in the

harmonic analysis. That approach uses the decomposition of f into a different “basis” of the so-called

wave packets and each element of such basis has a particular localization both on the physical and on

the Fourier side. Such a decomposition is a standard tool in modern harmonic analysis (see, e.g., [9]

for one application).

2.1. k-dependent wave packet decomposition. In the proof of Theorem 1.3, we can take for I

the finite union of dyadic intervals r2j , 2j�1q, j P Z and, therefore, it is enough to prove the claim

for dyadic intervals only. Now, notice that given k P r2j , 2j�1q, we can rescale the space variablerx � 2pj�1q{2x to reduce the problem to k P r2, 4q. The support of pV (parameters ρ1 and ρ2) and the

domain ΥT will change, too, but the proof can be easily adapted. Let I � r2, 4s. Take a nonnegative

function h P C8
c pRq supported on r0, 4πs such that the partition of unity

(2.1) 1 �
¸
nPZ

h2ps� 2πnq

holds for s P R. Since k P I, we get k ¥ 2. Then, for every f P SpRq and every s P r2πn, 2πpn � kqs,
we can write

fpsqhps� 2πnq � p2πkq�1
¸
ℓPZ

�» 2πpn�kq

2πn

fpτqhpτ � 2πnqe�iℓk�1pτ�2πnqdτ

�
eiℓk

�1ps�2πnq,

and, if we introduce an auxiliary variable η � k�1,

fpsq (2.1)�
¸

n,ℓPZ2

rfn,ℓpηqeiℓηshps� 2πnq, rfn,ℓpηq :� ηp2πq�1

» 2πpn�kq

2πn

fpτqhpτ � 2πnqe�iℓητdτ

k¡2, supph�r0,4πs� ηp2πq�1

» 2πpn�2q

2πn

fpτqhpτ � 2πnqe�iℓητdτ .

We dilate by κ to write

(2.2) fpxq �
¸

n,ℓPZ2

ωn,ℓpx, kqfn,ℓpηq, ωn,ℓpx, kq � hnpxqeiℓηκ�1x ,

where

(2.3) hnpxq :� κ�
1
2h

�
x� 2πκn

κ



, fn,ℓpηq :� ηp2πq�1

» 2πpn�2qκ

2πnκ

fpxqhnpxqe�iℓηκ�1xdx
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and fn,ℓpηq can be written as follows

fn,ℓpηq � e�2πiηnℓf�n,ℓpηq,

f�n,ℓpηq :�
η

2π
?
κ

» 4πκ

0

fps� 2πnκqhpsκ�1qe�iℓηsκ�1

ds .(2.4)

By Plancherel theorem, ¸
ℓPZ

|f�n,ℓ|2 �
η

2π

»
R
|fpsqhpsκ�1 � 2πnq|2ds

and

(2.5)
¸

n,ℓPZ2

|f�n,ℓ|2 � }f}22 ,

because
°

nPZ |hpx � 2πnq|2 � 1 and η P I�1. By the standard approximation argument, we can

extend (2.5) from f P SpRq to f P L2pRq.
Recall that η � k�1. Using the known evolution of ω0,0 for t P r0, 2πT s (check (6.3)), we can use

the modulation property paq from Appendix (check (6.1)) to get

(2.6) eik∆tωn,ℓ � κ�
1
2ΩTn,ℓ

px, t, kqeiηpαpTÑqx�α2pTÑqtq, αpTÑq :� ℓ{κ ,
where the function

ΩTn,ℓ
px, t, kq � Uppx� 2πpn� 1qκ� 2tαpTÑqq{κ, tk{κ2q

oscillates slowly in x P R and t P r�T, T s, i.e.,����BjΩTn,ℓ
px, t, kq

Bxj
���� ¤j κ

�j ,

����BjΩTn,ℓ
px, t, kq

Btj
���� ¤j κ

�j ,

provided |ℓ| À κ, and its derivatives in k are bounded as follows

(2.7)

����BjΩTn,ℓ
px, t, kq

Bkj
���� ¤j 1, k P I .

Moreover, ΩTn,ℓ
px, t, kq is negligible away from t|x� 2πpn� 1qκ� 2tαpTÑq|   κ1�δ, |t|   2πT u where

δ is any positive fixed parameter. It will be convenient to work with tubes

TÑ � Tn,ℓ :� t|x� 2πpn� 1qκ� 2tαpTÑq|   2πκ, |t|   2πT u
that are k-independent. Such TÑ has base (when t � 0) as an interval x P r2πnκ, 2πpn � 2qκs and
2αpTÑq is its slope in variable t. Given TÑ, we denote the corresponding n as npTÑq. Notice that

Tn,ℓXTn�j,ℓ � H for |j| ¡ 1. Combining (2.2) and (2.6), we obtain the formula for the free evolution

of f

(2.8) eik∆tf �
¸
TÑ

f�TÑpηq �
�
κ�

1
2ΩTÑpx, t, kq

	
� eiηpαpTÑqpx�2πnpTÑqκq�α2pTÑqtq ,

where we used TÑ as the index of summation to account for all n and ℓ.

One can be more specific about ΩTn,ℓ
px, t, kq: if U is a function generated by h in (6.2) then (6.4)

gives

(2.9) ΩTn,ℓ
px, t, kq �

¸
λPZ

Ω
pλq
Tn,ℓ

px, t, kq, Ω
pλq
Tn,ℓ

px, t, kq :� Uλppx�2πpn�1qκq{κ�2tαpTÑq{κ2, tk{κ2q .

Notice that U0ppx � 2πpn � 1qκq{κ � 2tαpTÑq{κ2, tk{κ2q is supported inside the Tn,ℓ and all other

terms Uλppx � 2πpn � 1qκq{κ � 2tαpTÑq{κ2, tk{κ2q, λ � 0 are supported in the tubes obtained by

its vertical translations by 2πκλ. Although the supports of all terms in (2.9) are parallel tubes, the

contributions from large λ are negligible due to (6.5). Hence, we can rewrite the formula for evolution

(2.8) in a slightly different form

(2.10) eik∆tf �
¸
λ

¸
TÑ

f�TÑpηq �
�
κ�

1
2Ω

pλq
TÑpx, t, kq

	
� eiηpαpTÑqpx�2πnpTÑqκq�α2pTÑqtq .

We now discuss the properties of the coefficients fn,ℓ in (2.3). Clearly,

fn,ℓpηq � η

p2πq3{2 p
pf � phnqpℓη{κq, phnpξq � ?

κe�2πiκnξphpξκq .
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Hence, conditions (1.17) and (1.18) imply that¸
|n|¥2κ

¸
ℓPZ

|fn,ℓ|2 � op1q,
¸

|n|¤2κ

¸
|ℓ|¥Cδκ

|fn,ℓ|2 � op1q ,

where T Ñ 8, η P I�1 and C is a positive constant. Since the evolution U in (1.7) is unitary, that

indicates that, when studying Uf , we can restrict our attention to wave packets ωn,ℓ with |n| ¤ 2κ

and |ℓ| ¤ Cδκ where the last condition is equivalent to |αpTÑq| À δ.

The expression in (1.11) will be central for our study and the following theorem is the key for

proving Theorem 1.3. Recall that κ :� T
1
2 , η :� k�1.

Theorem 2.2 (The main estimate for “one-collision operator”). Suppose V and f satisfy assumptions

of the Theorem 1.3, except that V is not necessarily real-valued. Define

(2.11) fo �
¸

|n|¤2κ,|ℓ|¤Cδκ

ωn,ℓpx, kqfn,ℓpηq

and

(2.12) Q �
» 2πT

0

eik∆p2πT�tqV p�, tqeik∆tdt .

Then,

(2.13)

�»
I�1

}Qfo}2dη

 1

2

Æ κ�
1
4T 1�γ

for sufficiently small parameter δ.

We call the operator Q from (2.12) the one-collision operator. The proof of this theorem will be

split into several statements to be discussed in the next sections. We will finish that proof in Section 4.

3. Interaction of wave packets with V on characteristic cubes.

Consider the characteristic cubes Bp,q � r2πpκ, 2πpp � 1qκs � r2πqκ, 2πpq � 1qκs, p, q P Z� . We

split the time interval r0, 2πT s into κ equal intervals of length 2πκ so that

r0, 2πT s �
κ¤

q�1

r2πκpq � 1q, 2πκqs

and ΥT is covered by � κ2 characteristic cubes. Recall that we study the operator

Q �
» 2πT

0

eik∆p2πT�τqV p�, τqeik∆τdτ

from (2.12). We will do that by first taking the partition of unity

(3.1) 1 �
¸

p,qPZ2

ϕpx{p2πκq � p, t{p2πκq � qq,

where smooth ϕ � 1 on 0.9�pr0, 1s�r0, 1sq and is zero outside 1.1�pr0, 1s�r0, 1sq. If B is a characteristic

cube with parameters pp, qq, we might use notation VB instead of Vp,q. Let

(3.2) V �
¸
p,q

Vp,qpx� 2πκp, t� 2πκqq, Vp,q :� V px� 2πpκ, t� 2πqκq � ϕpx{p2πκq, t{p2πκqq.

Later, we will need the following lemma which shows that each Vp,q shares the main properties of V

but it is localized to 1.1B0,0 instead of ΥT .

Lemma 3.1. Given assumptions of Theorem 2.2, we get

suppVp,q � 1.1B0,0,(3.3)

}Vp,q}L8pR2q À T�γ ,(3.4)

}pVp,qpξ1, ξ2q}pL8XL1qptξ:ρ1�ϵ |ξ| ρ2�ϵucq ¤ϵ,N T�N(3.5)

for every small ϵ ¡ 0 and every N P N.
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Proof. The first two bounds are immediate and the last one follows from the properties of convolution.

□

Later in the text, we will use the following observation several times. Since Vp,q is supported on

the ball of radius Cκ, we can write Vp,q � Vp,q � ρpx{pC1κq, t{pC1κqq where ρ a smooth bump function

which vanishes outside B2p0q and is equal to one on B1p0q. The constant C1 is taken large enough.

Then,

(3.6) pVp,qpξq � »
R2

pVp,qpsqDκpξ � sqds, Dκpsq :� pC1κq2pρpC1κsq, pρ P SpR2q ,

i.e., pVp,q can be written as a convolution of pVp,q with a function well-localized at scale κ�1 around the

origin. Hence, applying the Cauchy-Schwarz inequality, we get

(3.7) |pVp,qpξq|2 ¤ »
R2

|pVp,qpsq|2|Dκpξ � sq|ds �
»
R2

|Dκpξ � sq|ds À
»
R2

|pVp,qpsq|2|Dκpξ � sq|ds .

Informally, that shows that the value of function |pVp,q|2 at any point ξ can be estimated by, essentially,

the average of that function on κ�1-ball around that point plus an error coming from the fast-decaying

tail of pρ.
3.1. Contribution from each characteristic cube Bp,q. We first focus on the contribution to

scattering picture coming from Vp,qpx� 2πκp, t� 2πκqq. Notice that in the expression» 2πT

0

eik∆p2πT�τqVp,qp� � 2πκp, τ � 2πκqqeik∆τfodτ

the function Vp,qp� � 2πκp, τ � 2πκqqeik∆τfo satisfies

(3.8)
���P|ξ|¡C

�
Vp,qp� � 2πκp, τ � 2πκqqeik∆τfo

	���
2
¤N T�N , N P N

for suitable C due to (3.5).

We apply wave packet decomposition for fo and for Qfo. The wave packets based on t � 0 will be

denoted ωÑn,ℓ and those corresponding to t � 2πT will be denoted ωÐm,j . Similarly, the corresponding

tubes are TÑn,ℓ and TÐm,j . Recall that, given any forward tube TÑ, we denote the corresponding wave

packet ωÑn,ℓ as ωpTÑq, the corresponding coordinate n � npTÑq and the frequency ℓpTÑq � καpTÑq.
The notation for the backward tube is similar. The set of forward tubes relevant to us is

(3.9) T Ñ � tTÑ : |npTÑq| ¤ 2κ, |αpTÑq| ¤ Cδu
and, thanks to (3.8), the set of backward tubes of interest satisfies |npTÐq| ¤ Cκ, |αpTÐq| ¤ C.

From now on, we will take only these tubes into account. In estimating Qfo, we will use wave packet

decomposition and the bound (2.5).

Figure 2

2πT

�2πT

2πT

x

ΥT

TÑ
TÐ

Bp,q

The southwestern corner of the cube Bp,q has coordinates 2πκp, 2πκq and, if it is intersected by

forward tube TÑ and backward tube TÐ, then their parameters satisfy relations (see Figure 2)

(3.10) 2αpTÑqq � p� npTÑq �Op1q, 2αpTÐqpκ� qq � npTÐq � p�Op1q
and Op1q indicates a real-valued quantity which depends only on p, q, TÐ, TÑ and satisfies a uniform

estimate |Op1q|   C.
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Then, taking fo, applying Q, and using (2.2) and (2.10), we compute the coordinate with respect

to backward tube TÐ by the formula (we suppress summation in λ here for a moment)

xQp,qfo, ωpTÐqy �¸
TÑPTÑ

fTÑpηq
» 2πT

0

xVp,qpx� 2πκp, t� 2πκqqeik∆τωpTÑq, e�ik∆p2πT�τqωpTÐqydτ �
¸

TÑPTÑ

f�TÑpηq
»
R2

�
Vp,qpx� 2πκp, τ � 2πκqqκ� 1

2ΩTÑpx, τ, kqeiηpαpTÑqpx�2πnpTÑqκq�α2pTÑqτq

� κ�
1
2ΩTÐpx, τ � 2πT, kqe�iηpαpTÐqx�α2pTÐqpτ�2πT qq

	
dxdτ �(3.11)� ¸

TÑPTÑ

f�TÑpηq
»
R2

�
Vp,qpx� 2πκp, τ � 2πκqqκ� 1

2ΩTÑpx, τ, kqeiηpαpTÑqpx�2πnpTÑqκq�α2pTÑqτq

� κ�
1
2ΩTÐpx, τ � 2πT, kqe�iηpαpTÐqpx�2πnpTÐqκq�α2pTÐqpτ�2πT qq

	
dxdτ

	
e�iηαpTÐq2πnpTÐqκ .

If the tubes TÐ and TÑ both intersect Bp,q, then (3.10) holds and the integral above can be written

as

exp
�
2πiηκ

�
pα2pTÑq � α2pTÐqqq � α2pTÐqκ�Op1q

		
FTÑ,TÐpηq,

where

FTÑ,TÐpηq :�
»
R2

�
Vp,qpx� 2πκp, τ � 2πκqq

�
κ�1ΩTÑpx, τ, kqΩTÐpx, τ � 2πT, kq

	
eiηppαpT

Ñq�αpTÐqqpx�2πpκq�pα2pTÑq�α2pTÐqqpτ�2πqκqq
	
dxdτ .(3.12)

Notice that the formula (2.9) can be applied to ΩTÑpx, τ, kq and ΩTÐpx, τ � 2πT, kq which gives

Vp,qpx� 2πκp, τ � 2πκqqΩTÑpx, τ, kqΩTÐpx, τ � 2πT, kq �¸
λ,λ1PZ2

Vp,qpx� 2πκp, τ � 2πκqqΩpλqTÑpx, τ, kq � Ωpλ
1q

TÐ px, τ � 2πT, kq

and, accordingly,

(3.13) FTÑ,TÐpηq �
¸

λ,λ1PZ2

F
pλ,λ1q
TÑ,TÐpηq .

Now, Ω
pλq
TÑpx, τ, kq�Ωpλ

1q
TÐ px, τ � 2πT, kq is compactly supported inside the intersection of corresponding

tubes and its sup-norm decays fast in |λ| and |λ1| due to (6.5). In all estimates that follow, we will

only handle the term that corresponds to λ � λ1 � 0, i.e.

xQp0,0q
p,q fo, ωpTÐqy � e2πiηp�καpTÐqnpTÐq�κ2α2pTÐqq �¸

TÑ:TÑXBp,q�H

f�TÑpηqe2πiηκppα
2pTÑq�α2pTÐqqq�Op1qqF

p0,0q
TÑ,TÐpηq ,(3.14)

where the backward tube TÐ intersects Bp,q. The other terms in (3.13) lead to the same bounds

except that the resulting estimates will involve a strong decay in |λ| and |λ1|. The first factor

e2πiηp�καpTÐqnpTÐq�κ2α2pTÐqq in the formula above only depends on TÐ and it is unimodular. It

will play no role in our estimates. Now, Ω
p0q
TÑpx, t, kq is supported inside TÑ and we consider

F
p0,0q
TÑ,TÐpηq �

»
R2

�
Vp,qpx� 2πκp, τ � 2πκqq

�
κ�1Ω

p0q
TÑpx, τ, kqΩp0qTÐpx, τ � 2πT, kq

	
�

eiηppαpT
Ñq�αpTÐqqpx�2πκpq�pα2pTÑq�α2pTÐqqpτ�2πκqqq

	
dxdτ �(3.15)»

R2

�
Vp,qpx, τq

�
κ�1Ω

p0q
TÑpx� 2πκp, τ � 2πκq, kqΩp0qTÐpx� 2πκp, τ � 2πκq � 2πT, kq

	
�

eiηppαpT
Ñq�αpTÐqqx�pα2pTÑq�α2pTÐqqτq

	
dxdτ .
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By (2.9), (3.1), and (6.5), the function ϕpx{p2πκq � p, t{p2πκq � qqΩp0qTÑpx, τ, kqΩp0qTÐpx, τ � 2πT, kq is
smooth and is supported on CBp,q. Arguing like in (3.6), we can write an estimate

|F p0,0qTÑ,TÐpηq| À κ�1
�
|pVp,q| � |ψκ|

	
p�pαpTÑq � αpTÐqqη, pα2pTÑq � α2pTÐqqηq ,(3.16)

where ψκpξ1, ξ2q � κ2Ψpκξ1, κξ2q, Ψ P SpR2q, and Ψ does not depend on p, q, TÑ, TÐ and k P I.
Consider the function |pVp,q| � |ψκ|. Applying the Cauchy-Schwarz inequality to |pVp,q| � |ψκ| we get

p|pVp,q| � |ψκ|q2pξq ¤
�»

R2

|pVp,qpsq|2 � |ψκpξ � sq|ds


�
»
R2

|ψκpξ � sq|ds À(3.17) »
R2

|pVp,qpsq|2 � |ψκpξ � sq|ds ,

which is the analog of (3.7). From the Lemma 3.1, we conclude that the function |pVp,q| � |ψκ| satisfies
a bound (check (3.5))

(3.18) }
�
|pVp,q| � |ψκ|

	
}pL8XL1qptξ:ρ1�ϵ |ξ| ρ2�ϵucq ¤ϵ,N T�N

for every small ϵ ¡ 0 and every N P N. Moreover,

(3.19) }
�
|pVp,q| � |ψκ|

	
}2 À T

1
2�γ .

Formula (3.16) shows that F
p0,0q
TÑ,TÐpηq is bounded by the restriction of |pVp,q| � |ψκ| to the “curve”:

p�pαpTÑq � αpTÐqqη, pα2pTÑq � α2pTÐqqηq, η P I�1 .

For fixed αpTÑq and αpTÐq, that is a straight segment or a point 0 when η P I�1. For fixed η P I�1

and αpTÑq, that is a piece of parabola when αpTÐq spans a segment. By (3.18), F
p0,0q
TÑ,TÐ is negligible

unless (recall that η P r 14 , 12 s)
(3.20) |αpTÑq � αpTÐq| �ρ1,ρ2

1, |αpTÑq � αpTÐq| �ρ1,ρ2
1 .

For given ρ1 and ρ2, we can choose positive δ small enough to guarantee that |αpTÑq| ¤ δ implies

(3.21) |αpTÐq| � 1 .

Without loss of generality, we can therefore assume that αpTÐq � 1. Hence, the set of backward

tubes relevant to us is

T Ð :� tTÐ : |npTÐq|   Cpρ1, ρ2, δqκ, 0   C1pρ1, ρ2, δq ¤ αpTÐq ¤ C2pρ1, ρ2, δqu
so that (3.20) holds for each TÑ P T Ñ and TÐ P T Ð. Notice that each Bp,q P ΥT is intersected by

� δκ tubes TÑ P T Ñ and by � κ tubes TÐ P T Ð.

3.2. Sparsifying V . For TÑ P T Ñ and TÐ P T Ð, each set TÑ X TÐ can be covered by at most C

cubes Bp,q (see Figure 2 above).

Figure 3

Notice that, for each P P N, the potential V can be written (by “sparsifying” periodically) as

(3.22) V px, tq �
¸

p,qPZ2

Vp,qpx� 2πκp, t� 2πκqq �
¸

αPt0,...,P�1u,βPt0,...,P�1u

V pα,βqpx, tq ,

where each V pα,βq, defined by

V pα,βqpx, tq :�
¸

n,mPZ2

VnP�α,mP�βpx� 2πκpnP � αq, t� 2πκpmP � βqq ,
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satisfies a bound dist p suppVnP�α,mP�β , suppVn1P�α,m1P�βq Á Pκ for all pn,mq � pn1,m1q. Figure 3
has P � 3 and the red boxes correspond to choosing α � 0 and β � 1.

Therefore, for P large enough, TÑ P T Ñ and TÐ P T Ð, the set TÑ X TÐ intersects at most one

characteristic cube out of the set BnP�α,mP�β when α and β are fixed.

Hence, going from one function V to any of P 2 functions V pα,βq, we can always guarantee that each

set TÑ X TÐ intersects at most one Bp,q. Going forward, we can assume without loss of generality

that this property holds for the original V .

3.3. Contribution from all of V . In the general case, given TÐ, we need to account for all char-

acteristic cubes that intersect it. Hence, we need to control

DTÐpηq :� e2πiηp�καpTÐqnpTÐq�κ2α2pTÐqq �(3.23) ¸
Bp,q :Bp,qXTÐ�H

¸
TÑ:Bp,qXTÑ�H

f�TÑpηqe2πiηκppα
2pTÑq�α2pTÐqqq�Op1qqF p0,0qTÑ,TÐpηq .

Take µpηq, any smooth non-negative bump function supported on I�1 and write»
R
µpηq |DTÐpηq|2 dη �

»
R
µpηq �(3.24)¸

Bp,qXTÐ�H

¸
Bp1,q1XTÐ�H

¸
TÑ:

Bp,qXTÑ�H

¸
T 1Ñ:

Bp1,q1XT 1Ñ�H

e2πiηκppα2pTÑq�α2pTÐqqq�pα2pT 1Ñq�α2pTÐqqq1�Op1qq

� f�TÑpηqf�T 1ÑpηqF p0,0qTÑ,TÐpηqF p0,0qT 1Ñ,TÐpηqdη � Σ
pnrq
TÐ � Σ

prq
TÐ ,

where Σ
prq
TÐ is the sum that corresponds to the resonance indexes given by the following global resonance

conditions:

(3.25)
���pα2pTÑq � α2pTÐqqq � pα2pT 1Ñq � α2pTÐqqq1��� Æ 1 ,

that do not depend on the choice of V . For definiteness, we can assume that the bound Æ 1 takes

the form: | � | � OpRq, R � Cεκ
ε with a fixed positive ε that can be chosen arbitrarily small. Having

mentioned that, we define GpTÑ, T 1Ñq as a set of backward tubes TÐ that form the global resonance

with TÑ and T 1Ñ.

Lemma 3.2. We have |ΣpnrqTÐ | ¤ Cjκ
�j for every j P N.

Proof. Recall that (2.11) restricts |ℓ| ¤ Cδκ in (2.4). Next, one can apply a non-stationary phase

argument. In the integral»
R
µf�TÑf

�
T 1Ñe

2πiηκppα2pTÑq�α2pTÐqqq�pα2pT 1Ñq�α2pTÐqqq1qe2πiκηOp1qF p0,0qTÑ,TÐF
p0,0q
T 1Ñ,TÐdη ,

we use (2.4), (3.12), and the bound (2.7) to integrate in η by parts consecutively to get����»
R
µf�TÑf

�
T 1Ñe

2πiηκppα2pTÑq�α2pTÐqqq�pα2pT 1Ñq�α2pTÐqqq1qe2πiκηOp1qF p0,0qTÑ,TÐF
p0,0q
T 1Ñ,TÐdη

���� À
¤j,ε κ

�j , j P N, ε ¡ 0 ,

provided that
���pα2pTÑq � α2pTÐqqq � pα2pT 1Ñq � α2pTÐqqq1��� ¥ κε . Since the quadruple sum in

(3.24) contains at most Cκ4 terms, we get the statement of the lemma. □

This lemma shows that we only need to focus on the resonant terms which constitute a small

proportion of all possible combinations. We will study these resonant configurations next.

4. Resonant terms and proofs of the main results.

For the generic η P I�1, our goal is to estimate
°

TÐ |DTÐpηq|2 where DTÐ is from (3.23). By

Lemma 3.2, the contribution from non-resonant indexes is negligible. Consider the sum of the resonant
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terms. It can be rewritten in the following form

A :�
¸
TÐ

{̧
TÑ,T 1Ñ

f�TÑ f̄
�
T 1Ñ �(4.1)

e2πiηκppα2pTÑq�α2pTÐqqq�pα2pT 1Ñq�α2pTÐqqq1qe2πiκηOp1qF p0,0qTÑ,TÐF
p0,0q
T 1Ñ,TÐ

�
¸

TÑ,T 1Ñ

f�TÑ f̄
�
T 1Ñ �(4.2)

¸
TÐPGpTÑ,T 1Ñq

e2πiηκppα2pTÑq�α2pTÐqqq�pα2pT 1Ñq�α2pTÐqqq1qe2πiκηOp1qF p0,0qTÑ,TÐF
p0,0q
T 1Ñ,TÐ ,

where TÐ P T Ð and TÑ, T 1Ñ P T Ñ. The symbol p° in the first formula indicates that the summation

is done over the resonant configurations, i.e., those for which (3.25) holds.

Proof of the Theorem 2.2. In the wave packet decomposition (2.2), we organize summation in

parameter ℓ : |ℓ| ¤ δκ dyadically and write fo � °
j¤N fj , N � log2pδκq and each fj corre-

sponds to the the range |ℓ| � ℓj � 2j�Nδκ, i.e., 2j�N�1δκ   |ℓ| ¤ 2j�Nδκ. Specifically, fjpxq �°
nPZ

°
|ℓ|�ℓj

ωn,ℓpx, kqfn,ℓpηq . From (2.5), we get

(4.3) }fo}22 �
¸
j

}fj}22, }fj}2 À }fo}2 .

Applying the triangle inequality and then Cauchy-Schwarz bound, one can write

(4.4) }Qfo}22,2 ¤
� ¸

j¤N

}Qfj}2,2
�2

À N
¸
j¤N

}Qfj}22,2 ,

where }gpx, ηq}2,2 for a function g refers to the norm
�³

I�1

³
R |gpx, ηq|2dxdη

� 1
2 . The size of N will be

negligible in the later estimates so we will focus on estimating each term in the sum.

Consider fj that corresponds to the dyadic shell |ℓ|, |ℓ1| � ℓj and focus on the corresponding

expression
°

TÐPTÐ

�
Σ
pnrq
TÐ �Σ

prq
TÐ

	
(see (3.24)), where fj is used instead of fo and therefore the tubes

TÑ and T 1Ñ satisfy |αpTÑq| � ℓj{κ, |αpT 1Ñq| � ℓj{κ. The contribution from the non-resonant terms

is negligible so we focus only on the resonant terms collected in Aj , which is defined as in (4.1). Using

a trivial bound ab ¤ pa2 � b2q{2, we get

|Aj | À A
p1q
j �A

p2q
j ,(4.5)

A
p1q
j �

¸
TÑ

|f�TÑ |2
¸
T 1Ñ

¸
TÐPGpTÑ,T 1Ñq

|F p0,0qT 1Ñ,TÐ |2,(4.6)

A
p2q
j �

¸
T 1Ñ

|f�T 1Ñ |2
¸
TÑ

¸
TÐPGpTÑ,T 1Ñq

|F p0,0qTÑ,TÐ |2 .(4.7)

We will estimate A
p1q
j , the bound for A

p2q
j is similar. From (2.4), one has

f�n,ℓpηq �
η

2π
?
κ

» 4πκ

0

fjps� 2πnκqhpsκ�1qe�iℓηsκ�1

ds .

We write ξ � ℓη{κ and recall that |ℓ| � ℓj . Then,

(4.8)

»
I�1

A
p1q
j dη À 1

ℓj

¸
n

»
|ξ|κ{ℓjP2I�1

����» 4πκ

0

fjps� 2πnκqhpsκ�1qe�iξsds

����2Mnpξqdξ ,

where, with fixed n,

Mnpξq :�
¸
ℓ

¸
T 1Ñ

¸
TÐPGpTÑn,ℓ,T

1Ñq

|F p0,0qT 1Ñ,TÐpξκ{ℓq|2

and we again emphasize that |ℓ| � ℓj , |ℓ1| � ℓj in the sum above. Recall that the symbol R denotes a

positive quantity that satisfies R Æ 1. If we can show that

(4.9) sup
|ξ|κ{ℓjP2I�1

Mnpξq Æ pℓjκ� 1
2 � 1qT 1�2γpℓj �Rqκ,
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then the Plancherel theorem would yield (after we extend integration in ξ over the whole real line

ξ P R in the right-hand side of (4.8)):

(4.10)

»
I�1

A
p1q
j dη Æ pℓjκ� 1

2 � 1qT 1�2γpℓj �OpRqqκ
ℓj

}fj}22 .

We focus on proving (4.9) now, where we can choose n � 0 without loss of generality. Consider the

expression

(4.11)
¸

|ℓ|�ℓj

¸
T 1Ñ

¸
TÐPGpTÑ0,ℓ,T 1Ñq

|F p0,0qT 1Ñ,TÐpξκ{ℓq|2

that defines Mn. Here, all tubes T 1Ñ satisfy condition |ℓ1| � ℓj .

t

B1

B

0

x

T 1Ñ

Figure 4

TÑ TÐ

We can organize (4.11) by first summing over all cubes B1 that are at the intersection of T 1Ñ, TÐ,

i.e., B1 X pT 1Ñ X TÐq � H. By assumptions that we made in subsection 3.2, this cube is unique if it

exists. Hence,

(4.12)
¸

|ℓ|�ℓj

¸
T 1Ñ

¸
TÐPGpTÑ0,ℓ,T 1Ñq

|F p0,0qT 1Ñ,TÐpξκ{ℓq|2 �
¸
B1

¸
|ℓ|�ℓj

¸
T 1Ñ

¸
TÐPGpTÑ

0,ℓ
,T 1Ñq:

B1XpT 1ÑXTÐq�H

|F p0,0qT 1Ñ,TÐpξκ{ℓq|2 .

Fix any B1. If n1 in T 1Ñ � TÑn1,ℓ1 is given, it defines ℓ
1 essentially uniquely since the cube B1 is at

least cκ units away from the axis OX. We will show that for each B1, one has

(4.13)
¸

|ℓ|�ℓj

¸
T 1Ñ

¸
TÐPGpTÑ

0,ℓ
,T 1Ñq:

B1XpT 1ÑXTÐq�H

|F p0,0qT 1Ñ,TÐpξκ{ℓq|2 Æ pℓjκ� 1
2 � 1qT 1�2γ .

Let B : B X pTÑ0,ℓ X TÐq � H be the other cube from the global resonance condition between

TÑ0,ℓ, T
1Ñ, and TÐ. Recall that if the “unit coordinates” of B are pp, qq, the actual coordinates of the

southwestern corner of B are x � 2πpκ, t � 2πqκ. Given that |ℓ| � ℓj , the “unit coordinates” pp, qq
of B satisfy |p| � ℓj , q � κ. Then, the total number of all possible cubes B satisfies #B À ℓjκ. The

global resonance condition (3.25) gives

OpRq � α2pTÑq � α2pTÐq
α2pT 1Ñq � α2pTÐqq � q1 � q � q1 � q

α2pTÑq � α2pT 1Ñq
α2pT 1Ñq � α2pTÐq

and it shows that |q� q1| À ℓj �R because |αpTÑq| À ℓj{κ and |αpT 1Ñq| À ℓj{κ. Therefore, the cubes
B and B1 that are involved in the global resonance are at most Cpℓj �Rq units away from each other.

Hence, we get #B1 À pℓj �Rqκ for the number of cubes B1 and (4.13) implies (4.9). To prove (4.13),

we will show that

(4.14)
¸

|ℓ|�ℓj

¸
T 1Ñ

¸
TÐPGpTÑ

0,ℓ
,T 1Ñq:

B1XpT 1ÑXTÐq�H

|F p0,0qT 1Ñ,TÐpξκ{ℓq|2 À pℓjκ� 1
2 � 1q

»
|pVB1ps1, s2q|2ds1ds2

for every B1. Consider (3.16). On the Fourier side, cover the annulus tρ1 � ϵ   |ξ|   ρ2 � ϵu that

essentially supports pVB1 (see (3.5)) by at most C 1κ2 balls or radius κ�1 such that no point in that

annulus belongs to more than C such balls. By (3.16), every choice of ℓ, n1 and TÐ gives an evaluation

of |pVB1 |�|ψκ| at a particular frequency which is at the intersection of at most C balls. Since the value of
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p|pVB1 |� |ψκ|q2 at any point is essentially dominated by the average of |pVB1 |2 over its κ�1–neighborhood

(see (3.17) for the precise bound), we only need to show that every such ball can correspond to at

most Æ ℓjκ
� 1

2 � 1 such triples pℓ, n1, TÐq (recall here that n1 determines ℓ1 essentially uniquely).

We will use notation α � αpTÑq � ℓ{κ, α1 � αpT 1Ñq � ℓ1{κ, and β � αpTÐq. Checking the

argument on the right-hand side of (3.16), we obtain

ξ
κpα1 � βq

ℓ
� ξ1 �Opκ�1q, ξ

κpα12 � β2q
ℓ

� ξ2 �Opκ�1q ,
where p�ξ1, ξ2q is the center of the fixed ball in a partition and the bounds in (3.20) yield |ξ1p2q| � 1.

Recall that |ξ| � ℓj{κ, |α| � |α1| � ℓj{κ and |β| � 1. Let µ1 � 0.5ξ1ξ
�1 and µ2 � 0.5ξ2ξ

�1
1 . Then,

α1 � 1

2

�
ξ�1ξ1α� ξ2

ξ1



�Opκ�1q � µ1α� µ2 �Opκ�1q,(4.15)

β � 1

2

�
ξ2
ξ1
� ξ�1ξ1α



�Opκ�1q � µ2 � µ1α�Opκ�1q(4.16)

and we get |µ1| � |ξ|�1 � κ{ℓj , |µ2| � 1. These formulas show that each α defines α1 � ℓ1{κ and β up

to Opκ�1q correction, i.e., essentially uniquely. Now, we will employ the global resonance condition

to get the restrictions on the possible range of α.

Let B1 has “unit coordinates” q1 � κ and p1 � 2hκ (all other values of q1 can be handled similarly).

We already saw that |h|κ À ℓj � R. Recall that the slope of each tube TÑ equals 2αpTÑq. Then, if

B has “unit coordinates” pp, qq, we can define t :� q� κ and use elementary geometric considerations

(check Figure 4) to get

p � 2αpκ� tq �Op1q � 2hκ� 2tβ �Op1q .
So, t � κpα� hq{pβ � αq �Op1q and

q � κpβ � hq
β � α

�Op1q .

We substitute that expression, along with formulas (4.15) and (4.16) for α1 and β, into the global

resonance condition (3.25):

pα2 � β2qq � pα12 � β2qq1 �OpRq ,
where q1 � κ. That gives an equation for finding α:

Hpαq :� α2µ1pµ1 � 1q � αphp1� µ1q � µ2 � 2µ1µ2q � µ2pµ2 � hq � OpR{κq .
We recall that |µ1| � κ{ℓj " 1, |µ2| � 1 and |α| � ℓj{κ. The function H{pµ1pµ1 � 1qq is a quadratic

polynomial and its leading coefficient is equal to one. So, the allowed interval for solution α is at most

ℓjR
1
2κ�

3
2 in length, which comes from the case when the roots of the parabola are close to each other

(see Figure 5).

α

Hpαq{pµ1pµ1 � 1qq

Figure 5

By (4.15) and (4.16), each α determines α1 and β up to Opκ�1q correction, i.e., essentially uniquely.

Since α � ℓ{κ and ℓ P Z, that gives us Æ ℓjκ
� 1

2 � 1 choices for the number of triples pℓ, T 1Ñ, TÐq and
(4.14) is proved. From our previous arguments, we know that (4.14) implies (4.10). Now, substitution
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of (4.10) into (4.4) yields

}Qfo}22,2 Æ
¸
j¤N

pℓjκ� 1
2 � 1qT 1�2γpℓj �OpRqqκ

ℓj
}fj}2

(4.3)

Æ κ�
3
2T 2�2γ}fo}2

¸
j¤N

ℓj À δκ�
1
2T 2�2γ}fo}2 .

The proof of Theorem 2.2 is finished. □

Now, we are ready to prove our main result.

Proof of Theorem 1.3. Given our assumptions, Up0, t, kqf � Up0, t, kqfo � op1q uniformly in t and

k. Take tj � 2πjT {N where j P t0, . . . , Nu and N is to be chosen later. Write u :� Up0, t, kqfo and

define εj through the formula Up0, tj , kqfo � eik∆tjfo � εjpkq . By the group property, Up0, tj�1, kq �
Uptj , tj�1, kqUp0, tj , kq. We can use the Duhamel expansion (1.9) for the first factor to get

Up0, tj�1, kqfo � eik∆tj�1fo � i

» tj�1

tj

eik∆ptj�1�τqV p�, τqeik∆τfodτ � Uptj , tj�1, kqεjpkq �∆j ,

where

∆j :� �
» tj�1

tj

eik∆ptj�1�τ1qV p�, τ1q
» τ1

tj

eik∆pτ1�τ2qV p�, τ2qup�, τ2, kqdτ2dτ1
and }∆j} À pT {Nq2T�2γ because }up�, t, kq} À 1 for all t. Hence,

ϵj�1pkq � �i
» tj�1

tj

eik∆ptj�1�τqV p�, τqeik∆τfodτ � Uptj , tj�1, kqεjpkq �∆j .

Consider the first term in the formula above. Following (3.2), we can write

χtj t tj�1
� V px, tq � V pjqpx, tq � Verrpx, tq ,

where

V pjq :�
¸

pp,qq:2Bp,q�R�rtj ,tj�1s

Vp,qpx� 2πκp, t� 2πκqq .

The term Verrpx, tq is supported in t on rtj , tj �Cκs Y rtj�1 �Cκ, tj�1s and }Verr}L8pR2q À T�γ . We

write » tj�1

tj

eik∆ptj�1�τqV pjqeik∆τfodτ �» tj�1

0

eik∆ptj�1�τqV pjqeik∆τfodτ � e�ik∆pT�tj�1q

» T

0

eik∆pT�τqV pjqeik∆τfodτ

and apply Theorem 2.2 to the » T

0

eik∆pT�τqV pjqeik∆τfodτ

recalling that V pjqpx, tq � 0 for t   C1T . That gives�»
I

}ϵj�1}2dk
	 1

2 Æ CT 1�γ� 1
8 �

�»
I

}ϵj}2dk

 1

2

� CT 2�2γN�2 � CT
1
2�γ .

Iterating N times and using ε1 � 0, we get
�³

I
}ϵN }2dk

	 1
2 Æ NT 1�γ� 1

8 � T 2�2γN�1 � NT
1
2�γ .

Choosing N � T
9
16�

γ
2 , one has

�³
I
}ϵN }2dk

	 1
2 Æ T

23
16�

3γ
2 and the proof is finished by letting γ0 � 23

24 .

□

5. Creation of the resonances.

In that section, we show how the free evolution can be distorted by the potential V of a small

uniform norm. In particular, we will see that the Corollary 1.2 does not hold for γ   1. That explains

that the set of resonant parameters in Theorem 1.3 can indeed be nonempty.

Definition. In our perturbation analysis, we will say that the solution u in (1.1) experiences the

anomalous dynamics for a given T -dependent initial data f and k if limTÑ8 }upx, T, kq � eik∆T f}2
either does not exist or is not equal to zero.
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Lemma 5.1 (Approximation Lemma). Given real-valued V px, tq that satisfies }V p�, tq}L8pRq À
T�γ , t P r0, T s, we suppose N is chosen such that N�1T 2�2γ À 1. Then,

(5.1) }Up0, tj , kq � peik∆d �Qjq � . . . � peik∆d �Q1q} À N�1T 2�2γ , j � t1, . . . , Nu,
where tj :� jT {N, d :� T {N , and Qj :� �i ³tj

tj�1
eik∆ptj�τqV eik∆pτ�tj�1qdτ .

Proof. If ∆j :� Up0, tj , kq � peik∆d �Qjq � . . . � peik∆d �Q1q, Rj :� Uptj�1, tj , kq � peik∆d �Qjq, then
Up0, tj , kq � peik∆d �Qj �RjqUp0, tj�1, kq

� peik∆d �Qj �Rjqppeik∆d �Qj�1q � . . . � peik∆d �Q1q �∆j�1q
� peik∆d �Qjq � . . . � peik∆d �Q1q �RjUp0, tj�1, kq � peik∆d �Qjq∆j�1 .

Hence, ∆j � RjUp0, tj�1, kq � pUptj�1, tj , kq � Rjq∆j�1 and we use Lemma 1.1 to get a bound

}∆j} ¤ p1�αq}∆j�1}�α, }∆1} ¤ α , where α :� CT�2γd2. Then, by induction, }∆j} ¤ p1�αqj�1 ¤
eαj � 1 À αj and the last estimate holds provided that αj À 1. Taking j � N , we get the statement

of our lemma. □

Taking N � T 2�2γµpT q, limTÑ8 µpT q � �8 in this lemma, we get a good approximation for the

dynamics by a product of N relatively simple factors. Clearly, the same result holds if we replace

x P R by x P RzpCT qZ.
(A) Creation of anomalous dynamics using a bound state. Consider any smooth non-positive

function qpsq supported on r�1, 1s which is not equal to zero identically. The standard variational

principle yields the existence of a positive bound state φpsq that solves �φ2�λqφ � Eφ,E   0 when

a positive coupling constant λ is large enough. The number E is the smallest eigenvalue and φ is an

exponentially decaying smooth function. We can normalize it as }φ}L2pRq � 1. Hence, one gets

iyτ � �∆y � λqy, yps, τq � φpsqe�iEτ , yps, 0q � φpsq .
Given T and αT , we can rescale the variables upx, tq :� α

1
2

T ypαTx, α
2
T tq. Then,

iut � �∆u� λα2
T qpαTxqu, }upx, 0q}L2pRq � 1.

The initial value upx, 0q is now supported around the origin at scale α�1
T , and its Fourier transform is

supported around the origin on scale αT . The potential V2 � λα2
T qpαTxq satisfies |V2| À λα2

T . Hence,

taking αT � T�
γ
2 , we satisfy |V | À λT�γ . Nonetheless, the function upx, 0q of scale T γ{2 ! T 1{2

evolves into upx, T q which is supported around zero and has the same scale as upx, 0q. On the other

hand, ei∆Tupx, 0q is supported around the origin and has the scale T 1� γ
2 " T

γ
2 if γ   1. This is one

example of anomalous transfer when the potential, small in the uniform norm, traps the wave and

prevents its propagation.

(B) Anomalous dynamics: construction of a resonance. We now focus on another problem with

time-independent potential:

(5.2) iut � �∆u� T�γ cosp2xqu, upx, 0q � T�
1
2 pa0eix � b0e

�ixq, x P R{pTZq, T P 2πN ,

γ P p 12 , 1q and |a0|2 � |b0|2 � 1. Consider operators Qj from Approximation Lemma. They do not

depend on j and, if we denote Q :� Qj , then

T�
1
2Qpa0eix � b0e

�ixq � �iT�γ� 1
2

» d

0

ei∆pd�τq cosp2xq � ei∆τ pa0eix � b0e
�ixqdτ .

For arbitrary a and b, one can write

�T� 1
2Qpaeix � be�ixq � iT�γ� 1

2

» d

0

ei∆pd�τq cosp2xqpaeipx�τq � be�ipx�τqqdτ �

i
a

2
T�γ� 1

2

» d

0

e�iτei∆pd�τqe3ixdτ � i
b

2
T�γ� 1

2

» d

0

e�iτei∆pd�τqe�3ixdτ �

i
a

2
T�γ� 1

2

» d

0

e�iτei∆pd�τqe�ixdτ � i
b

2
T�γ� 1

2

» d

0

e�iτei∆pd�τqeixdτ .
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We can arrange d to make sure that d � T {N P 2πN and N � T 2�2γ . Then,

T�
1
2Qpaeix � be�ixq �

�
� ib

2
T�γ� 1

2 d



eix �

�
� ia

2
T�γ� 1

2 d



e�ix

and the product in (5.1) takes the form�pei∆d �Qjq � . . . � pei∆d �Q1q
� pa0eix � b0e

�ixq � aje
ix � bje

�ix ,

where �
aj
bj



�
�
1 λ

λ 1


j �
a0
b0



, λ � � idT

�γ

2
.

From the Approximation Lemma, we get

}upx, djq � T�
1
2 pajeix � bje

�ixq}2 � op1q, T Ñ8
for j � opNq. The eigenvalues of the matrix

�
1 λ
λ 1

�
are z� � 1	 i|λ| so�

aj
bj



� zj�

�
1

1



a0 � b0

2
� zj�

�
1

�1


a0 � b0

2
.

Since N � T 2p1�γq, zj� � elogp1�i|λ|qj � e�ip|λ|j�Op|λ|2jqq � e�i|λ|jp1�Op|λ|2jqq if j � opNq. A similar

calculation can be done for zj�. Hence, already for j " NT γ�1, the solution u with initial data eixT�
1
2

will carry nontrivial L2 norm on frequency band teiαx, |α � 1| ¡ 0.1u which indicates the anomalous

dynamics. That is achieved by the creation of a resonance that changes the direction of the wave.

Remark. We notice that introduction of the parameter k ¡ 0 in the form

iut � �k∆u� T�γ cosp2xqu, upx, 0, kq � T�
1
2 eix

only rescales the time and potential, and the resonance occurs for all positive k. That also indicates

that δ in (1.18) must be taken sufficiently small for (1.19) to hold.

Remark. In the evolution iut � �∆u� V px, tqu, the energy

Eptq �
» �|ux|2 � V |u|2� dx

satisfies E1ptq � ³
Vtpx, tq|upx, tq|2dx provided that V is smooth in t. In particular, E is a conserved

quantity for time-independent V . For initial data f � eixT�
1
2 and V � T�γ cosp2xq, we get E � 1.

That, however, does not contradict the existence of a resonance since other functions also give rise to

the same energy, e.g., rf � e�ixT�
1
2 . Hence, in our example above, we realize the transfer of L2–norm

along the equi-energetic set.

The resonance phenomenon described above in (5.2) where x P R{pTZq also takes place if we

consider the same equation on R and the initial data is replaced by eixT�
1
2µpx{T q where µ is a

compactly supported smooth bump satisfying µpxq � 1 for |x|   1. Next, we introduce parameter k

and consider the problem

(5.3) iyt � �k∆y � T�γ cosp2xqy, ypx, 0, kq � T�
1
2 ei

1
2kxµpx{T q, x P R ,

which exhibits the resonance for k � 1
2 as we just established. We recast it using the modulation

scaling described in the Appendix. In particular, ψpx, t, kq :� e�ip t
4k�

x
2k qypx� t, t, kq solves

(5.4) iψt � �k∆ψ � T�γ cosp2x� 2tqψ, ψpx, 0, kq � T�
1
2µpx{T q, x P R .

The solution to problem (5.4) satisfies (1.19) and so it is non-resonant for generic k. Nevertheless, for

k � 1
2 , it is resonant, Indeed, it has no local oscillation when t � 0 but starts to oscillate like e�2ix

locally when t " T γ giving a boost to the Sobolev norms. In particular, the Corollary 1.2 does not

hold for γ   1 and the set Res of resonant parameters k in Theorem 1.3 can indeed be nonempty.

(C) The lower bound for the norm of the one-collision operator. For x P RzTZ, T � 2πN,N P 2N,
consider a one-collision operator Q defined in (2.12) and write it in the form:

(5.5) Q � eik∆p2πNqQ�, Q� :�
» 2πN

0

e�ik∆tV p�, tqeik∆tdt .

Now, we study the operator norm }Qpkq} as a function in k P I.
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Lemma 5.2. Let I � R� be any interval and γ P p0, 1q. There is V such that }V }L8pRzTZ�r0,T sq ¤
CT�γ such that »

I

}Qpkq}2dk Á T 1�γ .

Proof. Since eik∆p2πNq is unitary, we only need to focus on }Q�pkq} from (5.5). Write the matrix

representation of Q� in the Fourier orthonormal basis tT� 1
2 eixn{N , n P Zu:

q�n,mpkq �
» 2πN

0

pVn�mptqeikpn2�m2qtN�2

dt ,

where pV denotes the Fourier transform of V in the x-variable. Take V � N�γeipx�tq, which yields

n�m � N and

|q�n,n�N pkq| � N�γ

�����1� e2πiNp�1�kp1�2mN�1qq

�1� kp1� 2mN�1q

����� .
Since }Q�} ¥ maxn,m |q�n,m| ¡ CN1�γ for k P I 1 � I, |I 1| ¡ c|I| with some positive c, we get our

statement. □

Remark. Notice that potential V in the proof above oscillates and its Fourier support is separated

from the origin. The norm }Qpkq} in this example is large when 2mN�1 � 1 � k�1 is close to zero.

Hence, if I contains k � 1, even restricting m to the range |m| ¤ δN, δ ! 1 does not prohibit the

norm to be of size N1�γ . This construction can be easily adapted to x P R by using our wave packet

decomposition.

6. Appendix.

Basic properties of 1d Schrödinger evolution. The following two scaling properties of Schrödinger

evolution can be checked by direct inspection.

(a) Modulation. If upx, t, kq solves
iut � �k∆u� qpx, tqu, upx, 0, kq � fpxq ,

then ψpx, t, kq :� e�i β2

4k t�i β
2kxupx� βt, t, kq solves

(6.1) iψt � �k∆ψ � qpx� βt, tqψ, ψpx, 0, kq � e�i β
2kxfpxq.

(b) Scaling of time and space variables. If upx, tq solves
iut � �∆u� qpx, tqu, upx, 0q � fpxq ,

then ϕpx, tq :� upβx, σtq solves
iϕt � �σβ�2∆ϕ� σqpβx, σtqϕ, ϕpx, 0q � fpβxq

for all β � 0 and σ ¡ 0.

(c) Evolution of a bump function. Suppose h P SpRq and let

(6.2) Upx, tq � eit∆h .

Then, xxyβ |pBνt BαxUqpx, tq|   Cα,β,ν , α, β, ν P Z� uniformly in t P r�t0, t0s with an arbitrary fixed

positive t0. That is immediate from the Fourier representation of Schrödinger evolution.

(d) Evolution of a scaled bump. Suppose h P SpRq and κ � ?
T ¥ 1. Then,

(6.3) eit∆hpx{κq � Upx{κ, t{κ2q
and hence

Bνt Bαx
�
eit∆hpx{κq

	
� κ�α�2νpBνt BαxUqpx{κ, t{κ2q, α, ν P Z� .

That follows directly from the previous observation. For α � ν � 0 and κ Ñ 8, the function in the

right-hand side is essentially supported in the neighborhood of the tube px, tq P r�κ, κs � r�κ2, κ2s,
when t is restricted to r�T, T s but that localization is not exact as function U is not compactly
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supported in x. To have a sharper form of localization, we apply the following decomposition. Suppose

ϕ P C8
c pRq, suppϕ P r�2π, 2πs and 1 � °λPZ ϕpx� 2πλq . Then, we can write

(6.4) Upx, tq �
¸
λPZ

Uλpx, tq, Uλpx, tq :� Upx, tqϕpx� 2πλq

and

(6.5) xλyβ |Bνt BαxUλpx, tq| ¤ Cα,ν,β , α, β, ν P Z�

if t P r�1, 1s. Hence, we can rewrite

(6.6) eit∆ϕpx{κq �
¸
λPZ

Uλpx{κ, t{κ2q ,

where each Uλpx{κ, t{κ2q is supported on the tube r�2πκ � 2πλκ, 2πκ � 2πλκs � r�T, T s when t P
r�T, T s. Moreover, (6.5) indicates that the contribution from Uλpx{κ, t{κ2q is negligible for large λ.
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