WAVE PACKET DECOMPOSITION FOR SCHRODINGER EVOLUTION WITH
ROUGH POTENTIAL AND GENERIC VALUE OF PARAMETER

SERGEY A. DENISOV

ABSTRACT. We develop the wave packet decomposition to study the Schrodinger evolution with
rough potential. As an application, we obtain the improved bound on the wave propagation for the
generic value of parameter.
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1. INTRODUCTION.

That work aims to develop a new technique in perturbation theory for dispersive equations. As a
model case, we take Schrodinger evolution with time-dependent real-valued potential V' (z,t):

(1.1) iug(x,t, k) = —kAu(z, t, k) + V(x, t)u(z, t, k), u(z,0,k) = f(x), teR A:=0d2,

where k € R is a real-valued parameter. For a large value of T' » 1, we consider the problem (1.1)
either on the real line z € R or on the torus z € R/27TZ and make the following assumptions about
the real-valued potential V' and the initial data f when studying u for ¢ € [0, 27T1:

(A) if z € R, then

(1.2) IV (2, )| Lo ®mxoerry ST 7,7 >0,

13) @) < o,

(B) if z € R/27TZ, then

(1.4) IV (z,t)| L ®2nrzxo2ry ST 7,7 >0,

(1.5) 1f (z)]2 < co.
int

The behavior of free evolution e*2? is well-understood (the presence of k only scales the time t). It is
governed by the dispersion relation for which the higher Fourier modes propagate with higher speed,
giving rise to ballistic transport. In the current work, we study how the presence of V' changes the
free evolution e?*2 f for the time interval ¢ € [0, 2777.
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The solution u in (1.1) is understood as the solution to the Duhamel integral equation

¢
(1.6) u(-,t, k) = eFAtf — g J A (Y-, T, k)dr,  te [0,27T]
0
in the class u € C([0,27T], L?). Its existence and uniqueness are immediate from the contraction
mapping principle. More generally, for 0 < ¢; < ¢t < 277, the symbol U(¢1,t, k) denotes the operator
f e Uty t, k) f where U(ty,t,k)f solves

(17) iatU(tlatvk)f = _kAU(tlvtvk)f + V(th)U(t17t7k)fa U(tlvtlvk)f = f

The propagator U satisfies the standard group property: U(ti,¢1,k) = I,U(t1,t2,k)U(to,t1,k) =
Ulto,t2, k), and, since V is real-valued, U is a unitary operator in L? : |[Uf|lz2 = |f|2. To set the
stage, we start with an elementary perturbative result (below, the symbol ||O|| indicates the operator
norm of the operator O in the space L?).

Lemma 1.1. Suppose 0 <t1 <t <ty < 27T and |V|e <T 7. Then,

¢
(1.8) Ulty, t, k) = eRAl—t) _ ZJ eFAU=TIY (L 1)k A=) g 4 By
t

1

and the operator norm of Err allows the estimate |Err|| < T2 (ty —t1)2.

Proof. That follows from the representation

¢
(1.9) Ulty,t, k) = eFAl—t) ZJ eRAET Y (L )kt gr 4 B
t1

T1

¢
Err = —f eikA(t*Tl)V(-,Tl)f eRAMTTY (U (b, 7o, k)drodr
¢

1 t1

and two bounds: |V = <T77 and |U(t1, 72, k)| = 1. O
That lemma has an immediate application.

Corollary 1.2. Suppose v > 1, then
(1.10) [U(0,t, k) — e*A| = O(T' ), te [0,27T], ke R.

Hence, for v > 1, the propagated wave is asymptotically close to the free dynamics irrespective of
the value of k£ and of the initial vector f. In the current paper, we study the problem for generic k
and show that the analogous result holds for some v below the elementary threshold 1. We also give
examples which show that (1.10) cannot hold for v < 1 for all k, in general.

The Schrodinger evolution with smooth V' was studied in [1, 11, 13] where the upper and lower
estimates for the Sobolev norms of the solution were obtained. In the context of the general evolution
equations, these questions were addressed in [6, 8]. Equations similar to (1.1) appear in the study
of Green’s function G(-,, k?) of the stationary two-dimensional Schrédinger equation —A + V with
slowly-decaying V(z1,z2) where (z1,22) € R? and k € R*. When written in the polar coordinates
(0,7),0 € [0,27),r > 0 with r considered as “time”-variable ¢, the WKB-type correction takes the
form close to (1.1) (see [7] for more detail). The asymptotics of solutions to the 2 x 2 systems of ODE
for generic value of parameters was studied using the harmonic analysis methods (see, e.g., [3, 4] and
references therein). Below, we develop a different approach. It is based on writing the linear in V
term in (1.9)

t
(1.11) J GRAUTI (L p) AT ) gy
t1

in the convenient basis of wave packets (see, e.g., [9]) which allows a detailed and physically appealing
treatment of the multi-scattering situation at hand. We will mostly focus on problem (A); however,
our analysis is valid for the problem (B), too. Denote (see Figure 1)

(1.12) Yp:={ze[-nT,nT],te[cT,2nT],0 < ¢ < 27}.

The following theorem is one application of our perturbative technique.
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Theorem 1.3. There is vy € (0,1) such that the following statement holds. Suppose V' satisfies

(1.13) IVipreesy S T a > 1,
(1.14) WVizeerry ST777 >0,
(1.15) supp V'(£1,82) < {€: p1 < €] < pa}

and py > p1 > 0. Then, for each interval I R, there is a positive parameter §(p1, p2, ) such that
for every function f that satisfies

(1.16) 1712 =1,
(1.17) ||f||L2(\9c\>27rT) = O(l)7 T —
and
(1.18) supp f < (~4,4) ,
there exists a set Nres c I such that limp_,.. |Res| = 0, Res := [\Nres and
(1.19) Jim Ju(z, 20T, k) — eRACTT) 11, —
—w
for ke Nres.
x
21T
T, 2nT t
—2nT
Figure 1

Remark. In contrast to Corollary 1.2, the theorem says that the propagation is asymptotically free
even for some v < 1 if we consider a generic value of k. It is crucial that we can handle essentially
arbitrary initial data f. In fact, for f that is well-localized on the frequency side, a simple perturbative
argument can be used to get an analogous result. The conditions (1.17), (1.18), and (1.13)-(1.15) on
the f and V are included to guarantee that the bulk of the wave w given by f hits Tp. On the
other hand, assumption (1.18) is essential for the statement to hold and cannot be dropped as will be
illustrated in Section 5 by example.

Remark. For given f, such set Nres (which can depend on f) will be called the set of non-resonant
parameters within the interval I. Later, for every v < 1, we will present f and potential V' so that
the resonant set Res is nonempty.

Remark. Simple modification of Lemma 1.1 shows that the potential V' from Theorem 1.3 is negligible
outside Y7 due to (1.13). Inside T it satisfies the “weak decay condition” if v < 1, and it oscillates
on scale ~ 1 there due to (1.15). For the problem we consider, the assumption (1.15) is actually

necessary since dropping it can introduce a well-known WKB-type correction in the dynamics and
(1.19) would fail.

Lemma 1.4. Let (;5(51,52) be a smooth centrally symmetric real-valued bump function supported on
B1(0) in R2. Denote k := T and let ¢,.(x,t) = ¢p(x/k,t/k). Then, the function

V= Z T ¢ m cos(TAn,m + tlon,m)Px(z — 270K, t — 20mEK),
[2mnk|<T/4,
|2rmk—7T|<T/20
(1.20) (n,m) € Z?, cnm € [-1,11,7 > 0, A2, + 12 ~ 1

satisfies conditions of the previous theorem.

Proof. Indeed, ¢ € S(R?) so ¢ € S(R?) and ¢, is real-valued. Then, the Fourier transform of
cos(TAp m + timn) Ok (T — 2Nk, t — 2mmk) is supported on two balls centered at (£, m, Fftn,m) With
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radii K~'. Moreover,

—b
V| < CT™” Z (1 + |zwt = 2mn| + |tk — 27rm|)
2rnk|<T/4,2rme—7T|<T/20
with any positive b. Hence, taking ¢ small enough in the definition of Y7, we get [V| < T77 on T
and |V| < C,T~° with any positive b outside of T7. The condition A2 o+ o ~ 1 guarantees that

the function V is supported on the annulus p1 < €| < p2 with some positive p; and ps. O

The random potentials V' that model Anderson localization/delocalization phenomenon exhibit
strong oscillation (see, e.g., [2, 5, 10, 12]) similar to the one considered in Theorem 1.3.

The structure of the paper is as follows. The second section contains the formulation of our central
perturbation result, we develop the suitable wave packet decomposition there. The third and fourth
sections frame the problem in this new setup, they contain the main arguments and the proof of
Theorem 1.3. Section five provides some examples of resonance formation. In the appendix, we
collect some auxiliary results.

Some notation:

e IfzeR?Yandr > 0, then B,(z) stands for the closed ball of radius r around the point z. Given
aset E c R, the symbol E¢ denotes its complement E¢ = R\ E.
e The Fourier transform in R? of function f is denoted by

Ff=f= (271')_% JRd fe K8y

We will use both symbols * and F in the text, depending on what is more convenient.
e Suppose fr € L3(R), [frlz2m) = 1 and T' » 1 is a large parameter. We will say that fr is
concentrated around ar at scale ¢ (ar € R, by > 0) if

lim limsupj |fr|?dz = 0.
q2+L T lz—ar|>qlr

e Let x:=T32. We introduce the lattice 27xZ x 2wxZ and call the cubes {B, ,} = [27kp, 21k(p+
1)] x [27kq, 27k(q + 1)],p, q € Z the characteristic cubes in (z,t) € R%. We will say that a point has
“unit coordinates” (p, q) if its coordinate x = 2wkp and its coordinate t = 2mgk.

e If Bis a cube on the plane (or an interval on R), then c¢p denotes its center and B denotes
the a-dilation of B around cp,a > 0.

o Given an interval I = [k, k2] € R™, the symbol I~! denotes {n =k~ |ke I} = [k3*, k']

e Symbol C*(R?) denotes the set of smooth compactly supported functions on R¢ and S(R9)
stands for the Schwartz class of functions.

e We will use the following notation standard in the modern harmonic analysis, i.e., given two
positive quantities A and B and a large parameter T, we write A < B if there is C. such that
A< CTB for all T > 1 and all € > 0. Given a quantity f, the symbol O(f) will indicate another
quantity that satisfies |O(f)| < C|f| with a constant C.

e For a function g € L?(R) and a measurable set £ c R, the symbol Pgg will indicate the Fourier
orthogonal projection to the set E, i.e., Ppg = F~Y(Fg- xr).

e Symbol & is used for T 7 and n for k1. In many estimates below, the letter R will indicate a
positive quantity that satisfies R $ 1 where x and T are large parameters.

2. THE MAIN ESTIMATE AND THE WAVE PACKET DECOMPOSITION.

We start with a result that illustrates the Fourier restriction phenomenon of the Duhamel operator
ST R(T—0A gy
0 .

Lemma 2.1. Suppose g(x,t) € S(R?). Then,

J

27T ) ’
J eFARTT= 0 g(-,t)dt| dk < 9122 ge)

0 2
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)

Proof. Taking the Fourier transform in variable x, we get

and
2

dk < 62|72 (g2
2

2nT
P\§\>6 J’ 6zkA(27rT7t)g(.’t)dt
0

for all § > 0.

27T 27T
F (J elkmazg(-,t)dt> = Cﬁf ¢ (Fg)(€,t)dt = CEF (Xomr<ant - 9)(E, —kE?),
0 0

where F in the right-hand side is a two-dimensional Fourier transform, which is restricted to a k-
dependent parabola. The simple change of variables and Plancherel theorem gives us

j j (EF (xowtaznr - )€, —kE?)PdEdk < f j g, ) Pdedt < g2
R JR R JO<t<2nT

The second bound in the lemma follows immediately from the first. U

In our paper, we will be estimating expression (the one-collision operator)

27T
J’ 6ikA(27rT7t)V(_, t)eikAtfdt ,
0

which corresponds to the linear in V' term in (1.8). Notice that V(-,#)e?**® f depends on k and the
previous lemma is not applicable. However, for f localized on low frequencies on the Fourier side, the
dependence on k is so weak that a variant of that lemma can be used to obtain an estimate better than
the general bound we get. To treat the general f, we will apply the different technique standard in the
harmonic analysis. That approach uses the decomposition of f into a different “basis” of the so-called
wave packets and each element of such basis has a particular localization both on the physical and on
the Fourier side. Such a decomposition is a standard tool in modern harmonic analysis (see, e.g., [9]
for one application).

2.1. k-dependent wave packet decomposition. In the proof of Theorem 1.3, we can take for [
the finite union of dyadic intervals [27,29%1), j € Z and, therefore, it is enough to prove the claim
for dyadic intervals only. Now, notice that given k € [27,27%1), we can rescale the space variable
% = 20-D/2 to reduce the problem to k € [2,4). The support of v (parameters p; and ps) and the
domain Y7 will change, too, but the proof can be easily adapted. Let I = [2,4]. Take a nonnegative
function h € CF(R) supported on [0, 47| such that the partition of unity
(2.1) 1= 2 h*(s — 2mn)

neZ
holds for s € R. Since k € I, we get k > 2. Then, for every f € S(R) and every s € [27n, 27(n + k)],
we can write

f(s)h(s —27n) = (2rk)~* Z (

2m(n+k) I I
J f(T)h(T _ 27Tn)€72£k (7'727'rn)d7_ ewk (5727'rn)7
JasyA

2mn

and, if we introduce an auxiliary variable n = k1,
27 (n+k)

2.1 r ns I — —iénT
£6) 23 Tl *h(s —2mm), Foeln) = n(2a)™ [ fo)h(r — 2em)emorar
n,LeZ? 2mn
- " 2m(n+2) )
F>2supph cl0AT] oy -1 f F(r)h(r — 2en)e= 7 dr .
2mn
We dilate by x to write
(2.2) F@)= D) wne(@ k) fue(n), wn el k) = hy(x)e™ e
n,leZ2
where
27 (n+2)k

K 2Tk

(23)  ha(@) = r th (“2”) el = (e | F@)hn()e 0y
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and fp ¢(n) can be written as follows
Fre(n) = e72TELR (),
ATK

(2.4) () = 27:1/E ) F(s + 2mnr)h(sk~ e 155 ds |

By Plancherel theorem,
S FRl = o [ 1#6I(snt - 2mm)Pas
? 21 R

el
and

(2.5) Do P~ 1S3,
n €72

because >, _,|h(z —27n)|* = 1 and n € I~'. By the standard approximation argument, we can
extend (2.5) from f € S(R) to f € L?(R).

Recall that n = k=1, Using the known evolution of wg o for ¢ € [0,27T] (check (6.3)), we can use
the modulation property (a) from Appendix (check (6.1)) to get
(2.6) e, = ,%_%QTM (:E,t,k)ei"(“(T_')x_”‘z(T_')t), a(T™) :=1/k,
where the function

Qr, ,(z,t,k) =U((z — 2m(n + L)k — 2ta(T7)) /K, th/K?)

oscillates slowly in z € R and t € [-T,T], i.e.,

J
2l

, anT"’[(],}t, k)
oI

ot
provided |¢| < k, and its derivatives in k are bounded as follows
‘anTM(z,t, k)
Ok7
Moreover, Qr, ,(z,t, k) is negligible away from {|z — 2m(n + 1)x — 2ta(T )| < &', |t| < 27T} where
0 is any positive fixed parameter. It will be convenient to work with tubes

T= =Ty o= {Jz — 2n(n + Dk — 2ta(T™)| < 27k, [t| < 27T}

\jff ) ‘\] Hﬁj,

(2.7) ‘sj 1, kel.

that are k-independent. Such 77 has base (when ¢ = 0) as an interval x € [27mnk, 27(n + 2)k] and
2a(T) is its slope in variable t. Given T, we denote the corresponding n as n(T). Notice that
ThenThtje =& for |j| > 1. Combining (2.2) and (2.6), we obtain the formula for the free evolution
of f

(2.8) kAL — Z FEL(n) - (K—%QT_, (a:,t,k:)) eI ™) @=2mn(T ")) =a? (T 7))
T—)

where we used T as the index of summation to account for all n and /.

One can be more specific about Qr,, ,(x,t,k): if U is a function generated by h in (6.2) then (6.4)
gives
(29) O, ,(z,t,k) = 3OV (2,t,k), Q) (,t,k) := Un((w—2m(n+1)k)/n—2ta(T ) /K2, th/K?).

AEZ ’

Notice that Uy((z — 2m(n + 1)k)/k — 2ta(T™)/k?,tk/k?) is supported inside the T}, , and all other
terms Uy ((x — 27(n + 1)k)/k — 2ta(T7)/k?,tk/k?), A # 0 are supported in the tubes obtained by
its vertical translations by 2wkA. Although the supports of all terms in (2.9) are parallel tubes, the
contributions from large A are negligible due to (6.5). Hence, we can rewrite the formula for evolution
(2.8) in a slightly different form

(2.10) eiRAL Z Z FEL(n) - ({%Q%A_{ (.1, k:)) . em(@(T ™) (@=2rn (T~ )r)—a® (T 7))
X T—
We now discuss the properties of the coefficients f, ¢ in (2.3). Clearly,

Fua0) = a7+ ) (€0/), Fa(€) = e > (i)
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Hence, conditions (1.17) and (1.18) imply that

2 Dl =o)X D [fwel =0(1),
In|=2k LEZ In|<2k [£|2Cok
where T'— o0, n € I=! and C is a positive constant. Since the evolution U in (1.7) is unitary, that
indicates that, when studying U f, we can restrict our attention to wave packets wy ¢ with |n| < 2x
and |¢| < Cok where the last condition is equivalent to |a(T7)| < 6.
The expression in (1.11) will be central for our study and the following theorem is the key for
proving Theorem 1.3. Recall that x := T%,n =k~

Theorem 2.2 (The main estimate for “one-collision operator”). Suppose V and f satisfy assumptions
of the Theorem 1.3, except that V is not necessarily real-valued. Define

(2.11) fo= Y wne(@ k) fae(n)

In|<2k,[£|<Cdk

and
27T ) )
(2.12) Q= f ATV (- )k dt .
0
Then,
%
(2.13) (] 1anian)” < nir
-1

for sufficiently small parameter §.

We call the operator @ from (2.12) the one-collision operator. The proof of this theorem will be
split into several statements to be discussed in the next sections. We will finish that proof in Section 4.

3. INTERACTION OF WAVE PACKETS WITH V' ON CHARACTERISTIC CUBES.

Consider the characteristic cubes B, , = [27pk, 27 (p + 1)k] x [27qk, 27 (q + 1)&], p,q € ZF . We
split the time interval [0, 277 into x equal intervals of length 27k so that

[0,27T] = | |[27k(q — 1), 27mKq]

C=

1

q

and Y7 is covered by ~ x? characteristic cubes. Recall that we study the operator
27T
Q _ J eikA(Qﬂ”Tf-r)V(_’ T)eikATdT
0

from (2.12). We will do that by first taking the partition of unity

(3.1) L= ), oé(x/(27r) - p,t/(27K) = q),

p,q€Z?

where smooth ¢ = 1 on 0.9-([0, 1] x [0, 1]) and is zero outside 1.1-([0,1] x [0, 1]). If B is a characteristic
cube with parameters (p, ¢), we might use notation Vg instead of V,, 4. Let

(3.2) V= Z Vp.glx — 2mEp,t — 21Kq), Vp g := V(z + 27K, t + 2mgk) - ¢(x/(27K), t/(2TK)).
P.g

Later, we will need the following lemma, which shows that each V), ; shares the main properties of V'
but it is localized to 1.1Bg o instead of Y.

Lemma 3.1. Given assumptions of Theorem 2.2, we get

(3.3) supp V,, 4 < 1.1By o,
(3.4) Vpqlemey <T™7,
(35> ”‘/207(1(51?62)H(L”ﬁLl)({E:pl—e<|§\<p2+e}c) SG,N T_N

for every small e > 0 and every N € N.
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Proof. The first two bounds are immediate and the last one follows from the properties of convolution.
O

Later in the text, we will use the following observation several times. Since V), , is supported on
the ball of radius Ck, we can write V,, , =V, - p(x/(C1k),t/(C1£)) where p a smooth bump function
which vanishes outside B3(0) and is equal to one on By(0). The constant C; is taken large enough.
Then,

(3.6) Vp.q(§) = » IA/pﬁq(s)D,i(ﬁ —8)ds, Dy(s):=(C1r)?p(Cirs), peS(R?),
ie., ‘A/pﬂ can be written as a convolution of ‘7p7q with a function well-localized at scale ! around the
origin. Hence, applying the Cauchy-Schwarz inequality, we get

6D TalOF < | [VouaIPIDule = olds- | 1Du(e = 9lds < | (o) PDuté = s)ds.

Informally, that shows that the value of function |‘A/p7q|2 at any point £ can be estimated by, essentially,
the average of that function on x~'-ball around that point plus an error coming from the fast-decaying
tail of p.

3.1. Contribution from each characteristic cube B, ;. We first focus on the contribution to
scattering picture coming from V,, 4(x — 27kp, t — 2mkq). Notice that in the expression

27T
J’ ehARrT=1) Vp.o(- = 21k, 7 — 210kq) ™27 f,dr
0

the function V,, ,(- — 27kp, T — 2mkq)e’ AT £, satisfies
(3.8) HP|§‘>C (Vp,q(- — 2K, T — QW/iq)eikATfo) H2 <NT™VM,NeN

for suitable C' due to (3.5).

We apply wave packet decomposition for f, and for @ f,. The wave packets based on ¢t = 0 will be
denoted w,’, and those corresponding to ¢ = 27T will be denoted wy,, ;. Similarly, the corresponding
tubes are 7,7, and T}; ;. Recall that, given any forward tube 7, we denote the corresponding wave
packet w,’, as w(T), the corresponding coordinate n = n(7) and the frequency (1) = ka(T 7).
The notation for the backward tube is similar. The set of forward tubes relevant to us is

(3.9) T7 ={T":|n(T7)| €2k, |a(T7)] < C8}
and, thanks to (3.8), the set of backward tubes of interest satisfies |n(T)| < Ck, |a(T<)| < C.

From now on, we will take only these tubes into account. In estimating Q f,, we will use wave packet
decomposition and the bound (2.5).

T
2nT

T(—

2nT

—27T

Figure 2

The southwestern corner of the cube B, ; has coordinates 2mxp, 2k and, if it is intersected by
forward tube T and backward tube T, then their parameters satisfy relations (see Figure 2)

(3.10) 20T )g=p—n(T7)+O(1), 2a(T ) k—q)=n(T")—p+0(1)

and O(1) indicates a real-valued quantity which depends only on p,q, 7,7~ and satisfies a uniform
estimate |O(1)] < C.
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Then, taking f,, applying @, and using (2.2) and (2.10), we compute the coordinate with respect
to backward tube T by the formula (we suppress summation in A here for a moment)

@pafosw(TT)) =
27T ) )
>, fr-() J Vil = 2mkp, t — 2mrq)e™BTw(T7), e FACTT =D (T ) pdr =
T—eT— 0
5} 5 [ (Voo — 2mnp.7 = 2mma)sH 0 (a7, Ry (00
T—eT— R?
(3.11) X K2 Qpe (x, 7 — 277, k:)e_i”(o‘(Th)x_OF(T‘_)(T_Q”T)))da:dr =

P N0) J (Vp,q(fﬂ Yk, T — k)R Qs (7, )TN 2En(T ) )= (7))
T—eT— R?
% /féﬂp— (2,7 —2nT, k)efin(a(T‘_)(w727rn(T‘_)n)fa2(T‘_)(Tf27rT)))dxd,]_) e—ina(T7)2mn(T )k

If the tubes T and T~ both intersect B, 4, then (3.10) holds and the integral above can be written
as
exp (27ri77/<;((0¢2(T”) —a?(T))q + (T )k + O(l)))FT—»gw— (),

where

Fr— p—(n) := J (Vp,q(x — 27Kp, T — 2TKq) (/‘6_1QT—> (z,7,k)Qp—(z, 7 — 27T, k:))

R2
(3.12) ein((a(T_’)*a(T‘_))(r*%pn)*(ﬁ(T_’)*QQ(T*))(T*%QH))) dxdr .

Notice that the formula (2.9) can be applied to Qp-(z, 7, k) and Qp—(x,7 — 27T, k) which gives
Vgl = 2mkp, T — 2wKq)Qr— (2, 7, k) Qpr— (2, 7 — 20T, k) =

Z Vp.q(@® = 2mEp, T — QWﬁq)Q(T’\_), (x,7, k) - Q(T>‘.’_) (x, 7 — 27T, k)
A NEZ2

and, accordingly,

AN
(3.13) Fr-p-(m)= Y FXN_(n).
AN €EZ?

Now, Q(T/\_), (z,7,k) Q(TA(I_) (z,7 — 27T, k) is compactly supported inside the intersection of corresponding
tubes and its sup-norm decays fast in |A| and |X| due to (6.5). In all estimates that follow, we will
only handle the term that corresponds to A = X =0, i.e.

<Qg7)210)foa w(T“)> _ 627ri77(7moc(T‘_)71(T‘_)er2()¢2(T‘_)) x

(3.14) Z fE (n)e%inﬁ((a%T")—az(T“))q+O(1))F§fL»0$)Th ),

T—:T= By, £
where the backward tube T intersects B, ,. The other terms in (3.13) lead to the same bounds
except that the resulting estimates will involve a strong decay in |\ and |M]|. The first factor
e2min(—ra(TT)n(T7)+r*a*(T7) in the formula above only depends on T and it is unimodular. It

will play no role in our estimates. Now, Qg?l (z,t,k) is supported inside T and we consider

Fj(&(j)qw_ (n) = L@ (VWI(:Z: — 2TRp, T — 2TWKQ) (f@legpol (z, T, k)QgE{)_ (z,7 — 27T, k)) X

(3.15) ein((a(T*)m(T*))(z—zmmf<a2<T*>fa2<T*>><T—2mq>>)dde _

J (Vpﬂ(x, T) (ﬁ_lﬂ(TOl (z + 2wKp, T + 27Kyg, k)Q(TO)_ (z + 2wKp, T + 2wkq — 27T, k)) x
R2

T ) el T e (@A) =X TN )
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By (2.9), (3.1), and (6.5), the function ¢(z/(27k) — p,t/(27k) — q)Qg)l (z, 7, k)Q(TOl (x,7 — 27T, k) is
smooth and is supported on C'B, ,. Arguing like in (3.6), we can write an estimate

(316) [F{ )] < 57 (1Whal # [l ) (—(a(T) = a(T))n, (@*(T) = a*(T))n),

where 1, (£1,&) = k2 (€1, kE), ¥ € S(R?), and ¥ does not depend on p,q, T, T and k € I.
Consider the function |V} 4| # |tx|. Applying the Cauchy-Schwarz inequality to |V 4| * [¢x] we get

BN (Tl 1@ < ([ 170« e = 9)lds) - [ onte = sls <
[ 1Pl « ot = )i,

which is the analog of (3.7). From the Lemma 3.1, we conclude that the function |‘7p,q| * [, | satisfies
a bound (check (3.5))

(3.18) 1(1Pal # 1901 lezm 00— <pabete) Sen T
for every small € > 0 and every N € N. Moreover,
(3.19) 11l ¢l )2 s T2

Formula (3.16) shows that Fq(&o)qu_ (n) is bounded by the restriction of |I7pq| # || to the “curve”:

(—(a(T7) = AT ), (@*(T7) = (T 7)), mel ',
For fixed o(T™) and o(T), that is a straight segment or a point 0 when n e I~!. For fixed ne I~}
and «(T7), that is a piece of parabola when a(7“") spans a segment. By (3.18), F}O_’,(T)T(_ is negligible
unless (recall that n € [, 1])

(3.20) la(T™) — a(T)] 1, |o(T™) + a(T)] 1.

~pi1,p2 ~p1,02

For given p; and pa, we can choose positive § small enough to guarantee that |a(77)| < d implies
(3.21) la(T)| ~ 1.

Without loss of generality, we can therefore assume that «(7) ~ 1. Hence, the set of backward
tubes relevant to us is

T = {T< : |n(T)| < Clp1, p2,8)k, 0 < Ci(p1, pa2,0) < a(T) < Calpr, p2,6)}

so that (3.20) holds for each T € T and T € 7. Notice that each B, , € T is intersected by
~ 0k tubes T~ € T and by ~ k tubes T~ € T

3.2. Sparsifying V. For 77 € T and T € T, each set T~ n T can be covered by at most C
cubes By, , (see Figure 2 above).

[

?

TR
Eoa

Figure 3
Notice that, for each P € N, the potential V' can be written (by “sparsifying” periodically) as
(3.22) V(z,t)= Y Vpg(z—2mkp,t — 2mrq) = D V0B (z 1),
p,qEZ? ae{0,...,P—1},B8€{0,...,P—1}

where each V(@8 defined by
V(aﬁ) (.’IZ‘, t) = Z VnP+a,mP+,@(I - 27”{’(77’P + Oé), t— 27T'L<’(mP + 6)) ’

n,me”z?
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satisfies a bound dist (supp Vi,p+a,mP+4,SUppP Vo Pra.m p+g) 2 Pk for all (n,m) # (n/,m’). Figure 3
has P = 3 and the red boxes correspond to choosing o = 0 and g = 1.

Therefore, for P large enough, T € 7 and T € T, the set T n T intersects at most one
characteristic cube out of the set B,pia,mp+s Wwhen a and [ are fixed.

Hence, going from one function V to any of P? functions V(*#) we can always guarantee that each
set T n T intersects at most one B, ;. Going forward, we can assume without loss of generality
that this property holds for the original V.

3.3. Contribution from all of V. In the general case, given T, we need to account for all char-
acteristic cubes that intersect it. Hence, we need to control

(3_23) DT‘— (77) = e2m’n(—mx(Tk)n(Tk)+;§2a2(Tk)) o
mink((a?(T7)—a? (T s
3 Fi (n)e2mins((@®(T7)=a(T ))q+0(1))F7(“0—'07)T<—(77)~
By, ¢:Bp,gnT—# T7:Bp ¢nT™#J
Take p(n), any smooth non-negative bump function supported on I~ and write
2
(321 | o e an = | i
Z Z Z Z p2mins((a®(T7)—a®(T))g—(a(T"7)—a®(T7))d'+0(1))
el T

x L () P ) A () Fg D () = 280 4+ 200
(r)

where ¥7.. is the sum that corresponds to the resonance indexes given by the following global resonance
conditions:

(3.25) [((@X(T7) = a*(T7))g — (a*(T") = X (T 7)) £ 1,
that do not depend on the choice of V. For definiteness, we can assume that the bound < 1 takes
the form: |- | = O(R), R = C.x° with a fixed positive ¢ that can be chosen arbitrarily small. Having

mentioned that, we define G(T,T'7) as a set of backward tubes T that form the global resonance
with T and T'™.

Lemma 3.2. We have |E(Tn:)| < Cjk™7 for every j € N.

Proof. Recall that (2.11) restricts |[¢| < Cdox in (2.4). Next, one can apply a non-stationary phase

argument. In the integral
fR quf_)ﬁTGQﬂinﬁ((a (T7)=a*(T7))g—(a™(T"7) = (T ))q )62772"-@770(1)1:7(})4%%Fé?f?T_dn’

we use (2.4), (3.12), and the bound (2.7) to integrate in n by parts consecutively to get

JR Mf;_)ﬁiezmm((ﬁq—')_az(T*—))q_(az(T/—»)_az(Tﬁ))qf)ezmmo(l)Fg)é,Oy)Th F:(F(IJ,_()),)Th dn| <

$j75 H_‘j7j € N,€ > 0,
provided that |((a?(T) — a?(T))q — (&*(T"7) — a*(T))¢')| = k°. Since the quadruple sum in

(3.24) contains at most Ck* terms, we get the statement of the lemma. O

This lemma shows that we only need to focus on the resonant terms which constitute a small
proportion of all possible combinations. We will study these resonant configurations next.

4. RESONANT TERMS AND PROOFS OF THE MAIN RESULTS.

For the generic n € I™!, our goal is to estimate Y., |[Dr—(n)|> where Dr— is from (3.23). By
Lemma 3.2, the contribution from non-resonant indexes is negligible. Consider the sum of the resonant
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terms. It can be rewritten in the following form
(4.1) A=3" 3T fRL R x
T— T-T"~

627ri17f~”~((0t2(T_’)*a2(T‘_))q*(a2(T'_’)*Oﬁ(T“))q’)eQTrmnO(l)F;O_LO’)T(_ F}?’—??Th

(4.2) = > fEfiex
T_’,T’_’
Z p2rink((@(T7)—a(T7))g—(a®(T"7)—a®(T7))q) ,2minnO(1) F;ﬁ%@ Féolf,)% :

T‘_Eg(T_’ ,T’_’)

where T~ € T and T, 7"~ € 7. The symbol i in the first formula indicates that the summation
is done over the resonant configurations, i.e., those for which (3.25) holds.

Proof of the Theorem 2.2. In the wave packet decomposition (2.2), we organize summation in
parameter ¢ : |{| < 0k dyadically and write f, = ng ~fi» N = logy(dk) and each f; corre-
sponds to the the range |¢| ~ ¢; = 277Nok, ie., 277 N"15k < |¢| < 227Nok. Specifically, f;(z) =
Yinez 2jej~e; W t(T: k) fre(n) . From (2.5), we get

(4.3) 1fol3 ~ D3U5il5, 1fille < Ufoll2-
i

Applying the triangle inequality and then Cauchy-Schwarz bound, one can write

2
> <N Y1013

J<N

(4.4) 1Qfo]13.2 < (Z 1Qf; -,

J<N

1
where |[g(z,7)[2,2 for a function g refers to the norm (§,_, §; |g(z,n)|*dzdn)?. The size of N will be
negligible in the later estimates so we will focus on estimating each term in the sum.
Consider f; that corresponds to the dyadic shell |¢|,]¢'| ~ ¢; and focus on the corresponding
expression Y oo (253‘1) + Z(TT)_) (see (3.24)), where f; is used instead of f, and therefore the tubes

T7 and T'7 satisfy |o(T7)| ~ ¢;/k, |a(T"7)| ~ ¢;/k. The contribution from the non-resonant terms
is negligible so we focus only on the resonant terms collected in A;, which is defined as in (4.1). Using
a trivial bound ab < (a? + b?)/2, we get

(4.5) 14;] < AN + AP

(4.6) A = Z|f* D D SR o S

T!'— T+ eg (T—> T'_')

(4.7) AP =Sy S R

T'— T— T‘_Eg(T_’ T/—»)

We will estimate A;l), the bound for A;Q) is similar. From (2.4), one has

AT K
n
* —
n,Z(Tl) 2’/T\/E 0
We write £ = ¢n/x and recall that |¢| ~ ¢;. Then,

1
4.8 A d — J
(4.8) = f Z |€|r/t; €201

where, with fixed n,
=Y ENY(en/0)

¢ T'— T‘_Gg T—> T’_’)

fi(s+ 27rnm)h(sm_1)e_ie"“71ds.

2

ATK
J’ fi(s + 2mnr)h(sk™ e %%ds| M, (&)d¢,
0

and we again emphasize that |[¢| ~ ¢;, |¢'| ~ £; in the sum above. Recall that the symbol R denotes a
positive quantity that satisfies R $ 1. If we can show that

(4.9) sup M, (&) € (4jr~2 + )T "2 (¢; + R)r,
‘Elfﬁ/@j€2171
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then the Plancherel theorem would yield (after we extend integration in £ over the whole real line
¢ € R in the right-hand side of (4.8)):
(Lik~% + DT=27(0; + O(R))k

1
(4.10) A dy 5 - T 15515
It J

We focus on proving (4.9) now, where we can choose n = 0 without loss of generality. Consider the
expression

(4.11) >\ D |9 (er/0)]?

[€]~t; T'= T=€G(T57,,T"=)

that defines M,,. Here, all tubes 7"~ satisfy condition |[¢'| ~ ¢;.

Figure 4

We can organize (4.11) by first summing over all cubes B’ that are at the intersection of 7", T,
ie, B'n (T'"” nT<) # . By assumptions that we made in subsection 3.2, this cube is unique if it
exists. Hence,

0,0
(412) X > X IERDe@/0P =3 3 > X IFn e (e/0P
|e|~t; T'= T<eG(Ty7,, T'=) B ||~y T'=  Teg(Ty?, T'=):
B (T~ AT <) 35
Fix any B'. If n" in T'> =T, is given, it defines ¢’ essentially uniquely since the cube B’ is at
least ck units away from the axis OX. We will show that for each B’, one has

(4.13) >y 3 IESD (/O S (s + )T,

|| ~€; T'= ToeG(T57, /)
B’ (T’_’HT‘_);ﬁ@

Let B : Bn (I;;, nT<) # & be the other cube from the global resonance condition between
Ty, T, and T <. Recall that if the “unit coordinates” of B are (p, q), the actual coordinates of the
southwestern corner of B are & = 27mpk,t = 2mgqr. Given that |[¢| ~ ¢;, the “unit coordinates” (p, q)
of B satisfy |p| ~ £;,q ~ . Then, the total number of all possible cubes B satisfies #B < ¢;x. The
global resonance condition (3.25) gives

Q(T2) =a®(T7) o T = (1)

oz2(T’_’) _ aQ(T‘_)q =974 qaz(T’_’) _ QQ(T‘_)

and it shows that |¢—¢'| < ¢; + R because |a(T7)| < ¢;/k and |o(T"7)| < £;/k. Therefore, the cubes
B and B’ that are involved in the global resonance are at most C(¢; + R) units away from each other.

Hence, we get #B’ < (¢; + R)x for the number of cubes B’ and (4.13) implies (4.9). To prove (4.13),
we will show that

(114) XN Y /0P < G ) [ TP dsidse

[€[~€; T'™  Teg(T7,.T/7):
B'n (T/—> T(—);ég

O(R) =

w

for every B’. Consider (3.16). On the Fourier side, cover the annulus {p; — € < |{]| < p2 + €} that
essentially supports Ve (see (3.5)) by at most C’x? balls or radius x~! such that no point in that
annulus belongs to more than C such balls. By (3.16), every choice of £, n’ and T gives an evaluation
of [Vigr| |1 | at a particular frequency which is at the intersection of at most C balls. Since the value of
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(|X7B/ | % [1,])? at any point is essentially dominated by the average of |‘7B/ |2 over its k~1-neighborhood
(see (3.17) for the precise bound), we only need to show that every such ball can correspond to at
most fjlﬁ_% + 1 such triples (¢,n',T<) (recall here that n’ determines ¢’ essentially uniquely).

We will use notation o = «(T7) = {/k, o/ = a(T"”) = '/, and § = «(T*). Checking the
argument on the right-hand side of (3.16), we obtain

D o, ) o),

where (—¢1,&2) is the center of the fixed ball in a partition and the bounds in (3.20) yield [£;(g)] ~ 1.
Recall that |¢| ~ £;/k, |a| ~ |o/| ~ £;/k and |B] ~ 1. Let py = 0.56;£7 and po = 0.56267 . Then,

(4.15) a = % (5_15104 + ?) +O0(k™1) = pra + po + O(k™ 1),
1
(4.16) g=1 (g - 1@) FO( ) = g — mat Ok )
1

and we get |u1| ~ |¢]7 ~ K/{;,|uz2] ~ 1. These formulas show that each a defines o/ = ¢/ and S up
to O(k™1) correction, i.e., essentially uniquely. Now, we will employ the global resonance condition
to get the restrictions on the possible range of a.

Let B’ has “unit coordinates” ¢’ = k and p’ = 2hk (all other values of ¢’ can be handled similarly).
We already saw that |h|k < ¢; + R. Recall that the slope of each tube T equals 2a(T). Then, if
B has “unit coordinates” (p,q), we can define ¢t := ¢ — k and use elementary geometric considerations
(check Figure 4) to get

p=2a(k+1t)+ O(1) =2hx + 2t + O(1).
So, t = k(o —h)/(B —a) + O(1) and
KB h)
q= 8—a
We substitute that expression, along with formulas (4.15) and (4.16) for o/ and 8, into the global
resonance condition (3.25):

+0(1).

(@® = B%)q = (o = 8%)¢' + O(R),
where ¢’ = k. That gives an equation for finding a:
H() := o?pn(pn — 1) — a(h(l — 1) — po — 21 p2) + pa(pz — h) = O(R/K).
We recall that |u1] ~ &/€; » 1, |u2| ~ 1 and || ~ ¢;/k. The function H/(p1(p1 — 1)) is a quadratic
polynomial and its leading coefficient is equal to one. So, the allowed interval for solution « is at most

45 R3k~3 in length, which comes from the case when the roots of the parabola are close to each other
(see Figure 5).

H(a)/(pa(pa — 1))

Figure 5

By (4.15) and (4.16), each « determines o’ and 3 up to O(x 1) correction, i.e., essentially uniquely.
Since a = ¢/ and ¢ € Z, that gives us éj/f% + 1 choices for the number of triples (¢, 7', T¢) and
(4.14) is proved. From our previous arguments, we know that (4.14) implies (4.10). Now, substitution



WAVE PACKET DECOMPOSITION FOR SCHRODINGER EVOLUTION WITH ROUGH POTENTIAL ... 15

of (4.10) into (4.4) yields
(Lik~% + DT27(4; + O(R))
lQfoll32 & X~ —
J<N J
The proof of Theorem 2.2 is finished. O

(4.3)
KR _3 _ _1 _

1517 8 572772 Lol D) 45 S 0572 T2 £l
jSN

Now, we are ready to prove our main result.

Proof of Theorem 1.3. Given our assumptions, U(0,t,k)f = U(0,t, k) f, + o(1) uniformly in ¢ and
k. Take t; = 2mjT/N where j € {0,...,N} and N is to be chosen later. Write u := U(0,t, k) f, and
define ; through the formula U(0,;, k) f, = e’*2% f, 4+ ¢,(k) . By the group property, U(0,t;11,k) =
U(tj,tj+1,k)U(0,1t;, k). We can use the Duhamel expansion (1.9) for the first factor to get

i+

U(Oa tj+1a k)fo = eikAtj_Hfo - Zf eikA(tH-l_T)V('a T)eikATfodT + U(tja tj+1a k)gj(k) + Aj ,

tj

where
T1

ti+1 )
Aj = _4[ elkA(tj-‘—liTl)V('?Tl)J‘ elkA(TliTz)V('vTQ)U('77-27k)dT2dTl
tj tj
and |A;]| < (T/N)*T~27 because ||u(-,t, k)| < 1 for all t. Hence,

tj+1 ,
Ej+1(k) = —ZJ‘ BZkA(tj'HiT)V(‘, T)@ZkATdeT + U(tj, tj+17 k)&‘](k‘) + A]‘ .

tj
Consider the first term in the formula above. Following (3.2), we can write
th<t<tj+1 : V(l‘, t) = V(j)(xa t) + ‘/;iTT(‘r7 t) 9
where
v .= Z Vp.qlx — 2mRp, t — 2mKQ) .
(p,@):2Bp, g CRX[t;,t;41]

The term Ve,.(z,t) is supported in ¢ on [t;,t; + Ck] U [tj41 — Ck,tjp1] and |Vepr | poe ey S T77. We
write

tit1 N
J ezkA(tj_H—T)V(j)ezkA‘rfodT _
t

J

J‘ +1 eikA(tj_H7T)V(j)eikAfrfodT _ efikA(Tft]-_H) f eik:A(Tf‘r)V(j)eik:ATfodT
0 0

and apply Theorem 2.2 to the
T
J CRAT=T) () IRAT £ g
0

recalling that V) (x,t) = 0 for t < C,T. That gives
1

([ 1eniar)” g erote ([ lepar) "+ oo orio,
I I

1

Iterating N times and using e; = 0, we get (SI H61\7||2d."<:)§ < NTV 75 4 T2 2N 4 NT2 7,

Choosing N = T'16~ %, one has (SI ||€N||2dk:) * < TH#-% and the proof is finished by letting 7o = z
O

5. CREATION OF THE RESONANCES.

In that section, we show how the free evolution can be distorted by the potential V' of a small
uniform norm. In particular, we will see that the Corollary 1.2 does not hold for v < 1. That explains
that the set of resonant parameters in Theorem 1.3 can indeed be nonempty.

Definition. In our perturbation analysis, we will say that the solution w in (1.1) experiences the
anomalous dynamics for a given T-dependent initial data f and k if limp ., |Ju(z, T, k) — e*2T f|5
either does not exist or is not equal to zero.



16 SERGEY A. DENISOV

Lemma 5.1 (Approximation Lemma). Given real-valued V(x,t) that satisfies |V (-,t)l|lp»®) <
T-7,te[0,T], we suppose N is chosen such that N~'T%727 < 1. Then,

(5.1) |U(0,t5,k) — (™24 + Q;) - ... (%2 + Q)| S N7'T?727, j={1,...,N},
where t; := jT/N,d :=T/N, and Q; := —i{, e*At=TVkAT—ti-)qr,

i
tj_l
Proof. 1f Aj = U(O, tj, ki) - (eikAd + Q]) S (eikAd + Q1), R; = U(tj_1, t;, k) — (eikAd + Qj), then
U(0,t5,k) = (e*2 +Q; + Rj)U(0,t; 1, k)

= (" +Q; + R)((e™ +Qjm1) - (€M + Q1) + Aja)

= (e 1 Q) - (PR 4 Q) + RU(0, 81, k) + (2 + QA 1.
Hence, A; = R;U(0,tj_1,k) + (U(tj=1,tj,k) — Rj)Aj_1 and we use Lemma 1.1 to get a bound
1A < (T+a)[|Aj—1]+a, |A1] < a, where a := CT~27d?. Then, by induction, |A;]| < (14+a)!—1 <

e* — 1 < aj and the last estimate holds provided that oj < 1. Taking j = N, we get the statement
of our lemma. 0

Taking N = 7?72 u(T), limr_,. u(T) = +00 in this lemma, we get a good approximation for the
dynamics by a product of N relatively simple factors. Clearly, the same result holds if we replace
x € R by z € R\(CT)Z.

(A) Creation of anomalous dynamics using a bound state. ~ Consider any smooth non-positive
function ¢(s) supported on [—1,1] which is not equal to zero identically. The standard variational
principle yields the existence of a positive bound state ¢(s) that solves —¢” + A\gp = Fp, E < 0 when
a positive coupling constant A is large enough. The number E is the smallest eigenvalue and ¢ is an
exponentially decaying smooth function. We can normalize it as |¢|z2®) = 1. Hence, one gets

iy = =Dy + gy, y(s,7) = (s)e™ 7, y(s,0) = ¢(s).
Given T and ar, we can rescale the variables u(x,t) := a2y(arx, a2t). Then,
iug = —Au + Aarq(arz)u, Ju(z,0)]| L2 @) = 1.

The initial value u(z,0) is now supported around the origin at scale oz;l, and its Fourier transform is
supported around the origin on scale ar. The potential Vo = AaZ-g(arz) satisfies [Va| < AaZ.. Hence,
taking ar = T~%, we satisfy |V| < AT~7. Nonetheless, the function u(x,0) of scale T7/? « T%?
evolves into u(x,T) which is supported around zero and has the same scale as u(x,0). On the other
hand, e"2Tu(z,0) is supported around the origin and has the scale T'~% » T'% if 4 < 1. This is one
example of anomalous transfer when the potential, small in the uniform norm, traps the wave and
prevents its propagation.

(B) Anomalous dynamics: construction of a resonance. We now focus on another problem with
time-independent potential:

(5.2) iug = —Au+ T77 cos(2x)u, u(z,0) = T_%(aoe"’x +boe™ ), xeR/(TZ), Te2rN,

v € (3,1) and |ag|® + |bp|? = 1. Consider operators Q; from Approximation Lemma. They do not
depend on j and, if we denote @ := @Q;, then

d

T*%Q(aoe” +boe ) = —iT 3 f e A cos(21) - €47 (ape’® + boe ) dr .
0

For arbitrary a and b, one can write

d
—T*%Q(aem +be ) = T J A=) cos(22) (ae’ ™) 4 be M@ dr =
0

d d
Z-gT—’y—% J e—i‘reiA(d—‘r) e3imd7_ + Z-gT—’y—% f e—iTeiA(d—‘r) 6—3imd7_ +
0 0

a 1 d . . . b 1 d . . .
=T 772 f e AT i e 4 — Y J e TeAAT) gl g
2 0 2 0
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We can arrange d to make sure that d = T/N € 27N and N ~ 72727, Then,

1 . . b ) 1 X
T 2Q(ae™ +be ™) = (—ZZT 72d) (—Z;TV%l) e "
and the product in (5.1) takes the form
((eiAd + Q]) .o (eiAd + Ql)) (aoeiz + boefim) — ajeiz + bjefim ,

where

a\ _ (1 A (a) - _ _idl77
b;) N1 by )’ N 2
From the Approximation Lemma, we get
u(e, dj) = T2 (aje™ +bje )2 = o(1), T — o0

for j = o(N). The eigenvalues of the matrix (} 1) are z+ =1 Fi|)| so

a;\ _ 1\ ag + b j 1 ag — b
-4 0)=8 (e

Since N ~ T20=7), zi = log(1=iADJ = e=i(IAI+O(N7) = e=ilAli(1 +O(|A%5)) if j = o(N). A similar
calculation can be done for 27 . Hence, already for j » NT?~!, the solution u with initial data ¢T3
will carry nontrivial L? norm on frequency band {¢*®*, |a — 1| > 0.1} which indicates the anomalous
dynamics. That is achieved by the creation of a resonance that changes the direction of the wave.

Remark. We notice that introduction of the parameter k£ > 0 in the form
iup = —kAu + T~V cos(22)u, u(z,0,k) =T~ 2¢i®

only rescales the time and potential, and the resonance occurs for all positive k. That also indicates
that § in (1.18) must be taken sufficiently small for (1.19) to hold.

Remark. In the evolution iu; = —Au + V(z,t)u, the energy
B(t) = J (Jual? + Viul?) da

satisfies E'(t) = {Vi(z,t)|u(z,t)|?dz provided that V is smooth in ¢. In particular, E is a conserved
quantity for time-independent V. For initial data f = T2 and V =T cos(2x), we get E = 1.
That, however, does not contradlct the existence of a resonance since other functions also give rise to
the same energy, e.g., f =e~@T—3, Hence, in our example above, we realize the transfer of L2-norm
along the equi-energetic set.

The resonance phenomenon described above in (5.2) where z € R/(TZ) also takes place if we
consider the same equation on R and the initial data is replaced by e®*T—2 w(z/T) where p is a
compactly supported smooth bump satisfying p(z) = 1 for |x| < 1. Next, we introduce parameter k
and consider the problem

(5.3) 1y = —kAy + T 7 cos(2z)y, y(z,0,k) = T*%eiﬁ"”u(:r/T), zeR,

which exhibits the resonance for k = % as we just established. We recast it using the modulation

scaling described in the Appendix. In particular, ¢¥(z,t, k) := e’i(ﬁJrTzk)y(x +t,t, k) solves
(5.4) ithy = —kAY + T77 cos(2z + 260,  ¥(x,0,k) = T2 pu(x/T), zeR.

The solution to problem (5.4) satisfies (1.19) and so it is non-resonant for generic k. Nevertheless, for
k= , it is resonant, Indeed, it has no local oscillation when ¢t = 0 but starts to oscillate like 672”7
1ocally when t » T7 giving a boost to the Sobolev norms. In particular, the Corollary 1.2 does not
hold for v < 1 and the set Res of resonant parameters k in Theorem 1.3 can indeed be nonempty.

(C) The lower bound for the norm of the one-collision operator. For x € R\TZ,T = 27N, N € 2N,
consider a one-collision operator ) defined in (2.12) and write it in the form:
27N

(5.5) Q=" Q. 1=J T (- 1)e A dp
0

Now, we study the operator norm |Q(k)| as a function in k € I.
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Lemma 5.2. Let I ¢ R* be any interval and v € (0,1). There is V' such that |V =@\ 1zx[0,17) <
CT™7 such that

f 1QUk) Pdk 2 T
I

Proof. Since e*A(C7N) is unitary, we only need to focus on |Qy (k)| from (5.5). Write the matrix

representation of ()4 in the Fourier orthonormal basis {T’%ei’m/N, ne”z}:

27N ~ (2 2y, N2
G 8) = | Vun (BN e,

0
where V' denotes the Fourier transform of V in the z-variable. Take V = N e @t which yields
n—m = N and
1 — e2miN(—1+k(1+2mN"1))

—1+4+k(1+2mN—1)

|4 (R)] ~ N7

Since |Q*| > maxy m |g) .| > CN'=7V for k € I' < I, |I'| > ¢|I| with some positive ¢, we get our
statement. O

Remark. Notice that potential V' in the proof above oscillates and its Fourier support is separated
from the origin. The norm |Q(k)| in this example is large when 2mN~! + 1 — k~! is close to zero.
Hence, if I contains k = 1, even restricting m to the range |m| < dN,d « 1 does not prohibit the
norm to be of size N'=7. This construction can be easily adapted to x € R by using our wave packet
decomposition.

6. APPENDIX.

Basic properties of 1d Schrédinger evolution. The following two scaling properties of Schrodinger
evolution can be checked by direct inspection.

(a) Modulation. If u(z,t, k) solves
tuy = —kAu + q(z,t)u, u(z,0,k) = f(x),
then 9 (x,t, k) := e*i%it’i%“’u(% + 0Ot,t, k) solves
(6.1) i = —kAY + gz + Bt 6}, G(2,0,k) = T IH f(x).

(b) Scaling of time and space variables. If u(z,t) solves
iug = —Au~+ q(z,t)u, u(z,0) = f(z),
then ¢(z,t) := u(Bx, ot) solves
igr = —oB2A¢ + oq(Bx,ot)p, P(x,0) = f(Bx)

for all 8 # 0 and o > 0.

(¢) Evolution of a bump function. Suppose h € S(R) and let
(6.2) U(xz,t) = e h.
Then, {x)?|(6?0U)(z,t)| < Cup.u, a,B,v € Z*+ uniformly in t € [—tg,to] with an arbitrary fixed
positive tg. That is immediate from the Fourier representation of Schrédinger evolution.

(d) Bvolution of a scaled bump. Suppose h € S(R) and x = ~/T > 1. Then,
(6.3) "Ah(z/k) = U(x/k, t/K>)
and hence

Yo (eimh(x//{)) = KO OUY (), t2),  a,ve LY.

That follows directly from the previous observation. For « = v = 0 and k — 00, the function in the

right-hand side is essentially supported in the neighborhood of the tube (z,t) € [—r, k] x [—K2, K?],

when ¢ is restricted to [—7T,T] but that localization is not exact as function U is not compactly
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supported in . To have a sharper form of localization, we apply the following decomposition. Suppose
¢ e CP(R), supp ¢ € [-27m,27] and 1 = >, _, é(x — 2w A) . Then, we can write

(6.4) Uz, t) = D Un(x,t), Us(x,t) = Uz, t)d(x — 27))
ANEZ

and

(6.5) VP|orocUy(x,t)| < Canp, o, B,veZ’

if t € [-1,1]. Hence, we can rewrite

(6.6) Bp(afi) = 3 Un(a/r, t/k2),

AEZ

where each U (z/k,t/K?) is supported on the tube [—27k + 27k, 27k + 27 Ak] x [—T,T] when t €
[T, T]. Moreover, (6.5) indicates that the contribution from Uy (z/k,t/k?) is negligible for large .
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