WAVE PACKET DECOMPOSITION FOR SCHRODINGER EVOLUTION WITH
ROUGH POTENTIAL AND GENERIC VALUE OF PARAMETER

SERGEY A. DENISOV

ABSTRACT. We develop the wave packet decomposition to study the Schrédinger evolution with
rough potential. As an application, we obtain the improved bound on the wave propagation for the
generic value of parameter.
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1. INTRODUCTION.

That work aims to develop a new technique in perturbation theory for dispersive equations. As a
model case, we take Schrodinger evolution with time-dependent real-valued potential V (z,t):

(1.1) iug(z,t, k) = —kAu(z, t, k) + V(z, t)u(x, t, k), u(z,0,k)=f(z), teR A:=7>

xx

where k € R is a real-valued parameter. For a large value of T » 1, we consider the problem (1.1)
either on the real line € R or on the torus z € R/27TZ and make the following assumptions about
the real-valued potential V' and the initial data f when studying u for ¢ € [0, 27T1:

(A) if 2 € R, then
(1.2) IV (2,t)| o ®x[o2rry ST 7,7 >0,
(1.3) I f]l2 < oo,
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2 SERGEY A. DENISOV

(B) if z € R/27TZ, then

(1.4) |V (2, )| Lo rj2nrzx[0,27m7) < T 77,77 >0,

(1.5) I£ll2 < oo

At is well-understood (the presence of k only scales the time ¢). Tt is

governed by the dispersion relation for which the higher Fourier modes propagate with higher speed,
giving rise to ballistic transport. In the current work, we study how the presence of V' changes the
free evolution e?*2 f for the time interval ¢ € [0, 2777.

The solution w in (1.1) is understood as the solution to the Duhamel integral equation

The behavior of free evolution e’

t
(1.6) u(-,t, k) = e*Atf — zJ, eFAEDY (Yl 7, k)dr,  te[0,2xT]

0
in the class u € C([0,27nT],L?). Its existence and uniqueness are immediate from the contraction
mapping principle. More generally, for 0 < ¢; < ¢t < 227, the symbol U(t1,t, k) denotes the operator
f e Uty t, k) f where U(ty,t,k)f solves

ZatU(tlat’k)f = _kAU(tlatak)f + V(w7t)U(t1at7k)f) U(tlatlak)f = f

The propagator U satisfies the standard group property: U(ti,t1,k) = I,U(t1,t2,k)U(to,t1,k) =
Ulto,t2, k), and, since V is real-valued, U is a unitary operator in L? : |[Uf|lz2 = | f|2. To set the
stage, we start with an elementary perturbative result (below, the symbol ||O|| indicates the operator
norm of the operator O in the space L?).

Lemma 1.1. Suppose 0 < t1 <t <to < 27T and |V <T7. Then,

t
(1.7) Ulty, t, k) = eRA0=1) _ zf eFAU=TIY (1) R ATt g 4 By
t

1

and the operator norm of Err allows the estimate |Err|| < T2 (ty —t1)2.

Proof. That follows from the representation

¢
(1.8) Ulty,t, k) = eFA0=t) _ zJ eRAE=T Y (L 1)tk ATt gr 4 By
ty
Err = —f elkﬁ(t”l)V(-,n)f eRAM=T) Y (U (b, 7o, k) drodr
t1

ty
and two bounds: Vg <T77 and |U(t1, 72, k)| = 1. O

That lemma has an immediate application.
Corollary 1.2. Suppose v > 1, then
(1.9) [U(0,t, k) — e*A| = O(T* ), te [0,27T], ke R.

Hence, for v > 1, the propagated wave is asymptotically close to the free dynamics irrespective of
the value of k and of the initial vector f. In the current paper, we study the problem for generic k
and show that the analogous result holds for some v below the elementary threshold 1. We also give
examples which show that (1.9) cannot hold for v < 1 for all k, in general.

The Schrodinger evolution with smooth V and T ~ 1 was studied in [1, 3, 13] where the upper and
lower estimates for the Sobolev norms of the solution were obtained. In the context of the general
evolution equations, similar questions were addressed in [7, 9] (see [8] for the motivation to study
them) where the technique from the complex analysis was employed. The asymptotics of the 2 x 2
systems of ODE were studied for generic value of parameters using the harmonic analysis methods
(see, e.g., [4, 5] and references therein). Below, we develop a different approach. It is based on writing
the linear in V' term in (1.8)

t
(1.10) f EA=T) V(. 1)tk AT—t) g

ty
in the convenient basis of wave packets (see, e.g., [10]) which allows a detailed and physically appealing
treatment of the multi-scattering situation at hand. We will mostly focus on problem (A); however,
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our analysis is valid for the problem (B), too. Denote (see Figure 1)
(1.11) Yy :={ze[-nT,nT],te[cT,2nT],0 < ¢ < 27}.
The following theorem is one application of our perturbative technique.

Theorem 1.3. There is vy € (0,1) such that the following statement holds. Suppose V satisfies

(1.12) WVieeerg)y ST % a>1,
(1.13) HVHLD(TT) ST,y >,
(1.14) supp V (€1, 62) € {€: p1 < €] < p2}

and ps > p1 > 0. Then, for each interval I < R, there is a positive parameter §(p1, pa,I) such that
for every function f that satisfies

(1.15) 712 = 1,
(116) ||f||L2(\w\>27rT) = 0(1), T —
and
(1.17) supp f © (=96,0),
there exists a set Nres C I such that limr_,,, |Res| = 0, Res := I\Nres and
(1.18) Jim Ju(, 27T, k) - eRAT £y — 0
— L
for ke Nres.
x
2T
T, 2nT t
—27T
Figure 1

Remark. In contrast to Corollary 1.2, the theorem says that the propagation is asymptotically free
even for some v < 1 if we consider a generic value of k. It is crucial that we can handle essentially
arbitrary initial data f. In fact, for f that is well-localized on the frequency side, a simple perturbative
argument can be used to get an analogous result. The conditions (1.16), (1.17), and (1.12)-(1.14) on
the f and V are included to guarantee that the bulk of the wave w given by f hits Tp. On the
other hand, assumption (1.17) is essential for the statement to hold and cannot be dropped as will be
illustrated in Section 8 by example.

Remark. For given f, such set Nres (which can depend on f) will be called the set of non-resonant
parameters within the interval I. Later, for every v < 1, we will present f and potential V' so that
the resonant set Res is nonempty.

Remark. Simple modification of Lemma 1.1 shows that the potential V' from Theorem 1.3 is negligible
outside Y7 due to (1.12). Inside Y it satisfies the “weak decay condition” if v < 1, and it oscillates
on scale ~ 1 there due to (1.14). For the problem we consider, the assumption (1.14) is actually

necessary since dropping it can introduce a well-known WKB-type correction in the dynamics and
(1.18) would fail.

Lemma 1.4. Let &5(61,52) be a smooth centrally symmetric real-valued bump function supported on
B1(0) in R?. Denote k := T and let ¢..(x,t) = ¢(x/k,t/k). Then, the function

V=T""- Z Cnym COS(TAp m + tim n) Pk (T — 270K, T — 2TMEK),
2rnk|<T/4,2rmk—7T|<T/20

(119) (n7m) € Z27 Cn,m € [_1’ 1]77 > 707>‘121,m + ui,m ~1
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satisfies conditions of the previous theorem.

Proof. Indeed, (’5 € S(R?) so ¢ € S(R?) and ¢, is real-valued. Then, the Fourier transform of
cos(x A, m + thim.n )k (T — 270k, t — 2rmk) is supported on two balls centered at (£, m, T pin,m) with
radii K~'. Moreover,

b
V| < CT™” Z (1 + |owt = 27mn| + |t — 27rm|)
2rnk|<T/4,2rmr—7T|<T/20

with any positive b. Hence, taking ¢ small enough in the definition of Y7, we get [V| < T77 on Tr
and |V| < C,T~° with any positive b outside of T7. The condition A2 on + o ~ 1 guarantees that

the function V is supported on the annulus p; < || < p2 with some positive p; and ps. O

The random potentials V' that model Anderson localization/delocalization phenomenon exhibit
strong oscillation (see, e.g., [2, 6, 11, 12]) similar to the one considered in Theorem 1.3.

The structure of the paper is as follows. The second section contains the formulation of our central
perturbation result, we develop the suitable wave packet decomposition there. The third and fourth
sections frame the problem in this new setup. The fifth and sixth sections study two important classes
of potentials. We finalize the proofs of the main theorems in section seven. The section eight contains
the examples of resonance formation. In the appendix, we collect some auxiliary results.

Some notation:

o If (x1,72) € R? and 7 > 0, then B,.(x1,72) denotes the closed ball of radius r around the point

(Il, $2).
e We will denote the Fourier transform in R? of function f by

Ff= f= (2%)_% J’R fe_i@’@dac.

We will use both symbols © and F in the text depending on what is more convenient.
e Suppose fr € L%(R), [frllz2®y = 1 and T' » 1 is a large parameter. We will say that fr is
concentrated around ar at scale ¢ (ap € R, {y > 0) if

lim limsupf |fr2dz =0.
q2+L Ty lz—ar|>qlr

e Let k:=T2. We introduce the lattice 2rxZ x 27xZ and call the cubes {Bj.¢} = [27kj, 2mk(j +
1)] x [27rL, 2nk(€ + 1)], 4, £ € Z the characteristic cubes in (z,t) € R?.

e If B is a cube on the plane, then cp denotes its center and aB denotes the a-dilation of B
around cp,a > 0.

e Given an interval I = [k1, k2] € RT, the symbol I~! denotes [k, *, k;'].

e Symbol C*(R?) denotes the set of smooth compactly supported functions on R? and S(R9)
stands for the Schwartz class of functions.

e  Given any real number z, we write (z) = (22 4+ 1)2.

e We will use the following notation standard in the modern harmonic analysis, i.e., given two
positive quantities A and B and a large parameter T, we write A $ B if A < C.T°B for all T > 1 and
e > 0. Given a quantity f, the symbol O(f) will indicate another quantity that satisfies |O(f)| < C|f]
with a constant C.

e For a function g € L?(R) and a measurable set E — R, the symbol Pgg will indicate the Fourier
orthogonal projection to the set E, i.e., Ppg = F (Fg- xr).

e Symbol & is used for Tz and n for k1. In many estimates below, the letter R will indicate a
quantity that satisfies |R| < 1 where x > 1 (and T') are large parameters.

2. THE MAIN ESTIMATE AND THE WAVE PACKET DECOMPOSITION.

We start with a result that illustrates the Fourier restriction phenomenon of the Duhamel operator
ST IR(T—0)A g4
0 .
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Lemma 2.1. Suppose g(x,t) € S(R?). Then,
)
2

27T
Raos [ eS0T 000, 0at] di <5 lglf e
0
2

2

27T
f e*ACTT0g g, t)dt| dk < [ g]72 2
0

2

and

5y

J

Proof. Taking the Fourier transform in variable x, we get

for all 5 > 0.

27T 27T
g O 6‘““%9(-,::)&) = f M (Fg)(€ t)dt = CEF (Xo<rean - 9)(&, —kE?),
0 0

where F in the right-hand side is a two-dimensional Fourier transform, which is restricted to a k-
dependent parabola. The simple change of variables and Plancherel’s formula gives us

j j (EF (Xowtaznr - 9)(E. —kE?)PdEdE < j j 9. H)|Pdudt < g2
R JR R JO<t<2nT

The second bound in the lemma follows immediately from the first. O

In our paper, we will be estimating expression (the one-collision operator)

27T
f eikA(27rT7t)V(_, t)eikAtfdt ,
0
which corresponds to the linear in V' term in (1.7). Notice that V (-,#)e?**® f depends on k and the
previous lemma is not applicable. However, for f localized on low frequencies on the Fourier side, the
dependence on k is so weak that a variant of that lemma can be used to obtain an estimate better than
the general bound we get. To treat the general f, we will apply the different technique standard in the
harmonic analysis. That approach uses the decomposition of f into a different “basis” of the so-called
wave packets and each element of such basis has a particular localization both on the physical and on
the Fourier side. Such a decomposition is a standard tool in modern harmonic analysis (see, e.g., [10]
for one application).

2.1. k-dependent wave packet decomposition. In the proof of Theorem 1.3, we can take for I
the finite union of dyadic intervals [27,29%1), j € Z and, therefore, it is enough to prove the claim
for dyadic intervals only. Now, notice that given k € [27,27%1), we can rescale the space variable
¥ = 20=D/2g to reduce the problem to k € [2,4). The support of v (parameters p; and po) and the
domain Y7 will change, too, but the proof can be easily adjusted. Let I = [2,4]. Take a nonnegative
function h € CF(R) supported on [0, 47| such that the partition of unity

(2.1) 1= h*(s — 2mn)
nez

holds for s € R. Since k € I, we get k > 2. Then, for every f € S(R) and every s € [2mn,27(n + k)],
we can write

f(s)h(s —27n) = (2nk)™* Z <

27mn

2w (n+k) o I
J f(T)h(T _ 27771)6_1% (7——27rn)d7_ ezék (s—27m)7
LeZ

and, if we introduce an auxiliary variable n = k1,
2m(n+k)

2.1 rs ; s rs — —ilnT
£(5) E S Fuelme ™ h(s — 2mn),  Feln) i= n(2m) ™! J F(r)h(r — 2en)e= " dr
n,leZ? 2mn
2m(n+2) ]
k>2,supp:hc[0,47r] 7](277)_1 J f(T)h(T i QWn)e—ilanT )
2mn

We dilate by k to write

(2.2) F@) =Y, wne(@, k) foe(n), wne(w, k) = ho(z)el™ "

n,lel?
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where

— T(n+2)k
(23)  ha(e) = n%h <x%m> s Fre(n) = n(2m) 7" f T ) ha(@)e it

K 2nk

and fy, ¢(n) can be written as follows

Fre(n) = €727 fx (),
AT

(24) L) = g | (s 2m (s e s,

m 2m\/k

By Plancherel’s identity,
S = ok f [F(s)h(sn ! = 2mn)[2ds
’ 2 R

LEZ
and

(2.5) DTARELS ~IF13,
n,LeZ?

because ¥, ,|h(z — 27n)|?> = 1 and n € I~!. By the standard approximation argument, we can
extend (2.5) from f € S(R) to f € L?(R).

Recall that n = k='. Using the known evolution of wg o for ¢ € [0,27T] (check (9.3)), we can use
the modulation property (a) from Appendix (check (9.1)) to get

QiR AL (2,1, k)T )e=a®(T7)0) (T = ¢/

1
Wne =K QQT,L,Z

where the function
Qr, ,(z,t,k) =U((z — 27(n + 1)k — 2ta(T7)) /K, th/K?)
oscillates slowly in z € R and ¢ € [-T,T7, i.e.,
‘WQTM (x,t, k) y Q7 ,(x,t,k)
oI - ’ ot
provided |¢| < k, and its derivatives in k are bounded as follows
‘ Q7 (x,t,k)

i
‘SJK/ 7

(2.6) Py

Moreover, |7, ,(x,t)| is negligible away from {|z — 27(n + 1)k — 2ta(T7)| < £+, |t| < 27T}, > 0.
It will be convenient to work with tubes

T7 =Ty :={|lz—2r(n+ 1)k — 2ta(T7)| < 27k, |t| < 27T}

‘Sjl,ke.[.

that are k-independent. Such T has base as an interval x € [27nk, 2m(n + 2)k] and 2a(T) is its
slope in variable ¢. Given T, we denote the corresponding n as n(T~). Notice that T}, ¢ Ty 40 = &
for |j] > 1.

One can be more specific about Qr, ,(x,t,k): if U is a function generated by h in (9.2) then (9.4)
gives
@27) Qr, (0. t) = 20 (.t k), Q) (2.t k) = Us((z — 27(n+1)k)/k — 2t(T) /K2, th/K?) .

Az

Notice that Uy((z — 2m(n + 1)k)/k — 2ta(T™) /K>, tk/k?) is supported inside the T}, , and all other
terms Uy ((z — 27(n + 1)k)/k — 2ta(T ) /k?,tk/k?),\ # 0 are supported in the tubes obtained by
its vertical translations by 2wkA. Although the supports of all terms in (2.7) are parallel tubes, the
contributions from large A are negligible due to (9.5). Hence, we can rewrite the formula for evolution
in a slightly different notation

(2.8) kAL Z Z FEL(n) - ({%Q%A_{ (.1, k:)) . em(@(T ™) (@=2rn (T~ )r)—a® (T 7))
X T—
We now discuss the properties of the coefficients f, ¢ in (2.3). Clearly,

Fua0) = a7+ ) (€0/), Fa(€) = e > (i)
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Hence, conditions (1.16) and (1.17) imply that
D DlfwelP=0), 3 X el =o(1),
In|=2k LEZ In|<2k [£|2Cék

where T — oo, n € I™! and C is a suitable positive constant. Since the evolution U is unitary, that
indicates that, when studying U f, we can restrict our attention to wave packets wy ¢ with |n| < 2x
and |¢| < Cok where the last condition is equivalent to |a(T7)| < 6.

The expression in (1.10) will be central for our study and the following theorem is the key for
proving Theorem 1.3.

Theorem 2.2 (The main estimate for “one-collision operator”). Suppose V and f satisfy assumptions
of the Theorem 1.3, except that V is not necessarily real-valued. Define

(2.9) fo= D> wn(@ k) fuen)

In|<2k,[£|<Cok

and
2rT )
(2.10) Q= f eRACTT=t /(. 1)etkAt gy,
0
Then,
1 (] 1esian) s ot sh.
-1

We call the operator @ from (2.10) the one-collision operator. The proof of this theorem will be
split into several statements to be discussed in the next sections. This proof will be finished in Section
7.

3. INTERACTION OF WAVE PACKETS WITH V' ON CHARACTERISTIC CUBES.
Consider the characteristic cubes B, , = [27pk, 27w (p + 1)k] x [27qk, 27 (¢ + 1)k], p,q € ZT . We

split the time interval [0, 27T] into x equal intervals of length 27« so that

[0,27T] = | |[27k(qg — 1), 27mKq]

=

1

q

and Y is covered by ~ k2 characteristic cubes. Recall that we study the operator
27T
Q _ J eikA(27rT—'r)V(_ T)eikATdT
0

from (2.10). We will do that by first taking the partition of unity

(3.1) 1= é(a/(2nk) = p,t/(27K) = q),

P,
where smooth ¢ = 1 on 0.9-([0, 1] x [0, 1]) and is zero outside 1.1-([0,1] x [0, 1]). If B is a characteristic
cube with parameters (p, ¢), we might use notation Vg instead of V,, 4. Let
(3.2) V= Z Vp.g(x — 2mEp,t — 21Kq), Vp g := V(z + 27K, t + 2mgk) - ¢(x/(27K), t/(2TK)).
P,

Later, we will need the following lemma which shows that each V,, ; shares the main properties of V'
but it is localized to 1.1By ¢ instead of Y.

Lemma 3.1. Given assumptions of Theorem 2.2, we get

(3.3) supp V,, 4 < 1.1By o,
(3.4) Vpalze@ey ST, v >0,
(35> ”‘/207(1(51?62)H(L”ﬁLl)({E:pl—e<|§\<p2+e}c) SG,N T_N

for every small e > 0 and every N € N.
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Proof. The first two bounds are immediate and the last one follows from the properties of convolution.
O

Later in the text, we will use the following observation several times. Since V), ; is supported on
the ball of radius Ck, we can write V,, ; = V,, - p(2/(C1£),t/(C1£)) where p a smooth bump function
which is equal to 1 on B;(0) and C is large enough. Then,

~

3O Tl = [ TaloDue = s)ds, Dule) = (ConPCuks). pe SR,

1

i.e., Vp 4 can be written as a convolution of Vj, , with a function well-localized on scale k™" around

the origin. Hence, applying the Cauchy-Schwarz inequality, we get
6D TalOF < | Voa)PIDule = olds- | 1Du(e = 9lds < [ 1Wra(s)PDute = s)ds.

That bounds the value of function |X7p,q|2 at any point £ by, essentially, the average of that function
on x~!-ball around that point (up to a contribution from the fast-decaying tail).

3.1. Contribution from each characteristic cube B, ;. We first focus on the contribution to
scattering picture coming from V,, 4(x — 27kp, t — 2mkq). Notice that in the expression

27T
J’ ehARrT=T) Vp.o(- = 21k, 7 — 210kq) ™27 f,dr
0

the function V,, ,(- — 27kp, T — 2mkq)e’ AT f, satisfies
(3.8) \Pe=c (Vial- = 2mip, 7 = 2mq)e™7 1, ) H2 <vTV,NeN

for suitable C' due to (3.5).

We apply wave packet decomposition for f, and for @ f,. The wave packets based on ¢t = 0 will be
denoted w,’, and those corresponding to ¢ = 27T will be denoted wy,, ;. Similarly, the corresponding
tubes are 7,7, and T}; ;. Recall that, given any forward tube 7, we denote the corresponding wave
packet w,’, as w(T), the corresponding coordinate n = n(7) and the frequency (1) = ka(T 7).
The notation for the backward tube is similar. The set of forward tubes relevant to us is

(3.9) T7 ={T7:n(T7) <2k, |a(T7)| < C&}
and, thanks to (3.8), the set of backward tubes of interest satisfies |n(T7)| < Ck,|a(T)| < C}.

From now on, we will take only these tubes into account. In estimating @ f,, we will use wave packet
decomposition and the bound (2.5).

T
2nT

T(—

2nT

—27T

Figure 2

The southwestern corner of the cube B, ; has coordinates 2mxp, 2k and, if it is intersected by
forward tube T and backward tube T, then their parameters satisfy (see Figure 2)

(3.10) 20T )g=p—n(T7)+O(1), 2a(T ) k—q)=n(T")—p+0(1)

and O(1) indicates a real-valued quantity which depends only on p,q, 7,7~ and satisfies a uniform
estimate |O(1)] < C.
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Then, taking f,, applying @, and using (2.2) and (2.8), we compute the coordinate with respect to
backward tube T by the formula (we suppress summation in A here for a moment)

27T
Qp,qfo,w fr-(n Vol — 2mkp, t — 2mkq) e AT w(T7), e FACTT=7) (T Ndr =
P.q P:q
T—eT—
Z fr=(n J ( (T —2mRp, T — 2mRQ)KT 2O (z,7,k)e in(a(T™) (z=27n(T7)r) = (T7)7)
T—=eT—

(3.11) x & EQp(z,7 — 27T, k)e—”'“*(T“)”—“z<T“><T—2”T>>)dxdr =

(2 - f (Voa(w = 2mip, 7 = 2mkg)i ™ $ Q- (2, 7, k)1 a2mn(T 00 —ad (7))
T—eT—

% n*EQT— (z,7 —2nT, k)efin(a(T‘_)(a:727rn(T‘_)n)fa2(T‘_)(fr727rT)))dsz>67ina(T‘_)27rn(T‘_)ﬁ '

If the tubes T~ and T~ both intersect B, 4, then (3.10) holds and the integral above can be written
as

exp (27ri77f1((o¢2(Tﬁ) —2(T))g + (T )k + O(l)))FT—np— (),

where

Fr— p—(n) := f (Vp,q(x — 27Kp, T — 2TKq) (/ﬁ_quu (z,7,k)Qp—(z, 7 — 27T, k;))
RQ
(3.12) ein((a(T_')—Ot(T‘_))(I—Qﬂpn)—(az(T*)—az(Th))(T—QﬂqH))) dxdr .

Notice that the formula (2.7) can be applied to Qp-(z, 7, k) and Qp—(x,7 — 27T, k) which gives
Vgl = 2mkp, T — 2wKq) Q- (2, 7, k) Qp— (2, 7 — 20T, k) =

Z Vp.q(® — 2mEp, T — 27r/<;q)Q(>‘) (x,7,k) - ng):_)( T —2nT,k)
AN €eZ?
and, accordingly,

(3.13) Freoge(m) =Y, FX ().
AN €EZ2

Now, Qgé_), (z,7,k) Q?g (z,7 — 27T, k) is compactly supported inside the intersection of corresponding
tubes and its supnorm decays fast in |A| and |X| due to (9.5). In all estimates that follow, we will
only handle the term that corresponds to A = X =0, i.e.

. - - 2 2 me
<Q (0,0) f07 ( )> _ eszn(fna(T (T )+r“a*(T)) x

(3.14) PO b o s W C)

T=:T7nBp,q#J
where the backward tube T intersects B, ,. The other terms in (3.13) lead to the same bounds
except that the resulting estimates will involve a strong decay in |A| and |A|. The first factor
2min(=ra(T)n(T7)+r%a*(T7) ip the formula above only depends on T and it is unimodular. It
will play no role in our estimates.

Now, Qg)l (z,t,k) is supported inside T~ and we consider

F:,(WO_’,O’)Th (n) = J}RZ (V}))q(x — 2TKp, T — 2TKQ) (ﬁ_ngpOl (z, 7, k:)Qng)_ (z,7 — 27T, k)) x

(3.15) em((a(T*)—a(T*))(m—zmm—<a2<T*>—a2<T*>><r—zmq>>)dxdT _

J <Vp7q(x, T) (/{719591 (z + 27kp, T + 27K, k)Qg?l (z + 27kp, 7 + 27Rq — 27T, k)) X
RZ

)=o) (T )TN ) g
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By (2.7), (3.1), and (9.5), the function ¢(z/(27k) — p,t/(27k) — q)Qg)l (z,T, k)Q(TOl (x,7 — 27T, k) is
smooth and is supported on 2B, ,. Arguing like in (3.6), we can write an estimate

(316) [F{e )] < 57 (1Wpal # [l ) (=(a(T) = a(T))n, (@*(T) = a*(T))),

where 1, (£1,&) = k2 (€1, kE), ¥ € S(R?), and ¥ does not depend on p,q, T, T and k € I.
Consider the function |V} 4| # [tx|. We can use (3.6) to conclude that

(3.17) [Voal # [¥0i| < [Vogl * P, Pe(§) = KQP(f“)
and P is a nonnegative function decaying fast at infinity. Applying Cauchy-Schwarz to |‘A/p7q| * P, as

319) (Tl PO < ([ 170aF « Pule = 95 ) [ Pule=s9as < [ 1P P(e-s)as.

we get the analog of (3.7). Hence, the function |‘7p7q| # |1, | satisfies (check (3.5))

(3.19) [ <|Vp,q| * |¢n|) l(L2 L) (€1 —c<le|<patere) Sen TN
for every small € > 0 and every N € N. Moreover,

o 1
(3.20) 11l # il )2 s 7270

Formula (3.16) shows that FéO;O’)T_ (n) is bounded by the restriction of |V, | # [¢,] to the “curve”:
(—(AT7) = (TN, (0*(T7) = a*(T))m), nel .

For fixed o(T™) and o(T), that is a straight segment or a point 0 when ne I~ 1. For fixed ne I}
and «(T7), that is a piece of parabola when a(7“") spans a segment. By (3.19), F}O_’S)T‘_ is negligible

unless (recall that n € [1, 1])
(3:21) (T7) = (T ~p1pz L |a(T7) + a(T))| ~pips L.

For given p; and py, we can choose positive § small enough to guarantee that |a(7T7)| < d implies
(3.22) la(T)| ~ 1.

Without loss of generality, we can therefore assume that «(7) ~ 1. Hence, the set of backward
tubes relevant to us is

T =T : [n(T)| < C(p1,p2,0)k, 0 < C1(p1,p2,0) < a(T) < Ca(p1, p2,0)}

so that (3.21) holds for each T~ € T and T € 7. Notice that each B, , € T is intersected by
~ 0k tubes T € T and by ~ k tubes T~ € T .

3.2. Sparsifying V. For T~ € T and T € T, each set T~ n T can be covered by at most C
cubes By, , (see Figure 2 above).

[

?

TR
Eoa

Figure 3
Notice that, for each P € N, the potential V' can be written (by “sparsifying” periodically) as
(3.23) V(z,t)= Y Vpg(z—2mkp,t — 2mrq) = D V0B (z 1),
p,qEZ? ae{0,...,P—1},B8€{0,...,P—1}

where each V(@8 defined by
V(aﬁ) (.’IZ‘, t) = Z VnP+a,mP+,@(I - 27”{’(77’P + Oé), t— 27T'L<’(mP + 6)) ’

n,me”z?
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satisfies dist (supp Vap+a,mp+8,5Upp Varpramp+g) 2 Pk for all (n,m) # (n',m’). Figure 3 has
P = 3 and the red boxes correspond to choosing « =0 and 3 = 1.

Therefore, for P large enough, T € 7 and T € T, the set T n T intersects at most one
characteristic cube out of the set B,pia,mp+g Wwhen a and [ are fixed.

Hence, going from one function V to any of P? functions V(*#) we can always guarantee that each
T~ n T intersects at most one B, 4. Going forward, we can assume without loss of generality that
this property holds for the original V.

3.3. Contribution from all of V. In the general case, given T, we need to account for all char-
acteristic cubes that intersect it. Hence, we need to control

(3.24) Dre(n) := p2min(—ra(T)n(T7)+r2a®(T7))
) 2 (o2 (T ’
Z Fi (n)eminn((o*(T ™) —a(T ))q+0(1))F’1(“0—>021“<—(77)~
By, ¢:Bp,gnT<#g T7:Bp ¢nT#J
Take p(n), any smooth non-negative bump function supported on I —1 and write
(3:25) p(n) D= ()* dn = | pu(n) x
R R
> > > > 2mins((a*(T7)—a®(T7))g— (o (T'7) —a (T7))d' +O(1))
oo 28 By o 01720 Bp,qg:‘;:_'ig Bp’yql’zf:;;_’;ég

x fE () P ) A () FS D () = 200 4+ 500
(r)

where X is the sum that corresponds to the resonance indexes given by the following global resonance
conditions:

(3.26) |((@*(T7) = a*(T7))g = (*(T"7) = *(T7))d)| S 1,

that do not depend on the choice of V. For definiteness, we can assume that the bound < 1 takes
the form: |-| < Ceu k¢ with a fixed positive € that can be chosen arbitrarily small. Having mentioned
that, we define G(T,T'7) as a set of backward tubes T that form the global resonance with 7~
and 7'~

Lemma 3.2. We have |Z(Tn£)| < Cjk7 for every j € N.

Proof. Recall that (2.9) restricts |[¢| < Cék in (2.4). Next, one can apply a non-stationary phase
argument. In the integral

JR P T i@ (T7) =0 (T7))g—(a*(T"7)=a* (T ))) 2rinnO) Fggo,)w Fg}f’)T& dn

we use (2.4), (3.12), and the bound (2.6) to integrate in ) by parts consecutively to get

T— T T— T

f pfi TR 2@ ()= (Mg (@2 (1) ~a® (1)) 2winn0 () p(00) 00~ g |
R

<j,€ Iiij,jeN,€>0,

provided that |((e®(T7) — o®(T<))q — (@*(T'"7) — a*(T*))¢')| = k. Since the quadruple sum in
(3.25) contains at most Ck* terms, we get the statement of the lemma. 0

This lemma shows that we only need to focus on the resonant terms which constitute a small
proportion of all possible combinations. We will study these resonant configurations next.

3.4. Geometry and combinatorics of global resonances. In that subsection, we list some prop-
erties of global resonance configurations that will play a crucial role later. As before, we consider only
those cubes By, ; that intersect Y1 and hence

(3.27) Ip| < 1k, cak < q< K, ca>0.
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1. The first observation about global resonances. Recall that they are determined by the
condition (3.26) and it can be rewritten as

a?(T7) —a?(T) | < 1

a2(T=) — az(:,u_)q R 12(T) = 2(T9)|

Given (3.21), we get

a*(T7) - a*(T4) ,
o?(T7) —a2(T) "
Then, T, T and ¢ define the set of ¢’ of cardinality < 1.

(3.28)

1.

2. The second observation. Suppose T, T, B = B, ,, and B’ = B, 4 are given. Here,
B is the cube intersecting T~ n T and B’ is the cube intersecting 7" n T . Let us count
the number of possible 7'~ that can create a global resonance. Denote s := ¢’ — ¢q. It will be
convenient to introduce a symbol R that indicates a quantity that satisfies |[R| < 1 when T — oo.
We can rewrite (3.26) as (a2(T") — o*(T7))q’ = s(a*(T) — a*(T™)) + R. One has o?(T") ="
Q2 (T7) + sq¢" 1(a*(T) — a*(T7)) + O(Rk 1), which gives the following restriction on s:

a2 (T_))ql

s 2 s0((T7),a(T7),q) + O(R), 50 := S a2(T<) —a2(T™)°

Therefore,
(329)  a(T') = £(e3(T7) 450 (@A(TT) —aX(T ) + O(RR )" =

2 T<) — 2 T % )

i(a( )qla( )> |s — so + O(R)|?
We write
042(TH) — oﬂ(Tﬁ) 2 N 042(T“) _ az(Tﬁ) 3 A

(3.30) q |5—SQ+O(R)|2 = 7 |5—SO|2 N
and

s E. s — R
3.31 Al < (kls 310|) , |s—so| > |R|,
(3:31) ||~{ et ool < IR

Hence, we get at most #(s) possible choices for T, where
(3.32) #(s) S K2|s —so|"7,s = so + |R|
and #(s) $ k2 for s < sy + | R|. Notice that

(3.33) D #(s) Sk + L ~ K.

s=2so+O(R) s=so+|R| |S B 80| 2
Hence, each T~ and T¢ define ~ k “globally resonant” tubes 7'~. Moreover, for given T and
B, prescribing parameter a(T) or —«a(T™) define the same sets of possible a(7'7). If we take
a(T™) = 0 branch, then a simple analysis shows that the function

1

a2(T<—) _ a2(T—>) 2
q/

(which defines the “principal direction” in (3.30)) is increasing in s > sg, vanishes at s = g, and it is

equal to a(7™) when s = 0. The largest “indeterminacy” #(s) ~ 2 corresponds to s = so + O(R)
as follow from the formula (3.31). Also, notice that (check (3.29))
/ _ T—) ~ S > f
O = |a(T7)] Kla(T=)| +/sk ~ K’

As a consequence, we get the following lemma.

(3.34) al. = s — so|?

s=>CR.
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Lemma 3.3. Suppose 7 € (0, %) is a parameter. If s € (k'™ 7, k), then

(3.35) o, — (T7)| 2 k77,
(3.36) 0(T")] — a(T)| 2 5

Proof. The first estimate is immediate from the previous bound. The second one follows from the
first and from (3.31). O

3. The third observation. In a similar way, we obtain a lemma.

Lemma 3.4. For given T, T'” and B: BT # &, we can have $ 1 cubes B' : B'nT'” # &
that define the global resonance through some T such that BT # & and B' nT< # . The
total number of such resonances (choices of T ) is at most $ T(dist(B,B’) + k)7L,

Proof. The first claim is proved by analyzing (3.26) with the argument similar to the one given above.
For the second one, observe that any two cubes B and B’ define at most CT(dist(B, B') + )~ tubes
that intersect both of them. O

4. The fourth observation. The following lemma says that any two forward tubes that are not
nearly parallel cannot form too many global resonances. Recall that, when working with backward
tubes T, we assume that a(T) ~ 1.

Lemma 3.5 (No Lattice Lemma). Let v and € be two small positive parameters satisfying 2(v+e) <
1. Assume Ty, T form global resonances with both Ty~ and Ts5~ where

(3.37) a(BO2) - q(BOV) 2 51

and B denotes a cube whose intersection with T77 T is nonempty. Suppose

(3.39) a(T5”) = a(T)] 2 57,

then there are at most N : N < k2(€TY) tubes 77,5 € {1,...,N} that can form a global resonance
with 1> through both TY~ and Ty~ and that satisfy

(3.39) lo(Ty”) —a(T;7)| 2 K °.

Proof. In this proof, we measure the distance in “units” 27k, understanding that this quantity is
proportional to the distance between the centers of two adjacent cubes. Assume that the center lines
of ;7,5 € {0,...,n} are given (in units) by linear functions a; + a;7 and those of 7)™ are given
by 76 — si, where 7 € [0,x]. Hence, a; = 2a(T;7), 51 = 2a(T)") and |a;l, || < & as we measure
the distance in units. We can assume that ap = 0 without loss of generality as the global resonance
condition is invariant with respect to vertical translations. The assumption (3.37) guarantees that
(340) 8251 - 8152 Z Iﬁ:li’u .

The global resonance conditions (3.26) imply that

(3.41) Biao + apag + aps; = ... = fian + anan, + ans; = O(R), |R| 51

for all I € {1,2}. We define da; = a; — ap,d0; = aj — g, 68 = P2 — P1,0s = s2 — s1. Hence, by
subtracting the first equality from the others, one has

(SCLJ‘ O(R)

— +(s1+a;)= .

6aj ( ! ]) 5(1]'

Subtracting equations (3.41) with different I, and then subtracting the first equation from all others,
we obtain

(343) s - (SCL]‘ + s - 50éj = O(R)

(3.39)
and, since |da;| 2 K¢, we get

(3.42) (B + ap) -

_a;

44 =
(3.44) ds 50,

58 + O(RK®) .
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The assumptions we made and a simple geometric reasoning (recall that all forward and backward
tubes intersect ~ x units away from the vertical Oz axis) gives

(3.45) si+aj~kK
for all [ and j. The formula (3.42) and the bounds 8; + ag ~ 1, |0c;| =2 K™€ yield
da;
3.46 2~
(3.46) et ~
and, therefore, |a;| = |da;| 2 k'~¢. Recall that ap = 0 and |ap| < C4. By choosing § small, we can
make |ag| < 0.1/, which implies that s; ~ x and (3.40) can be rewritten as
(3.47) 0s- B —s1- 082 kKITY.

(3.44)+(3.46) (3.44)
Therefore, since 31 ~ 1, we get £~ < k- |08| + O(Rk®) . Hence, |68] 2 £ and |0s| =
kY. Next, (3.44) yields da;/dc; = —8s/03 + O(Rk?). From (3.42) and s; + a; G255 & we get
—da;/da; ~ K so the previous formula yields 6s/68 ~ . Thus,
Sa
(3.48) U~ Ok + O(RKY), ) ~ 1
(505]‘
and C is independent of j. Substituting this into (3.42) gives
O(R
a; = —(6 + ap) - (—C’m + O(Rﬂ”“)) -5+ % ,
J

which we can write as (fixing [ € {1,2})
a; =0 da; = Cor — s, + O(RKVYS), C2€R

with j-independent Cs. The inverse of (3.48) provides

Scvs

5& — — O3k~  + O(RK2Y4), ba; = Cy + O(RE™FY9), O3>0, C4eR.

a;

The numbers C7, Cs, C3, Cy are j-independent and they have absolute values < 1. So, if we have two
different n,m > 1, then a,, — ay, = dav,, — Sy, = O(RK™1TVT€) . Hence, we have restrictions on the
base of the tube T;7: a; = Car — 5, + O(RkV"¢) and on the slope: |a; — 1| = O(Rx™'77*€). That

gives at most R?x2(V+€) choices for such tubes (see Figure 4). |
" T T5
// //
T ey
ﬂ 77 =2

T—)
0 / K tunits
4

Figure 4 (in units)

4. RESONANT TERMS AND THE DECOMPOSITION OF V.

For the generic n € I™!, our goal is to estimate Y, |Dr—(n)|* where Dy~ is from (3.24). The
contribution from non-resonant indexes is negligible, see Lemma 3.2. Consider the sum of the resonant
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terms. It can be rewritten in the following form

(4.1) A=Y N e fie x

T« T—,T"~

627ri17f~”~((0t2(T_’)*a2(T‘_))q*(a2(T'_’)*Oﬁ(T“))q’)eQTrmnO(l)F;O_LO’)T(_ F}?’—??Th

(4.2) = > fEfiex
T_’,T’_’
Z p2rink((@(T7)—a(T7))g—(a®(T"7)—a®(T7))q) ,2minnO(1) F;ﬁ%@ Féolf,)% :

T‘_Eg(T_’ ,T’_’)

where T~ € T and T, 7"~ € 7. The symbol i in the first formula indicates that the summation
is done over the resonant configurations, i.e., those for which (3.26) holds. Then, by Cauchy-Schwarz
inequality,

(4.3) AP < ( > Ifq’tfz’%IQ) X

T— T~

3 3 2miRnO(L) 2minn((o (1)~ (T )a—(o3(T") ~aX (TN ) p00)  FO0)
T=,T'= |T<eG(T~,T'~)

The first factor is bounded as Y 1 [ff- ff~[> S [f]5 by (2.5). The second one is estimated by
the following quantity
2

(4.4) I:= Y, Yoo B ) FRD ()
T=,T'"= \T—eg(T—,T"~)

In the rest of the argument, we will study Z.

4.1. Initial data f of low complexity. Before considering the general case, it is instructive to
sketch what our method gives for some special choices of initial data f.

Example 1: the plane wave as initial profile. That corresponds to f(x) = k~'¢(x/T) where ¢ is
a smooth bump function compactly supported around the origin. In that case, (4.2) has a double sum
in T~ and T'~ containing only x? terms since |a(T7)| $ x~! for every forward tube that provides
a nontrivial contribution. Moreover, we have |ff_| < k2 for every such tube. Formula (3.28) says
that we have resonance of T, 7', and T only for |¢ — ¢'| $ 1 which means that 77 and 7'~
are essentially neighbors. When estimating A from (4.1), we do not use Cauchy-Schwarz but instead
write

(4.5) Al S v D S ER ()2
T T+

Taking (3.16) into account, one obtains
0,0
(4.6) DAL XIS
T(—

S (e el) ((0(T) — 0@, @31 — 02|

By q:Bp " T #J T<:Bp gnT =g

We substitute (3.18) into the sum above. Notice that the derivative of the map

(4.7) (u,0) = (—(@(T™) =)o, (*(1) — u?)v)
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is nondegenerate if C' > |a(T) —u| = 6 and C = |v| = § with positive 6. Then, averaging in 7, we
get for a given p and ¢:

0,0)
(45) [ SR URE
I=t 7<:B, ;nT—=g»
2

| S (Bl o) (=) = 0@ @37 = 2 )] i <

_ ~ (3.20)  _qm1—
R LA B R S e el
Finally, we obtain {, , |[Aldy £ T'727 and §, , |Qf|*dn £ T*~>7.
Example 2: evolution of a single k-independent wave packet. Define &, ¢(z) := wy ¢(x,1)

(check (2.2)). Take f = {g ¢+ where |[(*| < 0k where ¢ is a small positive parameter. Then, the
“principal tubes” corresponding to such initial value will differ for different 7. Specifically,

(49) WO Z* 2 Tn,j, Z* wmj (.’E, 77)

and (check (2.3))

(4.10) [ro,g.ex (M| ~ [R2(€* = jn)|,
so the principal direction j*
(4.11) JH,m) =% /n + O(1)

and the principal value of the base n is n* = O(1). Other j and n will amount to negligible con-
tributions since h € C*(R). The bound for A becomes |A| < > Dy |F . Th( )|?, where the
sum in T is extended to all possible directions which are at most C(1 + [£*]) due to (4.11). Notice
that for every n € I™!, each backward T will intersect only at most C principal forward tubes T7.
Averaging in 7 and recycling (4.8), we get §,_, |A|dn < (14 [¢*])T*27. Since the same estimate holds
for any n, we get

(1.12) | 1Q@n iy < w1
-1

for each n and ¢*.

4.2. The rough bound for the general f. As we already mentioned, our main goal is to handle f
of “high complexity” which means we have no restrictions beyond the bounds |n| < 2k and |[¢| < Cok
n (2.9). We start by obtaining a rough estimate via the wave packet decomposition.

We can bound Z from (4.4) by Cauchy-Schwarz as follows

Is (ZZWO*O)T* )2,

T— T+
where both resonance and non-resonance interactions are taken into account. Consider the sum

(4.13) > S EE () Z > )P

T— T+ T, T
T—’mT‘—aBP a

and recall that T € T and T € T . We now focus on the expression

(4.14) [ (1Tl 106l ) (—(@(T™) = (T, (@X(T™) = @3(T)))

n (3.16). Notice that the derivative of a map (a, 8) = (—a+ 8, —3?) is (;(i _55) . It is continuous
and nondegenerate on the compact set {(«, 5) : |a| + || < C1, |B] — |a| = Ca} for positive Cy and Cs.
Hence, for given B, , and each n € I!, the interior double sum in the r.h.s of (4.13) is bounded by
the following quantity (use an estimate (3.18) to verify that):

‘ 2

~ 20)
(4.15) L2(|Vp,q| * 1)) (fla&)dfld& S sy Y |F(0_.0T<_ nPP < T

T—=T<
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and
(4.16) |Qfo| s T

for eachm € I-1. Our goal in the next three sections is to show that the bound (4.16) can be improved
for generic 7.

4.3. The decomposition of V), ;. Let qg be a smooth nonnegative bump function supported inside
[—1,1] x [—1,1] and chosen such that

(4.17) 1= > 3(¢—)

nez?
for all £ = (£1,&2) € R, Take $5(€) = (k€1 — n1, k€ — no) and rewrite (4.17) as
(4.18) 1= 3x()

neZ?

Here, each @y is nonnegative and it is supported on Bg,—1(k7'7),C > 0. Then, define V,, , z by

~ ~

(4.19) Vit = Voq - @i -
From the condition (3.5), we get
(4.20) Vog = Z Vp,q.n + ETT, ||ETTH(LI‘{\L1)(R2) < T ™ meN.

C1K<|T_7:|<CQH

Using (3.6), (3.7), and the properties of convolution, one gets

(4.21) N\ aillte @2y S K Voalie e -

Therefore,

(4.22) Z ”Vp q, n”Lf ®2) S K va q||L2(R2) ST
il

Take A € (0 ,5) and define the set Q(p,q,\) = {77 : ||‘,}p7q7ﬁ||LL(R2) > T2 T = 1Q(p, g, M) s
its cardinality. Then, (4.22) yields .J, , < T?*. For each (p, q), arbitrarily enumerate the frequencies
in Q(p,q,\) as {ﬁ](;?,)l}, 1 < s < Jp, Notice that 0 < J,, < T?, where taking J,, = 0 indicates
that Q(p,q,\) = &. Let K := maxy 4 Jp 4, then K < T?*. Take p as a smooth bump function which
is equal to 1 on B1(0) (see (3.6)) and recall that V, , is supported on B¢, (0). Hence V, 4(x,t) =
Vp.q(x,t) - p(x/(Cyk),t/(C1k)) if Cy is large enough. Define functions Vp(lqow p(,q ) Vp(fq()

(4.23) Vp(;q) (z,t) = .7:_1(‘71)7(1 . @ﬂ;sz)(ac,t) . (ar:/(C'm),If/(C'l,‘f))7 s< K,
Via @,1) = (Vyq(a,t) Z P/ (C1R)), H/(C1R))

where 7! is inverse two-dimensional Fourier transform. If s > J, ;, we set Vp(’f]) = 0. The multiplica-
tion by p localizes the functions involved to Bk (0),C" > 0 and, on the Fourier side, it is represented
by the convolution with (C1x)?p(C1&1k, C1é2k). This way, the partition of unity gives

(4.24) Vog = Vo) + 3 V& 4+ Brr, |Ere|penpge) <m T, meN.
s<K

By construction, Vp(f,f ") satisfies
(4.25) [V {low) (g1, &) < TH.
Recall the formulas (3.12) and (3.24). Substitute (4.24) into (3.12) and use triangle’s inequality to get

(4.26) (Z |DTF|2> (Z |D{e)] > D (Z DY) | > + Err, |Err| < T™™, meN,
£

s<K

low)

where Dgu_' corresponds to changing V,, , by Vp(’l;w) in (3.12) for every p and ¢. Similarly, Dg,i)_

corresponds to changing V,, , by V;@(,‘Z) in (3.12) for every p and gq.
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5. ANALYSIS OF THE A-LOW-FREQUENCY PART OF V.

In that section, we control the first term in the right-hand side of (4.26) which corresponds to the
A-low-frequency part of V. This will give an improvement of (4.16).

Lemma 5.1. Suppose V satisfies conditions of the Theorem 2.2. Then,

1

3
6-1) (Ejuﬁf”onﬁ> STO%,
T{—
L?—l,dn
Proof. Recall that (4.25) holds for each p, ¢ and we will use it when bounding Fg,)’_? ?T4_ below. Estimate
7 in (4.4) by applying Cauchy-Schwarz

0,0 0,0
(5.2) 2 IY > IEEP > EOP).
T= T~ \T—eG(T—,T'~) T—eg(T—,T"~)
and we recall that the backward tubes T in G(T,T'7) are those that create global resonance with
T~ and T'. In what follows, we always assume that T € 7 and T € T, just like in the
formula above. Let us start with considering a special case.

1. The case when all 77 and 7”7 involved are at a distance ~ T' (or ~ x units) from each
other. If B and B’ are at a distance C;T from each other, they define at most Cy choices for T
that intersect both of them (see Figure 5).

Y

Figure 5

Hence, if we consider the sum that corresponds to only those T and 7'~ that are T-separated,
then the Lemma 3.4 gives the following estimate for the second factor in the right-hand side of (5.2):

(3.16)+(4.25) 1
0,0 Y
(5.3) ) ERO P S ke T
T‘_EQ(T_’,T’_’)

K
for every n, where the first factor C'xk bounds the total number of cubes B’ on T'~. Averaging in 7,
we have

1 e
[IRECET R SIS YD YN B B YD R L SR Ol

T BNT~#J T'= r—eg(T—,T'—):
BAT“ £
Now, notice that for every B, each backward tube T that intersects B contains ~ x cubes B’ each
of which defines #(s) tubes 7'~ which are globally resonant with T and T, see the calculations
in (3.32) and (3.33). If T and 7"~ are separated by ~ T, then #(s) < 1. Hence, for fixed T~ and

B that intersects it, one has

(4.8) T1—2’y
5.4 EOO (m)2dn S J FOO (mPdy S k- .
(5:4) LZ Y B eem)Pdn g s Y IE )Py 5 ke —

T'= peeg(T—,T=); IV pe . BAT— =g
BAT<#g

Finally, §,_, Zdn < T*(1-1-2X
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2. Another rough bound in the general case. The following estimate does not employ our
additional assumption that V,, ; is replaced by Vp(f; ) which is A-low-frequency. However, rather than
the argument in (4.16), it does require averaging in 7. Consider (5.2). Fix B’ : B' n T'” # ¢ and
extend the sum Y7 in Yrccgir— 77— | Fé?f?ju_ |2 from only resonant directions T to all possible

directions. Using (3.17) and (3.18), we get

i’ 2
(55) Z ‘/@71 (|VB’| * |1/}K|) (_(] _ 6)77“717 (]2 _ 62)7]1172)‘ < Tl,g,y '
3, 0:|j—€|>b6k
il Ja<cn

That gives the following bound for the second factor in (5.2):
DAL D) S (Pl 0el) (G = s P = Bps)
T B:B'n"T'2#y i —€|>6k
lil:[el<Cr
(5.6) S k-T2

2

for every n. Then, integrating in 1, we get (check (5.4))

(57) f Ty < (T%k) - 3, f oY E e mPdy | s T,
-1 -1 5

T— BAT—# T'= r—eg(T—,7'=):
BAT< %

3. Putting two arguments together. Now, we combine two previous arguments to treat the
general case. We fix ¢ := T~¥ where a positive parameter v will be selected later. Then, for every
fixed T~ and B that intersects it, we split all 7'~ into two groups: group G;(T, B), i.e., those that
are “close” (at a distance < oT') to B, and group Gr;(T7, B), i.e., those that are “far” (at a distance
more than oT).

We apply rough bound to group G;. In contrast to (5.7), when we count the tubes 7"~ that create
a resonance with T and T, we now take into account only those that are at a distance < ¢T from
B and their total number is bounded by

(3.32)

Z #(s) = Z K3{s—s0) 2 S o2k,

|s|<ok |s|<ok
Hence, the contributions from all groups Gy in (5.7) add up to at most
(5.8) <o

Next, consider the contribution from the groups Gj;. Take T, B intersecting T, and a tube
T’ at a distance dk to B, where the parameter d: d € {0k, ..., k} is measuring the distance in units.
We want to estimate X e cg(p— ) |F$’_(,)7)T4_ |2 by modifying (5.3). Consider the case (see Figure 6)

that provides the worst bound (the distance from B to L, the intersection point of T and T, is
~T).

Figure 6

Take B’ intersecting 7", which is at a distance ax,a € {1,...,Cxk} from L. If X is a point on
T'~ at a distance ax from L, then dist(X,T7) ~ ad. Hence, by Lemma 3.4, B’ defines g x2/(da)
choices for backward tubes T that belong to G(T,T') and intersect B’. That gives

2
Z P00 2 < Z R L oo <

. T T ad K2
T'_Eg(T_),T'_’) af&

T272'yf2>\
d
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Let ng be the number of resonant tubes 7" that intersect T at B’ which is at a distance d units
from B. The total number of T’s times the total number of B’s on T is bounded by Cx3. So, the
contribution from groups Gy is bounded by (the second factor in the formula below represents the
sum of contributions over all B’ € T that are at least ok far from B) the following quantity:

. 2—2y—2) 3
Ck3 . < Z ndeV> ) (K—1T1—2w) < %_ Z #(s) | - (T2_27_2’\) . (m_lTl_QV)
d=okK :
(3.33) qd—dy—2X
(5.9) o

~
=~

o
Combining the contributions from the ﬁrst and the second groups (see (5.8) and (5.9)) and choosing
o ~T~%, wehave {, , Zdy £ T**="~% | which gives

1.4
2

4.1 4.3 4.4
J (Z DU ) > dn( A )J Tdy < TV0--%
1—1

and (5.1) holds. O

6. BOUNDS FOR THE LOW-COMPLEXITY PART OF V.

In that section, we control the entries in the second term in the right-hand side of (4.26). They
correspond to the low-complexity part of V.

Lemma 6.1. If V satisfies conditions of Theorem 2.2, then

1

2
(6.1) (Z DL (77)|2> ST
T(—

L2
I_l‘dn

for every s < K.

Proof. Fix s in (6.1) and consider a characteristic cube B with coordinates (p,q). If the frequency
of V];S) is denoted as (see the representation (4.23)) £*(B) := (&§(B),£3(B)) = Kk~ n](g,)z, then the
formula (3.16), when written for ‘/;72), implies that the contribution from tubes that satisfy (here,
again, |R| 5 1)
[((T7) = a(T))n + &7 (B)| & R/k
or
[((T7) + a(T7))ET(B) + &5 (B)| R R/k

are negligible and we can assume that local resonance conditions
(6.2)  [(a(T7) = (T )+ & (B £ R/6, [((T7) + a(T7))EH(B) + &3 (B)| § R/

are satisfied. We recall that |a(T7)] < C§ with a small positive constant § and a(T<) ~ 1 so
|a(T) — a(T7)| 2 1. Hence, we get |£F(B)| ~ 1 and [€5(B)| ~ 1. Now,

Sy L [&(B) | &(B) 1 o L [&B) &(B) 4
(6.3) a(T )——2< ” +§ik(B)>+Rn . oT )_2< ; —ST(B)>+RH .

We will say that B satisfies the local resonance conditions for given n if (6.3) holds. Here, we recall that
T~ nT* can intersect at most one characteristic cube, check here (3.23) and the discussion after that
formula. Our immediate goal is to study the geometry of such resonances. Given our assumptions,
we can make (notice that the bounds below are coming from counting the local conditions only) the
following observations:

1. If B,n are known, then we have at most R choices for T and for T~ to create a local
resonance at B.
That follows directly from (6.3).
I1. For fized T'™,T~, each B that intersects T can define at most R resonance configurations
that are both local and global simultaneously for each given 7.
This is immediate from I.
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IT1. For fized T', T~ and n, we can have at most kKR tubes T that satisfy both local and global
resonance conditions with these T and T'™.
That is immediate from the previous claim.
IV. Given n, T, T and B’ : B nT< = (J, there are at most R choices for T'™ that intersect
B’ and form global and local resonance with T and T .
That again is due to the formula

- 1 r&r(B) | &(B) -
o(T )=—2< o +5T(B/)>+RH L

Recall that we need to estimate

(6.4) 7= Y S RO EOY

T_’,T’_’ T{—eg(T—)7T/—))

for generic 1. In the definition of Z, the sum is symmetric in 77 and 7'~ and one can write
2

0,0 0,0
(6.5) I< 3 > B PR
T T Ja(T—)|<|a(T"—)| \T—eG(T—T"~)
We will need some notation. Fix € € (0,1). Given T, define the set

R(T™)={T""": max dist(z, T7)} < K27}, 2= (z,1).
zZE 1—

The tubes in R (T~) will be called x?>~¢-close to 7. We can write Z = Z' + Z”, where Z” comes
from T" € R(T ) and Z' accounts for the rest.

We first consider the contribution from Z” and recycle the argument in (5.7). Notice that the local
resonance condition can be satisfied by at most R many 7'~ that intersect T at given B’ (see item
IV above). So, if we denote by ##(s) the number of 7'~ intersecting T at B’, which is characterized
by a parameter s = ¢(B’) — ¢(B), and forming both global and local resonances, then ##(s) < R.
That gives us (compare with (5.7)):

w

##(s)<

R
T40=7) o —€

QA

(6.6) J T"dn < Ok? - Z ##(s) |- (7IT2) - (6T
= |s|Swi=e
We only need to study Z' and now we deal with tubes T and 7'~ that satisfy the restrictions
below:
(A) max e dist(z, T7) > k%7€,
B) [a(T7)] < |a(T)].

We need the following simple lemma.

Lemma 6.2. Let c€ (0,3). If T~ and T'™ are not k*~-close, |a(T"™)| = |a(T )|, and they form

a global resonance through some T, then |a(T"7) — a(T )| = Ce, s, Ver € (¢, 2).

Proof. Suppose |a(T7) — a(T"7)| < Ck™°* with some €; > €. Let T and T’ “intersect” at B’. If
dist(B’,T™) < Ck*> “, then max, ep— dist(z,77) < £27% by a simple geometric reasoning. Since
T~ and T'~ are not k2~ -close, this is not possible. So, dist(B’,T7) > C,, k2! with arbitrary ¢; > ¢
and dist(B, B') > C,k*>~ where T and T “intersect” at B. Recall that |a(T"7)| = |a(T7)|.
Then, the analysis of quantity (3.34) shows that s = q(B’) — q(B) is positive and is at least C,, k* €1,
Application of (3.36) and the trivial bound |o(T"7) — a(T7)| = |a(T"7)| — |a(T7)| finishes the
proof. O

In the next argument, we will use the following observation whose proof is based on an elementary
counting argument.

Lemma 6.3. Suppose N,M € N,N < M are given and the finite sets {E;},j = 1,..., M satisfy
AN By, =@, ki <...<ky. Then, ¥30 |E;| < | UM, Ej|N .

For a given T and 7" that satisfy (A) and (B), we define P(T,T'7,n) as the set of all tubes
T< such that T, T, T create both local and global resonances for a given . We denote by



22 SERGEY A. DENISOV

#Res(T—,T',n) its cardinality and write P(T, 17", n) = {T},.. > T pes(r— - n)} If B is the
cube intersecting T, then there are at most R elements in P(T",T’_’,n) that intersect that B,
as follows from the analysis of local resonance condition. Order such cubes {B;} by the coordinate

q:q(B1) <...<q(Bg) and hence

(6.7) #Res(T™, T, )R~ < S < #Res(T™, T, n).

In the case S > 3, we can write P(T, 1", n) as a disjoint union P(T,7"7,n) = u?zlpj(T”, T7,n)
where Py (T7,1"7,n) corresponds to B, ..., Bgys, i.e., the “left third” of the group of all cubes. Sim-
ilarly, Po(T™, 7'~ ,n) corresponds to the “middle third”, and Ps(T,T'7,n) to the “right third”,
e.g., to cubes {B;} with j > 25/3 (check the Figure 7). Recall that we consider only those T and
T'= that satisfy (A) and (B). For a given v € (0, ), we define Long(v, n) as the set of pairs (7, T’_’)
for which #Res(T~,T'~,n) > '~V and Short(v,n) denotes all other pairs. Now, 7' < I( 1 +Z (2) ,
where Iél) stands for the sum in (6.5) over Short(v,n). Then, like in (5.2), we apply Cauchy-Schwarz:

121)(%77) 5 Z Z |F T<—|2 Z |F T‘—|2

Short(v,k) \T—eG(T—,T"~) T—eg(T—,T"—)
Given our assumptions, we can use (5.5) (compare with (5.6)) to get,

Z|F’—'T‘— |2<T1 2'yl€1'u

for every 1. So, applying our previous rough bound (5.7), we obtain

(6.8) f Iél)(v,n)dn STV,
-1

Consider IE 5y Two estimates |F . T‘—( ) < T2, |F((,L0 M| < Tz follow from (5.5) and they

hold for each 1. We plug them into (6.4) to get

11
(6.9) Iiy < T2 Z (#Res(T™,T",1))? (§) 7%~ . k% Long(v, 7)),
Long(v,n)

where |Long(v, n)| is the cardinality of the set Long(v,n) which we are going to estimate now. First,
fix n and denote by L, (n) the set of tubes T that have at least one 7"~ so that #Res(T,T'”,n) >
k7Y ie., a pair (T,T') € Long(v,n). For each such tube T, define LB(T,n) as a set of cubes
intersecting 7 that satisfy local resonance conditions with some T¢". By (6.7), we get |LB(T,n)| =
k1"YR~1. Notice that every cube B € LB(T,n) cannot belong to more than R other such forward
tubes in L, (n) (that follows from (6.3), the first formula). Hence, we can apply Lemma 6.3 to write
Yir—er, ILB(T?,n)| § | Ur—cr, LB(T™,n)|. Since the total number of cubes is ~ £?, we get a
bound

(6.10) ILo(n)] $ 51

Now, fix T € Ly(n) and let T;”,...,T;; be all tubes such that (A) and (B) hold for each pair
T7,T;” and that #Res(T7,1;7,n) > k1Y, For each j, we define ; as the set of ordered pairs
(T, T<) such that T € Py (T, T;>,m), T e Ps(T, T;7,m) (such a pair (T, T) is pictured in
blue on Figure 7).



WAVE PACKET DECOMPOSITION FOR SCHRODINGER EVOLUTION WITH ROUGH POTENTIAL ... 23

Figure 7

Notice that |Q;] 2 x2(1""JR™2. We assume now that 2(v +¢) < 1. Then, Lemma 3.5 and
Lemma 6.2 give us m Qk =@, N=C, kW) k) <... <kyforevery e; s 1 > ¢,2(v+¢€) < 1.
The Lemma 6.3 prov1des a bound

M
2l <ol - N

Jj=

[

(I1T)

and, since | UM, Q;] < Kk2R?, one has M £ k*v*%¢. Given (6.10), we get

j=1
1+50+2 /(6'9)41 5u+2e—1
[Long(v, )] < |Lo(n)] max M S 514572 = Tl g A g
for every n € I-1. Take v = ¢ = § and combine (6.6) with (6.8) to get
(6.11) Tdp ST 0% = (6.1),
I— 1
finishing the proof of Lemma 6.1. |

7. PROOFS OF THE MAIN THEOREMS.

Now, we are ready to finish the proof of Theorem 2.2.
Proof of Theorem 2.2. Combining (4.26), (5.1), and (6. ) we get

Qfllze, STPT' 3 47174

—1.dn

Choose A = 535 to obtain || HQfOHHLz STV w2 . O

len
Proof of Theorem 1.3. Given our assumptions, U(0,t,k)f = U(0,t,k)f, + o(1) uniformly in ¢ and
k. Take t; = 2mjT /N where j € {0,...,N} and N is to be chosen later. Write u := U(0,t,k)f, and
define ; through the formula U(0,t;, k) f, = e’*2% f, + ¢,(k) . By the group property, U(0,t;11,k) =
U(tj, tjy1,k)U(0,t;,k). We can use the Duhamel expansion (1.8) for the first factor to get

) ti+1 )
U(O, tj+1, k‘)fo = elkAtj'HfO — Zj elkA(tj'HiT) VGZkATdeT + U(t]’, tj+1, k)éf](k) + Aj s
t

J

where
tj+1 L
Aj = —J e’kA(tj“_“)V(-,Tl)f eRAM=TY (L mo)u(s, o, k)dTadTy
tj tj
and [A;]| < (T/N)?*T~27 because |u(-,t)|| <1 for all . Hence,
ti+1 )
6j+1(k‘) = —if €ZkA(tj+liT)V€ZkATfodT + U(tj,tj+1, ]41)6](141) + Aj .
tj

Consider the first term in the formula above. Following (3.2), we can write
th<t<tj+1 : V(xv t) = V(])(x7 t) + ‘/:i’r"r‘(xu t) )
where
v .= 2 Vgl — 2mRp, t — 21KQ) .
(p,q)ZQprqCRX[tj,tj_'_l]
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The term Ve,.(z,t) is supported in ¢ on [t;,t; + Ck] U [tjy1 — Ck,tjp1] and |Vepr | poo ey S T77. We
write
tj+1
J (RA =TV ) IRAT § g
tj

f +1 A=) () IRAT ¢ g efikA(Tft]-_H)J‘ FMT 1) () kAT ¢ g
0 0

and apply Theorem 2.2 to the
J’T (HRAT=T) () IRAT £ g
recalling that V(x,t) =0 for t < C’lT.0 That gives
lessallzz ,, € CT7752 4+ lejllzz , + CT* 2/ N"2 4 CT?77.

I,dk X I,dk
Tterating N times and plugging in e; = 0, we get ||H6N||HL§ = NTY=7=sz 4 T2~ N~1 4 NTz77,
Choosing N = T030~D+1ee one has ||en||r2 S TV 5(1=1=151 + T1=37+ 151 and the proof is

I,dk ~
finished by letting v = 1 — O

2496

8. CREATION OF THE RESONANCES.

In that section, we show how the free evolution can be distorted by the potential V' of a small
uniform norm. In particular, we will see that the Corollary 1.2 does not hold for v < 1. That explains
that the set of resonant parameters in Theorem 1.3 can indeed be nonempty.

Definition. In our perturbation analysis, we will say that the solution w in (1.1) experiences the
anomalous dynamics for a given T-dependent initial data f and k if limp_,., |Ju(z, T, k) — e*2T f|
either does not exist or is not equal to zero.

Lemma 8.1 (Approximation Lemma). Given real-valued V (x,t) that satisfies |V (-,t)||p»m®) <
T=7,te[0,T], we suppose N is chosen such that N~'T?=27 < 1. Then,

(8.1) |00, 85,k) = ("2 + Q) - .- (™2 + Q)| S NT'T*7, j={1,...,N},
where t; := jT/N,d :=T/N, and Q; := —i SZJ A =TV iR ATt 1) |

Proof. Tf Aj :=U(0,tj,k) — (e*24 +Q;) -...- (e*2 + Qy), Rj := U(tj_1,t;,k) — (e*29 + Q;), then
U0, k) = (™! +Q; + R)U(0,1j-1,k)
= (™ +Q; + R)((e™ +Qjm1) - (€™ + Q) + Aja)
= (e*2 1 Q) ... (e + Q1) + RjU(0, 851, k) + (e*27 + Q) A
Hence, A; = R;U(0,t;_1,k) + (U(tj=1,tj,k) — Rj)Aj_1 and we use Lemma 1.1 to get a bound
1A < (1+0¢)||A] 1| +a, |A1] € o, where a := CT~27d?. Then, by induction, [|A;| < (1+a)!—1 <

e —1 < aj and the last estimate holds provided that oj < 1. Taking j = N, we get the statement
of our lemma. 0

Remark. Taking N = T2727;(T),limy_,. u(T) = +00 in this lemma, we get a good approximation
for the dynamics by a product of N relatively simple factors. Clearly, the same result holds if we
replace z € R by z € R\(CT)Z

(A) Creation of anomalous dynamics using a bound state. ~ Consider any smooth non-positive
function ¢(s) supported on [—1,1] which is not equal to zero identically. The standard variational
principle yields the existence of a positive bound state ¢(s) that solves —” + A\gp = Fp, E < 0 when
a positive coupling constant A is large enough. The number FE is the smallest eigenvalue and ¢ is an
exponentially decaying smooth function. We can normalize it as |¢|z2®) = 1. Hence, one gets

iyr = —Ay+ Ay, y(s,7) = p(s)e T, y(s,0) = p(s).
)-

Given T and a7, we can rescale the variables u(z,t) := ozTy(aTx a%t). Then,

uy = —Au + )\a%q(aTa:)u, ||u(x,0)||L2(R) =1.
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The initial value u(z,0) is now supported around the origin at scale a}l, and its Fourier transform is
supported around the origin on scale ap. The potential Vo = AaZ-g(arz) satisfies [Va| < AaZ.. Hence,
taking ap = T—3, we satisfy |[V| < AT7. Nonetheless, the function u(z,0) of scale T7/? « T*/?
evolves into u(xz,T) which is supported around zero and has the same scale as u(z,0). On the other
hand, e*2Tu(z,0) is supported around the origin and has the scale T'-2 » T2 if v < 1. This is one
example of anomalous transfer when the potential, small in the uniform norm, traps the wave and
prevents its propagation.

(B) Anomalous dynamics: construction of a resonance. We now focus on another problem with
time-independent potential:

(8.2) iug = —Au~+ T 7 cos(2x)u, u(z,0)= T*%(aoem +boe ™), xeR/(TZ), Te2rN,

v € (%, 1) and |ag|* + |bo|?> = 1. Consider operators @; from Approximation Lemma. They do not
depend on j and, if we denote @ := @, then

d

T_%Q(aoem + boe™ ) = T J A7) cos(22) - €27 (age™ + boe ™) dr .
0

For arbitrary a and b, one can write

d
_TféQ(aeiz + befiz) _ Z-Tffyf% J A (d—T) COS(Qx)(a@i(xiT) + be*i(er'r))dT _
0

d d
igT—ﬂ/—% J e—i‘reiA(d—‘r) 3 dr + igT—'y—% f e—iTeiA(d—‘r) e~ 3 +
0 0

d d
igTM’*% f e TetAdT) i g ingvf% f e ITeAAT) gl g
0 0

We can arrange d to make sure that d = T/N € 27N and N ~ T?7%7. Then,
T7%Q(6L6iz + be ) = (—ZbT“’éd> e + (—Z;Tvéd> e i
and the product in (8.1) takes the form
(€4 +Q;) ...+ (€2 + Q1)) (age™ + boe™™) = ajei® + bje™i® |

a\ _ (1 Y (a) _ il
b;) 1 by )’ N 2
From the Approximation Lemma, we get

lu(z, dj) — T~ % (a;e™ +bje™ )|y = 0o(1), T — o

where

for j = o(N). The eigenvalues of the matrix (} 7) are z+ =1 Fi|)| so

a; _ 1\ ag + bo j 1 ap — by
() == (1) e () 5

Since N ~ T20-7) 27 = elos(1=ilA)j — e~ iNIHOUAP)) = ¢=iINI (1 4 O(|A|25)) if j = o(N). A similar
calculation can be done for 27 . Hence, already for j » NT?~!, the solution u with initial data T3
will carry nontrivial L? norm on frequency band {e*** |a — 1| > 0.1} which indicates the anomalous
dynamics. That is achieved by the creation of a resonance that changes the direction of the wave.

Remark. We notice that introduction of the parameter k£ > 0 in the form
iuy = —kAu +T77 cos(2z)u, u(x,0,k) = T=% ¢l

only rescales the time and potential, and the resonance occurs for all positive k. That also indicates
that ¢ in (1.17) must be taken sufficiently small for (1.18) to hold.

Remark. In the evolution iuy = —Au + V(z,t)u, the energy

o) =J(|ux|2+V|u|2) do
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satisfies E'(t) = (Vi(z,t)|u(z,t)|?dx provided that V is smooth in ¢. In particular, E is a conserved
quantity for time-independent V. For initial data f = ¢*T=2 and V = T~ cos(2x), we get E = 1.
That, however, does not contradict the existence of a resonance since other functions also give rise to
the same energy, e.g., f = e T3, Hence, in our example above, we realize the transfer of L2-norm
along the equi-energetic set.

The resonance phenomenon described above in (8.2) where z € R/(TZ) also takes place if we
consider the same equation on R and the initial data is replaced by e®*T—2 w(z/T) where p is a
compactly supported smooth bump satisfying p(z) = 1 for |x| < 1. Next, we introduce parameter k
and consider the problem
(8.3) iy = —kAy + T 7 cos(2z)y, y(z,0,k) = T*%eiﬁzu(x/T), zeR,
which exhibits the resonance for k = % as we just established. We recast it using the modulation
scaling described in the Appendix. In particular, ¢¥(z,t, k) := e’i(ﬁJrTzfc)y(x +t,t, k) solves
(8.4) ithy = —kAY + T cos(2z + 260,  ¥(x,0,k) = T2 pu(x/T), zeR.

The solution to problem (8.4) satisfies (1.18) and so it is non-resonant for generic k. Nevertheless, for

k= %, it is resonant: it has no local oscillation when ¢t = 0 but starts to oscillate like e~ 2% locally

when ¢t » T giving a boost to the Sobolev norms. In particular, the Corollary 1.2 does not hold for
~v < 1 and the set Res of resonant parameters k in Theorem 1.3 can indeed be nonempty

9. APPENDIX.

Basic properties of 1d Schrédinger evolution. The following two scaling properties of Schrodinger
evolution can be checked by direct inspection.

(a) Modulation. If u(z,t, k) solves
tuy = —kAu + q(z,)u, u(x,0,k) = f(x),
then 9 (x,t, k) := e*i%it’i%“’u(% + 0t t, k) solves
(9.1) i = —kAY + gz + Bt t)p,  G(2,0,k) = ¢TI f(x).

(b) Scaling of time and space variables. If u(x,t) solves
iUy = _AU+Q(x7t)ua ’U,(CL',O) = f(x)a
then ¢(z,t) := u(Bx, ot) solves

i¢r = —0B T A¢ + oq(Bz,ot)¢, P(x,0) = f(Bz)
for all 8 # 0 and o > 0.
(¢) Evolution of a bump function. Suppose ¢ € S(R) and let
(9.2) U(z,t) = 2.
Then, (z)?|(6¥0%U)(x,t)| < Cupu, a,B,v € Z uniformly in t € [—tg,to] with an arbitrary fixed
positive tg. That is immediate from the Fourier representation of Schrodinger evolution.
(d) Bvolution of a scaled bump. Suppose ¢ € S(R) and x = /T = 1. Then,

(9.3) eBo(x/k) = Uz /k, t/K2)

and hence

0y 0% (eitAqﬁ(x/n)) =k OV OOU) (xR, t/K?), a,veZT.

That follows directly from the previous observation. For o = v = 0 and k — 0, the function in
the right-hand side is essentially supported in the neighborhood of the tube z € [—x, k] x [—K2, K?],
when t is restricted to [T, 7] but that localization is not exact as function U is not compactly
supported in z. To have a sharper form of localization, we apply the following decomposition. Suppose

¢ e CF(R), supp¢ € [-27m,27] and 1 = >\, ¢(x — 2w A). Then, we can write

(9.4) U(x,t) = 2 Un(z,t), Ux(z,t) :=U(x,t)p(x — 2T N)
AEZ
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(9.5) VP1orosuU(2,t)| < Canpy, o, B veZ’

if t e [-1,1]. Hence, we can rewrite

(9.6) e"Bp(x/r) = Z Un(z /K, t/K?),

AEZ

where each U (z/k,t/k?) is supported on the tube [—27k + 27k, 27k + 27t Ak] x [=T,T] when t €
[T, T]. Moreover, (9.5) indicates that the contribution from Uy (z/k,t/k?) is negligible for large \.
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