WAVE OPERATORS FOR JACOBI MATRICES

SERGEY A. DENISOV AND GIORGIO YOUNG

ABSTRACT. We study the wave operators for a Jacobi matrix J whose canonical spectral measure
p satisfies the Szegd condition. In particular, for vs the Verblunsky coefficients of the measure
associated to p by the Szegé mapping, we prove existence and completeness of wave operators under
the condition limy— o log(n) 3127 |vs|?
an estimate on the norm of orthogonal polynomials on the unit circle localized to arcs that may be
of independent interest.

= 0. In the course of proving our main theorem, we establish
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1. INTRODUCTION

We consider semi-infinite Jacobi matrices

U1 b1 O
bl (%) b2 0
J = 0 b2 V3 bg 0

in the bounded and self-adjoint setting, where the Jacobi coefficients {b,} and {v,} satisfy b, >
0,v, € R for all n € N, and {b,}, {v,} € ¢*(N). Under these conditions, J defines a bounded self-
adjoint operator J : £2(N) — ¢?(N). Through the special case b, = 1/2 for all n € N, one recovers
discrete Schrodinger operators, which serve as Hamiltonians for lattice models in quantum mechanics.
Jacobi matrices arise as a natural generalization of these operators, particularly from the perspective
of inverse spectral theory discussed below. Our main interest in this work is the dynamics generated
by J through the discrete time-dependent Schrodinger equation:

—Zat’l,[} = JQ/}’ 1/’(0) = f € 52(|N)7

whose solution may be written in terms of the one-parameter unitary group as ¥(t) = e’ f.

By Favard’s theorem of classical analysis, there is a bijective correspondence between bounded
semi-infinite Jacobi matrices J and compactly and infinitely supported (in the sense of cardinality)
probability measures on R. In the forward direction of this correspondence, one maps J to its canonical
spectral measure, p. In this work, we consider Jacobi matrices whose corresponding measures p are
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2 S.A. DENISOV AND G. YOUNG

supported on [—1,1], and are in the Szegd class: given the decomposition of p with respect to the
equilibrium measure w for the interval [—1, 1],

dp = pldw + ps, dw(z) =77 (1 —a?) 21y 4y(x)dz

we assume that p satisfies the Szeg6 condition:

(1.1) Jlogp'dw > —00.
R

Despite the inverse direction of this correspondence passing through the orthogonal polynomials on
the real line (OPRL), much of our work here makes use of orthogonal polynomials on the unit circle
(OPUC). In particular, exploiting a well-known relationship between OPRL with respect to measures
supported on the interval [—1,1], and OPUC with respect to a related measure, we may work on
the circle and apply harmonic analysis techniques. Thus, our first result is most naturally stated in
the OPUC terminology, and we introduce it now. We refer the reader to [23, 24, 25, 26] for further
background on the brief description that follows.

Let ¢ be an infinitely supported probability measure on the unit circle T. Denote the orthonormal
polynomials by ¢,(z) and the monic orthogonal polynomials by ®,(z). Clearly, ¢,, = ®,/|®p]l2,0-
We will use notation f*(z) = 2" f(z~!) for a polynomial f of degree n. The polynomials {®,} satisfy
recurrence [23, Theorem 1.5.2; p. 57]

(12) { (I)n-‘rl(z) = Z(I)n(z) - r_}/nq):(’z% (DO(Z) =1,

‘I):+1(Z) = (I):(Z) - Z’an)n(z)v q’f)k (Z) =1,
where 7, are the Verblunsky coeflicients corresponding to the measure 0. The map o — {y,}|/_, € D~
is a bijection, cf. [23, p. 2].

Measures p supported on [—1, 1] may be related to even measures o on T through the Szeg mapping
Sz. We will write 0 = Sz7%(p) for the measure o on T that satisfies do(z) = do(1/z) and

(13) f fEda() = [ e p(a)

[-1,1]
for any f e C(T) with f(2) = f(1/2),z €T [25, p. 31, eq. (1.9.5)]. Throughout the text, o will refer
to the measure related to p in this way. For such measures, all ~,, are real, and they may be related

to the Jacobi coefficients by means of the direct Geronimus relations [25, p. 33]

bp+1 = % (1= y26-1) (1 = 3) (1 +72641))
(1.4)

1
Vpg1 = —5(721@72(1 + vor—1) — Yor(1l — y21—1)) ,

SIS

with the convention y_; := —1. If we denote the polynomials orthonormal with respect to p by p,(z),
then [25, p. 32, eq. (1.9.12)]

(1.5) Po((2 +1/2)/2) = (2(1 = 20-1)) 22 " (¢2n(2) + 65,(2)), 2 € T.
Szegd’s theorem, cf. [25, Theorem 1.8.6], is a cornerstone of the theory of OPUC; for the decompo-

sition of o with respect to the normalized Lebesgue measure dm(z) on T, do(z) = o/ (z)dm(z) + 0s(z2),
it states

oL
[T~ huf) =exp | [log(e’(@)dm(:) |
n=0 T

which in turn implies

(e lP(ZT) = Jlog(a’(z))dm(z) > —00.
T
With this in hand, the identity (1.3) implies that the Szegé condition (1.1) on J is equivalent to the
corresponding Verblunsky parameters satisfying {v,} € £2(Z*). Denoting by Jy the free operator
with Jacobi coefficients b,, = %, = 0 for all n, we may combine this observation with the Geronimus
relations to find that the condition (1.1) implies that J — Jy is a Hilbert-Schmidt operator. Thus,
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in addition to being a qualitative condition on the size and distribution of the absolutely continuous
part of the measure p, this condition allows for J to be viewed as a perturbation of the free operator.

Both of these perspectives offer a first motivation for the study of the evolution generated by J,
particularly in comparison to the free evolution Jy. Motivated by classical results of [2, 20] and already
given the condition (1.1), one may expect the typical state to spread out over N, behaving as in the
free evolution in a qualitative sense, meanwhile the perturbative perspective suggests a stronger and
more direct comparison may hold between the two evolutions. Such a comparison is often encoded
through the existence and completeness of wave operators {24, a by now well-studied and classical
topic. We refer the reader to the foundational scattering theory papers [1, 5, 11], as well as the
textbook treatments of the subject found in [14, 17, 22, 27].

When they exist, wave operators are defined as the strong ¢2(N)-limits
(1.6) lim e ™70 = Q.

T—+x

We denote by £2.(N) the absolutely continuous subspace for J, or set of vectors whose spectral measure
is absolutely continuous, cf. [18, 21]:

2. (N) := {1 e 2(N) : py is a.c.},
where [, is spectral measure of v relative to J.

When € exist, the inclusion Ran(Q4) S ¢2.(N) always holds. Completeness is defined as the
equality Ran(Q4) = ¢2_(N), so that Q4 are unitary maps from £2(N) onto ¢2,(N). This equality yields
the comparison between the two evolutions alluded to above; indeed, once this is established, one has
that every state in £2,(N) behaves asymptotically freely. Establishing these results under (1.1), along
with a mild quantitative condition on the tail of the series for {~,}, will be the main goal of our work
here. For the reader more familiar with the OPUC literature, we note that this is a significantly more
delicate task than existence and completeness of the CMV wave operators, where the free dynamics
are given by translation, cf. [24, Theorem 10.7.9].

Working under the following additional assumption on the 7, related to J as in the above,

2n
. 2 _
(1.7) lim_ k’g";ﬂ sl =0,

we prove:

Theorem 1.1. Given {v,} € (2(Z*) and (1.7), the strong limits (1.6) exist. Moreover,
Ran(€2) = £2,(N).

For convenience, we will work only with ., with analogous proofs establishing the result for
Q_. Motivation for the condition (1.7) may be found in our discussion of the pointwise convergence
assumption in Subsection 4.2.

The orthonormal polynomials p,, € L%([R) form the basis for the eigenfunction expansion for J, with
respect to which the evolution under J is a multiplication operator. In proving Theorem 1.1, we make
use of the relationship (1.5) between the polynomials orthogonal with respect p, and those orthogonal
with respect to 0. We can rewrite (1.5) as

(18)  pal(1/2(z+1/2)) = (21 = 720-1)"*(52(2) +52(2)) =: calsn(2) + 50(2)), z € T,

where s, := 27 "¢o,. With this in hand, and making use of the symmetry 5,(z) = s,(1/2), it will
be sufficient to control the .J-evolution of the free wave packet €'/ f expanded in terms of the s,(z)
in the space L2(T). In this space, the limit (1.6) may be computed explicitly in terms of the Szegd
function D(z), as defined in (1.10) below, and completeness follows from its form.

As further context for the above theorem, we note that in the case when J — Jy is trace class, the
Kato-Rosenblum theorem guarantees existence and completeness of Q1 [22, Theorem XI.8]. More
recent work in the continuum has shown existence and completeness in a suitable sense for modified
wave operators in the intermediate regime of potentials in LP(RT) for 1 < p < 2 [7], building on
results of the same authors in the stationary scattering setting in [6]. We refer the reader to [15] for
analogous stationary scattering results in the discrete setting. Meanwhile, the works [16, 19] provide
discrete and continuum examples of potentials with slower decay producing purely singular continuous
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spectrum. This implies that ¢2.(N) = {0}, and so precludes the existence of wave operators. From
this perspective, and with the observation above on the Hilbert-Schmidt decay of J — Jy, one may
view our work here as taking place in the transitional, and optimal, regime.

For more closely related and motivating work, we turn to previous results in the setting of Dirac
operators. There, in analogy to the OPUC/CMV setting mentioned above, the free dynamics are
again translation. We refer the reader to [8, 10], establishing existence of wave operators throughout
the transitional regime of L?(R*) potentials, as well as [3], proving the existence and completeness
of modified wave operators for more general potentials under the Szegé condition. In particular, this
latter work covers the range of potentials in LP(R1) for 1 < p < 2. Finally, in the work [4], the
previous two authors completely characterized the close connection between the Szegé condition and
time-dependent scattering for Dirac operators hinted at in their prior work. In particular, they prove
that for L} _(R™) potentials, the spectral measure is in the Szeg class if and only if the wave operators
exist. Moreover, the Szeg6 condition implies completeness.

Using the direct Geronimus relations (1.4), we may also prove a corollary establishing existence
and completeness of the wave operators for J under hypotheses that only depend on the coefficients
of J. We define

(%fog = {{ani1 — an} : {an} € L2(N), a, € R, and {a,} satisfies (1.7)}.
We have the following Corollary of Theorem 1.1.
Corollary 1.2. Let J be such that
(1.9) {vn} € 6l + €' (N) and {b,} = 1/2 + 647, + (" (N),

log
then the strong limits (1.6) exist, and Ran(Q+) = £2_(N).

This work is organized as follows: in Section 2, we prove some asymptotic statements on weighted
sums of s, along certain sequences. These are abstractions of sums that arise naturally after the
decomposition into wavepackets that takes place in the proof of Theorem 1.1, and are also necessary
for the main result of the section, the convergence result Theorem 2.7. This theorem is a key input
required to prove Theorem 1.1. Section 3 contains the proof of our main results: Theorem 1.1, as well
as Corollary 1.2. Appendix 4.1 contains some technical proofs of statements in Section 2, as well as an
estimate on the norm of the orthonormal polynomials ¢,, localized to arcs, a key ingredient in these
proofs. Finally, in Appendix 4.2, we discuss the pointwise convergence assumption (PCA), a pointwise
strengthening of the L? convergence that holds for measures in the Szegé class. In that section, we
prove that the PCA implies the convergence result of Theorem 2.7, and hence Theorem 1.1. Since
(1.7) is a weakening of a known sufficient condition for the PCA, this serves as further motivation for
working under the assumption (1.7).

Notation

e 7t ={0,1,2,...}, N={1,2,3,...}, and Rt = [0, 0).

e p is the canonical spectral measure for the Jacobi matrix J, and o is the even measure on T
related to p by the Szegb mapping: p = Sz(0).

o ¢, ®, for n € ZT are the orthonormal and monic orthogonal polynomials respectively with
respect to o, with {~,} the Verblunsky parameters.

e For a degree n polynomial on the circle f, f* = 2" f. We define s,, := 2 "¢o,, = z"@

e p,, n€Z" are the orthonormal polynomials with respect to p.

e m is the normalized arclength measure on the torus T.

o We will denote the k-th roots of unity by z; := exp(2mij/k), for j € {0,...,x — 1}. We refer
to the argument as z; := 27j/k.

e (-,-); is the inner product of two quantities in L2(-), and L, denotes orthogonality in L2(-).

e |||, is the L2 norm, and | - |- is the L* norm, where the measure will be clear from context.

e For a measure 7 on T satisfying the Szegé condition,

flog(T’(z))dm(z) > —00, dr(2) = 7'(2)dm(2) + 74(2)
T
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the Szegd function D in the Hardy space H?(D) is [23, p. 144, eq. (2.4.2)]

1 fw+z

D(z) := — 1 d

() = exp | 5 [ 25 tog(r'(w))dm(w)
T

D has nontangential boundary values m-almost everywhere so that we may write D(z) when

|z] = 1 as well.

For a sequence f = {f,} € £*(Z), f € L? (T) will denote the Fourier transform of f:

nez

For g € L2 (T), its inverse is given by the sequence {g,}

gn =49, 2" m = Jg(z)z_"dm(z).

T

For a function f € L?(R), the Fourier transform is denoted by

(FH©) = @) f F(a)e " da
R

and the inverse Fourier transform is F~!.

15 is the indicator function for a set E, and |E| denotes its Lebesgue measure.

For a sequence {a;} and a number P, a§-d) = ajlj=d moa p for 0 <d< P —1.

Projgv is the orthogonal projection of vector v onto the subspace S of a Hilbert space, and
Perpgv = v — Projgv denotes its perpendicular component.

For quantities A and B and r a parameter, A <,, B means that there is a nonnegative constant
C, with A < C.B. A < B means that A < CB for a constant C > 0 independent of the
relevant variables, so that A < 1 is shorthand for A being uniformly bounded in the relevant
parameters.

A ~ B means B < A < B, and for a parameter r, A ~. B means B <, A <, B.

For a natural number ¢, the symbol O,(g) stands for a function f that satisfies |f| < Cyg with
some ¢-dependent constant C; and a nonnegative quantity g.

Q4 are the strong limits (1.6).

2. PRELIMINARY OPUC RESULTS

In this section, £ will be a large integer and we assume that the sequence of Szegd recursion
parameters satisfies [{7,}|2 < 3. Recall that s; = ¢ojz 7 = ¢§jzj, z €T and {s;} is an orthonormal
system in LZ(T). We also have

(2.1)

s; Lo {2771 L z= U=

Lemma 2.1. Suppose |fj .| S 1, |aju| S for all0 < j <k —1,|ul <k —1. Consider

(2.2)

and

(2.3)

r—1
A= Z Z fj,nsn2+2jn+uaj,u
J=0 |u|<k—1

k—1 R Kk—1
_ X * KEH2jk+uw . . . i u
B = Z fj,n¢2(n2+2jﬁ) Z z gy = Z f],fisn2+2]n Z Aju?
Jj=0 Jj=0

|lul<k—1 Ju|<k—1

|A—Bl2, =0, as k— 0.
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Proof. We can write

rk—1 k—1
A= Bi+2,C,

Jj=0 Jj=0

where
— u
Bj - fj7fi8n2+2jn Z Ay’
Ju|<k—1

and

2 .
R . * A% K425k 4+u . .
Cj:= Z i (¢2(/{2+2jn+u) ¢2(n2+2jn))z Qju

Ju|<k—1

To finish the proof of the lemma, we only need to show that

k—1
Z Cj - 07 KR — 0.
J=0 2,0
To this end, we write
u
Oj = Z fj,n(552+2jn+u — Sk242jk%7 )Oéj,u -
Jul<k—1

Notice that C; L, C; for |j — ¢] > 1 by orthogonality property (2.1) and by checking the degrees of
polynomials involved. So,

Kk—1 Kk—1

2
I > Cilso = 23 IG5, -
j=0 j=0

Recall the OPUC recurrence (1.2) and the connection between the monic orthogonal and orthonormal
polynomials [23, eq. (1.5.1), p. 55]

(2.5) bn =va®n, vai= || pit pei=(—|u®)E ve= [ et

0<s<n—1 0<s<w

We write
* ® _ ) ® _ ) *
¢2(n2+2jm+u) - ¢2(n2+2j&) = VQ(H2+2JH+M)(I)2(&2+2jK+u) V2(N2+2JW)®2(H2+2J’H)

= (Va2 42jm+u) — ’/2(n2+2jn))‘l’;(n2+2jn+u) + V2(n2+2jn)(q’§<n2+2jn+u) - ‘I);(m2+2jm))'

So,
2(k%+2jk+u)—1 2(k>+2jK+K)
2
1C5ll2,0 < 1] max |evj o P+ Ivs? | +
u
o<ugk—1 s=2(k242jK) 20 s=2(k2+2jKk—kK)

2(k2+2jK)—1 2(k% 425K+ k)

|fj,f€|m3X|O‘j,u| Z Z Vs Ps + Z |’Ys|2

—(k—1)<u<0 s=2(k%2+2jr+u) %0 s=2(Kk2+2jKk—K)

Given our assumptions of f; ., ;. and the orthonormality of {¢s}, we get

2(k%+2jK+k) 2

1C;l2.0 < > sl

s=2(Kk2+2jK—kK)
Hence,

k—1
DG < Y sl =0
7=0

s>K2

as K — o0 and the proof is finished.
O

Definition. Take ¢ € N. We will say that a function h, defined on T, is ¢-localized to an arc
I T, ~r7Vif [h(2)] <o (1+ P)~* as long as disty(z,1) > Px~! for every 0 < P < k. If his
{-localized on I for every £ € N, we will say that h is co-localized to I.
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Lemma 2.2. Let

Kk—1

N = ) st

u=—(k—1)
where |\;| is 2-localized to {I;} and the arcs {Ij}|§;é, which form a disjoint partition of T, satisfy
|I;| ~ k=t We have for B defined as in (2.3),

(2.6) |B

K—1
o= | 5 1P P dm 0. e

T 7=0
for all complex numbers f; . that satisfy |f; .| S 1.

Proof. We again write the sum
rk—1

(2.7) A= Z Z fj’,{sﬁ2+2jn+uaj’u
J=0 |u|<k—1

in which all terms are L2 (T)-orthogonal. Then,

k=1 rk—1
B =3 % sl = [ 5 aPs@Pdm
=0

J=0 Ju|<k—1
by the Plancherel identity. On the other hand,

rk—1 rk—1
O
j=0 Jj=0
where we abbreviate
-, P
L i * KE42jk+u . _ . ® K425k y |
Bj = Z f],n¢2(52+2j,@)z Qju = f]v”¢2(;§2+2jr@)z >\]

Jul<r—1

and

2 .
R . * Ak K +25k+u
Cj= Z fin (¢2(n2+2jn+u) ¢2(K2+2jm))z Qg -

ul<r—1
To finish the proof of the lemma, we only need to show that

k—1
2. Ci
j=0

To this end, we write A,, ; = {z € T: mx ! < disty(z, I;) < (m+1)x '} and decompose T = | J,, A, j,
so that

-0, K—oo0.

2,0

J|)\j|dm < J Mldm + 570 S (1 4m)=2 < k.
T

Ao m=1

Then, since aj , = § A\j2~*“dm, we have | ,| S k!, and we may proceed exactly as in Lemma 2.1. O
T

Remark 2.3. The system
-
(2.8) Bj = [jnP3ajm? TN
is “almost-orthogonal” in LZ(T) given our assumption on disjointness of {I;} and {-localization of \;

with sufficiently large €. This observation will be used later.

Kk—1
. 7=0
recall z; = exp(2mij/k) and wo(e'™) = h(kx) where h is a suitable smooth nonnegative function with
compact support in [—27, 27]. If

(2.9) w;(z) = Z ajuzt, j€40,...,k—1},

ueZ

On the unit circle, we take a partition of unity 1 = "_ 7 w;(2), w;j(2) := wo(z/2;), z € T where we

then aj, = aouz; * and |oj.| <o (5(1 + (Jul/k)))~t for all £ € N. Clearly, these {w;} satisfy

conditions of the previous lemma where I; are arcs of length 47/k centered around z;.
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Corollary 2.4. Suppose f; . satisfies |fj x| S 1. Consider the partition {w;}|iZ, L and let

(210) Z Z fj,n5n2+2jn+uaj,u

u|<K?

and

o +2ch
B = Z fj n¢2 (82425K)7 Z gy, u?" Z fg KkSK2+25K Z Qj, u?"

ueZ ue”zZ
for aj . defined as in (2.9). Then, we have
(2.11) |A—Bl2s—0
and
k-1 -
CEE N 1 Mo j 2 [Py ()Pl = o(1), 5= co.
i=0 7=0

We provide the proof of the corollary in the Appendix.

Remark 2.5. In all statements of this section, including the nmext theorem, the indices n of the
polynomials ¢* are taken in the form n = k> + kj or n = 2(k* + 2xj). However, our proofs never
exploit the arithmetic progression structure in j, and we make this choice only for convenience. In
fact, all results hold for ensembles {(b’)"\m}uyzo where C1£% < Ao < ... < AN, < Cok? where N ~ k
and /\]'4_1,,€ — /\j“"€ ~ K.

The following quantity’s asymptotics will be important in the proof of the main theorem.

Definition 2.6. Define the quantity

Z Js "¢¢52+nj

where f; . are complex numbers that satisfy |fj’,€| <

We write do = o’'dm + dos. Under the Szegé condition (see [23, Theorem 2.4.1, p. 144]), ¢* — II
in L2(T) where Il := D~'-1p,__, D is the Szegd function (1.10), and the set F, , is the complement
of the support of the singular part of 0. Our immediate goal will be to show that
Kk—1

x — 11 Z fipwj

J=0

(2.13) — 0,k —>

2,0
under various assumptions. This serves as one of the main inputs in the proof of Theorem 1.1, and
we begin by proving it is implied by (1.7).

Theorem 2.7. Suppose |fj .| S 1. Then, (1.7) implies (2.13).

Proof. Assume without loss of generality that x is even and let k' = k/2 — 1. Tt is enough to show
that

-0

Z f]7 K2+,‘€j )wj

jodd

Z f_], &2+r@] )wj

jeven

2,0 2,0
as k — 00. We will prove the first bound, the second one is similar. Since wj, wj;, = 0 if disty(z;,, 2;,) >

27 /K, the terms in the sum are orthogonal and

2 fj7fi(¢:2+ﬁj - H)wj Z |f2j n|2 J |¢n2+2n] WZJ do < Z J|¢K 24 2k7 H|2w§jd0

Jjeven

70'

and it is enough to assume that f;, =1 for all j. Since ¢ — II in LZ(T), we only need to prove

2
Z j|¢ﬁ2+2ﬁ] ¢21<;2| wQJ o—0.



WAVE OPERATORS FOR JACOBI MATRICES 9

In the arguments that follow, we will often make no significant distinction between quantities

Iil Iil

D Okagway  and Y Bk o w;

Jj=0 Jj=0
for large . In fact, they are asymptotically proportional to each other. This is due to the inequality
2

! 7

K K
(214) Z ¢:2+2j,€w2j — Vg Z (I):2+2jnw2j =
j=0 j=0 2,0
K,/ K,’
(2.5) (2.12)
Z H(Z/K2+2jnq):2+2jn - V%‘I’:2+2jn)w2jH§,o ="o(1) Z H(b:2+2jﬁwj Hg” = o(D),
j=0 =0

when k — 0. Given that observation, (1.2) and (2.5), we only need to prove that

K 2k2—1

(2.15) D, := Z Z Yids |wa; =0(1), K— 0

7=0 \ s=k2+2kj

in L2(T), where

a—1
1
’Y:x = Ya o H(1_|7ﬁ|2)25 O[E[H2,2I£2].

B=r?
Notice that the quantity |Dy[3, involves the sum of terms {pows;, ppwa;)s, where a, 3 > k2. If
wh(2) =1 Yyez Mo 2", then w?(2) = X 7 af,, 2" where o, . = o, x2; “. The functions {w?} are
real-valued and

YA —
(2.16) |0 0| e (5(1+ (Jul/r))) ™!
for every £ € N. Therefore, for a, 8 € [k?,2k%] and any fixed § € (0, 1), one can write
(2.17) (bawaj bpai)e = D Oy nlbar2"Sp)o + R,
Ju|<rlts

where, taking ¢ > 2, we have a bound for the tail R:

Rl=] D) ahjunbaz0p)e| < D) labunl <o D) R+ (ul/m))) ! <en P >0

|u|zkt+s |u|zkt+d |u|zkt+s

by the Cauchy-Schwarz inequality using |¢al2.c = [2"¢s
large, the contribution from R is negligible.

2,0 = 1. Since £ can be taken arbitrarily

Now, focus on the first term in (2.17). Since {¢q,2"@5)s = {Pg, 2 “Pa s, it Will be sufficient to
consider u > 0 only. Recall that p; = (1 — |'yj|2)% and y_; = —1. We use the following identity (see
[12], formula (2.25)):

_rVZVk—l Hf;}g Pjs 0 < k < ga
(2.18) G = (200, Pr)o = P k=1/+1,
0, k>0+2

and we changed the order in the inner product writing {z¢y, ¢r ), instead of (¢, z2d), since [12]
assumes that (vy,vs) is linear in the second vector ve. Define H as the closure of all polynomials
in LZ(T), it is a Hilbert space and a subspace in LZ(T). The system {¢;}|7_, forms an orthonormal
basis in H and the matrix G represents the multiplication operator f +— zf, an isometry in H, in this
basis. Notice that for k, £ > x2, the formula (2.18) involves parameters {v,} for s > x> — 1 only. Such

a form of the matrix G implies that, e.g., for the elements of the square G2, denoted by GEQJ), we have
2
Gz(’,j) = Y GiaGay
i—1<d<j+1

and Gl(-j‘)j) = 0if ¢ > j 4+ 3. Arguing by induction, one shows that Gl(-’sj) depends only on {v;} with
k> k?—s—1aslong as i,j > k. Alternatively, one can iterate the formula (2.29) from [12] s — 1
times to come to the same conclusion.



10 S.A. DENISOV AND G. YOUNG

Then, since «, 3 < 2x% and s < k' 19, we see that |Dx|l3 5 can be written explicitly as a function of
the Verblunsky parameters {;} with ,%2/2 < 3K2 Whenever k is sufficiently large. We define the
new system of recursion parameters {7;} as follows. ¥; =0if j < K%/2 or j = > 3k? and 7; = v, for the

other j. Denote the corresponding measure and polynomials by ¢ and gb], respectively. Notice that
they all depend on k. Recall that our goal is to prove (2.15), in which we can now replace o and ¢4
by & and ¢s. To this end, we apply (2.12) and Remark 2.5 to this new system. That gives

sznzww w2y d"‘fzw% Jdm = o(1), Kk — ©

T 7=0 T 3=0

and, by the observation (2.14) made above,

J Z |<I>,,i2+2],i wzj z)do — J Z z)dm = o(1), Kk — ©.

T =0
By the OPUC recursion, the last bound is equivalent to

K +2_]H 1

(2.19) J Z 11—z ’ysa)s(z)|2w2j J’ Z w3;(2)dm = o(1), Kk — 0.

T =0 sn2/2 T 7=0

We write for the first term
K2+2jk—1

(2.20) JZ -z ) FB(2)Pwd(2)d5 =1 + I + I,
T j=0 S=K2/2
where
(2.21) I = JZ w};(2)ds = JZ z)dm + o(1).
T 3=0 7 =0

Here, we replaced d& by dm because the first x2/2 moments for & are the same as for dm (since
¥ = 0,j < K?/2, see, e.g., [23]) and the Fourier coefficients of the function w3; of index n are
negligible for |n| > x'*° by (2.16). Then, we consider

! Kk2+2jk—1 N
(2.22) Li==2Re) |z > 7.dw3ds.

j:U-D— s=kK2/2

Define I'(s, u) := (z"+1¢4(2),1)3. By Plancherel’s theorem, we have
(2.23) DIM(s,u)* <1

s>0

Recalling that ¥ 'yJ =0 for j < k?/2 and j > 3k?, we get

H — 7',

2

K K242jk—1 K k“4+2jr—1 y
(224) Z f ’YS(I)Sw2ng. - Z O[;L,n Z Z ’7; (57 U) 67471'2]“/’{ + 0(1) ’
j=0 s= n2/2 Ju|<0.1x2 j=0 s=k?/2

where o(1) captures the range |u| > 0.1x2 which gives a negligible contribution due to the strong
decay of o, .. Consider the main term

k[ K2425k—1

! ot —4riju/k

S ST e et
|u]<0.1x2 j=0 s=kK2/2

For u =0 mod &' + 1, we use |a/, <¢ k7 5(In] + 1)7¢ and the Cauchy-Schwarz inequality to

write

(K’+1)7I€|

K K242jk—1

Slawin S 1S ATl + 1) )| < 1 Yl + 107 = o)

n =0 s=r2/2
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as k — 00 when ¢ > 2 because |¥|2 — 0 as kK — 00. For uw % 0 mod '+ 1, we sum by parts in j using
the formula

3, g = 331 = Tt~ 1) 3]
and JO :
i e dmiiv/e =0 40 mod K + 1

to get "

i Z ’3‘/;1—‘(8711,) e—47riju/r£ _

2 .
K'—1 [r74+2(j+1)r—1 1— 6_4,,1.2-0-_’_1)“/H
~/
Z Z 'YSF(S’ u) 1 — e—4miu/k
7=0 s N2+2]N

Notice that
1 — e—4mii+1)p/x

[ odme | S, LSpPSA

We write u = n(k’ + 1) + p, where p € {1,...,k'},n € Z and get, after applying the Cauchy-Schwarz
inequality to the sum in s and then to the sum in j:

|IQ| S@ 0(1) +

K’ K k-1 [K>+2(j+1)k—1 H K2 +2(j+1)k—1 3
12 (L4~ )~ 2 >0 P >, e +1)+p) ] <
p=1 p 7=0 s=k2+2jK s=k2+4+2jK
K K m—ln +2]+1 —1 % K —1K? +2(j+1)rk—1 %
_12 I+~ ), = s ? 2 Z ID(s,n(k" +1) +p)|?
p=1 p S=K +2]m Jj=0 s=r2+42jk

For any fixed p, we have

K —1 62420 +1)k 1 RZF2(+DR—1 2k2
D) e S b 2 S D)4 < Y D n( 1) 4p).
s=k2+2jK s=k? s=k?+2jK s=kK2

We want to estimate the last quantity
S D w)lE w=n(s +1) +p

Recall that the index u satisfies |u| < 0.1x2. Since s > r2, we have I'(s,u) = (z*T1d,,1)s = 0 for
negative u in that range by orthogonality. Hence, we only need to consider u > 0. Let H denote the
subspace obtained as the closure of all polynomials in L2(T). For any v € LZ(T), we have

(2.25) [v]3.5 = IProjzv[3 5 + |[Perpgl3 5

by the Pythagorean Theorem. Notice that |Perpzv|s,z = dists 5 (v, ﬁ) and one gets dists 5 (2~ ) <
distgﬁ(z*l,z“ﬁf) = distzg(z’“’l,f[) for any v > 1. Since |z "|2,# = 1, the identity (2.25 ) gives
[Projz(z")|2,5 < |[Projz(z~1)|2,5. Notice that

[Projz(z"""Ml35 = D [T(s,u)
s>0

and ||Pr0jﬁ(z’1)H§75 = 1—dist§7(~,(z*1, H) = 1=]];50(1— 17;1%) < |713 by the Szegd theorem. Hence,

2k
2, ID(sn(w +1) + )P S A3

s=k2
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and
3?2

(2.26) o] Slogr | D) vl” | +o(1).
s=kK2/2

So that Iy — 0 as k — o since (1.7) holds. Recall (2.19), (2.21) and that Iy — 0. Then, for the last

term in (2.20), we get (compare with (2.15), which we need to show for the &-system)

which is the same as

(2.27) JZ |<I>:2+2j’i — 2/2|2w2j(z)d5 =o(l), k— .
T /=0
We claim that
2.28 %, — 0%, |25 >0, K — .
2K K2/2
T

Indeed, by the Bernstein-Szegd approximation [23, Theorem 1.7.8], it suffices to show

dm
J|¢2ra2 ¢:2/2|2| |2 -0, K— .
2/»{2
To this end, we may compute
dm 6%, ,(0)
* 2 _ 2/2 — _ NN2/2
J|¢5252 ¢K2/2| |¢ |2 <1 SR ¢2~ dm) 2 (1 Re d’iz (O))
2k2

n2— ~
=2(1=[I5 2 =[5 2) =0

as kK — 00. Putting (2.27) and (2.28) together, we have

JZ |q)n2+2jn (I)2m2|2w2] (z)d& = 0(1)a Kk — O,
7=0

which is equivalent to (2.15) for the & system. As we explained already, (2.15) for the & system implies
(2.15) for o-system, and that finishes the proof. O

3. EXISTENCE AND COMPLETENESS OF WAVE OPERATORS

In this section, we modify the partition of unity defined above to depend on a continuous parameter.
Throughout this section, x will be the integer related to T by x := [\/TJ, and we form the partition
as before, with

wir) () = h(ka),
where w;(2) = w(r)(z/2;), and with roots of unity z; = exp(2mij/k) and h > 0 again chosen so that

k—1

1= Z w;(2).

=0

Before proving Theorem 1.1, we first prove a lemma allowing for the control of the evolution of the
bump functions w;(z) just defined above. It is a direct application of the method of nonstationary
phase.
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Lemma 3.1. Let T > 0 and

2
11T cos(x n 1 (T cosx—nzx 1z
(3.1) Bj(n) 1= (o7 (2), My = o [T ) o
0

and define nj = =T'sin(2wj/k). Then, for any £ € Z ., we have
(32) |E5(Ing) +w)| <e n* (Jul/m+ 1)~

Proof. With z; = 2mj/k, we write

since suppw;  {€® : x € [z; — 27m/k, x; + 27/k]}. Changing variables x — z; + s/k, we have

2

1 ; —1 -1
EJ(TL) - ez(Tcos(wj-'rm s)—n(k s+xj))h(8)d8’

2Tk
—27

since w; (ei(7‘1+”7ls)) = h(s). Taylor expanding the phase around s = 0, we find

27

E;(n) = ﬁ exp (—is(n + T'sin(x;))/k) gr(s)ds,

where gr(s) is compactly supported in the interval [—2x,27], with gr and all of its derivatives uni-
formly bounded in 7" and j. Notice that n; = —T'sin(xz;) is the point where the phase of the oscillatory
part is stationary. We may introduce u = n + T'sinz; and apply the method of nonstationary phase
[13] to the integral
27
1
— exp(—is(u/k s)ds
— | exp(—istu/m)gr(s)

—27

to conclude (3.2). O

We may now prove our main theorem. The previous lemma allows for the control of the free
evolution. Instead, to control the J-evolution, we make use of the results in the previous section.

Proof of Theorem 1.1. First, we compute the asymptotics of e!Z70 f for f in a dense subset of £2(N).
To this end, we extend f € £2(N) to f(edd) = {f,SOdd)} € (*(Z) in the odd fashion with féOdd) =0,
and define JZ on Z as the discrete free Schrédinger operator. Then, {e'?/0 f},,cy is the restriction
of {75 flodd)} - to ¢2(N). We compute the evolution €776 by passing to the Fourier side, and
examine e'7 s ® f , for f an odd L2 (T) function. We denote this subspace by

Ly, 0aa(T) :={g € L7,(T) : g(2) = —g(=™")}.
Take f € Lfmodd(w) N C*(T) and suppose it satisfies
(3.3) suppf n {10 e [0, 7]} < {0 € [6,7/2— 6] L [7/2+ 6,7 — 6]}

with some positive j?—dependent parameter 6. The set of f satisfying these conditions is dense in
L2, oaa(T). By scaling, we may also assume that || f] L) < 1.
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—1

The set supp( f ) is depicted in blue, with the excised arcs in red.

To obtain the asymptotics of ¢TI8 in the physical space Pz ), we wavepacket decompose f
Consider the partition {w;} as in the preamble and write f Z] o fwj By smoothness of f , We
conclude that

”f Z (zj)wjllz2 = 0, T — o0.

Since the evolution preserves the L2 (T)-norm, we only need to compute the evolution of an individual
bump which may be controlled through Lemma 3.1; setting for E;(n) as in (3.1), by Fourier inversion,
we have

(3.4) F(z) X Bi(n)z" =T f(z) >0, T

in L2 (T). Thus, using that e7* f is the restriction of the full-line evolution e?*78 to £2(N), we examine
the quantity

(3.5) e {Z_: f(Zj)Ej(n)} :
J=0 n>=1

After applying the spectral transformation for .J, U : £*(N) — L2([—1,1]), given by

(3.6) O = > fupnor (V)
n=1

for f = {fn} € 2(N), we may instead examine

e 3 (S e ) nawe e,

recalling that p,, are the orthonormal polynomials corresponding to p, and A = cosz = (z + 2~ 1)/2.
Making use of the relationship (1.8), it will be sufficient to work on the torus, and compute limits for

k—1

(3.7) 0= F(z)e™ s 3 Bi(n +1)sn(2)
3=0 n=0

and
k—1

(3.8) 0= Jz)e™ e 3 Bi(n +1)5,()

n=0

<.
Il
o
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in L2(T) as T — o0. We first rewrite
k—1 o0
O=e T f(z) >, Ei(lng]+u+1)sp,11u(2)
j= u=—[n;]|

(28]

k—1
_ e—iTcosw Z f(ZJ) Z aj,uS[nJ]-&-u(Z)

P00 u=—n,]

for the sequence ¢, := F;([n;] + v+ 1), which satisfies

(3.2)
(3.9) ol <o 7ML Jul/r) ™"

for any £ € Z*. Since

HZfZJ 3 st 1a(2) 20 < ||f||f2 DT U+ ful/r) <250

u>K2 7=0 u>rK?2

asm—>oof0r€>2,wehave

Kk—1
(310) 0= e—iTcosx Z f(zj) Z aj,us[nj]Jru(Z) + 0(1)a

j=0 —[n;]+1<u<k?
as T — oo0. Recall that f = 0 in the J-neighborhoods of the points +1 and that n; = —T'sin(z;) =
—T'sin(2mj/k). Hence, f(z;) # 0 implies that

Inj| > |T|sin(6) = (|VT])?sin(8) = x2(sin d)..

The bound (3.9) shows that the contribution in the sum in (3.10) coming from the range n; <
—rk?(sin §) is negligible, so we are left to study the case n; > x*(sind). That restriction makes us
read the values of f(z) in only the lower half-circle, and in fact, only at z; with x; € [7 + 4,27 — 4].
Moreover, our assumption that f = 0 in the J-neighborhoods of the points +i guarantees that the

restriction on the indices given by f(z]) # 0 implies that |n;11 — n;| ~5 . Hence, Corollary 2.4 and
the Remark 2.5 are applicable, and we get

(3.11) 2 it (27)d5p,,1( )( SiTcosw 2 ozj,uz”["”) +o(1) =
j=0 ueZ

Z ZJ ¢2 o )(e—zTcosw Z E 3 + 1) ) +0(1) ]l{hn(z <0} Z ZJ ¢2[n ) j(z) + 0(1)

7=0 seZ 7=0

in L2(T), by Fourier inversion, and using our observation that the sum is over only indices j with
xj € [m+ 9,21 —4].
Now, by Theorem 2.7 and Remark 2.5, we finally have

(3.12) 0 — Zﬁl]l{Im(z)<o}(Z)H(Z)J?(2)
in L2(T). Using that 5,(2) = s,(1/2) by the evenness of o, we have O(z) = O(1/2), so that
(3.13) 0 — _Z]]-{Im(z)>O}H(z)f(z)

since II(z) = II(1/z) and fis odd. With this in hand, we may examine the full eigenfunction expansion

3 en(€™ i (sn(2) + 5(2)) -

nz=0

We recall that under the Szegd condition, we have ¢, — 1/+/2. Thus, using (3.4) and the support
restriction on f, we have by Lemma 3.1

3 (€™ Puga(sa(z) +5al2)) = —= (€75 g1 (n(2) + 5(2)) + o(1)

nz0 nz=T sin(6)/2
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as T'— oo in L2(T). Thus by (3.12) and (3.13), along with (3.4), we have

~

3 -1 b x 7, — 1 —

711_1)1’}/ e iT cos(x) Z TIg f n+1(sn(2) + Sn(’z)) = E(Z 111m(z)<0H( ) Z]llm(z >OH( )) ( )
nz=0

in L2(T), thus establishing the limit {2, on a dense set, which yields the strong limit (1.6).

We now show that the wave operators are complete. Denote
1 _
m(z) = ﬁ(z 1]]-Im(z)<01_'[('z) - zj]-lm(z)>OH(Z))'
Recall that E,;, is the complement of the support of the singular part of ¢ in T. We define the
operator

Tm : Lgn,odd(—l]—) - L a’dm, even(EaC7U)7 (Tmf)() = m()f()

which we note is well-defined since o/(2) = |D(2)|> and m(z) = —m(z1), so that mf is even for f
odd. T, is also invertible, with inverse given by multiplication by 1 /m( ).

We denote by Up : £2(N) — L2, 44(T) the bijection taking {f,} to f flodd) for {f(odd } € 2(Z), the
odd extension as defined above. Recall also that U is defined in (3.6). We have shown above that
with V' L3([=1,11) = L cven(T) given by (Vg)(2) = g(*55-),

VUQ UG =Ty,
so that since T, is onto,
Ran(VUQ, ) = L?T’dm,even(EaC,U)'
Denoting p,. the density of the absolutely continuous part of p, we note that V restricts to a bijection

between Liach([ ,1]) and L2,dm cven (FPac,0), and we may conclude Ran(U) = Liacd)\([—L 1]) so

that Ran(Qy) = €aC(D\I) as required.
U

We now describe conditions on the coefficients of J that allow for the application of the above
theorem, proving Corollary 1.2.

Proof of Corollary 1.2. By the Kato-Rosenblum theorem [22, Theorem XI.8|, we can assume that
the norms of perturbations are as small as needed, and any ¢*(N) perturbation is insignificant when
proving existence and completeness of wave operators. Recall that if the Jacobi matrix is generated
by the OPUC with parameters {7, } € £2(Z.), then we have the direct Geronimus relations (1.4)

1 1 1 _
br+1 =5 ((1 = yor—1) (1 = 731) (1 + y2r41)) 2 = 5 (1 + 72’;1 _ %) + H(N)

and . )

Vg1 = —5(721@—2(1 +Yak—1) — Yok (1 — Y2k-1)) = 3 (y2rk — Yor—2) + £ (N).
So, if b1 = (1 + Brs1 — Br) + 1(N) and vgy1 = 3 (ar+1 — o) with [{Be}]ez and [{ax}]e taken
small enough, then we can define v, 2 = @, Von—1 = 26,. Then, the Jacobi matrix generated by
such a choice will differ from the given J by an £*(N) perturbation. The application of Theorem 1.1

concludes the proof.
O

4. APPENDIX
4.1. Auxiliary proofs and OPUC estimate.

Lemma 4.1. Assume that |{y,}|2 < 3. For every arc I < T, let v := |I|7*. Then, for each { € N,
we have

R L T RA=Y DT VD SR oA PR (YRR}
I

n=0 |s—m|<v(n+1),s>0

provided that m 2 v.
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(=

Proof. Without loss of generality, we can assume that [ =
that suppp < [-1,1] and p = 1 on [—1/2,1/2]. Let w(x)
zero for other z € [—m, 7). Hence, we get

|Bul <o (1 + Jul/v)) 7!
for every £ € Z*. Since {¢;} is orthonormal,

(4.2) I 65 = 23185l ~ 1]+ v 0 (/) ~#D)

320 Jj=0

1/(2v),1/(2v)). Take p € C*(R) such
p(av) for x € (—=1/v,1/v) and let it be

if £ > 1. However,

D1 8i@jem = 2" YL F TR = 2T Y (F — 0E) T D + 2GR Y A TR = D+ I

J=20 Jj=0 Jj=z0 Jj=0
Notice that
(4.3) 12 = 2" @7l = O ((m/r) =)

if £ > 2. For I, the bound is

2

1120 <e ) > sl ] (1)~

n>0 \ |s—m|<v(n+1),5s20
By the Cauchy-Schwarz bound, we get
(4.4) 111150 <e D, > s ) (n + 1) 72
n>0 \|s—m|<v(n+1),s20
We need to combine (4.2), (4.3), (4.4) and apply triangle inequality to finish the proof. O
We continue by proving the corollary stated in Section 2 above.

Proof of Corollary 2./. Take any P € N and represent f;, = Z ] .
Write A = 25:_01 A and B = 25:_01 B respectively. We claim that

according to j =d mod P.

(4.5) |A@ — By, = o(1) + O(P~?)
and
(4.6) 2 A 2165 oo f 2 £3 Plws () Pdm = o(1) + O(P~2)

7=0 T 7=0
as k — 0.

Without loss of generality, take d = 0. Recall that wy(z) = h(kz),z = €@, see (2.9). Our h is
smooth and compactly supported on R so &g is not compactly supported, and we cannot use Lemma 2.1
or Lemma 2.2 directly. Instead, we will use an approximation argument. Take an even function
w(€) € CX(R) such that =1 on [—1,1] and p = 0 for |¢| > 2 and let h,(x) = F L((Fh)(&)u(&/m))
where m € N is a large parameter to be chosen later. Clearly, (Fhy,)(§) = (Fh)(§) for || < m,
(Fhim) (&) =0 for |£] > 2m, and (fh (k2))(€) = K™Y Fhm(2))(€/K). Next, we let

th —2mp)k), xz€R.

peZ

This is a smooth function on T. By the Poisson summation formula, (7o), = (Fhm(zk))(n) =
5 (Fhon (2)) (/1) = 1= (Fh)(n/m)u(n/(sm). Hence,
(A) we have (7o), = (&o)n for |n| < km and (7), = 0 for [n| > 2km,
(B) the function 79(z) is oo-localized to the arc Iy uniformly in m.
(C) the bound

(4.7) |(Fo)n — @o)al <em™“(w(1+ [n/k|))
holds for any ne Z,f e Z,.
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Now, we introduce
7i(2) == 10(2/25),  6;(2) := w;(2) — 7;(2)

z) =: Z iz, 0;(z) =: Z Bjuz" .

ueZ uezZ
Notice that both 7; and §; are co-localized at I; and

(4.7)

and write

(4.8) 16; ooy <e m™*
Then,
k—1
0
0 = Z Z f;,,gsn?wjmuaj,u =hL+1,
3=0 |u|<k2
where
k—1 k—1
0 0
Il = Z Z f;7,3852+2j5+u77j,uy I2 = Z Z f](,,g)SHZ-&-QjH-&-uﬂj,u'
7=0 |u|<K? =0 |u|<K2
Similarly,
B(O Z jHSNZJrQJHZOéjuZ =J1+ Jo,
j=0 ueZ
where
k—1
0
Z f] 55n2+2]n Z N3, uz Z f] H8n2+2]/~c Z ﬁj uZ Z fj(7,38n2+2jn5j .
weZ weZ =0

Taking m = [P/4J, we get |1 — Ji|l2,0 — 0 as Kk — oo by adjusting the proof of (2.4). We are going
to show that

- ol <o P, [ olog <e P74
Partitioning T = ug;(:)[ I, we may separate diagonal and off-diagonal terms and write

1/2 1/2
(S |¢2 (k2+2j1K) |2d0'(z)) (S |¢;(52+2j25)|2d0(2)>

s

I\J2Hza\ﬂ?+z PRI R

s=0 j1#7j2 (|j1_s|£+1)(|j2_s|l+1)

1/2 1/2
(S |95 n2+2gm)|2d0(2)) <IS |¢;(Hz+2j2n)|2da(z)>

<D+ (©
“P+ % 3 U e =

s=0 j1#j2
1/2 1/2
(S |¢2(F~2+2Jm [*do(z )> (IS |¢;(~2+2j2n)|2d0(7«“))

(Ij1 — 8|2 + 1) (Jj2 — |2 + 1)

<D+ P~ 4/22 >

s=0 j1#J2
by co-localization of d;, and where D collects the diagonal terms:

-3 Z SO [ 10810y PI0s P2,
j=0s=0 i,

We estimate the off-diagonal terms first. For these terms, after applying the inequality 2zy < z2 + 3>

in the numerator and summing out the jl(g) factor (assuming ¢ > 4), it suffices to show

1k—1

(4.10) v > m f 08 sy 20 (2) = O(1)

s=0j

We now make use of Lemma 4.1, set m; = 2(/<c +2jr) and define

Z n+1)" Z Ive|? =: B
n=0

|r—mj|<k(n+1)
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o (4.1) gives

[163esayldotz) < B+ 001/m).

Taking ¢ > 4, we may sum out the s-index and find

k—1kr—1 k—1
=y
T2 1 |¢252+2n|d0 \ZZE +0(1)
s=0 j=0 |j S|/ +1Is ! 7=0
=Z n+1)" Z Z I ? +0(1).
n>0 =0 |r—mj|<k(n+1)

We note that

Y Y P Y

G=0 [r—my| <r(n+1) rz0

so that
k—1
DIES D (1),
j=0 n=0
establishing (4.10). We estimate D by separating the terms within a P-width of the diagonal as
k—1k—1
@) D 2 N [ agn PP
j=0s=0}

1
<t 2 f|¢;(“2+2jﬁ>|2|5j|2da(z) + X j— sl +1 J|¢;(n2+2jn)|2do(z)
I

|S—j\<P1 ls—jl=P

—slf+1 1
Z P % i —slf+1 f|¢§<n2+2j~>|2d”(z) + 2 MWHJ’|¢3<~2+2jn)|Qd”(z)

IS jl<pP ls—jl>P
(4.10)
—¢
<¢ Z mﬁ% K2 +2jk) *do(z) + Z mj@z K2 42K) Pdo(z) <¢ P
ls—jl<P ls—jl=P
Thus, the second bound in (4.9) is established.
Next, we write
k—1 0 52 0
= Z Z f](,,g)sm2+2jﬁ+uﬁj,u = Z SnCn, Cp = Z f](’,{)ﬁj,u
7=0 |u|<kK2 n=0 Juik2+2jk+u=n

and (4.7) gives |cn| <¢ P~*k7!. The orthogonality of the system {s,} yields |Iz]2, <, P~* and we
have (4.5) for £ >

To prove (4.6), we argue similarly by substituting w; = 7; + 6; and using the triangle inequality.
First, one can claim

(@12 Z P15 el — [ 5 LRI = o),

7=0 _",]O

by adjusting the proof of (2.6). Secondly, after decomposing the torus T = u’s’:éls again, the oo-
localization of §; around I; and (4.8) give

(4.13) fz |fm| 16;(2)|2dm gz K Z Z n (P2 (Js—j*+1)"") <, Pr.

T J=0
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1, we may argue exactly as in (4.11) and find

—1k—1
< Z D f|¢;‘(ﬁz+2jﬁ)|2|5j|2do—(z) < Pt
j=0 :01S

Finally, since |f;

<
wl S

k—1
0
(4.14) D PUOE o s im0
=0

Now, (4.6) follows from (4.12), (4.13), and (4.14) after we take large ¢ and apply the triangle inequality
in the space {h; (:c)}|":O1 with the norm |h|; := (SZ':l |hj(x)]2do)? for the first term and with the

norm |hf2 = SZ (z)]2dm)? for the second as follows. Take X := {fjﬁ¢2 (52424r) ]}j 0
Y= {f 0o mma-n;:g and U = {fOr 528, W= {£198;}]52L. One has
(4.15) X +YF = U+ W3 = (X + Y] = U+ W]2)(|X + Y[ + U+ W]2).
Then,
IX + [0 "2 X+ 0P

by the triangle inequality and, similarly,

1T+ W, "2 10 + 0(P2).

We also have
(4.12)
1 X3 U5+ o(1),

where |Ull2 < 1 by the co-localization of {7;}. Hence, | X|; < 1 and, substitution into (4.15) gives the
required bound, and we may conclude (4.6).
Given (4.5), we apply the triangle inequality to write

—1
|4 = Blzo < D) 4D = BDs,

o
P-1
Z hmsup |AD — By, <, P7L.
d=0

Sending P — o0, we get (2.11). In a similar way, one shows that (4.6) yields (2.12). O

4.2. The pointwise convergence assumption. As a motivation for the condition (1.7) above, we
introduce the following definition.

Definition. Consider a measure o in the Szegé class. We say that the pointwise convergence assump-
tion (PCA) holds if {¢%(z)} converges for a.e. z€ T.

Recall that, under the Szegé condition, ¢ — II in LZ(T) where Il = D' -1p, . Then, the
PCA implies that {¢%*(z)} — II Lebesgue a.e.. By the Menshov-Rademacher theorem (see [9]), the
condition 7, log(n + 1) € £2(Z*) implies the PCA, but it is not known if the PCA holds for all Szegd
measures. Clearly, assumption (1.7) is weaker than ~, log(n + 1) € £2(Z*).

More directly related to our methods, we prove that the input to the proof of Theorem 1.1 that
relies on (1.7) is also implied by the PCA.

Lemma 4.2. The PCA implies (2.13).

Proof. By Egorov’s theorem, we know that for each € > 0, there is a set E. < T such that |[ES| < e

and ¢* —II — 0 uniformly for z € E.. In estimating HE HZJ o fj kWj H , we use wj,wj, = 0 for

distt(2j,, 25,) > 27/k to get

meﬂMIWmmﬁw.

2,0 T I=0

k—1
EH —1II Z ij,.ﬂw]
7j=0
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From (2.12) and Remark 2.5, we have

K—1 Kk—1
f S 1w Pl0no e gu2) Py ()20 dim + f S 1Pl sgu(2) Py ()20 dim
e =0 '

B, 779

K=l k—1
+f Z |fj,n|2|¢n2+jm(z)|2wj(z)2d0—s - lf 2 |fj,n|2wj(z)2dm = 0(1)a K — 00.

T 7=0 T 7=0

Since |II|?0’dm = dm, we have, by uniform convergence

r—1 rk—1
limn [ 37 1Pl ey (hm(2) = [ 3 1Py (2P dm(z) = 0.

B, J=0 J

One then has

k=1 k—1
lim sup D 1 i1 0n2 4w (2)Pw;(2) 0" dm + f D1 iwPléreijn (2)Pw;(2)do
e 320 '

K—0 5 =0

K—C

k—1
(4.16) < lim sup J D 1fiklPwi(2)?dm(z) < e,
Ec j=0
because |f;j .| <1 and Z;:& w; = 1. Since € was arbitrary, we get

k=1
. CPlds. 2 N2 _
(417) it [ 37 1Pl in (2 Psy (2o, = 0.

T =0

We continue by writing

K—C

k—1
limsupf Z |¢:2+J_K — H|2|fj,ﬁ|2wj2-o"dm <
T =0

K= K=

Be =

The first term is zero by the uniform convergence. For the second one, we have

rk—1
lim sup f Z |¢:2+jN — H|2|fj7ﬂ|2w]20'dm <
K—>0 j=0

B

ol ) ) . (4.16)
21imsupf Z(|¢:2+jﬁ| + [ fj el wio'dm < e,
pe 970

K—0

Since € is arbitrary, we get our result.

r—1 k—1
lim sup J Z P2y i — I?| f,x|*w} o’ dm + lim sup J |Gz i — 12| f, [Pw?o’dim .
Jj=0 0

21

O

Remark 4.3. Following our Remark 2.5, the previous lemma shows that the PCA implies existence
and completeness of Q4 as defined in (1.6), since the assumption (1.7) only enters the proof of The-
orem 1.1 through Theorem 2.7. In fact, we note that the convergence result (2.13) may be viewed as

the key input beyond the Szegd condition we need to prove Theorem 1.1.
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