DE BRANGES CANONICAL SYSTEMS WITH FINITE
LOGARITHMIC INTEGRAL

ROMAN V. BESSONOV, SERGEY A. DENISOV

ABsTracT. Krein — de Branges spectral theory establishes a correspondence between the class of differ-
ential operators called canonical Hamiltonian systems and measures on the real line with finite Poisson
integral. We further develop this area by giving a description of canonical Hamiltonian systems whose
spectral measures have logarithmic integral converging over the real line. This result can be viewed
as a spectral version of the classical Szeg$ theorem in the theory of polynomials orthogonal on the
unit circle. It extends Krein—-Wiener completeness theorem, a key fact in the prediction of stationary
Gaussian processes.
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1. INTRODUCTION
In this paper, we look at the spectral theory of de Branges’ canonical system, which is defined by the
system of differential equations of the form

TJEM(t,2) = 2H(E)M(t,2), M(0,2) = Ioxo < (39), JE(941), t=0, zeC. (1.1)

The 2 x 2 matrix-function H on R, = [0, +0) is called the Hamiltonian of canonical system (1.1). We
will always assume that JH satisfies the following conditions:

(a) H(t) > 0 and trace H(t) > 0 for Lebesgue almost every t € R,
(b) the entries of H are real measurable functions absolutely integrable on compact subsets of R .

In 1960’s, L. de Branges developed his theory of Hilbert spaces of entire functions (see [13] and [37,38]
for recent exposition). One result of this monumental work is the theorem that establishes a bijection
between Hamiltonians 3 in (1.1) and nonconstant analytic functions in C; = {z € C: Imz > 0} with
nonnegative imaginary part. Every such function is generated by a nonnegative measure on the real line.
In this paper, we make a further step in de Branges’ theory by identifying Hamiltonians that correspond
to measures in the Szegg class, i.e., the measures whose logarithmic integral converges over R.

To formulate the main results of the paper, we need some definitions. A Hamiltonian H on R, is
called singular if

+oo
f trace H(t) dt = +oo.
0

Two Hamiltonians 3, Hs on R, are called equivalent if there exists an increasing absolutely continuous
function 7 defined on R, such that #(0) = 0, lim¢, 1o n(t) = 400, and Ha(t) = 7' (t)H1(n(t)) for
Lebesgue almost every ¢t € R,.. Clearly, n(t) rescales the variable . We say that Hamiltonian X is trivial
if there is a non-negative matrix A with rank A = 1, such that H is equivalent to A, i.e., H(t) = n/(t)A
for a.e. t € Ry, where 7 is an increasing absolutely continuous function on R, which satisfies 1(0) = 0
and limy_, o n(t) = 4+00. If Hamiltonian is not trivial, it is called nontrivial.

Recall that function m belongs to the Herglotz-Nevanlinna class N(C.) if it is analytic in C, and
Imm(z) > 0 for z € C;. It is well-known [21], that m € N(C,) if and only if it admits the following
representation

m(z) = 1 JR < ! v > dp(x) +bz+a, zeCy, (1.2)

r—z a2+1

where b > 0, a € R, and p is a Radon measure on R, which satisfies

dp
. 1.
JRI—&—x? = (13)

We call measures on R satisfying (1.3) Poisson-finite. The class N(C.) appears naturally in the theory
of canonical Hamiltonian systems. Let H be a nontrivial and singular Hamiltonian. Given condition (b)
on H, there exists unique matrix-valued function M that solves (1.1). Denote by ©%, ®* its entries so
that

M(t, 2) = (O(t, 2), B(t, 2)) = (gfgzg ifgg) . (1.4)

Fix a parameter w € R U {o0}. The Titchmarsh-Weyl function of H is defined by

. wdt(t,z2) + (¢, 2)
me) = I et o) S Cr (1:5)

0cytea
o0c3+ca
canonical systems (see [22] or Section 8 in [38]), it is shown that the expression under the limit in (1.5)

is well-defined for large ¢ > 0 (i.e., the denominator is non-zero) for every given singular nontrivial
Hamiltonian H. Moreover, the limit m(z) exists, does not depend on w, m is analytic in z € C, and
has non-negative imaginary part, i.e., m € N(C,). In particular, m admits representation (1.2). The
measure p in (1.2) is called the spectral measure for the Hamiltonian H. It is easy to check that equivalent
Hamiltonians have equal Titchmarsh-Weyl functions, see [43].

where the fraction for non-zero numbers ¢, ¢z is interpreted as ¢;/cs. In Weyl’s theory for

Now we can formulate the result of de Branges that establishes a bijection between Hamiltonians and
Herglotz-Nevanlinna functions. See [13], [38], [42] and also [24] for its proofs.
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Theorem 1.1. (de Branges) For every nonconstant function m € N(C..), there exists a singular non-
trivial Hamiltonian H on Ry such that m is the Titchmarsh-Weyl function (1.5) for H. Moreover, any
two singular nontrivial Hamiltonians 71, Ho on Ry generated by m are equivalent.

For trivial Hamiltonians, function m is a real constant. Indeed, in that case, one can solve (1.1)
explicitly and this calculation shows that m(z) = const € R U . For example, H = (} ) gives
Ot =1, 0 =—zt, =0, & =1, (1.6)
so m = 0. Similarly, if H = (J9), then ©F =1,07 =0,9" = 2¢,®~ = 0 and we let m = o.
Given a Poisson-finite measure p on R, we will denote by w the density of p with respect to the

Lebesgue measure dx on R, and by us the singular part of p, so that u = wdz + ps. In this paper, our
aim is to characterize singular nontrivial Hamiltonians whose spectral measures have finite logarithmic

integral, i.e., the integral
1
J og w(x) d
R

1+ 22
converges. The trivial bound logw < w shows that logarithmic integral of a Poisson-finite measure can
diverge only to —oo. It will be convenient to call the set of all measures with finite logarithmic integral
the Szegd class Sz(R), i.e.,

[ dulz) | log w(z)|

If m e N(C4) and measure p in (1.2) is in Szeg6 class, we can define
~ 1 [ logw(x) 1 du 1 [ logw(x)
=logl —=—| =—=——~dz=log|b+ = —= | —=——~d=. 1.
Hom = log Imm(i) WJR 1+a2 0708 +7TJR1+.’)32 WJR 1122 (17)

One can use b > 0 and Jensen’s inequality to show that X,, > 0. Notice that X,, = 0 if and only if m

is a constant with positive imaginary part.

Let us introduce the class of Hamiltonians that characterizes measures in Szeg6 class. If H is such
that v/det H ¢ L'(R, ), define

0

K@) =D (det rm H(t)dt — 4) L = min{t >0: Lt \/det H(s) ds = n} (1.8)

n=0 n

Since the entries of H are locally integrable functions, the function ¢ — 4/det () is also locally integrable
on Ry and {n,} make sense. It is not difficult to check (see Lemma 10.8 in Appendix) that

Mn+2 Mn+2 2
detj H(t) dt > (J «/detﬂ-((t)dt) _ 4 n>o0.

n n

This shows that the series in (1.8) contains only non-negative terms and hence its sum K(H) € R U {+0o0}
is well-defined but could be +o0, in general. In Lemma 4.1, we explain that JNC(fH) can be rewritten in
the form reminiscent of matrix As Muckenhoupt condition. Roughly speaking, UNC(J-C) measures how fast
the entries of H oscillate. In fact, we have UNC(J-() = 0 if and only if the Hamiltonian X is equivalent to a
constant positive matrix, see Lemma 10.8. Notice that if the Hamiltonian is trivial then its determinant
is zero and X is undefined. Define the class H of Hamiltonians by

H = {singular nontrivial H : Vdet H ¢ L' (R.), K(H) < +oo}.
Here is the main result of the paper.

Theorem 1.2. The spectral measure of a singular nontrivial Hamiltonian H on Ry belongs to the Szegd
class Sz(R) if and only if H € H. Moreover, we have

1K < K(H) < 2K me?Xm, (1.9)

for some absolute positive constants c1, ca.
We emphasize that (1.9) is essentially sharp up to numerical values of ¢; and cq. Indeed, for 3 such
that K(H) < 1, (1.9) gives K,, ~ K(H). Moreover, in Section 9 we present two examples for both of
which K(H) > 1. In the first example, we have X,,, ~ log(1 + L) and X(H) ~ L, where L is arbitrarily

large parameter. This shows that the exponent in the right hand side of (1.9) can not be dropped. In the
3



second example, we have X,, ~ L and JNC(U'C) ~ L, where L is again arbitrarily large parameter. Thus,
the left bound in (1.9) can not be improved.

The problem of controlling the entropy of the spectral measure for various differential operators has
a long history and dates back at least to M. Krein’s work [30] published in 1955. Quite recently, a large
number of results that relate coefficients in differential or difference operators and spectral data were
obtained (see, e.g., [4], [9], [14], [16], [26], [27], [32], [35], [40], and a book [39]). Many of them can be
considered as analogs of Szegd theorem from the theory of polynomials orthogonal on the unit circle.
Our main theorem provides, perhaps, the most natural and far-reaching extension of this classical result.
The following less general and a bit weaker version of Theorem 1.2 has been proved in [12].

Theorem 1.3. (Bessonov-Denisov, [12]) An even measure p belongs to the Szegd class Sz(R) if and only
if some (and then every) Hamiltonian H = (}61 F&) generated by p is such that v/det H ¢ L'(R,) and

5 (30) = io Unm T (s) ds - Jnm ha(s) ds — 4) <o, (1.10)

n=0 n n

where {n,} are given by (1.8). Moreover, we have K(H) < ¢Kpme™m and K, < ci(ﬂ{)eﬁc(}o for an
absolute constant c.

A characterization of Krein strings for which the spectral measure has finite logarithmic integral has
been given in [12] as well. That was an immediate corollary of Theorem 1.3. Other spectral theoretic
applications of Theorems 1.2 and 1.3 can be found in [10], [11], [19], [20], [28].

Some proofs in [12] relied on the fact that diagonal matrices (arising from diagonal Hamiltonians)
commute, which forces us to find a different argument for the proof of Theorem 1.2 in full generality. We
also want to emphasize here that the method used in our proof does not involve any “sum rules”’, which
often times is the basis for other proofs found in the literature. We outline the main steps of the proof
in Section 3.

The Szegé class proved to be important in mathematical physics, in particular, in the scattering theory
of wave propagation. For example, in [15], strong wave operators for a one-dimensional Dirac system
with a L?(R )-potential were expressed in terms of the Szegé function of the spectral measure. The main
result of [10] shows that regularized version of strong wave operator for a one-dimensional Dirac system
exists and is complete under the single assumption that the spectral measure belongs to the Szegs class
Sz(R). Using Theorem 1.2, we describe such Dirac systems below.

Corollary 1.4. Let p be the spectral measure of the Dirac operator Dy on R, defined by

Dv: (2> '_) J% (}2) + V(1) (2)7 teRy, f2(0)=0, (1.11)

with a real-valued locally summable 2 x 2 potential V' = V* which satisfies condition traceV = 0. Then,
w € Sz(R) if and only if NF Ny € H, where Ny solves JN{(t) + V(¢)No(t) =0, No(0) = Iax2, t € Ry.

One version of classical Krein-Wiener completeness theorem says that the future subspace of a Gauss-
ian stationary process is not determined by its past subspace if and only if the spectral measure of the
process belongs to the Szegé class, see, e.g., [23]. Very interesting direction for further research is to find
probabilistic applications of Theorem 1.2. We mention two papers [2], [18] related to the subject.

A few months after the current manuscript was posted on arXiv, the authors received a note from
Peter Yuditskii in which the logarithmic integral of a quantity closely connected to spectral measure was
expressed via the integral of elements of Hamiltonian, written in a special form. It is of interest to relate
this “sum rule” to estimates obtained in this work.

Here is an outline of the paper. In the second section, we give more detail about canonical systems.
In the third section, we explain the main steps of the proof of the main result, Theorem 1.2. Section 4
contains some examples relevant to Theorem 1.2. It is followed by sections which contain different parts
of the proof. In the Appendix, we collect auxiliary results used in the main text.
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1.1. Notation.

SL(2,R) denotes the set of real 2 x 2 matrices with unit determinant.
e If Ais d x d matrix, | A| stands for operator norm in C.
e For p > 1, let us denote by LP the set of 2 x 2 matrix-valued functions V' on R, such that

def
VI, ‘gwwuwwt<w.
)

Let L' + L? denote the set of sums V = V; + V5 equipped with the norm

2 EVlpsze Eimt{IVilps + [Vallze - V = Vi + Vo).
Similar notation will be used for scalar functions.

e The symbol C' denotes the absolute constant which can change the value from formula to formula.
If we write, e.g., C'(«), this defines a positive function of parameter .

e For two non-negative functions f; and fo, we write f; < fo if there is an absolute constant C
such that f; < Cfs for all values of the arguments of f; and fo. We define 2 similarly and say
that f1 ~ fo if f1 < fo and fo < f1 simultaneously. If | f5] < fa, we will write f3 = O(fy).

e Given any interval I = R and f € L(I), we define

1
(forr= 7 J fdx.
1] J;
e Entire function F is called Hermite-Biehler function if it has no zeroes in C, and

B ()| < |B(2)], zeCy,

with
E'(z) © B(2).

e If S is a set, xs denotes the characteristic function of S.

e We sometimes use symbol Kg¢(0) instead of K,,. The reader should be aware that these two
quantities are identical by definition. Notation K¢ (0) will be explained in the next section.

e Z, ={0,1,...}.

o If A is self-adjoin matrix, we denote its smallest and largest eigenvalues by Amin(A) and Apax(4),
respectively.

e For a > 0, we define

> —
log* a = loga, a>1, log™ a = loga, ac€(0,1], (1.12)
0, a € (0,1), 0, a> 1.

sologTa>0,log”a >0, and loga = log™ a — log™ a.

2. PRELIMINARIES ON CANONICAL HAMILTONIAN SYSTEMS

In this section, we collect some definitions and known results that will be used later in the text. In
fact, we almost literally repeat the content of Section 1 in [12] and Section 2 in [10]. See monographs
[13], [37], [38] for the classical theory of de Branges systems.

2.1. Two results on canonical systems. Later in the text, we will need two classical results from the
spectral theory of canonical Hamiltonian systems. Given a Hamiltonian H on R, define the function

¢
fg-(ZtHf v/ det H(s) ds, teR,.
0

Since 24/det H(s) < trace H(s) for all s > 0, the function s — +/det H(s) is integrable on compact
subsets of R . In partlcular fg-( is correctly defined and absolutely continuous function on Ry. In the
case when v/det H ¢ L*(R, ), one can define the function

Ny t'—>m1n r>0: t—f +/det H(s ds} teR,.

Observe that ngc(n) = n, for n, in (1.8). For s > 0, denote by &, the linear space of functions with
smooth Fourier transform supported on (0,s). The following theorem is a consequence of results by
M. Riesz, S. Mergelian, and M. Krein, see Proposition 2.5 in [10].
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Theorem 2.1. Let H be a singular nontrivial Hamiltonian on R, and let p be its spectral measure. If
&, is not dense in L?(u) for some s > 0, then Es¢(t) > s for some t > 0.

Next result is usually referred to as the Krein-Wiener completeness theorem. See Section 4.2 in [17]
or Theorem A.6 in [16] for the proof.

Theorem 2.2. Let ;i be a Poisson-finite measure on R. Then p € Sz(R) if and only if | J,. o Es is not
dense in L2 ().

Remark. Our main result, Theorem 1.2, complements Krein-Wiener’s theorem by giving yet another
criterion for completeness.

2.2. Bernstein-Szegd approximation, entropy function of a Hamiltonian, SL(2,R) invariance.
Let 3 be a singular nontrivial Hamiltonian on R.. For every r > 0, define H, to be the Hamiltonian
t — H(t+r) defined on R, . Let m,., ., by, a, denote the Titchmarsh-Weyl function of H,, its spectral
measure, and the coefficients in the Herglotz representation (1.2) for m,.. Define

taclr) = T, (i) = 1 [ 5 1,

T g 1+ 22
Ryc(r) = Rem, (i) = ar, (2.1)
1 logw,(x)

) = 1 [
where 1, = w, dx + pi, s is the decomposition of p, into the absolutely continuous and singular parts. In
the case when p, ¢ Sz(R) for some r > 0, we set Yg¢(r) = —c0. The entropy function of H is introduced
as follows

Kgc(r) =logIgc(r) — Yac(r), r = 0. (2.2)

Notice that K4¢(0) = X,,, where X,, was defined in (1.7). Since b, > 0, Jensen’s inequality implies
Ksgc(r) = 0. Next, consider the Hamiltonian

R j‘f(t), te [O,T)7
T, (t) = {(cm 0. telrto0).

c(r) ca(r

(2.3)

where c1(r) = 1/93¢(r), c(r) = Roc(r)/Isc(r), ca(r) = (I2:(r) + R2:(r))/Isc(r). The Hamiltonian H,
coincides with H on [0,7) and is constant on [r, +o0). We call K, the Bernstein-Szegs approximation
to H. Some properties of the functions Kqg¢, 3¢, Rg¢ are collected in the following two lemmas.

Lemma 2.3. Let H = (}}11 }Z) be a singular nontrivial Hamiltonian on Ry and let p = wdx + us be the
spectral measure of H. Assume that p € Sz(R). Then, for every r > 0 the measure p, = w, dx + i, g
belongs to Sz(R) and

(@) Koc(0) = Kz (0) + Koe(r),

(0) lim,— 100 Koe(r) = 0, lim, 4 0 ﬂCﬁr(O) = K¢ (0).
If, moreover, det H =1 a.e. on Ry, then Kq¢, T3¢, and Rg¢ are absolutely continuous on Ry and

() Ko = <2 — Jgchy — j;m) _ Rye/I30)

495chy
1 (Ri/I30)?
d / _ h - . H
(d) J3¢/I3¢ (j?C 1 J}ghl) Woihy

(€) Rie/Isc = 2Rgchy — 2h,

almost everywhere on R .

Proof. For items (a) and (b), see Lemma 2.3 in [10] and its proof therein (Appendix I in [10]).
Identities (c)-(e) are equivalent to formulas (39)-(41) in [10] after elementary algebraic manipulations
are performed. O

Remark. In the case of diagonal , identities (a)-(e) can be found in Lemma 2.5 and Lemma 2.7 in [12].

Recall that SL(2,R) is related to fractional linear transformations that leave C, invariant, i.e.,

_(a 0 def @Z + b B
A= (C d) A MObA(Z) - C2+d7 a/7b7c7d€R, ad chb =1.
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Given any A € SL(2,R), we define conjugation of 3 by A as follows:
Hyp=A*HA.

The spectral measure of H 4 will be denoted by p4. Next lemma proves that both UNC(J{) and Xq¢ are
invariant under conjugation and under linear fractional transform, respectively.

Lemma 2.4. Let H be a singular nontrivial Hamiltonian on R, and let v be its spectral measure. Then,

(a) H e H if and only if H4 € H,
(b) we Sz(R) if and only if pa € Sz(R).

Moreover, K(H) = K(H ) and Kac(0) = Ko, (0) whenever these quantities are finite.

Proof. Since det H 4(t) = det H(¢) for a.e. t € Ry and A is t-independent, we see that H € H if and
only if H4 € H, and, moreover, K(H) = K(H 4). This proves (a).

To show (b), we first compute Titchmarsh-Weyl function for 3 4. Suppose M and M4 are the solutions
of (1.1) for the Hamiltonians 3 and H 4, respectively. We are claiming that

My=A"TMA. (2.4)
Indeed, by definition of M we have JM' = 2HM, M(0, z) = Isx5. This implies
(A*JAYAT'MAY = 2(A*HA)(AT'MA), AT'M(0,2)A = Irxo.

To prove (2.4), we only need to notice that A*JA = J by Lemma 10.1. For A = (¢}), we have

My = (_dc f) (g g) (‘CL Z) (2.5)

Taking w = 0 in (1.5) for H 4, we get

ma(z) = lim (—cO®T (2,t) + aO (2,1))b + (—c®t(2,t) + a® (z,t))d _ dm(z) +b e
A t>+o0 (—cOt(z,t) + aO~(2,t))a + (—c®*(z,t) + a® (2,t))c  em(z) +a’ *

It remains to note that Imm, = \CLT%P? hence

Tmm() 1 f log w(z) — log(lem(z) + al?)
Kae ,(0) = log — N 2 dz,
34(0) = log lem(i) + a2 7 Jg 22+ 1 o
. 1 log w(x
~ logTmm(i) - - JR ;7+(1) di = a0 (0),
where we used Lemma 10.9 in Appendix. O

The Hamiltonian dual to H is defined by conjugating with A = J, i.e.,

def

Haq = J*HJ.

Notice that (Hg)q = H. Lemma 2.4 yields the following corollary (see also Lemma 3 in [10]).

Corollary 2.5. Let H be a singular nontrivial Hamiltonian, pg denote the spectral measure of Hy, and
mg denote the Titchmarsh-Weyl function of 4. Then, u € Sz(R) if and only if ng € Sz(R). Moreover,
we have Xg¢ = Kg¢, and mg = —1/m.

Proof. The first part of the statement follows from Lemma 2.4 by taking A = J. Formula (2.6) shows
that mq = —1/m. O

Remark. In (1.7), the definition of X,,, we evaluate Imm at zp = ¢ and the Poisson kernel inside the
integral is evaluated at the same point. Changing this reference point results in the whole family of
entropies indexed by parameter zo € C,. Clearly, if entropy at one point is finite, it is finite at any
other point. In this paper, we do not study how our main result can be modified (i.e., how constants in
two-sided estimates in Theorem 1.2 depend on zy) but we believe this is a promising direction.



3. MAIN STEPS IN THE PROOF OF THEOREM 1.2

In this short section, we explain the structure of the proof of Theorem 1.2. The following special
factorization of Hamiltonian lies at the core of our approach.

Definition. Suppose g, v1, b2 are three non-negative parameters. Let H be a Hamiltonian which satisfies
det H =1 for a.e. ¢ > 0. We will say that H admits (q,01,05) — factorization if H = G*QG for some
2 x 2 matrix-valued functions @, G with real entries such that

(a) @=>0,detQ =1a.e.on Ry,
) trace@ —2[L1g,) < q,
) G is absolutely continuous and detG =1 on Ry, (3.1)
) G'=JVG for some V =V* V = V] + V5 with
Vie Ll, Vs € L? such that ”VlHLl < b7 and H‘/QHLZ < Do,

Remark. This (g, vy, v3)factorization is not unique, in general. Since ) > 0 and det@ = 1, we get
trace@ > 2. Note that the matrix-valued function V in this definition necessarily has real entries.
Equation G' = JVG gives

t
det G(t) = det G(0) - exp <J trace(JV(T))dT) .
0
For 2 x 2 real matrices, the condition trace(JV') = 0 is equivalent to V' being symmetric. Therefore, V'
being symmetric and det G(0) = 1 already imply det G(t) = 1 for all . The factor G can be regarded as
“slow” and factor @) can be regarded as the “fast” one. Indeed, elements of G are absolutely continuous
and elements of @) are only locally integrable. On the other hand, G(¢) can grow infinitely when ¢ — +o0
although Q(t) is “close to Isx2” at infinity as follows from (a) and (b).

Remark. In the definition of Hamiltonians that admit factorization, we didn’t specify G(0). This was
done intentionally. In fact, given G, Q and H = G*QG, we can take Hg-1(9) = (GG71(0))*Q(GG1(0)).
The parameters @,V in the factorization of Hg-1(p) can be chosen the same as in that of 3 and
j{g{(O) = j{j‘fgfl(o)
are in fact finite).

~

(0), K(H) = K(Hg-1(0)) by Lemma 2.4 (and we will later prove that these quantities

Definition. The class FC (shorthand for “finally constant”) is the set of singular nontrivial Hamiltonians
H on R, such that 5 = A on [¢, +0) for some ¢ > 0 and a constant positive matrix A. Parameter ¢
and matrix A might depend on K.

Theorem 1.2 follows from five theorems formulated below. Their proofs are given in Sections 5-9.
Theorem 3.1. Assume that N
1K < K(H) < cKppe2m (3.2)

holds for every Hamiltonian H € FC such that det H = 1 almost everywhere on R . Then, the conclusions
of Theorem 1.2 follow, i.e.,

(a) The spectral measure p € Sz(R) of a singular nontrivial Hamiltonian H belongs to Sz(R) if and
only if H € H.
(b) Moreover, (3.2) holds for all H € H with the same constants ci1,ca, and cs.

Theorem 3.2. Let I be a singular nontrivial Hamiltonian which satisfies det H = 1 almost everywhere
on Ry, and let p be its spectral measure. If u € Sz(R), then H admits (q, 01, b2)—factorization with

q ,S 9<j-((0),01 5 fK{}((O)7 and Vo 5 «\/ng—((O).

Theorem 3.3. Let H be a singular nontrivial Hamiltonian on Ry and let pu be its spectral measure. If
H admits (q,01,02) — factorization, then p € Sz(R). Moreover, X4¢(0) < min{vy, 03} + 03 + g.

Theorem 3.4. Suppose that H is a Hamiltonian on R allowing (q,v1, v2)—factorization. Then H € H
and we have K(H) < c(q + 92 + 03 + 03)e®1 T2 for an absolute constant c.

Theorem 3.5. Suppose that H € H and det H = 1 for almost all t € Ry. Then H admits (q,01,02)-
factorization. Moreover, we have ¢ < K(H), vy < K(H), and v3 < K(H).

Assuming Theorems 3.1-3.5 are proved, we can easily finish the proof of the main result.

Proof of Theorem 1.2. By Theorem 3.1, it suffices to show that

1K < K(H) < c2Kpme2™m, (3.3)
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for every Hamiltonian H with unit determinant, which belongs to class FC. Take such . Combining
Theorem 3.3 and Theorem 3.5, we see that H admits (q, b1, be)-factorization. Moreover, we get the
estimates

Ksc(0) S minfor, 03} +02+q, <K, o SKOO), 03 < KO0,

50 K3¢(0) < K(H). From Theorem 3.4 and Theorem 3.2, we get

K(H) <ea+a” +07 +03)e™ 7% q<SKac(0), 01 SKac(0), 02 S

s0 K(H) < ¢Kac(0)e®5(©) and we have (3.3). O

Proof of Corollary 1.4. It is known that the spectral measure of Dirac system (1.11) coincides with
the spectral measure of the canonical Hamiltonian system generated by the Hamiltonian H = NN,
see details in [10]. Thus, the application of Theorem 1.2 gives the corollary. O

4. HAMILTONIANS IN CLASS H, MATRIX-VALUED AQ—CONDITION, AND SOME EXAMPLES

The diagonal Hamiltonians in class H have been thoroughly studied in [12]. If we assume that
H = (hl 01), i.e., if H is diagonal and det H = 1 for a.e. t € R, then condition H € H reads as

0 hy
K(H) = 20 (( Ln+2 hldt> ( Ln+2 h;ldt) - 4) < .

In [12], the class of functions h; that satisfy this condition was denoted by Az(R,¢') in analogy to the
standard Muckenhoupt As condition on the weights. We recall that, given non-negative matrix-valued
function W defined on R, the matrix A Muckenhoupt characteristics of W is defined by (see, e.g., [41])

(W], < sup [/

follows:

where the supremum is taken over all intervals I in R. To see the connection with our condition (1.8),
we need the following lemma.

Lemma 4.1. Suppose H is 2x 2 nonnegative matriz-valued function defined on I def [a,b] and H satisfies
det H =1 for a.e. te I. Then,

[CH 2] = det'/* ().
In particular, for every H € H that satisfies det H = 1, we have

—4 Z (IO oI 2 = 1) < +o0. (4.1)

Proof. By a change of variables, we can assume that I = [0,1]. Let 2 = <H>}/2. Since det H = 1 and
H = H*, we have

(H™Yy, = Ll ata LY (—) Ul Hdt> J = (—J)H>1 .

0

Notice that
1/2

((—J) (Jol Hdt) J) (),

as can be checked directly. Then, since |A|| = |A*| for every matrix A, we can write
(=D = [|JQJQ| = ||,

because J, being the unitary matrix, preserves the norm. Notice that for all positive 2 x 2 matrices
Q= (% 4), we have an identity
[QJQ| = det Q,

which follows from the formula
0iJ)Q = (ﬂ_( 0 i(a®~ara) )

a27a1a2) 0

and an observation that the last self-adjoint matrix has eigenvalues +(ajas — a?) = + det Q. O
9



We will call the class of weights satisfying (4.1) the matrix-valued As(R;,¢') class. The following
lemma, asserts that the diagonal elements of mappings in the matrix-valued class A5(R,,¢!') belong to
the scalar class Ax(R, ¢1).

Lemma 4.2, Let H = (};11 };) belong to H and det H =1 a.e. on Ry. Then, we have

i <<Lﬂ+2 hldz) <Lw hflddf) —4> < K(3).

n=0

Similar bound holds for hs.

Proof. For every interval I, we have by Cauchy-Schwarz inequality
Chaprchi Hr + (T < Chapr{(h? + 1Ay
Recall that hihy — h? =150 hg = (1 + h?)h*. Then, we can rewrite the last bound as
ChayrCh o+ < < Chaprchayr, <hapidhy D < Chaprdhayr — (hyi-
Taking I = [n,n + 2], subtracting 1 from both sides and summing in n finishes the proof. O

In the case of diagonal Hamiltonians, the proofs of Theorems 3.4, 3.5 are much easier because they can
be reduced to considerations of scalar functions. For instance, the following lemma solves the problem
of existence of (q, b1, v2) — factorization for diagonal Hamiltonians.

Lemma 4.3. A function h on R, belongs to As(R,, (') if and only if there exist functions q, v on R,
such that

(a) q >0 almost every where on Ry, ¢+ q~ ' —2¢€ L' (R,),
(b) v is real-valued, ve L'(R,) + L2(R,),

(€) h(t) = q(t) exp (gg o(7) dT), teR,.

While this lemma could be proved by means of elementary function theory, its proof is rather complicated.
For completeness, we give a short proof based on Theorems 3.4, 3.5.

Proof. Suppose that h € A3(R,, (') and consider the Hamiltonian H = (8 1%). We have H € H.

An inspection of the proof of Theorem 3.5 shows that H admits (q, 1, 02) — factorization of the form
H = G*QG with parameters G, Q) such that

(g O ;L B B 0 —v/2
0= (1 2). @ewve, qwene v-( 0, )

where ¢ satisfies (a) and v satisfies (b). Solving equation G’ = JVG, G(0) = I2x2, we get

L {tvdr 0 ¢ vdr 0
_[ezo [ gedo
G= ( 0 67% S; 'ud‘r) ) H= ( 0 qflef Sé vdr | °

This gives representation (¢) for h. Conversely, if ¢, v, h satisfy assertions (a)-(c), then the Hamiltonian
H = (8 1%) admits (q, 01, v5) — factorization H = G*QG for G, @ as above. By Theorem 3.4, we have
H € H. Then Lemma 4.2 implies h € Ax(R,, 1), O

We now provide some examples of Hamiltonians in class H. The first two of them show that Theo-
rem 1.2 is essentially sharp.

Example 1. Take H %' X[0,2] (8 §) + X(£,00)I2x2, where L is a large integer parameter. Then, 7y = 0,
n; =L+ j,jeNand

K () = (det (LL (é 8) dt + Lm (é (1)) dt) - 4> + 2(4 —4) =2L.

j=
The Titchmarsh-Weyl function can be computed using the formula (2.13) from [12]:

m(z) = ST (L,2) + mp(2)® (L, 2)
- OF(L,2) + mp(2)0-(L,2)’




in which mp,(z) = i, because thg Titchmarsh-Weyl function of Hamiltonian I5o is equal to constant 4.
Relations (1.6) yield m(z) = ;——7. Thus,

1J log(1 + z2L?)
— .
R

K,, = —log(1+ L) + —
og(1 + )+7r 14 22

For L — oo, we can write

1 [ log(1+ 22L? 1 [ log(z2L? 2log L
,JB§4214Q =ff3§£7Lm+mn= og
T Jr R 1+2x m

f 9 0(1) = 2108 L+ O(1).
R

14 22 T 14 22

So, Ky, =log L+ O(1), L — oo.

Example 2. Consider Dirac system
JN'(t,2) + V(t)N(t, 2) = 2N (t, 2), teRy, 2€C, N(0,z) = Irxo, (4.2)
with potential V' = x[o 1 (28), where T is a large integer and ¢ is a small parameter. They will be

chosen such that L %' T2 — o0. Define the Hamiltonian H : ¢ —> N* (t,0)N(t,0) on R;. Then, a

straightforward calculation gives

6_28t 0 e—ZET 0
J-C(t) = ( 0 e25t> ’ te [O7T]7 j{(t) = ( 0 25T> ’ te (Ta +OO)

e

We have 7, =n, n e Z; and

K(36) = TZ’: <det (LM (e—o%t e;L) dt) - 4) +

T —2¢et T+1 —2eT o0
e 0 e 0
+ det (L_l ( 0 62€t> dt + L ( 0 e%T) dt) —4+ Y (4-4),

j=T

—(T-1) <(1 _6_422(646 i) —4) + ((eig 1, 1) (1_265_25 + 1) —4) ~Te? = I,

after applying Taylor expansion in small €. To estimate entropy, we notice that H allows factorization
H = G*QG in which Q = 542 and G = N(t,0). Moreover, V is already taken in truncated form similar
to (7.19). The spectral measure p of H is absolutely continuous and Lemma 7.5 gives p/(x) = |132*T (2)|72,
where (P, P*) solve Krein system (7.6),(7.7):

i ﬁQ*T _ 0 v ﬁ2*r }S(T _ 1
dr \ B, ] \—v 2iz)\ P, )’ B 1)

with v = ex[o,7]. We consider z = x € [~¢,¢] and 7 € [0,T]. Finding eigenvalues p4 = iz £ v —x2 + &2

and eigenvectors (5, ),(—p_) of matrix ( °, 5;%), we take into account initial data to find

PQ*T(Z') _ €+ iy et-T _ €+ p— €#+T, P2r($) _ 7/1“—(5 + :u’+)ep.,r + lu+(€ + /’L—)equ'r‘
[y — i [y — fi— e(pt — p-) e(py — p-)

for » < T. We have

)

SRt per EF R g ET R T <1 -~ we(our)T) '
My — H— [ H—— Byt €+ p—
Consider x € [, 35]. Then,
ﬂWM Sl ) Re(uT) ~ T, Re(u,T) ~ T
[y — o €+ p_

Since T = (e2T)e™! = Le~! — oo, this gives us

Pin()? ~ VT

for x € [5, %2]. Thus, recalling notation (1.12), we get the following estimate

10°
% log™
g W) w(z) de ~ 2T = L
e 1+ 22
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for the spectral measure p = wdz + ps of H. We notice that lim._,o 7 H(t,e,T) = (V) and this
convergence is uniform in ¢ € I for every fixed segment I € Ry . Thus, lim._,¢ 17— m(i,&,T) = i. The
trivial bound log’ a < a yields

L[ o wle) L[ vl
R

——=dr <Imm(i,e, T) S 1,

T 14 a2 Sl 4 a2
and thus
. 1 log w(x
K =logImm(i,e, T) — = fR %;2) dz,
L[ log*p 1 [ log~
%CIWJ og @d“,fmdx,
Tl l+x T Jg 1+ a2
9e
1 (10 log™ ¢/
> —Cy + — dr ~ L,
2+7TJ£ ].+.’IJ2 v

10

for L — oo. This gives K,, > L ~ X(H). On the other hand, (1.9) says that K,, < K(H) so the
left-hand side bound in (1.9) is sharp up to a constant.

Example 3: Hamiltonians generated by N,. Consider equation
JNé(t) + V(t)No(t) = 0, No(O) = IQXQ, te R+, (43)

from Corollary 1.4 in the case when V = (§ % ). Then, we can find Ny and 3 = N Ny explicitly. These
calculations give

¢ . .
def _ [coshp sinhe _ (cosh(2¢) sinh(2¢)
= Lvd& No = (sinh<p coshyp )’ H= sinh(2p) cosh(2yp) ) -

Then, the Theorem 3.4 implies X € H provided that v € L?(R.), because H allows (q,01,02)—
factorization in which G = Ny, Q = Iz with v; = q = 0 and b2 ~ ||v]s.

In the case when V takes the form V = (¥ §), the equation (4.3) can also be solved explicitly. That
gives yet another class of examples of Hamiltonians in H. It was discussed in [10] in connection with
scattering theory for Dirac system.

Example 4: Szegd condition and indeterminate moment problem. Consider ;o for which all
moments {sg},

sp f ofdy, keZy, (4.4)

R

are finite. The sequence {sy} defines the Hamburger moment problem (see [1]| and, e.g., [5,6,8], |3], |36]
for recent developments) and p is one of its solutions. We recall that, given a sequence {s;}, k > 0, the
moment problem {s;} — o is called indeterminate if, firstly, there is a measure o on the line having {s;}
as its moments and, secondly, this measure is not unique. It was noticed by M. Krein, that measures
w that satisfy both p € Sz(R) and (4.4) give rise to indeterminate moment problem (see, e.g., [1], pp.
87-88). One example of such measures is dy = w dx, where w is the Freud weight: w(x) = e~l=l” 3> 0,
provided that 3 € (0,1) (see [31] for detailed study of this case).

Every measure that satisfies (4.4) and has support different from a finite number of points gives rise to
a system of polynomials orthogonal on the real line. These polynomials satisfy the three-term recurrence
which defines the semi-infinite Jacobi matrix. The inclusion of Jacobi matrices to the more general class
of de Branges systems is well-known [25], [38]. In particular, it shows that measure p € Sz(R) that
satisfies (4.4) gives rise to a Hamiltonian H € H for which there is an interval [0, /] on which rank H = 1.
This interval [0, ¢] represents the Jacobi matrix and the elements of M (¢, z) in (1.1) can be expressed
in terms of orthogonal polynomials for ¢ € [0,¢). However, even for the classical case of Freud weight
w(z) = e~12” we are not aware of any systematic study of the corresponding Hamiltonian H(3) on the
interval [¢,00). We notice that our Theorem 1.2 yields H(S) € H for every S € (0, 1).

The extensive literature on moment problem contains some cases for which the moments, Jacobi
recurrence coefficients, and Nevanlinna matrix of the indeterminate moment problem can be explicitly
found. This gives a way of constructing explicit examples of Hamiltonians H € H with known spectral
measures in Szegd class. For instance, one can consider an example from [7], Section 2.3, which is related
to birth/death processes. Here, the polynomials {F),} involved satisfy recursion

()\n+ﬂn_x)Fn = pnt1Fni1 + A1 Fpo1, Fo1 =0, Fy=1,
12



which can be easily symmetrized (see formulas (2.28)-(2.32) in [7]) to produce Jacobi matrix. In the
special case when

Ay = (4n 4+ 1)(4n +2)%(4n + 3),  pn = (4n —1)(4n)*(4n + 1),

Berg and Valent obtained the asymptotics of F),(z) for large n and this allowed them to write (Proposi-
tion 3.3.2) the associated Nevanlinna matrix

(53 53)

in terms of elementary functions. According to classical theory [1], all solutions {u} to indeterminate
moment problem can be parameterized using Nevanlinna matrix in the following way:

fduga(x) A(2)e(z) = C(2)
R

s—z  Bles)-D) T

where ¢ is arbitrary function from N(C, ). In particular, taking ¢ = i, corresponds to choosing H = I5y2
on the interval [¢,0), where ¢ was mentioned above and can be computed as well. This gives rise to
orthogonality measure p; with density determined by the formula (see (2.15) and section 3.5 in [7])

1
~ 7(B%(x) + D2(x))’

w;(x)

Since B and D are known, we have (see formula (3.35) in [7])

2 1

usinh? u) 1, x>0,

() C1(Cy cos? ucosh? u + u* sin
w;\T) = ~ ~
C1(Ca(cosu + coshu)? + u*(cosu — coshu)?)~t, z <0,

where u = C’g\x|1/ 4 and Cy, Cs, 6‘1, 6’2, Cs5 are some positive constants known explicitly. Simple analysis
shows that —logw; ~ |z|'/* which places ; to Sz(R) class.

5. REDUCTION TO HAMILTONIAN WITH UNIT DETERMINANT. PROOF OF THEOREM 3.1

In this section, we show that the general case in Theorem 1.2 can be reduced to the case when Hamil-
tonian has the unit determinant. Our considerations are based on several lemmas that use additivity
of the entropy function (see assertion (a) in Lemma 2.3) and its upper-semicontinuity. The same ideas
were employed in [12].

Lemma 5.1. Let H, Hy be singular nontrivial Hamiltonians on R such that 3, (t) = H(t) for every
k>0 and allt € [0,k]. Then, we have Xgc(0) < limsup,,_, , o, Ka¢,,, (0).

Lemma 5.1 was stated and proved in [12] for diagonal Hamiltonians, see Lemma 4.1 in [12]. Its proof,
however, did not use the fact that the Hamiltonian J is diagonal and hence works in the general case.

Lemma 5.2. The spectral measure of a Hamiltonian H € FC lies in Sz(R) class.

Proof. Recall the definition of class FC. By Lemma 2.2, one can assume that A = (). Formula
(2.14) in [12] then gives

dx
H= =730 F@(Z) :@+(£7Z)+i@7(£7'z)a ZE(C,
|[Fe()[?
where ©% are the entries of the matrix in (2.2). In particular, F} is a function of bounded characteristic
in C; and we have p € Sz(R), see Proposition 2.1 in [12]. O
Lemma 5.3. Assume that for every Hamiltonian H € FC such that det H =1 a.e. on Ry we have
1 K50(0) < K(H) < 2K 3¢(0)e () (5.1)

with an absolute constant c. Then, the same estimates with the same constants c1, co hold for every
HeFC.
13



Proof. Let H be such that H(t) = A for t € [¢, +0), where £ > 0 and A is some positive matrix. For
every € > 0, define Iy : t — H(t) + ex[o,¢(t)I2x2 on Ry. As before, Irxo = (§7) and x[g,¢ denotes
the characteristic function of [0, ¢]. For ¢ > 0, set

€.(t) = Exc, (1) = L JJdet o (s)ds, (5.2)

and let 7. = g, be the inverse function to .. Since & bijectively maps R onto Ry, the function
ne is defined correctly on R, . Moreover, we have detH) > 0 a.e. on Ry, hence 7. is absolutely

continuous on R,. Consider the Hamiltonian UTC(E) it nL(t)He(n:(t)). By construction, n’(t) =
1/4/det H .y (n(t)) a.e. on R, so the Hamiltonian UTC(E) has unit determinant a.e. on R,. By Lemma 5.2,

the spectral measures pu, yi(c), fi(e) of H, H(.y, ﬁ(e), respectively, belong to Sz(R). Our assumption implies
the estimates
CQK?((E) (0)

Xz (0) < K(H) < 2Kz (0)e

Hey He) (5-3)

For every t > 0, we have

t+2 Ne (t+2)
J J‘f(g) (8) ds = f f}f(s)(s) ds
t e (t)

by a change of variables. This shows IJNC(fT{(E)) = 9~C(J{(E)). Since H(.) and f}TC(E) are equivalent, their
Titchmarsh-Weyl functions and spectral measures coincide. Thus, from (5.3) we get

a1 Kse,, (0) < K(H(o)) < 2K, (0)e** %0 ) (5.4)

for every e > 0. We claim that lim._, i]NC(ﬂ-C(E)) = K(H). Let 1, n > 0, be the numbers defined in (1.8)
for the Hamiltonian H. Then, n.(n) < n(n) and lim._,g n.(n) = n, for every n. Moreover, for sufficiently
large ng > 0 we have

775("""2) Mn+2
detf Hiey(t) dt = 4, detj H(t)dt = 4, n=ng, ee€(0,1],
ne(n) Nn

due to the fact that 3(, J{(.) are constant on the corresponding intervals. So, our claim follows from the
limiting relations

ne (n+2) Tn+2
lim detf Hey(s)ds = detJ H(s)ds, 0 < n < ny,

e=0 7 (n) n

which are immediate by the Lebesgue theorem on dominated convergence. To complete the proof, it
remains to show that lim. o X (0) = Kg¢(0). To this end, we will use the following well-known
formula (see, e.g., Section 2 in [12]) for H and H.):

_ Dt (r,2) + mp(2)®(r, 2)
Ot (r,2) + me(2)0- (1, 2)’
Denote by m,. the Titchmarsh-Weyl function for H(.) , : t — H () (r+1). Let also ©F, ®F be the entries

of the solution to Cauchy problem (1.1) for 3. Since 3 tends to J{ uniformly on [0, /] in the matrix
norm and H = ¥ on [{, ), we have

lim O (¢,i) = ©F(¢,1), lim OF(0,i) = ®*(L,i), me=my. on Cy. (5.6)

m(z) = mo(z) r>0, zeC,. (5.5)

Applying (5.5) to r = £, we get J4¢(0) = Immy (i) = lim._,o Immyg (i) = lim._,o NET (0). Formula (2.15)
in [12] can be rewritten (see also (58) in [10]) as
93¢(0) = Ysc(r) + 289¢(r) — 2log | F (i), (5.7)
where F,. : z — ©%(r,z) + m,(2)©7 (r, ). The last relation in (5.6) implies Yg¢(£) = Y, (¢) while the
first two relations together with (5.7) give us Ys¢(0) = lim. Y3, (0). Recall (see (2.2)) that
Kg¢(0) = 10g T3 (0) = Ysc(0), Ko, (0) = logTs. (0) — Y. (0).
Thus, K¢ ., (0) tends to Kyc(0) and the lemma follows from (5.4). O

Proof of Theorem 3.1. By Lemma 5.3, we can drop the condition det H = 1 from our assumptions.

Let 3 be a nontrivial singular Hamiltonian on R, such that its spectral measure p lies in the class Sz(R).

Then, X4¢(0) < +o0. Theorem 2.1 and Theorem 2.2 imply that v/detH ¢ L'(R,). In particular, the
14



sequence {n,} in (1.8) is defined correctly. For r > s, con51der the Hamiltonian iH € FC, introduced in
(2.3). The first [£5¢(r)] — 1 terms defining JC( ) and K(H T) (1.8) are identical. Hence,

UNC(IH) < lim sup UNC(JA{T) < limsup e2Xg; (O)eczgcﬁr(o) < 2K (0) 2K (0),
r—00 r—00 "
where the first estimate follows from construction and definition of IJNC(J-C), the second inequality follows

from assumption of the theorem, and the third one follows from assertion (a) of Lemma 2.3. Thus,
H € H and the first estimate in (3.2) holds.

Conversely, suppose that H € H. For every integer k > 0, define

%(k)(t) def {9'7%27 ?ft € [0, Mr2],
Snkm H(s)ds, ifte (Mrya, +0).
For each t € Z, , set
7y = min{s : fﬁm(s) =t}, (5.8)

where & (s) = (74 /det 5 &) (7)d7. Then, we have 7, = 0, for every ¢t € {0, ..., k+2}. By construction,
Hr) 0 (k) n n

k

~ o~ Tn+2 Mk+3
K(Hy) = ), (detf H(s)ds — 4) + detf F iy (s)ds — 4. (5.9)

n=0 n Nk+1

Indeed, i}N{(k) is constant on [nk42,90) = [Mky2,0) and H = UN{( k) on [0,7y42], hence the terms with
indices n > k + 2 in formula (1.8) for }NC( vanish, while the terms with indices n < k coincide with the

corresponding terms in (1.8) for the Hamiltonian H. Since J—C(k) SZ:*Z’ H(s)ds on [ng12,00), we have

Te+s Mke+2 N N Mk+3 Mk+3
j Tt o ()ds = j %(s)ds+<nk+3—nk+2>-f 9¢(s)ds <j 54(s) ds,

Mhe+1 Me+1 Mh+2 Mho+1

where we used 7g+3 — fk+2 < 1. To obtain the last bound, we recalled (5.8) which gives

Nk+3 12 Nk+3 —1/2
(s~ Tiese) (det ([ 9t6)ds ) | =1 Fva e = (e | se(opas) )
Nk+2 Nk+2
Mhk+3 (10.2)
det (f iH(s)ds) > (
Nk+2

K (H) for every k > 0. Moreover,

and

2
Mk+3
J Vdetf]-((s)ds) (9

Nk+2

From (5.9) and Lemma 10.4, we get 9~C(J-C( y) <
Jim rTc(i{(k)) K (). (5.10)
By Lemma 5.2, the spectral measure of the Hamiltonian JTC(,C) belongs to Sz(R) for every k > 0. Hence,
w € Sz(R) and
(5.10)

K3¢(0) < limsup Kz, (0) < limsup K(Hpy) S K30,
k—0 ) k—o0
where the first inequality follows from Lemma 5.1. The theorem is proved. O

6. SZEGO CONDITION IMPLIES FACTORIZATION. PROOF OF THEOREM 3.2
In this section we prove Theorem 3.2.

Lemma 6.1. The following estimates are true

11 1
—|l=—z|<=42-2, z€(0,1/2) U (2,0), (6.1)

3|z T

T 1
T<-+r-2 2e(0,1/2) U (2), (6.2)

x

201 |? 1
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Proof. We will prove the third one, the other bounds can be obtained similarly. Notice that (6.3) is
equivalent to showing that

p(x) ozt — 923 + 1422 — 92 +2 <0
for z € [1,2]. We check that p’(1) = p(1) = p(2) = 0 so factoring gives p = (2x — 1)(z — 1)?(x — 2) and
we get the needed estimate. ]
Proof of Theorem 3.2. Recall J5¢, Rg¢, Kg¢, the functions in r, which were introduced in (2.1) and
(2.2). Let 3 = (" " ) and det 3 = 1. Consider

Gdﬁf 1/\/39—( R{}(/\/j}(
0 VALY ’
yr def 0 J5:/(295¢)
I5c/(2030)  —Roe/ac )
Q def Jgchy —Rgch1 + h
o —Rgch1 + h (:R%Chl —2Rgch + hg)/j}(
Now, we can use calculations done in the proof of Lemma 4.3 in [10], to conclude the following:

e From the last line in (44), [10] and Lemma 10.1, we get H = G*QG.
e From the third line in (44), [10], we obtain G’ = JVG.
¢ The fourth line from the bottom on the same page gives trace Q@ = 2 — X/,,.

Observe that G € SL(2,R) and Kg¢ in non-increasing by assertion (a) of Lemma 2.3. Hence, Q is a
symmetric matrix with real entries such that
trace@ > 2, det@ = det((G*)7'HG™) =
almost everywhere on R, . It follows that @ > 0 almost everywhere on R, . Moreover, we have
J (trace Q(t) —2)dt = — | K4 (t) dt = K¢ (0),
Ry Ry

where the last equality follows from Lemma 2.3. It remains to estimate the norm of V in L' + L?. Let
={teR; :1/2 <J5c(t)h1(t) < 2}, S2 = R1\Si. Then, we see from the assertion (d) of Lemma 2.3

that (R /T00)?
1 Riye/Tgc
T5¢/I3c = ( Tachy — — =X
/s < T J%h1> 45chy
where 2g; = (Jgchy — ﬁ)xsfz — (Rb/T5¢0)?/(493¢hq) and 292 = (Jgchy — ﬁ)xgl. We also define
91 = —xs,R5/Tgc and §o = —x5, R4 /Tsc. Then, we can write V = V; + V, with

Vldff<0 g1>7 V2d3f<0 22)
g1 g1 g2 92

Lemma 6.1 and assertion (¢) of Lemma 2.3 imply that

(R /Ta¢)? ,
_o) 4 BaI007 o gger
) - 4Tg¢hy K

= 291 + 292,

(6.1) n
2 < 3(7
|91| ( Fhy + Tochy

5 (6.3) 9 1 ,
4|92‘ < = |(Jgchy + -2 < _9j<96/27
Jachy
1521 = x5, (Rbc/T30)* < 8(Rh/T30)%/(4D9¢ha) < —8K .

SO we have three bounds: HngLl(RJr) 2%3—( ), ||92HL2(R+) <2 :K{}((O), and H§2”L2(R+) <3 ng-((O)
Cauchy-Schwarz inequality yields

R 2 RN dt Jgch
(8 0, (5 s
s | Jac so \J3c ) TJsch1 Jg, 4

By assertion (¢) of Lemma 2.3 and (6.2), the right hand side of the above inequality does not exceed
16X3(0). This gives |§1 1 (r,) < 4Ks¢(0). Hence, V3 € L', V5 € L? and, moreover,

0 1 ~ 0 0
(7 o) +1as] (§ 1)) <o),

Similarly, [Va|2 < 54/K5¢(0), as required. O

Villzy < lgals
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7. FACTORIZATION IMPLIES SZEGO CONDITION. PROOF OF THEOREM 3.3

The key idea of the proof is to find and estimate an outer function P* defined in C., which satisfies

w(z) = |[P* ()| (7.1)
for almost every x € R. This will provide required bound on the entropy after the multiplicative repre-

sentation for P* is written at point . We start with some auxiliary statements.

Lemma 7.1. Let H be a singular nontrivial Hamiltonian on Ry that admits (q,01,02) — factorization.
Then, there exists A € SL(2,R) such that

(a) Ha = A*HA admits (q,01,02) — factorization as Ha = G*QG, where @(O) = (g agl) for some
€ (0,1].

(b) ma(i) =i for the Titchmarsh-Weyl function ma of Ha.
Proof. Consider A = G~'(0)BC,, where C, = (_Ccs’fn% z;’;‘;> for some parameter ¢ € [0,27) and
B e SL(2,R) to be chosen later. Define

G=C;GA, Q=C;QC,, V=C;VC,.
Using identity C%5JC, = J (see Lemma 10.1), one can check that
Ha = A*HA = A*G*QGA = G*QG, G =CrJVGA=JVG.

Moreover, trace Q) = trace(QC,C}) = trace ) and IVlgiere = |V]zisre. Thus, 4 admits (q, 01, 02)
— factorization for any choice of ¢ and B. Next, choose symmetric matrix B € SL(2,R) as

a b I+1 R2> dR
B = ) d: 5 a:d I+ y bzfi’
(b d) VIR + (I +1)2) ( 1+ 1 1+1

where
R dif Re mag-1(0) (Z), I déf Im mg-1(0) (Z),

and recall that mg-1(g) denotes Titchmarsh-Weyl function for Hg-1 () € (G=1(0))*HG1(0). One can
verify directly that det B = 1. Then, we apply (2.6) to check that

. dmgfl(o) (Z) +0 .
m (i) = —————— =1,
me—l(O) (Z) +a
where A = G~1(0)B. Next, we notice that (2.6) implies

M., (1) = m;c(z) =1

for every Hamiltonian % and every ¢, provided that my(i) = i. Therefore, ma(i) = m (i) = i for
any choice of ¢ € [0,27). From B = B*, B € SL(2,R), and trace B > 0, we conclude that B > 0.
Since G( ) = C3BCy, we can take ¢ to make sure that C, diagonalizes B and G( )= (0 71) for some

€ (0,1]. That proves (a) and (b). O
Lemma 7.2. Assume that matriz-functions Q = (%4 &), V = (% o) satisfy (a)—(d) in (3.1). Then, we
have Sy + 0y and |¢1 S 9+ 4/4.

< |Vallpr + |Vallpe < 01 + v by definition. Since det @ = 1,

Proof. We have
we also have

a1 = g2 + 2iq)* = (a1 + 42)* — 4(@1g2 — %) = (01 + @2)* — 4 (7.2)
Let S ={teR;:q(t) <3, ¢q(t) < 3}. At each point of S, we have
lgr — g2 + 2iq]* = (@1 + g2 — 2) (@1 + g2 + 2) < 8(q1 + g2 — 2) = 8(trace Q — 2).
Therefore, |xs(q1 — g2 + 2iq)|L2®) < 34/q. We also have Ry \S < {t : ¢1 + g2 — 2 > 1} so Chebyshev
inequality gives
RASI< [ (@ ta-2di= [ (raceQ-2)dt<a
R, R,

(7. 2)
Using the estimate |q3 — g2 + 2ig| < q1 + g2 = (trace @ — 2) + 2, we obtain

Ixe,\s(@1 — g2 + 2iq) | L1 (r) < f \S((traceQ 2) +2)dt <q+2[R4\S| <
Ry
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The lemma is proved. ([l

Next, we will reduce the canonical system with H, which admits factorization, to a system of Dirac
type. Then, the system of Dirac type will be further reduced to generalized Krein system. The generalized
Krein system turns out to be more convenient for finding representation (7.1).

Assume that H admits (g,01,b2) — factorization and H = G*QG. Define o & (g') def Go,

where © is the first column of the solution to Cauchy problem (1.1). Since JM’' = zHM, we have
(GH)7YIG Y GM') = 2Q(GM). By Lemma 10.1, this yields J(GM') = 2Q(GM), which could be
rewritten in the form J((GM)' — (G'M)) = zQ(GM). Tt follows that J(GM) + V(GM) = z2Q(GM),
hence

JO(t,2) + V(1)O(t,2) = 2Q(1)O(t,2), teR,, z€eC, (7.3)
for almost every ¢ > 0. In the case when Q) = Isyo, this equation reduces to Dirac system (4.2).
Fix absolutely continuous function w : ¢ +— _*So trace V(s)ds on R, and consider the following
functions for each r > 0:
Ey iz 0% (r,2) +i07(r,2), Pay:z > ™ OE(2), (7.4)
ENz): 20 O (r,2) —iO (r,2), P¥:ze ™ T0E (2). (7.5)

Lemma 7.3. For every z € C, the function r — }57,* (2) is absolutely continuous in r. There are functions
flr,2) and g(r) that satisfy

f(',Z)ELl(R+)+L2(R+), 9207 gGLl(R+),

such that
9 B3 (2) = 10,20 () — igr) P (2), (76)
& P(2) = i2(2 4 g Por(2) + T 2P (2), (7.7
for almost every v > 0 and all z € C. Moreover,
I, +i) |12 S 01402 + 9+ /4, (7.8)
lglh < o (7.9

Proof. Define the mapping

We can rewrite (7.4) and (7.5) as

Py (2) = € A (1) A0 (r,2),  Ai(r) € (elg(r) eiz?(?”)> N G _'i) '
Differentiating with respect to r, we get

Ph, = i2Py, + it/ (1) AsPoy, + € Ay (r) A2 J* (2Q(r) — V (1)O(r, 2)

= (izlyxo + i (1) Az + A1 (r) As J*(2Q(r) — V(r)) (AL (r)Ag) !

P2, (7.10)
def (—1 O . .
where Az = 0 1) Straightforward calculation shows that
efiu('r‘) 77;677,'71(7‘) 1 1 eiu(r) efiu(r)
Aq(r)As = (eiu(r) ieiu(n) ) , (Ar(r)A2)™ = 3 (Z-eiu(r) ieiu(r)) ;
and 4
«fa _ (a+0b) (2¢ + ia — ib)e= 2™
Av(r)Az] (c b) (A(r B < 2¢ —ia + zb 2iu —i(a +b)

for any a,b,c e C. Put a(r) = zq1(r) — v1(r), g2(r) — va(r), e(r) = zq(r) — v(r), where

(q q2>) ( :)



Then, () =2Q —V and (7.10) shows
2%15;; — (2¢(r) —ia(r) + ib(r))e*™ Py, + i(22 + 2u'(r) — a(r) — b(r)) Py
r

= (2zq — 2v 4+ i(vy —v2) —iz(q1 — ¢2))e2 Py, + i(2(2—q1 — q2) +2u' + vy + 02)132”;
= (2zq — 2v 4 i(vy —v2) —iz(q1 — qg))ezi“ﬁgr +iz(2 — trace Q(T))ﬁ;r,
where we used identity 2u’ + v; + v2 = 0. Now, we only need to take
flr, 2) def 2q—v+i(vy —v2)/2 —iz(q1 — q2)/2, ¢g(r) €f trace Q(r)/2 -1, (7.11)
to get (7.6). Formula (7.7) then follows from the relation
Poy() = 2 B (2),
which can be proved directly by noticing that © and O are real for z € R. Lemma 7.2 gives

[f(r,2)|12 S01+02+q+4/4, 2= +i,

and we have [g[1 < q by (b) in (3.1). Function g is non-negative since trace Q > 2 (use det @ = 1 and
@ > 0 to see this). O

Remark. Equations (7.6) and (7.7) define the generalization of Krein system. The Krein system was
introduced in [29] (see also [16]). In fact, (7.6) and (7.7) are identical to Krein system if g = 0 and f
does not depend on z.

Remark. Consider the dual Hamiltonian Hy = J*HJ. Note that if H admits (g, 01, v2) factorization
H = G*QG, then the same is true for Hg = G5 Q4G4 with G4 = J*GJ, Q4 = J*@QJ. This allows us to
define the functions ]S;T for Hy as we did it for H. The functions f, g, f4, ga from the proof of Lemma
7.3 for 3, H 4, correspondingly, are related by identities fq(r) = —f(r), ga(r) = g(r), r = 0 due to (7.11)

and
q2 —q def 4 V2 —U
= , Vag=JVJ= .
Qa (q m) ! <v vl)

Lemma 7.4. Let H be Hamiltonian which allows (q, b1, v3) factorization H = G*QG. If G(0) = (§ agl)
for some a > 0, then

|[BE(i)] < v/2ae o) P (i)] < V207 Tesat o), (7.12)
sup |PE(i)P* ()] < 1+ e(0? + 0F + q)ecaror+od), (7.13)

Proof. In (7.12), we will estimate ]3;“ only, the analysis for ﬁj‘d is analogous. In Lemma 10.3, take Q2
as
g f(r,d)
0=

flr,=i) =(2+9)

and write equations for (}3*, ]5) at point z = 7 in the form:
4P g (P Fr)) _ ().
dr P P ’ Po (’L) a

1 « g —v+i(vy —v2)/2 g Q
- — < [[Z
2(Q+Q ) <vi(v1v2)/2 —(2+9) S\Q -2)
where Q © v 4+ i(v; — v3)/2. Notice that Lemma 7.2 gives
0=0M1+0®@ aW|; < vy, Q@5 < vy (7.14)

Let us write 92 = 0% 4+ 0f¥ where

Since g > 0,

def

2) def 2
Qg) = o® “X|2®|>1/10> Qg) = Q(2)'X|Q(2>\<1/10’

and notice that
121 < 10J2®|3 < v3. (7.15)
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We can write

(2) (1) (2)
1 g 9 def g Q7+ 9 0 9
(2 + 9% < =M+ =|—F — + | =7
2( ) (Q _2> ' ’ <Q§2) + Q) 0 Qg) -2

(7.9)+(7.15)+(7.14) )
€211 S q+ 01 + .

~

and

The eigenvalues of self-adjoint matrix Qg are —1 £14/1 + |Q;2) |2. Since |Qg2)| < 1/10, we can use Taylor

formula to get Qs < \Qg2)|2 - Isxo. To finish the proof of the first bound in (7.12), it is left to apply
Lemma 10.3.

Now, consider (7.13). Denote § = vy +v2 4+ q+,/q. If § > 1, (7.13) follows from (7.12). Thus, we can
assume that 6 < 1. This implies, in particular, that max{q, 01,02} < 1 and we only need to show that

sup [PF (i) PF4(i)] < 1+ co®. (7.16)
r>=0
If f(r,z) is the function from Lemma 7.3, we let f(r) = f(r,i) and f(r) = f(r, —i) for all r > 0. Define

w(r) = f odt, p*(r) = a e FOBEG),  pr) = a OBy (i), v 0,

0
where g was introduced in (7.11). Then, we have p*(0) = p(0) = 1, p*'(r) = e 22 fp and p’ =
e2r+25 fp* ae. on R.. It follows that
P =1 [ O o ar
t
= J e 2725 £ (1) (1 +j 2‘”r?"””(s)f(s)p*(s)ds) dt, (7.17)
0
=14 | e 22O f(t)at + J f(s S)J f(t)e2=tHr()=rt) gt gs.
0 s

Using g > 0, we obtain x(¢) > 0 and s(s) — x(t) <0, so

()l <1 +f0 2| £ (1) dt + f sl f F(O]e2 2 dt ds.

Now we can apply Gronwall inequality to get

sup [5°(1)] < (1 +[ " e (o) dt) exp (joc | "R fle 2 ds) ,
< (1L+ [ fls) exp ( [ 170 v ¢ = e o ds) ,

where we extended f, fto (—00,0) by zero. From Young’s inequality for convolution, i.e.,

|| [ ma(hate =~ haltrdsde < sl Izl sl 97495 405" =2 =1 =123
R JR

we obtain

fflf )| - xr, (t — s)e”2E) | £(1)|dtds <

It follows that sup,>q [p*(r)] < (1 + ||fHLg)e”le’?”le’?. By Lemma 7.3, we have |f]i12 < 6, hence
sup,>o |p*(r)] < (1 + 05)6062 with an absolute constant c. The same argument applies to the “dual”

function p} () def ae"‘(r)]%* (7). In particular, we have

T T
ph(r)=1- f —2=20() £(4)dt + J f s)f ()2 s—trrl=r®) gpds,
0 s

where we used formula (7.17) and the fact that fq = —f (see Remark before the proof). It follows that
sup,.>o [pj (r)] < (1+ ¢8)e®” . Multiplying p* with p%, we see that the linear in f terms cancel out, while
the other terms are controlled by §. This yields the following estimate:

Ip* (r)p(r)] < 1+ €325 (7.18)
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after combining all terms. Since S;OO g(t)ydt < q and p*(r)ph(r) = 6_2"‘(”]55’;(1')132*“01(2'), we see that
(7.18) implies (7.16), because

€1 <1+ Cgel, (1 + Cqef) (1 + C6%eC%) < 1+ b2,
for 6 < 1. O

Given ¢ > 0 and a Hamiltonian H which allows (g, 071, 05) — factorization 3 = G*QG, we can define
the following approximation (compare it with (2.3) which always exists):

def
Hipy = (G)* QG (7.19)
where Q) = QX[0,¢ + I2x2X[r,c0) and G gy solves Cauchy problem
Gloy = TVinGuy,  Gu(0) = G(0),

for Viyy < Vixjo.q- From the definition, we get H(t) = Hy(t) for t € [0,£] and Hy(t) = G*(£)G(¢)
for t € [¢,c0). Clearly, Hamiltonian 3, admits (q,v1,vs)-factorization. Moreover, (7.11) shows that
Jwy(t) = gee)(t) = 0 for t > £. Therefore, (7.6) yields ]32"; 0= IBQ*Z for r > £. In the next lemma, we show

that 1/132*@ is the function we are looking for: an outer function in C; which provides a factorization of
the spectral measure of H ).

Lemma 7.5. Let H be a Hamiltonian which allows (q,v1,02)-factorization. Let ]32”‘Z be defined by (7.5)
for r =1{. Then, 132"2 satisfies the following properties:

(a) |ﬁ2”‘e(gc)|_2 dx is the spectral measure for 3y,
(b) 152”}(,2) is an outer function in z € C4 and, in particular,

1 ~ Im z
- 1 P* 2
S RABT

_72|2dx = log|P}(2)?, zeC,. (7.20)

Proof. If G, = g 912 , then (2.5) and (2.6) imply that the Titchmarsh-Weyl function for
2 921 G922

9221 + g12
921t + g11
is equal to i. Therefore, the density of the spectral measure of H ) can be written as follows (see (b),
Lemma 2.2 in [10]):

Hamiltonian G*, G, is given by , since the Titchmarsh-Weyl function of Hamiltonian I5x2
0w 188

1/]g21% + g11]?

wp (T) = — 3
O+ (6, ) + O (¢, x) L2202
_ 1
[(©F (¢, 2)g11 + O~ (¢,2)g12) +i(OF (£, 2)g21 + O~ (£, ) g22)|?
1 (7.5) 1

16t (ta) B (L) By
which proves (a). Recall that © = GO = (

ool

J:) By definition of J, we have

2 Tm(07 (r, 2)0~ (1, 2)) = (JO(r, 2), O(r, 2))cz.
Since G € SL(2,R), we can apply Lemma 10.1 to get
(JO(r,2),0(r, 2))cz = (JO(r, 2), O(r, 2))ce.
It follows that R _
Im(OF(r,2)0~(r,2)) = Im(O* (r, 2)O~(r, 2)), zeCy. (7.21)
Let E,(z) = ©%(r,z) + 40~ (r, z) and notice that
B ()P = 187 (r,2) + 07 (r,2)]* = |[G(r)O(r, 2) |22 + 21Tm(OF (r,2)6~(r, 2))
= |G(r)O(r, 2)|2: + 2Im(0* (r,2)0 (1, 2)), (7.22)
|E.(2)]2 =0T (r,2) +i07 (r, 2)|* = |O(r, 2) |22 + 2Im(OT (r, 2)O~(r, 2)).
Since G(r) € SL(2,R), it is invertible and we have

0 < ¢ 9(r,2) 2= < IG(1)O(r,2)[E < CrairyO(r, 2) [
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for all z € C. Formulas (7.22) then yield

0 < &gl Er(2)] < |Er(2)] < Ciaeyl Er(2)]-
On the other hand, it is known that the entire function F, is in Hermite-Biehler class. In particular, it

has no zeroes in C,, which implies that ET and ]5;" have no zeroes in C; as well. It is also known (see,
e.g., Section 6 in [38]) that E, has bounded type in C, and, moreover,

log | E, (i r
limsupC)g|y(Zy)| = J det H(t)dt = r.
0

y——+0

Therefore, the function Pj. = ei"=+iu(r) E (z) has bounded type in C, as well (in particular, log | P¥.(z)|-
(x2 +1)~! e LY(R)), and
log | P (i log le""YE, (i
lim sup log | Py, (i) = lim sup log|e™ ™ Er (iy)] =0. (7.23)
y—>+00 ) y—>+00 Y
Since IBQ*T is of bounded type, it allows canonical factorization (see Theorem 5.5 in [21]):
_ Bi(®)1i ()
Bs(2)12(z)
where Bi, By are Blaschke products, Iy, Is are inner functions, and O is an outer function. However,
since Pj has no zeroes and it is entire, we get By = By = 1 and I, /I, = ¢'#*, 3 € R. Then, (7.23) shows
that f = 0 so Pj. is an outer function in C; and (7.20) holds. O

152*7”(2) O(Z)a ZE(C-H

Proof of Theorem 3.3. By Lemma 5.1, it is sufficient to consider H, and prove

Kﬂf(z) (0) 5 min{nh U%} + D% +4q
for all £. Denote Titchmarsh-Weyl function of H ) by m,). By Lemma 7.1, we may additionally assume
that m (i) = i and that H ) admits (q,01,02) — factorization Hy = G*QG with G(0) = (§ L) for

some a > 0. We notice here that if Hamiltonian is an approximation of the type (7.19), it will be of the
same type after modifying it as in Lemma 7.1. Using Lemma 7.5, we obtain

(2.2) 1 [ log|Py(x)| 2 S (0
:Kﬂ'C(z) (O) = log Jﬂ{(z) (0) - yﬂ{(z) (0) = - J 22Z dr = log |P2*£(7’)|2
™ JrR 4+ 1

By Corollary 2.5, we have Jg¢, , (0) = Im(—1/i) = 1 and K¢, ,, (0) = K¢, (0) for the dual Hamiltonian
He,a)- Hence, Kg¢,, , (0) = log |]32”}7d(i)\2. Then, Lemma 7.4 gives the estimate

. :K?C(e) (O) + Kﬂf(z,d) (0)

Kac,, (0) = '  tog [P0 P5,400)1 5 |

and the theorem follows. O

07 + 03 +q, if max{oy,09,q} < 1,
01 + 03 +4q, if max{oy,ve,q} > 1

Remark. In this paper, we do not develop the full Szegd theory for generalized Krein systems. In
particular, we do not study convergence of 15;"(,2) to Szegd function when z € C,. In [10], this question
was addressed for a special kind of Krein systems. We believe that the same argument works in full
generality.

8. FACTORIZATION CONTROLS MEAN OSCILLATION. PROOF OF THEOREM 3.4

In this section, we show that a Hamiltonian which admits (g, vy, v3)-factorization belongs to H.
Proof of Theorem 3.4. Suppose that H = G*QG is (g, v1, v2)—factorization of H. Take n € Z, and
define U, (t) as the solution to

U, =JVU,, U,(n)=Isxo.
Then, we have G(t) = U, (t)G(n) for ¢t > n. Defining
¢

W, (t) =J TV(s)yds, AW :J

n n

t 51
JV(Sl)J JV(SQ)UH(SQ)dSQ dSl,

n

we iterate integral equation
t

U (t) = Iy + f TV (5)Un (s)ds
once to write G in the form

G(t) = (Im + W(t) + Ag1>(t))a(n), ¢

22
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Since G(n) € SL(2,R), we get

o [ sy = e ([ 6000 (1aca 4 W20 + A7) Q0 (1a + W) + 800) )

n

— det (JM (IM FWEE) + A;U(t)*)Q(t) (IQXQ + W) + A;U(t)) dt> .

n

Denote b = v; + va. Since |V < ||[Vi| + ||V2|, we have

n+2 n+2
[ wiae< [ vt + vabae < ik + v2IvaLR < 2,

n n

by Cauchy-Schwarz inequality. It follows that

n+2
sup [Un(t)] < exp (J IV(t)Idt) Ser Y sw [AP(@)] S v,

te[n,n+2] n n>0 t€[n,n+2]

n+2 n+2 n+2
J Q)] dt < J traceQ(t)dt S1+q,  sup [W,(¢)] < f IV#)ldt < v.
n n te[n,n+2] n
For 2 x 2 matrices A and B, we have

det(A + B) = det A+ O(| B|* + |A] - | B]),

as can be easily seen by doing calculation on the determinant. So, taking

n+2 n+2 "
A, = J (Loxa + WHQ(Iox2 + Wy) dt, B, = f UrQAY + AV QU,) dt,

n n

we get
n-+2 def
det H(t) dt = det(A, + B,) = det A, + 6,.

n

Notice, that the sum of smaller order terms §,, allows the bound
S (0] S 02(1 + q)2%e™,
n>0
as follows from (8.1), (8.2), and (8.3). Since
n+2
> (detf i}{(t)dt—4) < D0 (det Ay —4) + > |6l
n>=0 n n>=0 n>0

it remains to estimate det A,,. We have

%An A % <fn+2(w;(t) FWL0)) di + f " 000) - o) dt> NG
A et % L’”Z (W QWD) + Q) — Lo Wa(t) + WD(QU) — ) .

(8.1)

(8.2)

Let A(t), A"!(t) denote the eigenvalues of the matrix Q(¢) for ¢t > 0 and we can assume that \(t) > 1,
because det Q = 1. Then A(t) + A~1(t) —2 = trace Q(t) —2 is a non-negative function whose integral over
R does not exceed q. Define the function k : ¢ — [A(t) — 1| + [A71(¢) — 1| = A(t) — A7(¢) on R, and
observe that |Q(t)—Iaxa| = max{|\(t)—1|, [A\"1(t)—1]} < k(). Consider two sets S = {t € Ry : A\(t) > 2}

and S° =R, \S. We define k1 = xsk, k2 = xs<k and use (6.1) and (6.3) to get

(6.1) (6:3) 9q
[k1()lLrmy < 34, Hkg(t)|\2L2(R) < 5

Recall that V' = V7 + V5 and introduce

N w

k2 ()] Lo () <

n+2 n+2
:f Vi@ldt,  can = f Va(t)|2 dt,

n n

n+2 n+2

dLn:f ki(t) dt, don = f k3(t) dt.

n n



Then, Cauchy-Schwarz inequality gives

n+2
sup Wi (t)] < c1n + c2,n, J Q) — I2x2|dt S dyn + dan,
n

te[n,n+2]

2 2 2
Z Cl,n ,S v, Z CQ,n ,S v7, Z dl,n 5 q, 2 d2,n 5 q-
n>=0 n>0 n=>0 n=0

Hence,
||A£z2)H S +aq)(ein + 02’n>2 + (e1,n + can)(din +dan),
DA IS +a) Dl + )+ X (ern+can)(din +dan) S (1+a)0° + (q+9"%)o.
n>0 n=0 nz0

Notice that
det(Ioxo + B) = 1+ trace B + O(| B|?)

for any 2 x 2 matrix B and
trace(VJ* + JV) = trace(V(J + J*)) =0

So, we are left with
1 n+2
det(A,/2) =1+ B J (trace Q) — 2) dt + trace A§3> +0 (cfn + C;n + din + d%n) + O(HAS) ()

SNy AN A A

Since trace AP < QHA%Q) |, we have

o S, 12 S, I3 S, I
n *1

D(det A, —4) S Tq ((1 +q)o” + (g + q”z)n) + (02 +q+ q2) + ((1 +q)%0" +0?(q + q2)) :
n=0

Combining it with (8.4) and using a trivial bound 2vq'/? < (b2 4 q), we get Ky < c(q+ q% + v%)e with
an absolute constant c. O

9. THE CONDITION ON MEAN OSCILLATION IMPLIES FACTORIZATION. PROOF OF THEOREM 3.5

Now, we turn to proving Theorem 3.5. We need first one auxiliary result on triangular factorization

of matrices. Suppose A = (% 4, ) is positive real 2 x 2 matrix. We denote by A4 real upper-triangular
matrix which satisfies

Ag = (Méa) AA;(a;)) , AMa) >0, Ax(a) >0, AfAs=A (9.1)
One can solve equations for A\, A1, A2 and find A4 uniquely:
N NG
Ay = 0 aiaz —a? a2

Lemma 9.1. Suppose A, B are positive real 2 X 2 matrices, det A > 1,det B > 1, and det (A*TB) <149
for some § > 0. Consider C' 2 (Azl)”‘BAZ1 and write Ac = (¥). Then, there is 8 such that

r=146+00), z=1-086+0(), |yl+d] = O(5), (9.2)
L<me<E VR <e<avk n¥14s (9.3)
Moreover,

B = AAAcAN4, A =AcAa. (9.4)

Proof. Identities (9.4) are straightforward. Using det A > 1 and det B > 1, we obtain the estimates
det%<dem-det%:detA’LAE‘CAA:detA;Bgué, (9.5)

Corollary 10.6

det €' = (dlj‘zi > detA?detB >y (1+49)2 >1-2. (9:6)
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Let C = (%), s0

1/2
r=+u, y=v/u, z= ((uw - v2)/u) . (9.7)
We have
(9.5)
det(Ioxo + C) =1+ 22+ + 22 + 2?2 < 4k,
hence

max(z, |y, z, vz, V22 + 22) < 2¢/k. (9.8)

Since (22)? = det C' = det B/det A and det B > 1, we also have

1 A+B\ ! 1
+> <(x2)2’

—<1dt <
ae S 1% 2 S Qet A S

where the second inequality follows from Lemma 10.4. Together with (9.8), this yields

(2vr) "t < 2z < 24/, (9.9)
(9.5)
Inequalities (4x) ™ < 2222 and 22+ 22 < 4k imply (4x) ™! < 4kz?. Therefore, z > (4x)~!. In a similar
way, one gets z > (4x)~L. Thus, (9.3) is proved. Note that for § > 10~ relations (9.2) follow from (9.3)
and the fact that |y| < 24/k. Now, assume that § < 10~% and write

(9.6)
uw —v? =detC > 1— 26, (9.10)

9.5

)
(1+u)(1+w) —v? =det(loxo + C) < 4(1 +6).

These inequalities imply

uw = 1 — 24, (9.11)
u+w < 2(1+ 39), (9.12)
so that

(Vu — vw)? < 2(1 +358) — 2v/1 — 26 < 2(1 + 38) — 2(1 — 26) < 106. (9.13)

Since 6 < 1074, we have u + w < 4. Hence, 4/u < 2 and

(9.11)+(9.13)
u > u—Vulvu — Vw) = 2|vVu — Vw| = Vuw — 2|y/u — > 1—26 —2v100, (9.14)
>1—10V4.

Analogous estimate holds for w. Moreover, we have

(9.12)+(9.14)
max(u, w) < v+ w — min(u, w) < 2(1+368) — (1 — 10V0) < 1+ 16V6.
(9.11) (9.12) (9.10)
It follows that max(|u — 1|, |w — 1|) < 16v/5. Since 1 —26 < uw < “3% < 1+36 and v? <
uw — 1 + 29, we also have

u=1+¢eq, w =1+ &s, v = €3, le12] < 16V, ler + 2] < 66,
and
g3 < Vuw — 1420 < A/(1+36)2 — 1+ 20 < 16V0.
Relations (9.2) now follow from (9.7) and Taylor expansion. O

Remark. In the case § < 1074, the above calculations provide explicit bounds:
|lu—1]<0.16, |w—1]<0.16, |v|<0.16.

Thus,

uw—v2

1/2
r=+ue(08,1.1), z= ( ) € (0.8,1.1). (9.15)

Proof of Theorem 3.5. For integer n > 0, we introduce H,, ¢, as follows:

Hn + Hn+1

u

n+1
H, = f H(t)dt, 1+, =det ( (9.16)

The inequality (10.1) from Lemma 10.7 and Corollary 10.6 yield

detH,>1, €,>0 (9.17)
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for all integers n > 0. Let Ay be real upper-triangular matrix (check the formula (9.1)) such that
= A}Ao. Tteratively applying Lemma 9.1 and taking A = H,_;, B = H,, n > 1, we obtain
representation H, = GXG, for some G, = A, ...Ag, where {G;} and {Ax}, & > 0 are real matrices

written coordinate-wise as
def (T Yk def (g1, 92,k
A lof Iof ; '
k+1 ( 0 Zk) ) Gk < O 93,k) )
and satisfying

rp =1+ &; + O(er), 2, =1—Ep + O(er), lye| + [Ek| = O(VeR),
def
1/(4k1) < op, 26 < 24/Fr, (2v/ER) " < zpar < 24k, ki = 1+ e

For t € [n,n + 1),n € Z*, we introduce the following functions which will be used later in the proof:

Qu(t) = (GH) T HHG,,

(9.18)

9(t) = Gn + (t = n)(Gny1 — Gn),

Z(t) = (Gns1 — Ga)g (1),

Z(t) = Z(t) — (trace Z(t)/2)Izx2,

v(t) = (det Ho)™*exp (_;Jo trace Z(s) ds) ,
G(t) = v(t)g(t),

Q(t) = v 2(t)(Gng™ (1)) * Qu(t)(Grg ™ (1)),
V() = —JZ(),

so H = G*QG. In the next lemmas, we prove that it is indeed a required factorization for H.

Lemma 9.2. We have

< det H, mm{(l +en)?, 401 +£n)}7 (9.20)
max {(1 Fen) 2, (4(1 + sn))*l} <det Qn(t) < 1, (9.21)

for alln >0, te[n,n+1).

Proof. By construction, @, (t) > 0 and det Q,,(t) = 1/det H,. In particular, det Q,, is constant on each
[n,n + 1). We also have

J Qndt = (G}~ <J IJ-Cdt) Gl = (GH H,G ' = Ihxo.
By (9.17), det H,, > 1. Corollary 10.6 yields the bound

H, + H
\/det H, < \/det H, det H,;1 < det <"2"+1) =1+4¢,,

which gives det H,, < (1 + &,,)?. Lemma 10.4 provides inequality
H,+ H,
det H,, < det(H,, + H,+1) = 4det (2H> =4(1 +¢,),

and this establishes an alternative estimate. The proof of (9.20) is finished. The bounds for det H,
imply inequalities for det @Q,, since det @, = 1/det H,. (Il

Lemma 9.3. For every t > 0, the matriz g(t) is invertible, absolutely continuous, and
g'(t) = Z(t)g(t) (9.22)

for almost every t e R,.. We also have
(mn - l)un YnUnUn
= < > .
Z(n+t) ( 0 (20— 1)on ) 0<t<1, n =0, (9.23)
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where
Up = 1/(1 =t +tx,), v, =1/(1—1t+tz,). (9.24)

Proof. Forte [0,1), we have
gt +n) = (Ioxz + t(Ans1 — Iox2))Ghp, (9.25)

and
det(IQXQ + t(An+1 - I2><2)) = (1 —t+ t(En)(l —t+ tzn) > 0, 0<t <1,

hence g(t + n) is invertible and Z(t) is defined correctly on R,. Direct calculation shows that ¢’ = Zg
almost everywhere on R;. We also have

Z(TL + t) = (An+1 — IQXQ)Gng_l(n + t) = (An+1 — IQXQ)Gn(Gn + t(An_;,_l — IQXQ)Gn>_1

= (Apy1 — Iox2)(Toxa + t(Apy1 — Toxo)) ™, (9.26)
which yields (9.23). O
Remark. This lemma allows us to write
t
det g(t) = det g(0) - exp (f trace Zdr) (9.27)
0

and we can use definition of v to get

v = %' (det]lio)m = (detg(1))~"/2, (9.28)

since det g(0) = (det Hy)'/2. We notice here that det g(t) > 0 for all ¢ thus we can take a square root in
the formula above.

Lemma 9.4. Forn >0, t € [n,n+ 1), we have

trace Z(t) = O(ey,). (9.29)

Proof. For te [0,1), we have

T, —1 Zn — 1

(9.23)
+ .
1—t+tx, 1—t+tz,

[trace Z(n +t)| =" |(zn — Dup + (20 — Dy =

If £, < 1074, we use (9.15), (9.18), and Taylor expansion to get

Ty, — 1 Zn — 1

= Zn+2n — 2+ O(Jzn — 1> + |2, — 1]?) = O(en).
Tt it o o T 2 Ol =1 4 fon = 17 = Ofen)

If &, > 107%, we recall (9.18) again and write

Ty, — 1 . Zn — 1
1+t(xn,—1) 14+t(zn—1)

lon =1+t =1 + |20 — 1] + |21 — 1] = O(g,), (9.30)

where we, first, used the fact that a linear function in ¢ € [0, 1] achieves its minimum at an endpoint of
the segment [0, 1] and, second, combined all four possible values in the sum in right hand side. O

Lemma 9.5. The matriz-function V is symmetric and has real entries for all t € R,. Moreover, there
exist V1., Vo such that V = Vi + Va, and V1|2 S K(H) and V2|3, S K(H).

Proof. Indeed, for all ¢ € [0, 1), we have

5 1 0 (zn = Dvp — (@n — Dun | 4
Vin+t)=—JZ(n+t) = 3 ((Zn —op — (@ — Dy oyt vy =V*(n+t). (9.31)
It follows from (9.18) that |z, — 1| + |z, — 1| S max{y/en,en} and |y, | < max{,/e,,&,} for every n > 0.
In particular, there exists £ > 0 such that the estimate ¢,, < £ implies

|$n—1‘+|2n—1|<1/2, unfsla Uns,l-
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Therefore, if we define (, = X{n.e, <z and da,y = CuYnUnn, then |don| S VEn. Let di, = (1 —
Cn)YnUnUn = YpUnvy — dan and, finally, define V3 and V, on each [n,n + 1) by (recall that trace Z =
(n — Dup + (2, — Dvy), see (9.23))

Vi — 0 trace Z/2 — (x, — 1)(1 — Cn)un> 7

(trace Z/2 — (xn — 1)(1 = Cu)uy —dip

_ 0 (I'n - ]-)Cnun
‘/2 o <(-Tn - 1)Cnun d2,n > ’

so the identity V =V} + V4 follows from (9.31). By (9.29), we have

| trace Z|| 11 < K(H). (9.32)
Similarly to (9.30), we get
(9.18)
[(z, — Dun(1 =) S ene (9.33)
We claim that
ldin|Sen (9.34)
for every ¢ € [0, 1]. Indeed, we have
YnUnVp, N :Ep > &, (9.24) Yn
d n = ~ nUntn = .
L { 0, mie,<g ' Intn? (t(zn — 1)+ D(t(zn — 1) + 1)

At the endpoints of [0,1] the quadratic polynomial P(t) def (t(znp, — 1)+ 1)(t(zn, — 1) + 1) takes values 1

or Znpzp. It is also positive on [0,1]. We can use (9.18) to write a bound z,z, = 5;1/2. If the first

coefficient satisfies (x, — 1)(z, — 1) < 0, P reaches minimum over [0, 1] at an endpoint and we are done

because |yn| S v/En and |yn/(Tnzn)| S en. Otherwise, consider, e.g., the case x, € (0,1),z, € (1,00).
Ty + 2, — 2

I @, + 2, —2 >0, then £, <0

and P again reaches minimum over [0, 1] at zero, an endpoint of [0, 1]. If, however, x,, + 2, —2 < 0, we

The point of minimum of P over R is given by t, = —

get z, <2 and z, > (X,2,)/2 2 5;1/2 SO we can write

~

(t(xn — 1) + 1) (t(zn — 1) + 1) = min{1, 2, 20, Tpzn} = 2n 2 €5 2
Thus, we have (9.34) in all cases. Summarizing, we get
J+ao (9.32)+(9.33)+(9.34)

. IVi(®)] dt N K(H).

(9.18)
Since |dan| S \/En and Gulan — Huy, S /En, we have

[ moras s e -,
0

n=0

The lemma follows. O
Lemma 9.6. We have detG =detQ =1 and
| trace @ — 2| 11 g+ S K(FH). (9.35)

Proof. Notice that detG = v%(t) - detg (5.25) 1. Since H = G*QG and det H = 1, we also have
det Q@ = 1. Recall that @ > 0 and trace Q(t) — 2 > 24/det Q(t) — 2 = 0. So, we only need an estimate
for trace Q(t) from above. For each n € Z*, we consider

n+1
f (trace @ — 2) dt

n

and handle separately the cases of small and large ¢,,.

Case 1. Assume that ¢,, < 1. Define T,, : t — G,g ' (n +t) on [0,1). Then, for ¢ € [0, 1), we use (9.28)
to write

trace Q(t) = (det g) - trace(T; (£)Qn(t) T (t)) = (det g) - trace (T, (£) Ty () Qn(t)).



From (9.27), we get

d t
M = exp J- trace Zdrt | .
det g(n) n

Since g(n) = Gp,det G,, = (det H,)'?, we recall (9.20) and (9.29) to write
detg(n+t) = (1 + O(g,)) exp(O(en)) =1 + O(en). (9.36)

For ¢ € [0,1), we have Ty (n + ) "2 G (G + t(Ans1 — Iox2)Gn) ' = (Ioxo + t(Ans1 — Iny2))~", that
is,
Un, —tynunvn> {det(TnTr’f) u2v2,

T,(n+1t) = N
n( ) ( 0 Un trace(T,T7%) = uZ + v2 + (tynunvn)?.
Recalling the formulas (9.24) for wu,,v,, we get

uv? (0.18) 1+ O(en), u? + 02 + (tynunv,)? (0.18) 24 O(ep).
We remind that Apmin(A4) and Apax(A) denote smallest and largest eigenvalues of self-adjoint matrix A,
respectively. Then, the formulas for u,, v, show that

Mnin (T T Amax (T TH) = 14 O(ep), N2 (TuTF) + N2, (T, TF) = 2+ O(e,).

Hence,
Amin(TaT5) + Amax(Ta L)) = 44 O(en), - Amin(TnTy) = Amax(TnT;))* = Olen),
and
Amax (T TF) = 1+ £, (1) + O(en)s Amin(T 1) = 1 — kn(t) + O(ey),
for some function ,, > 0 satisfying x, = O(y/e,) on [0,1). Then,

nt (9.19)

n+1 1 n+1
f Oone(Qn) + Ain Q) dt = f trace Qn (1) di — trace J Qn(tydt "2 o,

n n

so Cauchy-Schwarz inequality implies

2 n+1

( rmmax@n) — Awin (@) dt) <

n n

(V Amax(Qn) — wmm@n)f dt.

The right hand side of the above formula equals

4 (2 - 2fn+1 \/mozt> = Ofen),

n

as follows from Lemma 9.2. Using von Neumann inequality for the trace of a product of two matrices [34],
we obtain
n+1

n+1
f trace(Tn(t)T:@)Qn(t))dt<J G (Ta T Anas (@) + Armin(Tn T Aanin (Qu))

n+1
<2+ sup Ky(t)- J ()\max(Qn) - Amin(Qn)) dt + O(en),
[n,n+1) n
<2+ O0(ep).

n+1
We now use (9.36) to obtain J (trace @ — 2) dt < ey,.

n
n+1
Case 2. Assume that ¢, > 1. We only need to show that J trace Q dt < &, since that would imply
the bound "

n+1
Z f (trace @ —2)dt < Z En-

nie, =197 n>0

We can write @ = (det 9)T;¥Q,, T},. Then, notice that
trace @ = (det g) - trace(T,, T, Q) < (det g) - Amax (T T)F) trace Qp,
again by von Neumann inequality for the trace. Introducing

Yon+t) =T, (n+t)=((1 —t)loxe +tGp1G, 1),
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we can write

det G, det G,,
/det (T, T) \/Amin(TnT;)Amax(TnT;) ’

(det g) - Amax (T T¥) trace Q,, = (det H,,)'/?4 | /\mm((ng‘; trace Qn,

detg = det G, - detY,, =

SO

Amax ( )
_ 1/2 max\{n
= (det H,) / N (V3Y,) trace @y,
Since SZH Qndt = I>«o, we only need to show that
max Yn*Yn
(det H,,)"? ((Y*Y)) En. (9.37)

Let us apply Lemma 10.2. We take A = H,,,B = (G*(l — 1)+ GE (Gl —t) + Gpyat), 2 = VXY,
and notice that Y,*V,, = (G*)"'BG; ' = (A%)"'BA}" and « = det H,,. Let us estimate quantities 3,
from Lemma 10.2. We get

det(Gn(1 =) + Gpiat) = (g1,0(1 =) + g1ns18) (93,0 (1 =) + g3 ni1t) = (1= )01 0930 + 291 04193041,
since the diagonal elements of G,, and G,,11 are positive by definition. Moreover g; g3, = detG,, =

(det H,)/?2 > 1 and g1 ny193.n4+1 = det G y1 = (det H,11)/? > 150 B = det B > 1/4. For the quadratic
form, we have an estimate

<A§a €> + <B§7 £> S./ <H71€7€> + <H7L+1§7€> + Re <G:§? Gn+1§> S <H’Vl§a €> + <H7l+1€7€>7 g € (C2 )

in which we applied Cauchy-Schwarz inequality in the second bound. So, A+ B < C(H,, + Hp+1). Thus,
(9.16)
~v =det(A+ B) S det(H, + Hyy1)

We are ready to complete the proof of Theorem 3.5. From the definition of G, @), we see that
H = G*QG on R, and we already established that det G = det @ = 1. Moreover,

€n since €, > 1. Now, Lemma 10.2 gives (9.37). O

<

1
G =vg+vg —V’g+ng—y<Z—2traceZ~12X2)g—JVG, V=V

Lemma 9.5 and Lemma 9.6 provide the necessary bounds for V' and @ and that finishes the proof. O

10. APPENDIX

In this Appendix, we collect some auxiliary statements used in the main text. Most of them are
well-known but we give proofs for the reader’s convenience.

Lemma 10.1. If Ae SL(2,R), then A*JA=J, A~l=—-JA*J, JAJ* = (A4*)~!
Proof. The proof is a straightforward calculation. O

We recall that A 4 denotes the upper-triangular matrix providing factorization of matrix A introduced
n (9.1).

Lemma 10.2. Suppose A and B are real positive symmetric 2 x 2 matrices, det A = o, det B = 3, and
det(A + B) =~. If Q = (A%)"'BA}", then
2
a)\max(Q) < l
)\min(Q) B
Proof. Denote = Apin(), ¥ = Amax(2), t = y/z. Clearly, z,y > 0,¢ > 1. Then, we have
B =det B = det(A%QA4) = az’t, det(A+ B) = adet(laxs + Q) = a(l +z)(1 + xt) = 7.

Thus, tr < vy/a and ty/B/(at) < y/a so at < /8. O

Lemma 10.3. Suppose Q) is a matriz-function defined on Ry and integrable over any finite interval.
Denote the largest eigenvalue of Q(t) + Q*(t) by A(t). If X (t) is absolutely continuous vector-function
t

1
that solves X' = QX then | X (t)| < || X (0)| exp <2J‘ A(T)dT).
0
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Proof. If ¥ = |X|?, then
U =(QX, X)+(X,0X) ={(Q+ Q%) X, X) < A|X|* = AY
and we get statement of the lemma. (]
Lemma 10.4. If A and D are two real non-negative 2 x 2 matrices and A < D, then
det A < det D.
Moreover, if we have equality above and det A > 0, then A = D. If we have equality and det A = 0, then
either A = 0 or there is 1 € [1,00) such that D = pA.

Proof. If detD > 0, the statement becomes trivial after we notice that A < D is equivalent to
D Y2AD Y2 < Iy, I det A =det D = 0 and A < D, then

. MO
UAU<<O o )

where unitary U diagonalizes D and \; is an eigenvalue of D. This implies that D = pA with some
e [1,0). O

The following bound is known as Minkowski estimate for determinants (e.g., [33], p.115).
Lemma 10.5. If A and B are two non-negative real 2 x 2 matrices, then
det(A + B) > (Vdet A + Vdet B)?,

and equality holds if and only if one of the following conditions holds:

e det B> 0 and A = uB with some p € [0, 0),

o det A > 0 and B = puA with some p € [0, ),

e rank B +rank A < 1,

e rank B =rank A = 1 and there is k € (0,0) such that A = kB.

Proof. If det B =0 or det A = 0, the proof follows from the previous lemma. Otherwise, we can always
reduce the setup to the case when B = I by dividing the both sides by det B. If

A= al a
“\a ay)’
we only need to check that
(1+a))(1+az) —a®>>1+ajas — a* + 2+/ajas — a2,

which is equivalent to
(ay — as)? > —4a®.
Equality holds if and only if A = kI, € [0, ). O
We immediately get the following corollary.

Corollary 10.6. Suppose A, B are two real non-negative 2 x 2 matrices, then

det 2 ; B . VAt Adet B, det(A+ B) > det A + det B.

Lemma 10.7. Let H be real and non-negative 2 x 2 matrixz function on [a,b], det H(t) = 1 for almost
every t € [a,b], and H € L*(a,b). Then, we have

b
detj H(t)dt > (b—a)? (10.1)
Moreover, equality holds if and only if H is constant almost everywhere on [a,b].

Proof. By a change of variables, we can reduce the problem to the case when a = 0,b = 1. We have

1 1
_ - 7<Az,x>d
— (& X
vdetA T L@

1
for every real matrix A with nonzero determinant. Take A = J H dt. By Jensen’s inequality, we have
0

1 t1 o1

L aew gy < f < f ~(H(D,yg )dt_ f S N
e HAESS € €T

W_[Rz 0 ™ JR2 0 detH(t)
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If equality holds in (10.1), then (H (t)x,z) is constant in ¢ for every x € R?2. We can call this constant
C,. By polarization identity, Cy4, — Cy—y = 4(H (t)x,y) is constant in ¢ for every z,y. Taking xz = e;,
y = e for j,1 = 1,2, where {e,} is standard basis in R?, we see that elements of H are constants in t. [J

Lemma 10.8. Let H(t) be real and non-negative 2 x 2 matriz function and H € L*(a,b). Then,

b b 2
det f H(t) dt > (J /det H (D) dt) . (10.2)

Assuming that trace H > 0 almost everywhere on [a,b], we have equality in (10.2) if and only if H is

b
equivalent to a non-negative constant matric J H(t) dt.
a

Proof. We can assume that a = 0 and b = 1. Let us first do the proof assuming that there is § > 0
such that
det H(t) >4, te][0,1]. (10.3)

Consider increasing function

u(t) = f: Vet H{r)dr, te[0,1]

and let 0 define its inverse function so that

n0) =0, 7n'(v)= = ) (10.4)

We write 1)
1 v (1
det f Hdt = detf H(n(r))n' (1) dr.
0 0

Formula (10.4) makes sure that the matrix under the last integral has unit determinant and the previous
lemma gives

det Jl H(t)dt > v*(1).
0

On the other hand,
v (1)

.[0 v/ det H(t)dt = det H(n(7)) -7/ (1) dr = v(1),

0

since the integrand is equal to 1. Now that we have proved the lemma under assumption (10.3), we can
use the standard approximation argument (e.g., by considering H + 0Izx2 with § > 0 and then sending
d — 0), to show (10.2) in full generality.

Next, assume that a = 0, b = 1 and that we have equality in (10.2). Then, for every c € (0, 1), we get

c 1
A, déff Hdt, B, f Hdt,
0 c

det(A, + B.) — ( L * et H(t) dt + J 1 MFH(t)dt) 002 (Vaet 4, + vaet B,)".

Lemma 10.5 provides us with an opposite bound so we actually have equality in the estimate above.
Notice that A, # 0 and B. # 0 by our assumptions on the trace. If det A.« = 0 for some c¢*, then
det Bex = 0 by Lemma 10.5. Moreover, if det A., = 0, then det A., = 0 for all ¢; < ¢o since A., < A,,.
Similarly, if det B, = 0, we get det B, = 0. Thus, if det A.+ = 0 for some ¢*, then det A. = 0 for all ¢
and, by continuity,

1
detJ H(t)dt = 0.
0
Then, by Lemma 10.4, we get
1 c
a(c) f H(t) dt :f H) dt, (10.5)
0 0

with a(c) € (0,1). Taking trace of both sides, we get
1 c
a(c) J trace H(t) dt = f trace H (t) dt.
0 0
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Therefore, a(c) = (

So,

-1

c 1
J. trace H dt) (f trace H dt) and differentiation of (10.5) in ¢ gives
0 0

H(c) = _trace H(c) f Hdt

Sé trace Hdt ) Jo

1
H is equivalent to f Hdt.
0

Let us suppose now that det A. > 0 for all ¢. By Lemma 10.5, there is a positive function v(c) such

that v(c)A. = B, and so

In

C)LCH(t)dt=L1H(t)dt

t H
H(c) race H(c) J H(t
So trace H (t) dt

a similar way, we get

1

and H is equivalent to J H(t)dt. O

0

Lemma 10.9. Suppose m € N(Cy) and m # 0. Then,

log |m(3)| = lf Mdﬂ
T JR

1+ 22

We skip the proof of this well-known fact, which is based on mean value formula for harmonic functions.
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