SOBOLEV NORMS OF L?- SOLUTIONS TO NLS

ROMAN V. BESSONOV, SERGEY A. DENISOV

ABsTrACT. We apply inverse spectral theory to study Sobolev norms of solutions to the nonlinear
Schrodinger equation. For initial datum go € L?(R) and s € [—1,0], we prove that there exists a
conserved quantity which is equivalent to H*®(R)-norm of the solution.

1. INTRODUCTION

In the last two decades, the theory of polynomials orthogonal on the unit circle (OPUC) has been
used to obtain some of the strongest results in the spectral theory (see, e.g., [9,17,18]). In [3], the
authors of the present paper have applied OPUC techniques to characterize existence and completeness
of wave operators for the Dirac evolution on the half-line. One area where scattering theory for Dirac
systems finds applications is the so-called inverse scattering approach to the nonlinear Schrédinger
equation (NLS). Below, we develop a general framework that enables one to use the theory of Krein
systems (a continuous analog of OPUC [13]) in the context of NLS. To illustrate our approach, we
study the Sobolev norms of solutions to NLS adding to the area which attracted much attention
in recent years [5-7,15,19-21,23]. Our Theorem 1.2 stated below is not new and can be deduced
from the results of Koch and Tataru [21] or by using an alternative method of Killip, Visan and
Zhang [19]. However, we have developed a new and promising approach to that problem which adapts
the technique from [3] to the setting of NLS and shows, in particular, that the sharp regularity class
used to characterize scattering in the Dirac system can be studied in the context of Sobolev spaces.
Then, we employ our analysis to obtain Theorem 1.2 which represents the first step in applying
methods of [3] to NLS. In the current paper, we also develop a convenient language which we hope
can be used by the spectral theory community to further study NLS dynamics.

Turning to the actual content of the paper, consider the classical defocusing nonlinear Schrédinger
equation (NLS) [14,26,30] on the real line,

{g = — 5t +2la,
q |t:0 = 4o,

It is known that for sufficiently regular initial datum ¢q the unique classical solution ¢ = ¢(&,t) exists
globally in time. For example, if g lies in the Schwartz class S(R), then ¢(-,t) € S(R) for all ¢t € R.

The long-time asymptotics of ¢ is known [10,11,29]. For less regular initial datum qo, one can define
the solution by an approximation argument (see, e.g., [28]):

EeR, teR (1.1)

Theorem 1.1. Let g € L*(R), and let qo, € S(R) converge to qo in L?(R). Denote by q,,(&,t) the
solution of (1.1) corresponding to qo. We have

lim ”qn(?t) - Q('vt)HLQ(R) =0, t eR,

n—-+oo

for some function q(&,t) : R — R that does not depend on the choice of the sequence qo .

The function ¢ in Theorem 1.1 is called the L?-solution of (1.1) corresponding to the initial datum
qo € L*(R). It is clear that such a solution is unique. The total energy of the solution is its L?(R)-norm
and it is conserved in time:

la(, 2@y = llaoll 2wy teR.
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By Plancherel’s formula, it is equal to |[(Fq)(:,t)|/z2(r) where F stands for the Fourier transform. In
this paper, we work with Sobolev spaces H*(R), s € R. The H*(R)-norm of a function f € S(R) is
defined by

1f ey = (/R(1+ Inlg)sl(Ff)(n)lzdn)Q : (1.2)

The space H*(R) is the completion of S(R) with respect to this norm. Equivalently, one can define it
by

H*(R) ={f € S'(R): (1 +n]*)2Ff € L*(R)},
where S’(R) is the space of tempered distribution.

In contrast to the linear Schrédinger equation for which all Sobolev norms are conserved, the
solutions of NLS can exhibit inflation of Sobolev norm H*(R) for s < —3 (see, e.g., [8,20] for details).
Specifically, given an arbitrarily small positive € and s < —%, there exists a solution ¢ to (1.1) that
satisfies

w0 €SMR), ool <&, latlm@ =", (1.3)
see [8] for that construction. This result is related to the “high-to-low frequency cascade”. It occurs
when for initial datum gy € S(R), a part of L?(R)-norm of ¢, when written on the Fourier side, moves
from high to low frequencies as time increases. The Sobolev norms with negative index s can be used
to capture this phenomenon. Indeed, since ||q(-, )| z>(r) is time-invariant and the weight (1 + n?)% in
(1.2) vanishes at infinity when s < 0, the transfer of L?-norm from high to low values of frequency 7
makes the H*(R)-norm grow.

For NLS, the inflation of H*(R)-norm can not happen for s > —1. In [21], Koch and Tataru
discovered the set of conserved quantities which agree with H*(R)-norm up to a quadratic term for a
small value of |qo| sr=(z) and s > —1. As a corollary, they obtained the bounds on [|g(, )| =) that

are uniform in time:
R+ RIT2s, s>0,
SOl gemy < C(s s R = S(R) - 1.4
Ol s (){MR;SS’ iy, R=lwlme (14)
In [19], Killip, Vigan, and Zhang proved a similar estimate using a different method. The estimates
on the growth of H*(R)-norms are related to questions of well-posedness and ill-posedness of NLS in

Sobolev classes which have been extensively studied previously, see, e.g., [5-7,15,19-21,23].

In our paper, we use some recent results in the inverse spectral theory [1-3] to show that there are
conserved quantities of NLS which agree with H*(R)-norm provided that s € [—1,0] and the value of
llq0l| 2 () is under control. We apply our analysis to prove the following theorem.

Theorem 1.2. Let qo € L*(R) and let ¢ = q(&,t) be the solution of (1.1) corresponding to qo. Then,
Cr(1+ lgoll L2 @) > lgoll s @) < g (s 8l ars @) < Co(1 + llgoll 2 ) =" llgo | =), (1.5)

where t € R, s € [-1,0], and C; and Cy are two positive absolute constants.

This result shows, in particular, that for a given function qo : [|qo||r2(r) = 1 whose L?(R)-norm is
concentrated on high frequencies, we will never see a significant part of L?(R)-norm of the solution ¢
moving to the low frequencies. That limits the “high-to-low frequency cascade” we discussed above.
The close inspection of construction used in [8] shows that the function gy in (1.3) has H*(R)-norm
smaller than e but its L?(R)-norm is large when ¢ is small. Hence, the bounds in Theorem 1.2 do not
contradict the estimates in (1.3) when s € [—1, —%] We do not know whether Theorem 1.2 holds for
s< —1.

The main idea of the proof of Theorem 1.2 is based on the analysis of the conserved quantity a(z),
Im z > 0, which is a coefficient in the transition matrix for the Dirac equation with potential ¢ = ¢(, t).
We take z = i and show that log |a(i)] is related to a certain quantity IEQ (see the Lemma 3.3 below)
that characterizes both size and oscillation of ¢g. Using IEQ in the context of NLS is the main novelty
of our work. We study I%Q and show that it is equivalent to H~1(R) norm of ¢ with constants that
depend on its L?(R)-norm. That gives the estimate (1.5) for s = —1 and the intermediate range of
s € (—1,0) is handled by interpolation. Our analysis relies heavily on the recent results [1-3] that
characterize Krein — de Branges canonical systems and the Dirac operators whose spectral measures
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belong to the Szegs class on the real line. We also establish the framework that allows working with
NLS in the context of well-studied Krein systems.

Notation

e The symbol I stands for 2 x 2 identity matrix I = ({ ) and symbol J stands for J = ((1) _01).
Constant matrices o3, o, o are defined in (2.2).

e For a measurable set S C R, we say that f € L (S)is f € L'(K) for every compact K C S.

e The Fourier transform of a function f is defined by

1 —inx T
FNe = == [ e da.

e The symbol C, unless we specify explicitly, denotes the absolute constant which can change
the value from formula to formula. If we write, e.g., C(«), this defines a positive function of
parameter a.

e For two non-negative functions f; and fo, we write fi < fo if there is an absolute constant C'
such that f; < Cfs for all values of the arguments of f; and f;. We define 2 similarly and
say that f1 ~ foif f1 S fo and fo < f1 simultaneously. If | f5| < fa4, we will write f3 = O(f4).

e Symbols {e;} are reserved for the standard basis in C?: e; = (}), ea = (9).

e For matrix A, the symbol ||A|xs denotes its Hilbert-Schmidt norm: [|Allps = (tr(A*A))z.

2. PRELIMINARIES

Our proof of Theorem 1.1 uses complete integrability of equation (1.1). In that framework, (1.1)
can be solved by using the method of inverse scattering which we discuss next following [14].

2.1. The inverse scattering approach to NLS. Given a complex-valued function ¢ € S(R), define
the differential operator

d
Lq:igsdfg+i(40— —qoy), (2.1)

where we borrow notation for constant matrices o3, o1 from [14]:

/1 0 (01 /(00 I (B 22)
%=\o -1)0 *"\oo)0 “"\1o) 779771 o) '

The expression L, is one of the forms in which the Dirac operator can be written. In Section 3, we
will introduce another form and will show how the two are related. Let us also define

2
E(S,A)eag@,(emg 0 )

0 e~ i€

as in [14]. In the free case when ¢ = 0, the matrix-function E solves LoE = 3E, E(0,\) = I. Since
q € S(R), it decays at infinity fast and therefore one can find two solutions T = T4 (£, \) such that
A
LqT:t = §T:tv Ty = E(ga )‘) + 0(1)7 5 — oo, (23)
for every A € R. These solutions are called the Jost solutions for L,. Since both T and T_ solve the
same ODE, they must satisfy

T (fa )‘) = T+ (ga /\)T()‘)v g € Ra A€ Ra (24)
where the matrix 7' = T'(A) does not depend on £ € R. One can show that it has the form
a(x) b\ 2 2
T = — detT = — 1" =1. 2.5
R P B (2.5)

The matrix T is called the reduced transition matriz for L,, and the ratio r, = b/a is called the
reflection coefficient for L,. One can obtain T in a different way: let Z, = Z,(§,\), £ € R, A € C be
the fundamental matrix for L, that is,

A
L.Zq = §qu Zq(O, /\) = ((1) (1)) (2-6)
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Then, we have Z,(&,\) = T (£, \)TL " (0,)) and the pointwise limits
110, = lim ETNEN)Z(E,N) (2.7)
E—+oo

exist for every A € R. Moreover, we have T'(\) = T'; *(0, \)T_ (0, A) on R.

The coefficients a, b, and r, were defined for A € R and they satisfy |a|? = 1+[b|?, 1 — |ry|* = |a| 72
for these A\. However, one can show that a(\) is the boundary value of the outer function defined in
Cy ={z€C: Imz > 0} by the formula (see (6.22) in [14])

1 1
a(z):exp(m,/RA_ZlogM()\ﬂd)\), 2eCy,

which, in view of identity 1 — |ry|?> = |a|~2 on R, can be written as

a(z) = exp (-21M/RA1 log(1 — [r, (V)] )d)\) . (2.8)

That shows, in particular, that b defines both a and r,, and r, defines a and b.

The map ¢ — r, is called the direct scattering transform and its inverse is called the inverse
scattering transform. These maps are well-studied when ¢ € S(R). In particular, we have the following
result (see [14] for the proof).

Theorem 2.1. The map q — 1, is a bijection from S(R) onto the set of complex-valued functions
{r € SIR), [Irf|poe®) <1}

The scattering transform has some symmetries:
Lemma 2.1. If ¢ € S(R) and )\ € R, then
(dilation): Tagag)(A) =g (a™tX), a>0,

(conjugation): ra76)(A) = rge)(=A),

(translation): rye—0n(A) =1y (Ve LeR,

(modulation): re-iscqe)(A) =ree)(A+6), BeER.
(rotation): Tuge)(A) = prgey(A), peC, uf=1.

Proof. Indeed, the direct substitution into (2.3) shows that if T4 (£, A) are Jost solutions for ¢(§),
then

(a) Ty(a&,a™t)) are the Jost solutions for ag(af),

(b) T+(&,— ) are the Jost solutions for ¢(£),

(c) To(&—¢,\)E(¢, \) are the Jost solutions for ¢(§ — £),

(d) E( &, 5)Ti(§ A+ B3) are the Jost solutions for e~"¢¢(¢),

) (60)T(&N) (65) are the Jost solutions for ug(€), |u| = 1.
Now, it is left to use the formula (2.4) which defines T. A computation using (2.5) shows how a and
b change under symmetries (a)—(e). For example, the translation does not change a and it multiplies
b by e, The modulation e~*#¢q(¢), however, gives Ae-insq(e)(A) = aqeey(A + B). Then, the claim
follows from the definition of the reflection coefficient r, = b/a. O
The next result (see formula (7.5) in [14]), along with the previous theorem, shows how the inverse
scattering transform can be used to solve (1.1).

Theorem 2.2. Let g9 € S(R) and let vy, = ry, () be the reflection coefficient of Ly,. Define the
family

r(\t) =e iy (\),  AER, teR (2.9)
For each t € R, let ¢ = q(&,t) be the potential in the previous theorem generated by r(\ t). Then,

q = q(&,t) is the unique classical solution of (1.1) with the initial datum qo. Moreover, for every
t € R, the function & — q(&,t) lies in S(R).
The solutions to NLS equation
aq 8%q

iny = 852 +2|q/%q (2.10)
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behave in an explicit way under some transformations. Specifically, we have

(a) Dilation: if ¢(&,t) solves (2.10), then ag(ag, a?t) solves (2.10) for every « # 0.

(b) Time reversal: if ¢(&,t) solves (2.10), then g(§, —t) solves (2.10). In particular, if go is real-
valued, then ¢(&,t) = q(§, —t).

(¢) Translation: if q(&,t) solves (2.10), then ¢(£ — £,t) solves (2.10) for every £ € R.

(d) Modulation or Galilean symmetry: if g(&,t) solves (2.10), then eivs*“’%q(f — 2ut, t) solves
(2.10) for every v € R.

(e) Rotation: if ¢(&,t) solves (2.10), then pq(€,t) solves (2.10) for every u € C, |u| = 1.

These properties can be checked by direct calculation (see, e.g., formula (1.19) in [15] for (d)) and
a simple inspection shows that the bound (1.5) is consistent with all these transformations. The
statements of Theorem 2.2 and Lemma 2.1 are consistent with these symmetries as well.

Now, we can explain the idea behind the proof of the Theorem 1.2.

The idea of the proof for Theorem 1.2. One can proceed as follows. First, we assume that
¢o € S(R) and notice that conservation of |r(A,t)|, A € R, guaranteed by (2.9), yields that log |a(i, )]
is conserved, where a(z,t) is defined for z € C1 by (2.8). Separately, for every Dirac operator L, with
q € L*(R), we show that log|a(i)| is equivalent to some explicit quantity IEQ that involves ¢q. That
quantity was introduced and studied in [1-3]: it resembles the matrix Muckenhoupt A3 (R) condition
and it is equivalent to H~'(R) norm of ¢ provided that ||q||.2(z) is under control, e.g., ||¢||2®) < C
with some fixed C. Putting things together, we see that Sobolev H~!(R) norm of g(-, t) does not change
much in time provided that the bound |[q(-,?)z2r) < C holds. Since [|q(-,?)|[z2®) = llqollz2(®) is
time-invariant, we arrive to the statement of Theorem 1.2 for ¢g € S(R) and s = —1. For s = 0, the
claim of Theorem 1.2 is trivial. The intermediate range of s € (—1,0) is handled by interpolation
using Galilean invariance of NLS. The general case when gy € L?(R) follows by a density argument if
one uses the stability of L?-solutions guaranteed by Theorem 1.1.

There are other methods that use conserved quantities that agree with negative Sobolev norms.
The paper [19] uses a representation of log|a(i)| through a perturbation determinant. Then, the
analysis of the perturbation series allows the authors of [19] to obtain estimates similar to (1.4). It is
conceivable that this approach can provide results along the same lines as Theorem 1.2.

To focus on the Dirac operator with ¢ € L?(R), we first consider this operator on half-line R, in
connection to Krein systems that were introduced in [22].

2.2. Operator L, and Krein system. Let A : R — C be a function on the positive half-line
R4 = [0,400) such that

| 1)1 de < o,

0

for every r > 0. Recall that we denote the set of such functions by LL (R, ). The Krein system (see
the formula (4.52) in [13]) with the coefficient A has the form

{P'(& ) =iAP(EN) ~ AP N, PO.N) =1, 211)
where the derivative is taken with respect to £ € Ry and A € C. Let also
{E’(f, A) =iAP(EN) + AQP(E N, PON =1, 2.12)
PU&A) = A(EP(E, ), P.(0,A) =1,

denote the so-called dual Krein system (see Corollary 5.7 in [13]). Set
P (2§7 /\) _’LP*(2£a )‘)
The matrix-function Z,, which was defined in (2.6) for ¢ € S(R), makes sense if we assume that

q € LL.(R). In the next lemma, we relate Y to Z,.

loc
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Lemma 2.2. Let g € LL (R), A(2) = —q(£)/2 on Ry, and Y be the corresponding matriz-valued

loc

function defined by (2.13). Then, Z,(&,2X) = oY (&, \)Y 10, X)o for £ = 0 and X € C.

Proof. The proof is a computation. We have

P(2¢,))  iP(2¢,))

LzY (&) =AasY (&, A) + i03e’”§i ( > Fi(go- —qo )Y (§N),

de \ P,(26,\) —iP,(2¢,))
igee-ine [IAP(26,X) — ARE)P.(26,3)  —AP(2€, 1) + iA(2€)P. (26, ))
’ —A(26)P(2€, ) —iA(2€)P(2¢, )

+i(go- — qoqy —iAa3)Y (€, N).
Notice, that

o e (A —q\ [ P2EN) iP(2¢6,))
- e a6 =i () (P*(%,A) z‘ﬁ*@m))

_iomine [ TIAP(E,N) = qPu(26,0)  AP(26,A) + iqPu(26,0)
GP(26,\) +iAP.(26,0)  iGP(26,0) + AP.(2¢,0) ]

Using relation 2A4(2¢) + g(€) = 0, we obtain

IAP(26,))  —AP(2¢,))

i Y =
LgY (€, ) =ie (i,\p*(zg,)\) AP(2€, )

) = AV (E,N).

Since 0030 = —03 and 00+0 = 0+, one has cLgo = —L,. Therefore,
Lq(O'Y(f’ /\)J) = A(Jy(é-? )‘)U)

It follows that matrix-valued functions Z,(¢,2)) and oV (£, \)Y 71 (0, A)o solve the same Cauchy prob-
lem and thus Z,(&,2)) = oV (£, \)Y 71(0, \)o, as required. a

Lemma 2.3. Let q € L _(R), let A(2¢) = q(=£)/2 on Ry, and let Y be the corresponding matriz-

loc

valued function defined by (2.13). Then, Z,(—£,2)) =Y (§,\)Y "1(0,A) for £ >0 and \ € C.

Proof. Recall that matrices o3, o4, o are defined in (2.2). Using relations cosc = —o3 and coro =
o+, we see that L,;Zq = %Zq, where (&) = —q(—¢€) and Zq(f,)\) = 0Zy(—&,A\)o. Then, previous
lemma applies to ¢, Z5(&,2A) = Zq(§72)\) and A(28) = —4(&)/2 = q(=¢&)/2. It gives Zq(fﬂ)\) =
oY (£, \)Y1(0,\)o. Returning to Z,, we get Z,(—&,2X) = Y (&, \)Y (0, \). a

Given ¢ € L?(R), we define the continuous analogs of Wall polynomials (see [16] and Section 7 in [13])
by

P 4 PE P 4 p* PE — p* p* — p*
:g’ Q(f:#, D S e (2.14)
2 2 2 2
where P, P%, P% P* are the solutions of systems (2.11), (2.12) for the coefficient A*(¢) =

—q(&£/2)/2 from Lemma 2.2 and the coefficient A~ (§) = ¢(—¢£/2)/2 from Lemma 2.3, correspond-
ingly. Functions P*, P* P* PZ* are continuous analogs of polynomials orthogonal on the unit

*

circle, they depend on two parameters: £ € R, and A € C and they satisfy identities (see formula
(4.32) in [13]):

Q[i

PE(EN) = ¢ PE(EN),  PE(E,N) = A PE(E N (2.15)
for real \.

We will use the following result (see Lemma 2 in [12] which contains a stronger statement).

Theorem 2.3. Let A € L*(R,), and let P, P, be the solutions of system (2.11) for the coefficient A.
Then, the limit

) = lim_P.(6) (2.16)

exists for every A € C4. That function 11 is outer in C,. If A € R, the convergence in (2.16) holds in
the Lebesgue measure on R where II(\) now denotes the non-tangential boundary value of TL.
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That theorem allows us to define

aim:&gg AEE,N),  bEN) = lim BEEN) (2.17)

E—4o0
for every A € C; and for almost every A € R. Moreover, Corollary 12.2 in [13] gives
@ (V)7 = 1+ o= (V) (2.18)
for a.e. A € R. For every A € C,, we define
a(\) =at(Na"(\) —bT (A6~ (N).

Proposition 2.1. The function a is outer in C,..

Proof. We can write
b:t
+ _
=z
It is known that a* are outer (see the formulas (12.9) and (12.29) in [13]) and that sT satisfy |sT| < 1
in C,. The function 1 — sTs~ has a positive real part in C, and so is an outer function. That shows
that a is a product of three outer functions and hence it is outer itself. a

a=ata (1-sts7), s

Proposition 2.2. Let ¢ € L*(R) and let Z, be defined by (2.6). Then, the limits in (2.7) exist in the
Lebesgue measure on R. The matriz T(\) = T (0, \)T_(0,\) has the form (2.5) where

a=ata” —btb, b=a"bt —b af, (2.19)
:i:’ bt

—

and a are defined Lebesque almost everywhere on R by the convergence in (2.17) in measure.

Proof. If ¢ € L?(R), the fundamental matrix Z, and the continuous Wall polynomials (2.14) are
related by the formula

BI(26,A)  AL(26A
Zul& 2 = W(—(% A)> %—((—2£)A>
eiAf * I * ’ , 5 < 0
%_(_257 A) 9[_(_267 A)
Indeed, it is enough to use Lemma 2.2, Lemma 2.3, and the fact that Y =1(0,\) = % (}l }) Our next
step is to prove that the limit

T7H0,20) = lim E7Y(E,20)Z,4(€,20) (2.21)

E—+oo

eI <Ql+(2§a>\) Y‘BJF(%’)‘)) , €20,
(2.20)

exists in Lebesgue measure when A € R. From (2.15), we obtain

1 (1 0 AT(26, ) BTN AT(26,0)  BT(2€,))
R eAE = (o o) (32060 wroen) ~ (B906y 3ay)

for every £ > 0 and A € R. Similarly,

. (e 0N (A-(260) Bo(6A)) (A6, B(26)
E (_’5’2”2"(_5’”)‘( 0 1> (%(2&» m—<25,A>)‘<%—<2£,A> 2 )

Hence, the limits
ToH0,2)) = lim E7H(E2X)Z4(6,2)) (2:22)
exist in Lebesgue measure on R by Theorem 2.3. Moreover,
at(A) bT(A
b*(A) at(})
(2.18) <a+(/\) b*(/\)> ( a”(A) —b‘(A)> _ (a(/\) b(/\))
) @) =) a () ) a(N)

and the proposition follows. O

T(2\) = T;'(0,20)T-(0,2)) = (

=

We end this section with a few remarks on reflection coefficients of potentials in L?(R). We have
al® — =1 almost everywhere on R due to the fact that det 7L (0, \) = 1 almost everywhere on R.
2 —|b|*> = 1 almost h R due to the fact that det T (0, \) = 1 almost h R
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That can also be established directly using (2.18). Proposition 2.2 then allows to define the reflection
coefficient r, = b/a for every ¢ € L?(R). The Lemma 2.1 holds for r, in that case as well. However,
not all results about scattering transform can be generalized from the case ¢ € S(R) to ¢ € L%(R).
For example, scattering transform is injective on S(R) by Theorem 2.1, but it is not longer so when
extended to L?(R) (see Example 6.1 in Appendix).

3. ANOTHER FORM OF DIRAC OPERATOR, ¢q € L*(R), AND THE ENTROPY FUNCTION.

Suppose ¢ € L*(R). The alternative to L, form of writing Dirac operator on the line is given by
an expression

(3.1)

Do: X = JX +QX, Q= (Imq Req) .

—Req Imgq
Dg, is densely defined self-adjoint operator on the Hilbert space L*(R,C?) of functions X : R — C?
such that ||X||2LQ(R,C2) = [ IX(&)]|22 d€ is finite. Dg and L, defined in (2.1) are related by a simple

formula:
1 1 1 1 /1 4
_ —1 _ -1 _
Do =XL,X 7, Zﬂ(—i i)’ P \@(1 —i)'

One way to study D is to focus on Dirac operators on half-line R, first. Given ¢ € L?(Ry), we
define DZS on L?(R,,C?) by

—Imqg —Regq
+ . ! —
Dy X = JX'+ QX, Q= (—Req Im g ) (3.2)
on the dense subset of absolutely continuous functions X € L?(R,C?) such that ’DgX € L?(R,C?),
X(0) = (3). We will call D6+2 the Dirac operator defined on the positive half-line with boundary

conditions X (0) = () or simply the half-line Dirac operator. Set A(§) = —¢(£/2)/2 for £ € Ry, and
let P(&,)\), P.(&,)\) be the solutions of Krein system (2.11) generated by A. The Krein system with
coefficient A and Dirac equation (3.2) are related as follows (see the proof of Lemma 6.1 in Appendix):
if Nq solves the Cauchy problem JNG (&, A) + Q(&)Nq(§,A) = ANG(E, M), No(0,A) = (§ ), then

e T Y (AT (26, 0) BHREN (1 —i
No(§,A) = . + + 2]
2 ) i) \BT(26,\) AT (28, N) 1 4
where the continuous Wall polynomials A+, B+ 20 BT were defined in (2.14). The Weyl function of
the operator D5 coincides (see Lemma 6.1 in Appendix) with
= 1
mq(z) LNyl
It is known (see Theorem 7.3 in [13]) that the limit above exists for every z € C; and defines an
analytic function of Herglotz-Nevanlinna class in C;. The latter means that mg(C4) C C4. In the
next theorem, Im mg () denotes the nontangential boundary value on R which exists Lebesgue almost
everywhere. It is understood as a nonnegative function ¢ = Imm on R and it satisfies g/(1 + \?) €
L'(R).

A (C+. (33)

Theorem 3.1. Let ¢ € L?(R,) and let Q, Dg, mg be defined by (3.2), (3.3). Denote by Ng the
solution of the Cauchy problem JN¢ (&) + Q(§)Nq(§) = 0, No(0) = (§7), and set Hg = NjNg.
Define also

K& =logImme(i) - % /R log Ime(A)vdij\_l, (3.4)
" 400 k+2
K&=> <det Ho(€) de — 4) . (3.5)
k=0 k
Then, we have
clng < /Eg < C2€c2}<:g (3.6)

for some positive absolute constants cy1, ca.
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Proof. Lemma 6.1 in Appendix shows that m¢ coincides with the Weyl function for the canonical
system with Hamiltonian Hg. Then, the bounds in (3.6) follow from the Theorem 1.2 in [2] (see also
Corollary 1.4 in [2]). O

The quantity ICg will be called the entropy of the Dirac operator on R,. We now turn to (3.1) to
define the entropy for the Dirac operator on the whole line. Take ¢ € L?(R) and let AT (¢) = —q(£/2)/2
and A~ (&) = q(—=£/2)/2, £ € R, be the coefficients of Krein systems associated to restrictions of ¢ to
the half-lines R, and R_. As in (3.3), the half-line Weyl functions m satisfy

PE(¢.2)
= i gk ASYT . .
my(z) E—gr-loole(f,z)’ zeCy (3.7)

These Weyl functions m. can be used to construct the spectral representation for the Dirac operator.
Let

m(z) = —

1 <—2m+<z>m<z> me(2) - m<z>> Cec. G
() +m(z) \ma () - m_(2) >
Using Imm 4 (z) > 0, one can show that Imm(z) is a positive definite matrix for z € C;. In other
words, m is the matrix-valued Herglotz function. Therefore, there exists a unique matrix-valued
measure p taking Borel subsets of R into 2 x 2 nonnegative matrices such that

1 1 A
= — —— — ——— | dp(\ C
me) =at gzt [ (A_Z A2“) o),  eCy,
where «, 8 are constant 2 x 2 real matrices, 8 > 0. The importance of p becomes clear when we recall
the spectral decomposition for Dg. Specifically, let Ng (¢, z) be the solution of the Cauchy problem

0
TeNal6.2) + QEON(6.2) = 2No(€.2).  No(0.2)=(9). z€C. E€R. (39
Then, the mapping
Foo: X = [ Ny NX(©de AR, (3.10)

initially defined on the set of compactly supported smooth functions X : R — C2, extends (see
Appendix) to the unitary operator between the Hilbert spaces L?(R,C?) and L?(p),

L2(p) = {Y ‘R = C2: Y[, = /RY*(A) dp(N\) Y (\) < oo}.

Moreover, Dg is unitary equivalent to the operator of multiplication by the independent variable in
L?(p) and the unitary equivalence is given by the operator Fq. In fact, these properties of p will not
be used in the paper, we mention them only to motivate the following definition. Let us define the
entropy function Kg(z) by

Ko(z) = 21 / log(det pac()\))ILZ2 dA, z € Cy, (3.11)

T JR |A— 2]

where p,. denotes the absolutely continuous part of the spectral measure p and it satisfies pa.(\) =
lim, 0 >0 Imm(A+ic) for a.e. A € R. The quantity ICg will play a crucial role in our considerations.
We first relate it to the coefficient a of the reduced transition matrix 7" which was introduced in
Proposition 2.2.

Lemma 3.1. We have det p,c(\) = |a(X)|72 for almost all X € R. In particular, Kg(z) = 2log |a(z)]
for all z € C,.

Proof. From the definition (or see page 59 in [24]), one has
Immy(z) Imm_(2)
Imy(2) +m—(2)]* 7

detImm(z) = 4 z€Cy. (3.12)

Substituting expressions for

_ o PE(62) at(z) — b ()
M) = M e ) TG Tk SO
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into (3.12), we obtain
det pac(A) = Elirilo det Im m(A + ig)
(Jat (A +ie)]2 = [bF (A +ie)2)(Ja= (A +ig)|? — [67 (A + i) [?)

= 1.
e’ lat (A +ie)a— (A +de) — bT (A + ig)b— (A + ic) 2
1
a2
for almost every A € R and the first claim of the lemma follows. Then, the second claim is immediate
because a is an outer function as we showed in Proposition 2.1. O

Consider again the half-line entropy functions

1
Kg(z) =logImmy(z) — — / logImmg (A)
T JR

Im=z
A=z
We see that ICg(z) coincides with the entropy (3.4) for the restriction of @ to R, (that explains why

d)\7 zZ e (C+.

we use the same notation for the two objects), and K (z) = IC{QZ (z) for the potential
—Img(=¢) Re Q(€)>
_(6) = , cR,.
-©=(hunte my) SR

Our plan now is to relate IC%(Z) with Kg(¢) and then use the fact that the full line entropy Kg (i) is
conserved, see Lemma 3.1. That will eventually lead to the proof of Theorem 1.2.

Lemma 3.2. Let ¢ € L*(R) and let q(&) = q(& — £), where £ € R and ¢ € R. Denote by Q, the
matriz-function in (3.1) corresponding to q;. Then, lCae (2) = Kq(z), Kg,(2) = 0 as £ — +o0 for
every z € C,..

Proof. Take z € C,. We have

IC& (2) + Kg,(2) = log(Im mye +(2) Im m&_(z)) - %/Rlog (Im my,+(A) Im mgy_()\))

Im z

——d\
A=z
for the corresponding Weyl functions my . We also have

1 Im 2
log [1my,+ (2) +my,—(2)° = — / log [mg, 4 (A) +me— (V) [* —— dA
R

™ A — 2|2

by the mean value theorem for harmonic functions. From (3.12), it follows that

K&, (2) + K5, (2) = log (4 ) + Ko, (2).

Notice that Kg,(z) does not depend on ¢ € R because the coefficient a in Lemma 3.1 for the potential
Q¢ does not depend on £. So, we only need to show that

I I _
Kg,(2) =0 and log (4 mmy +(2) Imme, (z)) — 0,
‘ Ime4(2) + e, (2)]

Immy 4 (2) Immye _(2)
Ime4(2) +me—(2)]?

when ¢ — 400 and z € C,. The second relation follows from my y(z) — ¢, my _(z) — 4, which hold
because g tends to zero weakly in L*(R) as £ — +o0 and ||qe||r2r) = [l¢llr2r) (see Lemma 6.2 in
Appendix). Moreover, relation my,—(z) — 4 implies that K, () — 0 if and only if

Im 2z

1
— [ logl N/ . 1
7T/}Rog mmy, (/\)\)\—z|2d>\—>0 (3.13)

In the rest of the proof, we will show (3.13). Let a,, b, be the limits of continuous Wall polynomials
corresponding to @, . Consider s, = b, /a, . The formula (12.57) in [13] gives

0, (2) — by (2)

1 4imy(2) ;
a, (2) +b,(2)

S l—ime_(2)’ me—(2) =

s (2)
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It implies that Immy,_(A) = |a; (A) + b, (A)|7? when X € R and that s; () — 0 when ¢ — +o0 and
z € C4. Now, we can write

7T/R g Immy,—( )|,\_z|2 7 Jr 2 \ag )+ b, VP ) A= 2P

1
= log — — = log — +log ———M—.
lag (2) + b, (2)? la, (2)I 145, (2)]?

So, it remains to show that |a; (z)|*> — 1 as £ — +oo. That holds because ||qe,—||2r,) — 0 as
£ — 400 and

1 _ Im 2 _ Im 2 _
o —NErge = = [ Tomlay (W aA > 222 [ ooy (VI 720y dh = T log o (2)° > 0,
where the first equality follows from ||q4,,||%2(R+) = 2||Ag,,|\%2(R+) and the formula (12.2) in [13].
Thus, (3.13) holds and we are done. O

As an immediate corollary of Theorem 3.1 and Lemma 3.2, we get the following estimate.

Lemma 3.3. Let g € L*(R). Denote by Ng, the solution of the Cauchy problem ING(E)+Q(§)Ng(E) =
0, No(0) = (§9), and set Hg = N;Nq. Consider

~ k+2
Ko=Kqli), Ko=) (det Ho () de — 4) : (3.14)
keZ k
Then, we have N
1Ko < Kg < eaKge2ie (3.15)

for some positive absolute constants ci, ca.

Proof. By Lemma 3.2, we have Kg = limy_, o ICE@. It remains to substitute ), into the estimate
(3.6) and take the limit as ¢ — +oo for ¢ € Z. O

4. PROOF OF THEOREM 1.2

The following result will play a crucial role in what follows. We postpone its proof to the next
section.
Theorem 4.1. Suppose ¢ € L*(R) and let Ng satisfy JNG + QNg = 0,Ng(0) = I, where Q =
(_Imq _Req> . Then

—Req Img
e gty S Ko S e llalli-1my » (4.1)

where R = ||q||12r) and C1, Co are two positive absolute constants.

Proof of Theorem 1.2 in the case s = —1. First, assume that ¢y € S(R) and let ¢(¢,t) be the
solution of (1.1) with the initial datum ¢g. We want to prove that

C1(1+ llaollz2®) 2 llgoll -1 (m) < laC Olla-1@y < Co(L+ llgollr2@)?laoll -1y - (4.2)

We have ||q(-,t)||z2r) = [|q0l| L2(r) for all £, see formula (4.33) in [14]. Let a(z,t) denote the coefficient
in the matrix (2.5) given by ¢(&,t). For each ¢t € R, define Q by (3.2). Let I%Q (t) be as in Lemma 3.3
and Kq(z,t) be defined by (3.11). Formulas (2.8) and (2.9) show that a(z,t) is constant in ¢ and
Lemma 3.1 says that Kg(z,t) is constant in ¢ as well. The bound (3.15) yields
1Ko (i,0) < Kg(t) < e2Kg(i,0)e2Ra(b0) (4.3)

Assume first that R = ||qo|lr2ry < 1. Taking ¢ = 0 in (4.3) and applying (4.1) to qo, we get
Kq(i,0) < 1since [|gol|g-1(r) < R < 1. Hence, in that case (4.3) can be written as IEQ(t) ~ Kg(i,0).
By (4.1), [l )12y ~ Ka(t), and 0 lg(-Dl13 -1 gy ~ - 0)3-1ay

If R = |lqoll2r) > 1, we use dilation. Consider ¢o(£,t) = ag(a,a?t) which solves the same
equation and notice that ||qa||z2r) = azR.
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Let o = oo = R™% < 1 making ||ga.||22(r) = 1. Then, for the Sobolev norm, we get

, 1 2
a1 ) = a2 ————|(Fq)(n, &*t)|?d . 4.4
P € eere e G IR (14
Since . ) )
< < : 4.
1+n%2 " 14a29? = a2(1+n?) (4.5)
one has

alllg(, aZt) -1 @) <llga. ()l -1 @y <ae * [l @2t) -1 g) -
In particular, at ¢ = 0 we get
1
0l l4(-0) -1 ®) < m, (- Oy < 0 *[la 0) | ar-1 ) -
Since [|ga, (-, 0)|[z2(r) = 1, one can apply the previous bounds to obtain
e (Ol -1 @) ~ 190 (5 0) [ -1 () -
Then,

1
ol lgC 02D -2y S e (Ol -1 < 0 * lg( Ol 1-1 -
_1 1
ac 2 lqC, a2t -1 @) 2 1o (5 0)la-1r) 2 a? lg(- O) | -1 r)-
Recalling that a, = R~2, we obtain
R2q(0) 1@ S llaCOlla— @ < R2laC, 0l g1 (=)

for all t € R. Finally, having proved (4.2) for ¢y € S(R), it is enough to use Theorem 1.1 to extend
(4.2) to qo € L3(R). O

Our next goal is to prove the estimate

Cr(1+ llgollz2)** Nlaoll =) < laC )]l mre ) < Co(1+ llqolln2ry) % 1ol = (r)» (4.6)

where t € R, s € (—1,0], and C; and C5 are positive absolute constants. For s = 0, this bound is
trivial. To cover s € (—1,0), we will need some auxiliary results first. One of the basic properties of
NLS which we discussed in the Introduction has to do with modulation: if ¢(¢,t) solves (2.10), then
gu(&,t) = eivﬁ*ivth(é — 2ut,t) solves (2.10) for every v € R.

Lemma 4.1. Let go € L?(R), t € R. Then,

. (Fa)(n. 1)
||q’U( 9 )”H 1(]R) 1 + (77 +'U)2
Proof. It is clear that ||e‘“’2tf||H = || fllg-1(r) for every f € H~'(R) and t € R, because e~

is a unimodular constant. We have ]-'( “Jf q(& —2vt,1))(n) = (Fq(&,1))(n —v)e2wHn=) 5 € R. Since
|e_2“’t(7’_”)| = 1, it only remains to change the variable of integration in

~ [(Fq(&, 1) (n —v)|?
- d
1ol 71 () / . + 77
to get the statement of the lemma. g

The next result is a standard property of convolutions.

Lemma 4.2. Let v € (f%, 1] and set ay, = for k € Z. We have

1
(1+k2)7

ag 1
~C neR.
_ 2 v 2 ’
2w~ e

Proof. After comparing the sum to an integral, it is enough to show that

du 1
/R At m—w®) ~ O arer
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The function on the left-hand side is even and continuous in 7 and 7, so we can assume that n > 1.
Then,

/ du 1 / du
n—ul<0sy (LHu?)T 1+ (n=u)?) L+ Jjusosy (L+u?)7(1+ (n—u)?)

where

du —n/2 du du
I :/ S/ - +/ g Cf n*lfQ’Y’
C uemngp wsange A2+ (= w)?) Y w2t T fy w2ty S
du du
IQ = / 5 T]—Q/ _oen S n
ul<n/z (1+u?)7(1+ (= u)?) ul<ny2 (1 + u?)7
Combining these bounds proves the lemma. [

ST+ 1o,

—2y

Proof of Theorem 1.2, the case s € (—1,0). We can again assume that ¢o € S(R). Recall the
estimate (1.5) for s = —1:

Cr(L+ llgollz2®)) N0l m-1®) < llaC, )| -1y < Ca(L + llgoll L2))?ll90ll -1 r) - (4.7)

According to Lemma 4.1, we have

|
o) sy = [ A2

for Gy(¢,t) = e~ tg(& — 2ut,t). Let ag, k € Z, be the coefficients from Lemma 4.2 with y = —s.
Then, (4.8) and Lemma 4.2 imply

> arlan( Ol gy ~ Csllal Ol - (4.9)
keZ

)l (4.8)

In particular, taking ¢t = 0 gives

> arlldn (0171 gy ~ CsllollFr- (4.10)
keZ
We now apply (4.7) to ¢x and use (4.9) and (4.10) to get
Ci(s)(1+ llgoll 2 ) " llaoll ey < g 0)l sy < Co(s)(L+ 1ol 2m))?[lgo s ) - (4.11)
If R = |lqollz2r) < 1, we have the statement of our theorem. If R = [|qol|z2r) > 1, we use dilation
transformation like in the previous proof for s = —1. Consider ¢, (&,t) = aq(af, 2t) which solves

the same equation and notice that ||qa | z2r) = oz%R. Let o = a, = R™? < 1 making lgacllz2r) = 1.
Then, for the Sobolev norm, we have

S § R G LR

1
2
From (4.5),
1 < 1 < 1 .
(L)l = (L +a2n?)lsl = Q2511 4 gp2)isl

Then, one has
1 1_
@Z (-, 26) | ey <Ilee C Ol oy <2 g, a26) | 1o ey
In particular, taking ¢ = 0 gives us

3 —|s]
ac llq( 0) || s ) < llGare (5 0)l 275 (m) < 0? lq(-; 0)[| 7= ()

Now [|ga, (,0)|/z2(r) = 1 and we can apply the previous bounds to get

”qac('ﬂt)”HS(R) ~ ||Qac('70)||HS(R)
Then,

1 1_s
aZ la(, %) | e ) S e (O ey S @8l 0) e oy,

1_ s 1
@2 g 026l me@) 2 o (5 0) @) 2 02 la(-,0)]| s (ry-
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Recalling that o, = R72 = ||qo||L2 , we obtain

2
laol 2282 (e, Ol ay S llaCs &)y S ollZlgy la Ol e
for all t € R. O
Our approach also provides the bounds for some positive Sobolev norms. The following proposition
slightly improves (1.4) when s € [0,3), [qoll#=(r) is large, and ||qo||z2(r) is much smaller than
HQOHHS(]R)-

Proposition 4.1. Let ¢qo € S(R) and let ¢ = q(&,t) be the solution of (1.1) corresponding to qo.
Then, for each s € [0,1), we get

lla(, Ol s ) ~ Csllgoll s w) (4.12)
if llqollz2r) < 1 and
laC, )1y S Cs(llaoll ey + llgoll ms =) (4.13)

if llollL2®) > 1.

Proof. In the case when ||q||z2®) < 1, the proof of proposition repeats the arguments given above
to get (4.11) except that the constants in the inequalities depend on s and can blow up when s — 5.
Suppose ||q||z2(r) = 1. Then, for the Sobolev norm, we have

o () ooy = ( / 1+ a2n2)5(fQ)(n,a2t)2dn) ’

Take a = a. and write the following estimate for the integral above:
2\ ° R?
[ (14 5 ) IFo@atoran~ [ (FomaoPan r [ (1) (FomatPay
R R _R? In|>R2

SRE+ R [ (1+9)°|(Fa)(n, a2t)%dn.
R

We use ||ga, (-, t)lz2@®) = 1 and (4.11) to get |lga, (-, O)llzs@®) ~ Csllda.(,0)||gs®). The previous
estimate for ¢ = 0 yields ||ga. (-, 0)[| @y < 1+ R™*[lq(-,0)|| = (). Hence, ||, (-, 1)l mo@) < Cs(1+
R™'7251q(-,0) | =(r)). We can write a lower bound

o, ol = 12 [ (1455 ) 1P P 2 80270 [ (0 P

/| o (Y IO 20 P < OB 4 g Ol
n|>R?

Writing the integral as a sum of two:

/R(1+7]) [(Fq)(n, at)] dU:/

(14 12)°[(Fa)(n, o20) [2dn-+ / (14 12)°[(Fa)(n, o21)[2dn
[n|>R?

Inl<R?
and estimating each of them, we get a bound which holds for all ¢:

/]R (1+1%)"[(Fq)(n, a2t)Pdn < Co(R* + Jlq (-, 0) |7+ ) ) -

That is the required upper bound (4.13). O

5. OSCILLATION AND SOBOLEV SPACE H 1(R).
In this part of the paper, our goal is to prove the Theorem 4.1. Let us recall its statement.
Theorem 5.1. Suppose that ¢ € L*(R) and let Ng satisfy JNé + QNg = 0,Ng(0) = I, where
Q= (_Imq _Req) . Then

—Reqg Imgq

e gl m) S SKo S e gl ) » (5.1)

where R = ||q||z2r) and Oy, Cy are two positive absolute constants.
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Theorem 5.1 is of independent interest in the spectral theory of Dirac operators. For example,
Lemma 3.3 shows that ||q||z2r) and ||g||z-1(r) control the size of Kgq.

The strategy of the proof is the following. In the next subsection, we show that H ~!(R)-norm of any
function can be characterized through BMO-like condition for its “antiderivative”. In Subsection 5.2,
we consider solution to Cauchy problem JN’ + QN = 0, N(0) = I on the interval [0, 1] where zero-
trace symmetric () and study the quantity det fol N*Ndz, which represents a single term in the sum
for IEQ. The results in Subsection 5.3 show that small value of IEQ guarantees that the “local” H~*
norm of () is also small. This rough estimate is used in the proof of Theorem 4.1 which is contained
in Subsection 5.4.

5.1. One property of Sobolev space H !(R). Observe that a function f € L?(R) belongs to the
Sobolev space H~!(R) if and only if

1] 10—y

Moreover, the last integral is equal to || f ||?{,1(R). Indeed, recall that F f stands for the Fourier trans-
form of f:

2
dzr < oco. (5.2)

1 ,
F = — / x)e” " dx .
Fnin == [ 1@
Then, from Plancherel’s identity and formula

T TN gy = 1 1

Ver 4y’

=
—_ e
2w Jr,
we obtain

F 2
T O O R e

by properties of convolutions. We will need the following proposition.

Proposition 5.1. Suppose that f € LL_(R) N H~Y(R). Let g be an absolutely continuous function

loc

on R such that ¢’ = f almost everywhere on R. Then,

Al <Y / 19— (o2 dz < el F 12 e (5.3)
keZ k

where Iy, = [k, k + 2], (g); = ﬁ J; 9(x) dz, and the positive constants c1 and cy are universal.

Proof. Take a function f € L _(R) N H~*(R), and let g be an absolutely continuous function on R

loc
such that ¢’ = f almost everywhere on R. Assume first that f has a compact support. The integral

under the sum does not change if we add a constant to g, so we can suppose without loss of generality
that

g(z) = / f(s)ds, z eR.
Upper bound. Given f, define oy by

orta) = [ " ey

and recall (see (5.2)) that
1fl-1@®) = llogllL2w)- (5.4)
Moreover,
o +o5=f. (5.5)
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For each interval Iy, we use (5.5) for the corresponding term in the sum

A fdxl—/m(/ Slaa)d )
/: o(z1)dey + o(x) — ;/km <o(x1) + [ o d:c2>

< |o|*dx

~Y
Iy,

/Ik

after the Cauchy-Schwarz inequality is applied. Summing these estimates in k € Z and using (5.4),
we get the upper bound in (5.3) for compactly supported f.

Lower bound. Integration by parts gives

| tweeay= [ peas- [ </ £ ) ) gy

:g<x>—[ g(y) e~V dy
= [ @) gy ay

Therefore,
2 k+2 x
ey ae< [ ([ late) - atme dy) do
kez’k -
k+2 ]+2
<ZZ€ (k— ])/ / g(y)|? dzdy .
keZ j<k

Using the inequality (z +y + 2)? < 3(22 + 3% + 2?), we continue the estimate:

D) I (/ l9 = {g)n[Pdz + [(g)s, <9>1kl2+/1/_ Ig<g>1_7~|2dr>-

keZ j<k

Since

DD et )</ 9 (g Ik|dx+/|g— I|dx><2/ 19 — {9V [2dz,

keZ j<k keZ
—(k—3) 2
d > e 91, — (9)n]”

we are left with estimating

keZ j<k
Applying the Cauchy-Schwarz inequality for the telescoping sum
k
Dn =9, = Y (<g>15 — {91, )
s=j+1
we get
o), — @< (k=35 > Hon — (@l
J<s<k—1
Then,
Y k=5 Y N~ @nalP =) oL — @ Y (ke "
keZ j<k j<s<k—1 SEL k,j: j<s<k—1
We have
S k=i FD =3 (s +m—je T
k,j: j<s<k—1 j<sm>=1

=SS = e =37 % (4 j)e(m ),

J<Om2>=1 j=20m>1
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The last sum is finite and does not depend on index s. Now, the estimate

2 2 2
@)1, — ()1 = / (@)1, — 9+ 9— (ghr... Pde < / 19— {g)r.|Pda +2 / 19— (g)1..,,[?dz
IsNIgyq Is11

proves that

de.

> > e gy, Ik\2<2/ lg— (g

kezZ j<k s€Z
Hence, the lower bound in (5.3) holds for compactly supported f.

Now, take any f € L{ _(R)N H~'(R). The definition (1.2) of H~!(R) implies that Ff can be
written as (1+1in)(Fo) for some function o € L?(R). Moreover, this map f ~ o is a bijection between
H™'(R) and L*(R) and | f||g-1@®) = |lollr2r)- Taking the inverse Fourier transform of identity
Ff = (1+in)(Fo), one gets a formula f = o+ o’ where o is understood as a derivative in S’'(R).
Since f € L _(R) and o € L*(R), we have o’ € L] (R) and, therefore, o is absolutely continuous
on R with the derivative equal to f — 0. Now, take o, (z) = o(z)u,(x) and define the corresponding
fn = on + 0),. Here, p,(x) is even and

1, 0<z<n,
,LLn(fE): n+17$, SCE[n,TL+1),
0, r>n+1.

Then, {o,} — o in L*(R) and so {f,} — f in H *(R) because the mapping f — o is unitary from
H7L(R) onto L*(R). Also, each f, is compactly supported and {f,} converges to f uniformly on
every finite interval. Define g,, = fogg fnds, g = foz fds, and write (5.3) for f,,. The estimate on the
right gives

> |gn —(gn) 1 * da < 2| fullf-1 )

|k|<N
for each N € N. Sending n — oo, the bound

2 2
> |9* 1| dx < col | fll 1wy
k| <N
appears. Taking N — oo, one has the right estimate in (5.3). In particular, it shows that the sum in
(5.3) converges. By construction,

Z/ |gn7 dn Ik| dr = Z / |gf Ik‘zdx+€n7

keZ —n<k<n—2

where ¢, is a sum of integrals over I_,, 9,1 ,, 1,1, 1,I,. Since o € L?(R),

lim/|gnf<gn>1k\2dz:07 ke{-n—-2,—n—-1,n—1,n}.
k

n—oo

Hence, lim,,_,~ €, = 0 and, taking n — oo in inequality

erlfallsr ey < Z/ lgn — (gu)r.[2 e,

kEZ

one gets the left bound in (5.3). Since all antiderivatives are different by a constant and the integral
in (5.3) does not change if we add a constant to g, the proof is finished. O

5.2. Auxiliary perturbative results for a single interval. Notice that for any real symmetric
2 x 2 matrix ) with zero trace, we have that V = J@ is also real, symmetric and has zero trace. The
converse statement is true as well. Hence, the equation JN’Q + @QNg = 0 in Theorem 5.1, which is
equivalent to Né = JQNgq, can be written as NC’2 = V Ng with V having the same properties as Q.
Let Uy (x,y) denote the solution to

d

%U-‘:—(I,y) - V(.I)U_,’_(x’y), U+(y’y) —7
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and U_(z,y) denote the solution to

%U,(x,y) = V@)U_(2,y), U_(yy)=1.

Lemma 5.1. Suppose N' = VN,N(0) = I, where V is real-valued, V € L'[0,1], V = V*, and
trV =0. Then, for H = N*N, we have

det /01 H(E) dE = ;/01 /01 tr (Ui(x,y)U+(z,y)> dxdy = ;/01 /01 U (z,y) ;s dedy, (5.6)
1 1,1
det/o H(E)dE—1= %/O /0 H(U_i_(l‘,y)fU_(x’y))el 2

Proof. Notice that N,Uy,U_ € SL(2,R) and that every matrix A € SL(2,R) satisfies
JA*=A'g AT =J(AY)7L. (5.8)
Also, for any real 2 x 2 matrix B, we have
det B = (JBey, Beg) = —(JBesy, Bey) .

dxdy . (5.7)

Hence,

7= det/ &)de = / / (JN*(x)N(z)er, N*(y)N(y)ez)dzdy
/ / (JN*(x)N(z)e2, N*(y)N(y)e1)dzdy .

For the second integrand, we have
(JN*(z)N(z)er, N*(y)N(y)e2) = (N*(y)N(y) JN"(z)N(z)es, e2) .
Then, identities (5.8) imply
N*(y)N(y)JN*(z)N(z) = N*(y)J (N*(y)) " N*(2)N(z) = J(N(y) " (N*(y)) "' N*(2)N(z)
and, since Je; = ey and J* = —J,
(JN*(z)N(2)er, N*(y)N(y)e2) = (N ()~ (N*(y))'N*(z)N(z)er, e1) .
Similacy, (V° (@) (r)ea, N ()N @)er) =~ ")) (N (e ). Honce

5[ / SN () N @) N (e, ) dady =
/ / (V)™ (7)) N @ @) oy = 5 [ [ (0 @) N @)V @) (80) ) dady.
Now, we use the formula N(z)(N(y))~' = U4 (z,y) to rewrite the last expression as
/ / tr Ui(z,y)Uy(z, y))dxdy

Finally, (5.7) follows from Uy (z,y) € SL(2,R) by direct inspection after one uses the identities
JU(z,y)J = —U_(z,y) and tr(A*A) —2 = ||(A+ JAJ)e1|?, which holds for every A € SL(2,R). O

Remark. The integrand in (5.6) is symmetric: tr (UJ*r (z,y)Uqy(z, y)) = tr(U_’;(y, 2)UL(y, a:)) because
Ut(z,y) = Uy '(y,z) and Uy (z,y) € SL(2,R). Notice also, that
tr(Ui(x, y)U+(x,y)> = )\iyy + )\;’Z >2,

where A, , is an eigenvalue of U} (x,y)Uy(x,y) which explains why the left-hand side in (5.7) is
nonnegative.

Lemma 5.2. Suppose real-valued matriz-function V. = (. 2 ) is defined on [0,1] and satisfies
IVILijo1) < oo. Consider H = N*N, where N: N' =V N,N(0) =1I. Then,

1
det [ Hdz = LS|V I exp(CIV a0 (5.9)
0
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Proof. The integral equation for NV is
N = I+/ V Nds. (5.10)
0
By Gronwall’s inequality,

IN(@)] < exp ( / ' ||v<s>||ds) < exp(IV |1 oy)- (5.11)

Iteration of (5.10) gives

N=T+ /0 Vday + /OI V(1) (/OI V(xQ)N(xg)dxg) dary

1 1 T
0 0 0

Since tr V' = 0, the identity det(I + A) = 1+ trA + det A, which holds for all 2 x 2 matrices A, gives

Then,

1
det/ Hdl' -1 5 ||V||%1[0’1] eXp(C”V”Ll[OJ]) .
0
O

Lemma 5.3. Suppose real-valued symmetric matriz-functions V and O are defined on [0, 1] and satisfy

V:(“1 “2)=o+0/,ozo*:(01 02), (5.12)
Vg  —UV1 02 —01
§ = [|O||r20,1] < 00, (5.13)
d:=[|0'||L2[0,1] < 0. (5.14)
Consider H = N*N where N' = VN,N(0) = I. Then, we have
1 2 1
det/ Mo —1 = 42/ 15 — (g;) 2 d + 7, || < 62% exp(C(d+6)), (5.15)
0 =iJo
where .
g;j = / v; dx (5.16)
0

and C is an absolute positive constant. An analogous result holds if O and V are related by V = O—-0'.

Proof. We will use the formula (5.7) for our analysis. Fix y € [0, 1] and take U4 (z,y) and U_(z,y)
which solve LU, (z,y) = V(2)Uy (2,y),Us(y,y) = I and LU (z,y) = =V (2)U-(z,y),U-(y,y) = I.
Iterating the corresponding integral equations, one gets

U. (-T y) = I+/ Vdax, +/ / Vdxodx, +/ V/ / Vdxgdrodax, +
/ V/ V/ / Vd:c4d:c3dx2dac1+/ / / / V frdxsdrsdaadey,

Feto = [ VU Gs.

U_(z,y)=1- / Vda:1—|—/ V/ Vdxodx, — / V/ V/ Vdrsdrodr, +
/ / / V/ Vdxadrsdrodr, — / / / V/ V f_dxsdrsdrodxy,

fo(aa) = / V(s)U_(s,y)ds.
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Taking Uy (z,y) —U_(x,y) as in (5.7) leaves us with

I1 :/ V/ / deg,dxgdxl, (518)
I z/ V/ V/ \% V (f+ + f-)dzydasdaadr . (5.19)

Recall that V' = O + O’ where O satisfies (0.13) and (5.14). These assumptions are to be used in the
following proposition. On ]Ra_, we define the partial order

MEH

Proposition 5.2. Suppose a matriz-function O is defined on [0,1] and denote
0= ||OHL2[0,1], d= HO/||L2[O,1]' (5.20)
Let an operator Gy, be given by: F — (G, F)(z) = Lf(O + O')Fds where y € [0,1] and a matriz-
function F, defined on [0, 1], satisfies || F||p0,1] < 00 and ||[F'||z2(0,1) < 0o. Then,
1G ) F Lo, ] [ [ E'l| o< [0,1) ] ( §+Vod 6 >
’ <CM ’ , M= , 5.21
(G FY Nz T s+d 0 (321

where C' is an absolute positive constant, the norms and derivatives are computed with respect to x.

by requiring that z; < y; and 22 < ys.

Proof. Let b= || F|[1~[0,1],¢ = [[F’| £2[0,1]- Write
O*(z)O(z) — O (y)O(y) = / (0*)YO+0*0")ds. (5.22)
y

Then,

0@ = max [O@E|2 = max (O (@)0@)EE) < [OW? +2 / 10'(s)]- 10(s)]lds

gl <1 l€lle2 <1
Applying Cauchy-Schwarz inequality to the integral, integrating in y from 0 to 1 and maximizing in
T gives
1

[0l ze<0,1) S 6+ (dd)> . (5.23)

Then,
(G F)( / OFds + O@W)F(z) ~ Oy)Fy) ~ | OF'ds
y

and the estimate for the first coordinate in (5.21) follows from Cauchy-Schwarz inequality and (5.23).

Since (G, F)' = (0 + O)F, we get (G )l < (10]z2i0.5 + 10/ 2g0.0) [Pl z~o.1 and the
bound for the second coordinate in (5.21) is obtained. O
Continuation of the proof of Lemma 5.3. We apply the proposition to Z; three times with the
initial choice of F': F = I. That gives rise to taking the third power of matrix M: M3, applying it to
(1,0)*, and looking at the first coordinate. As the result, one has [|Z; || (o1 S 62(6+d)2. Therefore,

||Il€1||Loo ([0,1]2 52 exp(5 + d) (524)
Similarly, we consider Z, and use the previous prop051t10n four times making the first choice of F' as
F=/f+/f_. Applying the bound (5.11) to Uy and U_, we get || fy + f_||r=[0,1) S (0 + d) exp(d +
d), I f% + f2ll 220,17 S (0 +d) exp(d +d). This time, we compute the fourth power of matrix M : M4
apply it to vector ((5 +d) exp(d + d)(1,1)%, and look at the first coordinate. In the end, one has
IZoer o) < 6% exp(C(d + 5)) (5.25)
The first term in (5.17) can be written as

/gEVds . /IOds+O(x) —0(y)

Y
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and ”
‘ / Ods + O(z) — O(y) <4 (5.26)
Yy L2([0,1]2)
For any three vectors v, vo and vz in R%, we have an estimate
o1 4+ v + vs]| = [loa]l| < [Jv2 +vs]| < (o2l + [|vs]| ,

which follows from the triangle inequality. Multiplying with
o1 + vz +vsl + [Joa]| < 2floall + [lvall + [Jos]],

we get
[llor + vz +v3]|* = [Jor[*] < 2llvrl|(lo2ll + lloall) + (vall + [lvs]])? -

Applying it to (5.17) gives

2

O )~ V- el - | </ vas)e

(] v

Taking L'([0,1]?) norm in variables z and y of both sides and using (5.24), (5.25), (5.26) and the
Cauchy-Schwartz inequality gives
x
( / Vds) el
y

L W U egenParay = [ [
i [

Recalling the definition (5.16), we get
= (gi(=) — 9;(v))?

) vw)el =2

1 /ot 2 1
3 [ [ 10 U @alPdedy =1y [ oy~ (g)Pde 1. Ir] S 8 expl(Cld+ 6)).
0o Jo =i

<

~

“(ITiell + 1 Zzeall) + | Zuea || + (| Zea ||

2
dady+r, |r] < 6%° exp(C(d+9)).

SO

Lemma 5.3 is proved. O

Remark. All statements in this subsection can be easily adjusted to any interval but the constants
in the inequalities will depend on the size of that interval.

5.3. Rough bound when IEQ is small.

Lemma 5.4. Suppose an absolutely continuous function f is defined on [0,1] and satisfies
fer?o,1], f'=L+l, LeL0,1], IyeL?01]. (5.27)

Then, |||l roj0,1) < /02 +2(67 + €(7 + € +9)), where § = || fll 20,13 € = i1l Lro,17, T = [1l2]| 220011 -

Proof. There is £ € [0,1] such that |f(§)| < ¢ and
HOBIGIE /E f'ds
Thus, || f|[z[0,1] < 7+ €+ J. Then, writing

P - Py =2 / " frds,

Y

<THe€.

integrating in y and maximizing in x, we get
||f‘|%°°[071] < 52 + 2(57’ + e(fr + e+ 5)) )
O

Suppose Q is real-valued, symmetric matrix-function on R with zero trace and [|Q||z2(r) < co. De-
fine Ho = N*N, where N : N’ = JQN, N(0) = I. Notice that det ["** §*HoSdx = det [ Hoda
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for every constant matrix S € SL(2,R). Therefore, we can apply Lemma 5.2 to each interval [n,n+ 2]
by choosing S = N~!(n) and get an estimate which explains how ||Q||z2(z) controls Kg:

_ n+2
Ko=) (det/ Hodx — 4> S Y 1R pnns2 x2(ClIQI2) S Q72 =) exp(CIIQl2) -

ne”Z neZz
The next lemma shows that IEQ controls the convolution of () with the exponential.
Lemma 5.5. Suppose Q is real-valued, symmetric 2 X 2 matriz-function on R with zero trace and
entries in L?(R). Define Hg = N*N where N : N' = JQN,N(0) = I and assume that Kg < oc.

~ ~1
If O :=¢e* [ e*Qds, then ||O||p~r) < exp(C(|QlL2wr) + K@))KG where C is a positive absolute
constant.

Proof. Let R = ||Q/z2r) and E = IEQ. We split the proof into several steps.

1. Bound for a single interval [0,1]. The definitions (3.5) and (3.14) imply that 165 < E. From
Theorem 1.2 and Theorem 3.2 in [2], we know that g admits the following factorization on Ry :
Ho = G*WG where G and W satisfy conditions:

G =J(+v)G, |ulpe) SE, lvelee) S E, (5.28)
detG =1, v +vy=(v1+wv2)", (5.29)
and
W=>0, detW=1, [trW —2[p1r,)SE.

Since |[tr W —2||p10,1) S E, we have [[A+A"1 —2||119,1] < E, where X is the largest eigenvalue of .
If one denotes p =tr W —2 = XA+ A~! — 2, then

/\_2—|—p+\/4p—|—p2 /\,1_2+p—\/4p+p2 (5.30)
B 2 ’ B 2 ' '

In particular, that yields

1
[iwlassive. (5:31)
0
The given conditions on @ and (5.11) yield
IN(@)], [N~} (z)]| S exp(CR), € [0,1],

where the second estimate follows from the first since det N = 1. The Hamiltonian Hg = N*N is
absolutely continuous on R and

0 < exp(—CR)I < Ho(z) S exp(CR)I (5.32)

on [0,1]. We claim that ||G(0)|| < exp(C(R+ E)) and that ||G~1(0)|| < exp(C(R+ E)). Indeed, if X
satisfies X’ = J(v1 +v2)X and X (0) = I, then G = XG(0). Moreover, given conditions on vy and v
and det X = 1, we have

X ()| Sexp(CE), X7 (2)| S exp(CE) (5.33)
uniformly on [0, 1]. Identity Hg = G*(0)X*WXG(0) yields
(G*(0) T HQ(G(0)) ™ = X" WX.
Taking an arbitrary ¢ € C? with ||¢]|c2 = 1, we get

. 2(5.32) 1 . .
G O)E[2 < exp(CR) / (HoG (), G (0)¢)de
1 (5.31)+(5.33)
— exp(CR) / WXEXEdr < exp(C(R+E)),
0

which implies [|G71(0)| < exp(C(R + E)). We also have |G(0)|| < exp(C(R + E)) since detG = 1
and the claim is proved. Finally, we have

IG ()]l S exp(C(R+ E)), |G (x)| < exp(C(R + E))
for x € [0,1] since G = XG(0).
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Next, let us study W and W’. Since W = (G*)"'N*NG~1, one has |W| < exp(C(R + E)) on
x € [0,1]. Recall that W > 0 and det W =1, so
exp(—C(R+ ENI S W Sexp(C(R+ E))I, z€]0,1].
Since A is the largest eigenvalue of W and A < exp(C(R + E)), then (5.30) yields [[A — 1{|z2j0,1) S

Ez exp(C(R+ E)) and ||]A~! — 20 S E2 exp(C(R + E)). Introduce Y = W — I. The matrix T

is unitarily equivalent to (’\61 1/ Y_,) and that gives

Il 20,1 S E* exp(C(R + E)). (5.34)
We need to study Y’, which is equal to W’. To do so, notice that
2N*JQN =My = G*J(v1 + 02)WG + G*WJ (01 + v2)G + G*W'G. (5.35)
Hence,
Y =W =F+F,,
where

Fi = —J(vi + )W = WJ(vy +v), Fo=2(G*) 'N*JQNG™'.
The previously obtained estimates give us

||F1HL1[0,1] S E% exp(C(R+ E)), HF2||L2[0,1] Sexp(C(R+ E)). (5.36)
Now, we use (5.34), (5.36) to apply the previous lemma to each component of T to obtain

)l L0, S E¥ exp(C(R + E)). (5.37)
The formula (5.35) also gives an expression for Q:
Q = _J(Hl + H2) )
where
Hy = 0.5(N*) "1 G* T (v1 + v)WG + G*W J(vg +v2)G)N !
and
Hy = 0.5(N*)"H(G*Y'G)N~*.

Since ||Hi||lz1j0,1) S E3 exp(C(R + E)), we have

1
e’ / e *Hyds

For smooth matrix-functions wu, us, us, we have

1 1 1 1
/ uuyuz ds = ulugu;g’ — / ujuguz ds — / uruguy ds.
x xr xr

x

< E? exp(C(R+ E)).

L[0,1]

Then,

2¢e” /1 e *Hods =
e” (6_1(N*(1))_1G*(1)T(1)G(1)(N(1))I_1 — e (N (2)) ' G* (@)Y (2)G(x)(N(2)) )
et /;(e—S(N*(s))—la*)/TGN—lds e /; = (N*(s)) "1 G*T(GN Y ds .
Since (N1 |20y < exp(C(R + E)) and [|G']| 11041 < exp(C(R + E)), we have

1 (5.37)
e / = Hyds < Tl exp(C(R + E)) < E*exp(C(R+ E)).
xr
Summing up, we get

L£=[0,1]

1
ex/ e °Qds
x

< Eiexp(C(R+E)). (5.38)
L>][0,1]
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2. Handling all intervals [n,n + 1],n € Z. Take any n € Z. Our immediate goal is to show the
< B exp(C(R + E)) (5.39)

bound
n+1
e’ / e *Qds
x L [n,n+1]

analogous to (5.38) but written for interval [n,n + 1]. To this end, take the Hamiltonian H (™) (z) :=
Ho(z+n) defined on Ry . For the corresponding IC we get IC?;L) < E as follows from its definition.

(n)?
Since the K-characteristics of the Hamiltonians H and S*HS are equal for every constant matrix
S € SL(2,R), we can instead consider H(™ = N*N where N’ = JQ(z + n)N,N(0) = I. Using the
arguments in step 1 for H™, we get (5.39).

3. Summing up. Denote O, (z) = e* f € °Q - Xn<s<n+1ds and notice that O =3, Op. Then,
since O, (z) =0for z >n+1 and 10n(2)|| S e " |Onll oo (n,n41] for & < n, we get
10@@)| <> [[0n(2)| S E¥ exp(C(R+E)) Y e™" ~ E7 exp(C(R + E))
neE”Z n>=0
as follows from (5.39). That finishes the proof of Lemma 5.5. O

5.4. Proof of Theorem 4.1. Denote F = IEQ, O = ¢ f;o e *Qds, and recall that [|O|p2@) ~
Q-1 ®) < @l L2(w)-

1. Lower bound. Define 6, = ||O||z2[5,n41]- By Lemma 5.5, we know that sup,, 6, < Ei exp(C(R+
E)). Next, we apply Lemma 5.3 to each interval [n,n + 2]. The remainder r, in that lemma allows
the estimate

T < (6n 4 6np1)? P exp(C(6, + 61 + R), nEZ.
For each R > 0 and n > 0, we can find a positive Ey(R,n) such that E € (0, Eg(R,n)) implies that
the remainder r,, is smaller than 1(62 + 62,) uniformly in all n. For example, one can take

Eo(R, 77) ~ e_CnRa (540)

where C), is a sufficiently large positive number that depends on 7. Therefore, for such £ and some
positive constant ¢ independent of 7, we have

n+2

Se-miz s X (e [ Hods 1) £ (et )it
nezZ nez n nez

where the Proposition 5.1 has been applied to the terms f"” lg; — (g5)|* d= in the right-hand side

of (5.15), adjusted to the interval [n,n + 2], to show that they are comparable to 62 + 62 ;. Taking

n = c/2, we see that

E = Z (det/ Hodx — ) ~ 253 ~ HO||2L2(]R)7

nez nez
in the case E < Eo(R, §). If E > Ey(R, §), one uses inequality [|O||r2@) S R to get
_ Ey(R,3)
e MO F2m) S WHOHH ® SE, (5.41)
which holds for some positive absolute constant C' due to (5.40). That provides the required lower
bound.

2. Upper bound. Let §,, = [|O||z2[n,n+1) - For given value of R, apply Lemma 5.3 and Proposition 5.1
to each interval [n,n + 2]. That gives
E< Z 6260(R+6n)
nez

with an absolute constant C. Since > ~ llqll% 1) and ¢/ g-1(r) S R, one has

neZ n

c _
B S lallir- e ™M) 5 gl gy e
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6. APPENDIX

Here we collect some auxiliary results used in the main text.

1. We start with an example that shows that the scattering transform is not injective when defined
on q € L*(R). This is an analog of Lemma 17 in [27].

Example 6.1. There exist potentials q1,q> € L*(R) such that ¢1 # g2 in L*(R) but we have v, = rq,
a.e. on R for their reflection coefficients. In other words, the scattering transform q — r, is not
injective on L?(R).

Proof. Let us consider

and
aj =a, by =b, a; =1, b, =0,
where a =1+ i/z, b =1i/z. Note that
h:l:
/log(l — s (x)]?) do > —o0, sp=—, kE=1,2.
R Az

Theorem 12.11 in [13] says that for every contractive analytic function s on C, whose boundary
values on R satisfy log(1 — |s|?) € L'(R) there exists a unique coefficient A € L?*(R.) such that
s =limg o0 %, A € C4 for the continuous Wall polynomials generated by A. Moreover, we have

2| Al L2 e, ) = Illog(1 = Is]*) |22 ) (6.1)

Applying this result, we see that there exist functions AL, AF € L?(R,) such that an, be are the
limits of their continuous Wall polynomials. Now define potentials ¢; » € L*(R) by relations

ATH(8) = —a12(8/2)/2,  A75(8) = a2(-§/2)/2,  §€R,.
From Proposition 2.2, we conclude that the coeflicients a; 2, b1 2 for these potentials satisfy
a; = a = asy, blz_b:E:bQ,

on R\ {0}. Hence, ry, = ry, on R\ {0}. On the other hand, we have AT = 0 and A; = 0 by
construction. It follows that suppq; C (—o0,0] and suppgs C [0, +00). Since ¢; and ¢ are nonzero
(they have a nonzero L?(R)-norm as follows from (6.1)), that yields ¢; # g2 in L%(R). O

2. Next, we outline how to prove that the spectral representation for the Dirac operator Dg,
defined by relation (3.1), is given by the Weyl-Titchmarsh transform (3.10). To this end, we will use
the corresponding result for canonical Hamiltonian systems proved in [24].

At first, we note that if Hg = NN is the Hamiltonian from Theorem 3.1, then det Hg = 1 on R
and the operator V : X — NélX is unitary from L?(R,C?) onto the Hilbert space

L(g) = {Y R~ C [V acugmy = | (Ha(©Y () Y(©)er df < o0},

Moreover, VDgV ~! coincides with the operator Dyg 1Y = H~LJY" of the canonical Hamiltonian
system generated by the Hamiltonian Hc. Thus, the operator Dg on L?(R,C?) is unitary equivalent

to the operator Dy, on L*(Hg). Let M be the solution of Cauchy problem
IM'(§,2) = 2Ho(M(E,2),  M(0,2) = (}9), (6.2)

where z € C, £ € R, and the differentiation is taken with respect to £ € R. The Weyl-Titchmarsh
transform for Dy, is defined by

Foug Y = = [ 6.0 Ha(OY () de

on a dense subset of L?(H¢) of smooth compactly supported functions. This operator is unitary from
L?(Hg) onto the space L?(p) defined in the same way as at the beginning of Section 3. Specifically, we
let m4 be the half-line Weyl functions of Hg and define p as the representing measure for the matrix-
valued Herglotz function m in (3.8). It was proved in Theorem 3.21 in [24] that Fp,, DHQ}"B;Q
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coincides with the operator of multiplication by the independent variable in L?(p). We also have
Fou, VX)=Fp, X, X eL*R,C.

Thus, we only need to check that the Weyl functions m_ used in Section 3 coincide with the half-line
Weyl functions of the Hamiltonian H¢. For the R, -Weyl functions this follows from Lemma 6.1 below.
Comparing the formulas for AT, A~ in the beginning of Section 3, we see that the Weyl function m_
for Dg corresponds to the Weyl function m for Dg where C~2(§) = 03Q(—¢§)os. Similarly, in the
setting of canonical Hamiltonian systems, the Weyl function m_ for Dy, coincides with the Weyl
function m, of Dy , ﬁQ(g) = o3H(—&)os. Therefore, the statement for A~ follows from Lemma 6.1

below and from the relation ’ﬁ@ =o03Hgos = (ogNéag)(agNQag) = 7-[@.

Lemma 6.1. Let g € L?*(Ry). Define
—Imgq(¢) —RGQ(§)> Ty
= 3 A = — 2 2, c R .
Q) = (Cplte) e © = —a@D)2  Eer,
Let Nq be defined by JNGH(E,N) + Q(§)Ng(E,A) = ANg(E, ), Ng(0,A) = (§7). Consider the
Hamiltoiian HQj NG(E0)Ng(§,0) on Ry and let M = (%21 %;z) be defined by J]/\\]’(g,z) =
ZHo(E)M(E, 2), M(0,2) = (§9). Let, finally, P, P, P, P, be the solutions to Krein systems (2.11),
(2.12) for the coefficient A on Ry. Then,
Ma(62) _ 0 WNolna(€2) o Pe(62).
Eotoo My (€,2)  E=to0 (Ng)a1(€2)  &=too Pu(€,2)

In other words, the function m, in (3.7) is the half-line Weyl function for the operators Dy, Dq.

Proof. The formula N
lim %22(572) ~ im (Ng)22(§, 2)

§—+o0 MQ]_(&, Z) SEaES (NQ)21(£’ Z)
for Dg and Dy, is well-known and can be derived from the analysis of Weyl circles by using identity
Ng(E,\) = NQ(§,O)M (&, ) and the invariance of Weyl circles under transforms generated by J-
unitary matrices (in our setting, the J-unitary matrix is Ng(&,0): we have Nj(§,0)JNg(€,0) = J
on R). See, e.g., [4] or Section 8 in [25] for more details on Weyl circles for canonical Hamiltonian
systems. Thus, we focus on the second identity in (6.3) and define

P(26,2) + P.(26,2)  P(2¢,2) — P.(2€,2)

_ itz 2 A
&A= b oe )= Plog,s) Ples)+Beq) |” R €€
2 2

Differentiating, one obtains JX' + QX = zX, X(0,z) = ({ ). It follows that X (&, 2) = No(¢, 2). In
particular, we have

e P(26,2) + Pu(2¢,2) P.(2¢,2) — P(2€,2)
(Ng)22 =e 5 5; -

Since P(§,z) — 0, Pu(&,2) — II(z) # 0 as £ — +oo (see Theorem 12.1 in [13]), and analogous
relations hold for P and P,, we have

¢=+o0 (Ng)21(§,2)  e—+00 Pi(§,2)
The lemma is proved. O

: (Ng)a1 = e~

Z€C+.

3. Lemma 6.1 and some known results for canonical systems can be used to show that weak con-
vergence of potentials of the Dirac operator implies convergence of the corresponding Weyl functions.

Lemma 6.2. Suppose {q/}e>0 is a bounded sequence in L*(Ry) which converges to zero weakly. Let
Q¢ be the associated matriz-functions defined as in Lemma 6.1. Then, the sequence of corresponding
Weyl functions {my, 1} converges to i locally uniformly in C; when ¢ — +o0.
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Proof. For ¢ > 0, denote by Hg, the Hamiltonian generated by @, as in Lemma 6.1. Then, m, 1
is the Weyl function for the half-line operators Dy, and Dq,. Since sup, llgell2(r,y < oo and g,
converge to zero weakly in L?(Ry) as ¢ — +oo, the Hamiltonians Hg, tend to the identity matrix
Ho = ($9) uniformly on compact subsets on R . Then, their Weyl functions m ¢ tend to the Weyl
function m, = i of the Hamiltonian Hg locally uniformly in C; by Theorem 5.7 (b) in [24]. O
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