
CONVERGENCE OF SPARSE SQUARE-SUMMABLE NLFT

SERGEY A. DENISOV

Abstract. We study convergence of SU(1,1) and SU(2) NLFT with sparse ℓ2pZq data. The asymp-

totics of the associated polynomials orthogonal on the unit circle is obtained as a corollary.

1. The SUp1, 1q and SUp2q NLFT and main results.

This note is a companion to [4] where the SUp1, 1q nonlinear Fourier transform (NLFT) with

general square-summable coe�cients was studied and we will use some results and notation from

that work. Denote N � t1, 2 . . .u,Z� � t0, 1, 2, . . .u and Z will stand for the set of all integers. Let

F � tFnu|nPZ be a double-in�nite sequence of complex numbers and |Fn|   1,@n P Z. Taking N P Z�,
we de�ne a compactly supported F xNy by truncation: F

xNy
n � Fn � χ|n|¤N , n P Z, where χE denotes

the characteristic function of a set E. Consider 2 � 2 matrices rXnpz, F
xNyq, n P Z de�ned by the

recursion

(1.1) rXn �
1

p1� |F
xNy
n |2q

1
2

�
1 F

xNy
n z�n

F
xNy
n zn 1

� rXn�1, z P C

with rXn � I :� p 1 0
0 1 q for n   �N . One has rXn P SUp1, 1q for z P T and a more careful study of this

recursion gives (see p.5 in [13])

rXnpz, F
xNyq �:

�
anpz, F

xNyq b
p�q
n pz, F xNyq

bnpz, F
xNyq a

p�q
n pz, F xNyq

�
,

where

(1.2) f p�qpzq :� fpz̄�1q.

Clearly, f p�qpzq � fpzq if z P T. We also have

(1.3) |an|
2 � |bn|

2 � 1, z P T .

We put forward a de�nition:

De�nition. For F xNy, de�ne the SUp1, 1q nonlinear Fourier transform (NLFT) on Z as the map

F xNy ÞÑ

hkkikkj
F
xNy
sup1,1q :�

�
apz, F xNyq

bpz, F xNyq



,

where apz, F xNyq :� a8pz, F
xNyq and bpz, F xNyq � b8pz, F

xNyq.

In fact, since F
xNy
n � 0 for n ¡ N , we get�

apz, F xNyq

bpz, F xNyq



�

�
anpz, F

xNyq

bnpz, F
xNyq



, @n ¥ N .

We refer the reader to [4,6,7,9�11,13] for additional references and discussion about the NLFT. Our

�rst result is the following theorem.

Theorem 1.1. Suppose tnju|
8
j�0 is a subsequence in N that satis�es

(1.4)
nj�1

nj
¥ q, @j P Z�, n0 � 1 ,
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2 SERGEY A. DENISOV

where q ¥ 2. Take tδju P ℓ2pZ�q such that } tδju }ℓ8pZ�q   1. Let Fnj
� δj , @j P Z� and set Fn � 0

for all other n P Z. For any p P r2,8q, the limit

lim
NÑ8

hkkikkj
F
xNy
sup1,1q

exists in LppT,mq.

Remark. Clearly, in our theorem, the sparse sequence F can be taken in�nite in both directions, e.g.,

tnju � t�2su, s P Z� vs. the standard nj � 2j , j P Z�. The pointwise convergence of SUp1, 1q NLFT
with sparse ℓ2 data has been studied in [11]. In particular, the a.e. convergence was established there.

Later, we will comment on how that can be obtained from our argument.

Remark. Taking δj ¡ 0, tδju R ℓ1pZ�q and z � 1 in Theorem 1.1 shows that the L8pT,mq norm of

NLFT can grow in�nitely.

We make a few observations before starting with the proof of Theorem 1.1. Without loss of

generality, we can assume that }tδju}ℓ2 ¤
1
2 . Consider Ynpz, F q that solves the recursion

(1.5) Yn �

�
1 Fnz

�n

Fnz
n 1



Yn�1,

with Y0 � I. Clearly, rXn �
±n

j�0p1� |Fj |
2q�

1
2Yn for n ¤ N and, therefore, it is enough to show that

limnÑ8 Ynpz, F q converges for a.e. z P T. We denote

Ynpz, F q �:

� ranpz, F q rbp�qn pz, F qrbnpz, F q rap�qn pz, F q

�
.

Notice that Yn � Yn�1 if Fn � 0. We will show that limnÑ8
rbn and limnÑ8 rap�qn converge for a.e.

z P T but we need some notation �rst. In what follows, m will denote the normalized Lebesgue

measure on the unit circle T, i.e., dm � p2πq�1dθ, θ P r0, 2πq. Also, for the function f P L1pT,mq, we
write pfn �

³
T fe

�inθdm, n P Z for the Fourier transform. Similarly, given a sequence tGnu, we will

write qG �
°

nPZ Gne
inθ for the inverse Fourier transform whenever the sum makes sense.

Lemma 1.2. Assume that }tδju}ℓ2 ¤
1
2 , then

sup
n
}rap�qn pz, F q}2L2pT,mq � 1�Op}tδju}

2
ℓ2q, sup

n
}rbnpz, F q}2L2pT,mq � Op}tδju}

2
ℓ2q .

Proof. Denote for shorthand αj :� rap�qnj , βj :� rbnj
for j P Z� and α�1 :� 1, β�1 :� 0. Then, for z P T,

we have

(1.6) αj � αj�1 � δjz
njβj�1, βj � βj�1 � δjz

njαj�1 .

Due to supp pαj�1 � r0, nj�1 � 1s and supp pβj�1 � r1, nj�1s (see [13], p.6, Lemma 2), we get the

L2pT,mq-orthogonality of the terms due to (1.4). Then, for j P Z�, we get

}αj}
2
L2pT,mq � }αj�1}

2
L2pT,mq � |δj |

2}βj�1}
2
L2pT,mq, }α�1}L2pT,mq � 1,(1.7)

}βj}
2
L2pT,mq � }βj�1}

2
L2pT,mq � |δj |

2}αj�1}
2
L2pT,mq, }β�1}L2pT,mq � 0 .(1.8)

Since tδju P ℓ2pZ�q, we can add these two identities and iterate to get

}αj}
2
L2pT,mq � }βj}

2
L2pT,mq �

¹
s¤j

p1� |δs|
2q .

Hence, for j P N, we have

}αj}
2
L2pT,mq � }αj�1}

2
L2pT,mq �O

�
|δj |

2
¹

s¤j�1

p1� |δs|
2q

�
, }α�1}L2pT,mq � 1,(1.9)

}βj}
2
L2pT,mq � }βj�1}

2
L2pT,mq �O

�
|δj |

2
¹

s¤j�1

p1� |δs|
2q

�
, }β�1}L2pT,mq � 0 .(1.10)

Iterating these formulas, we get our result. □
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It will help to work with αj and βj on the Fourier side. For j P Z�, we let Λj � supp pαj and

Σj � supp pβj . As we already noted before,

Λj � r0, nj � 1s, Σj � r1, njs .

We will need more notation: given N P Z and a set S � Z, we write N � S as a shorthand for a set

tN � s, s P Su. From (1.6), we get for j P N:

(1.11) Λj � Λj�1 Y pnj � Σj�1q, Σj � Σj�1 Y pnj � Λj�1q

and Λ0 � t0u and Σ0 � t1u. Clearly, the sets in the above unions are disjoint due to the sparseness

of tnju.

Lemma 1.3. If αj �:
°

0¤s x
pjq
s zs, βj �:

°
0¤s y

pjq
s zs, then for �xed s we get x

pjq
s � xs and y

pjq
s � ys

for large enough j. Moreover, x :� txsu P ℓ2pZ�q and y :� tysu P ℓ2pZ�q.

Proof. The �rst claim follows from (1.6) and (1.11) which show that txsu and tysu are de�ned recur-

sively. The second claim follows from the previous lemma. □

The following result was proved in [11]. It also comes as a corollary from our arguments above.

Corollary 1.4. Given assumptions of Theorem 1.1, the limit

(1.12) lim
NÑ8

hkkikkj
F
xNy
sup1,1q

exists for a.e. z P T.

Proof. By the Carleson theorem on convergence of Fourier series [3], the series

8̧

s�0

xsz
s,

8̧

s�0

ysz
s

converge for a.e. z P T. Since trap�qn u and trbnu are partial sums of these series, we get (1.12). □

Remark. In [11], it is proved that, provided that q ¥ 3, the convergence of NLFT on a set of positive

Lebesgue measure implies that the sparse NLFT data must be in ℓ2pZq.

Let σ be a probability measure on T with the in�nite support (in the sense of cardinality). Denote

the monic orthogonal polynomials by tΦnpz, σqu and orthonormal polynomials by tφnpz, σqu, we use

OPUC for both as shorthand. That is,»
T
Φnpz, σqz

�jdσ � 0,

»
T
φnpz, σqz

�jdσ � 0, @j P t0, . . . , n� 1u,

»
T
|φnpz, σq|

2dσ � 1,

degpΦnq � degpφnq � n, coe�npΦnq � 1, coe�npφnq ¡ 0 ,

where coe�npQq denotes the n-th coe�cient of the polynomial Q. For any polynomial Q, we let

Q� :� znQpz̄�1q. Notice that such �-operation is di�erent from the p�q-operation in (1.2) and it

depends on n P Z�. In fact, Q� � znQp�q. Let D denote the open unit disc in C. The polynomials

tΦnpz, σqu satisfy a recursion ( [12], see (1.5.10) on p. 56)

Φn�1 � zΦn � γnΦ
�
n, Φ0 � 1, n P Z� ,

where the coe�cients tγnu|
8
n�0 P D8 are called recursion (aka Schur or Verblunsky) parameters. It is

known that the set of measures σ and the set of sequences tγnu|
8
n�0 P D8 are bijectively equivalent.

We get the following two results.

Corollary 1.5. Suppose tnju and tδju are taken as in the previous theorem. If the recurrence coe�-

cients tγnpσqu of measure σ satisfy γnj
� δj ,@j P N and γn � 0 for all other n P Z�, then the limits

limnÑ8 φ�npz, σq and limnÑ8Φ�npz, σq exist for a.e. z P T.

Proof. The proof is immediate if one uses the connection between SUp1, 1q NLFT and the OPUC

( [4], Section 3 or [13], Lecture 5). □
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Next, we will discuss the SUp2q NLFT. Take any sequence of complex numbers G � tGnu|nPZ. For

any N P Z�, consider 2� 2 matrices Znpz,G
xNyq, n P Z de�ned by recursion

(1.13) Zn �
1

p1� |G
xNy
n |2q

1
2

�
1 �G

xNy
n z�n

G
xNy
n zn 1

�
Zn�1,

with Zn � I :� p 1 0
0 1 q for n   �N . We have Zn P SUp2q for z P T. The matrix Zn takes the form (we

use the same notation as for the SUp1, 1q case but these are di�erent quantities):

Znpz,G
xNyq �:

�
anpz,G

xNyq �b
p�q
n pz,GxNyq

bnpz,G
xNyq a

p�q
n pz,GxNyq

�
.

Following [1, 2, 8], we give a de�nition:

De�nition. For GxNy, de�ne SUp2q nonlinear Fourier transform (NLFT) on Z as the map

GxNy ÞÑ

hkkikkj
G
xNy
sup2q :�

�
apz,GxNyq

bpz,GxNyq



,

where apz,GxNyq :� a8pz,G
xNyq and bpz,GxNyq � b8pz,G

xNyq. The proof of the following result

repeats the proof of Corollary 1.4 word for word.

Corollary 1.6. Suppose tnju|
8
j�0 is a subsequence of natural numbers that satis�es

(1.14)
nj�1

nj
¥ q, @j P Z�, n0 � 1 ,

where q ¥ 2. Take tδnu P ℓ2pZ�q and let Gnj
� δj , @j P Z� and set Gn � 0 for all other n P Z. Then,hkkikkj

G
xNy
sup2q converges for a.e. z P T when N Ñ8.

Now, we are ready to prove Theorem 1.1.

Proof of Theorem 1.1. It will be su�cient to establish the asymptotics of matrices Yn. By interpolation,

it is enough to consider p � 2ℓ, ℓ P N where the case ℓ � 1 follows from our arguments above. To

explain the idea better, we start by taking ℓ � 2 which gives p � 4.

Recall our de�nitions of αj and βj , and the coe�cients txsu and tysu from Lemma 1.3. We can

partition the sequences x and y into blocks using the rapid growth of nj and write

x :� txsu �
¸
j¥0

Pj , y :� tysu �
¸
j¥0

Qj ,

where, see (1.6), qP0 � 1, qQ0 � 0 and, for j P N, we have

(1.15) qPj :� δjz
njβj�1, qQj :� δjz

njαj�1.

Moreover, suppPj1 X suppPj2 � H and suppQj1 X suppQj2 � H if j1 � j2. Hence, αj �rap�qnj �
°

s¤j
qPs and βj � rbnj

�
°

s¤j
qQs. We have } qPj}LqpT,mq � |δj |}βj�1}LqpT,mq, } qQj}LqpT,mq �

|δj |}αj�1}LqpT,mq for every q ¥ 1. Take µ P N as a large parameter to be speci�ed later. De�ne

xpdq :�
¸
j¥0

P
pdq
j , d P t0, . . . , µ� 1u, P

pdq
j :� Pjµ�d,

ypdq :�
¸
j¥0

Q
pdq
j , d P t0, . . . , µ� 1u, Q

pdq
j :� Qjµ�d,

and

∆j :�

�� ¸
|s�jµ|¤3µ

|δs|
2

�

1
2

.

Notice that
°

j ∆
2
j À µ

°
j |δj |

2. We write the sums

(1.16) f
pdq
j :�

¸
s¤j

qP pdq
s � f

pdq
j�1 �

qP pdq
j , g

pdq
j :�

¸
s¤j

qQpdq
s � g

pdq
j�1 �

qQpdq
j
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so, for d P t1, . . . , µ� 1u,

(1.17)
¸

s¤µj�d�1

qQj � g
p0q
j � . . .� g

pd�1q
j � g

pdq
j�1 � . . .� g

pµ�1q
j�1

and, for d � 0,

(1.18)
¸

s¤µj�1

qQs � g
p0q
j�1 � . . .� g

pµ�1q
j�1 .

Analogous formulas hold for the sums of qPj . Notice that

(1.19) sup
j
}αj}LqpT,mq ¤

µ�1̧

d�0

sup
j
}f

pdq
j }LqpT,mq, sup

j
}βj}LqpT,mq ¤

µ�1̧

d�0

sup
j
}g
pdq
j }LqpT,mq

by the triangle inequality. Our goal is to estimate }f
pdq
j }L4pT,mq and }f

pdq
j }L4pT,mq. To this end, we

take the square of both sides in (1.16):

pf
pdq
j q2 � pf

pdq
j�1q

2 � p qP pdq
j q2 � 2f

pdq
j�1

qP pdq
j �: I1 � I2 � I3 ,(1.20)

pg
pdq
j q2 � pg

pdq
j�1q

2 � p qQpdq
j q2 � 2g

pdq
j�1

qQpdq
j �: J1 � J2 � J3 .(1.21)

Notice that supp pI1 � r0, 2npj�1qµ�ds and supp pI2 � r2pnjµ�d � njµ�d�1q, 2njµ�ds and supp pI3 �

rpnjµ�d � njµ�d�1, 2njµ�ds. Now, we choose µ large enough to make sure that I1 K I2 and I1 K I3.

This is possible due to (1.4). Similarly, we can guarantee that J1 K J2 and J1 K J3 by taking µ large.

Therefore,

(1.22)

»
|f
pdq
j |4dm �

»
|f
pdq
j�1|

4dm�

»
| qP pdq

j |4dm�O

�»
|f
pdq
j�1

qP pdq
j |2dm



�O

�»
|f
pdq
j�1| � |

qP pdq
j |3dm



.

Now, we can use recursion (1.15) to estimate the second, third, and the fourth terms as follows. If

d P t1, . . . , µ � 1u, we use Young's inequality: ab ¤ ap{p � bq{q, a, b ¥ 0, p�1 � q�1 � 1, p P p1,8q,

along with (1.17) to get»
| qP pdq

j |4dm À |∆j |
4

»
|g
p0q
j � . . .� g

pd�1q
j � g

pdq
j�1 � . . .� g

pµ�1q
j�1 |4dm,(1.23) »

|f
pdq
j�1

qP pdq
j |2dm À(1.24)

|∆j |
2

�»
|g
p0q
j � . . .� g

pd�1q
j � g

pdq
j�1 � . . .� g

pµ�1q
j�1 |4dm�

»
|f
pdq
j�1|

4dm



,(1.25) »

|f
pdq
j�1| � |

qP pdq
j |3dm À(1.26)

|∆j |
3

�»
|g
p0q
j � . . .� g

pd�1q
j � g

pdq
j�1 � . . .� g

pµ�1q
j�1 |4dm�

»
|f
pdq
j�1|

4dm



(1.27)

and, for d � 0, we use (1.18) to get »
| qP p0q

j |4dm À |∆j |
4

»
|g
p0q
j�1 � . . .� g

pµ�1q
j�1 |4dm,(1.28) »

|f
p0q
j�1

qP p0q
j |2dm À |∆j |

2

�»
|g
p0q
j�1 � . . .� g

pµ�1q
j�1 |4dm�

»
|f
p0q
j�1|

4dm



,(1.29) »

|f
p0q
j�1| � |

qP p0q
j |3dm À |∆j |

3

�»
|g
p0q
j�1 � . . .� g

pµ�1q
j�1 |4dm�

»
|f
p0q
j�1|

4dm



.(1.30)

Analogous bounds hold for tg
pdq
j u. Then, summing up in d in (1.22), we have

µ�1̧

d�0

»
|f
pdq
j |4dm ¤

�
µ�1̧

d�0

»
|f
pdq
j�1|

4dm

��
1� C∆2

j

�
� Cµ∆

2
j

µ�1̧

d�0

»
p|g

pdq
j |4 � |g

pdq
j�1|

4qdm

and, similarly, one gets

µ�1̧

d�0

»
|g
pdq
j |4dm ¤

�
µ�1̧

d�0

»
|g
pdq
j�1|

4dm

��
1� C∆2

j

�
� Cµ∆

2
j

µ�1̧

d�0

»
p|f

pdq
j |4 � |f

pdq
j�1|

4qdm .
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We now add up these two bounds, use inequality
°

j ∆
2
j   8 and Lemma 4.1 from [4] to get

(1.31) sup
n

�
µ�1̧

d�0

»
|f pdqn |4dm�

µ�1̧

d�0

»
|gpdqn |4dm

�
  8

and, by (1.19), supn }rap�qn }L4pT,mq   8 and supn }
rbn}L4pT,mq   8. If we denote rap�q � qx and rb � qy,

the convergence }rap�qn � rap�q}L4pT,mq Ñ 0 and }rbp�qn � rbp�q}L4pT,mq Ñ 0 can be proved similarly using

the Cauchy criterion and estimates on the tails of the series
°

j
qPj and

°
j
qQj .

For ℓ ¡ 2, the argument is the same. Instead of (1.20), we get

(1.32) pf
pdq
j qℓ � pf

pdq
j�1q

ℓ � . . .� p qP pdq
j qℓ , pg

pdq
j qℓ � pg

pdq
j�1q

ℓ � . . .� p qP pdq
j qℓ

by Newton's binomial formula. Choosing µ large enough, we can again make sure that the �rst terms

in both sums are orthogonal to all others. Then, taking the square of the absolute values and using

Young's inequality, one can obtain the required bounds just like in (1.22)-(1.31). □

Theorem 1.7. Under the assumptions of Corollary 1.5, it holds that the orthogonality measure σ

satis�es dσ � wdm and w P LppTq with an arbitrary p P r2,8q. Moreover, the sequences tφ�nu and

tΦ�nu converge in LppT,mq.

Proof. Assume without loss of generality that }tδju}ℓ2 ¤
1
2 . Following [5], we de�ne the Wall polyno-

mials associated with σ by Aj and Bj and consider Bernstein-Szeg® approximations

dσj � σ1jdm �
1

|φj |2
dm, rj :�

Aj�1

Bj�1
.

Then, by the formula (6.3) in [5], we get

σ1j �
1� |rj |

2

|1� zrj |2
¤

1� |rj |

1� |rj |
�
p1� |rj |q

2

1� |rj |2

(4.14) in [5]

À |Bj�1|
2p1� |rj |q

2 À |Bj�1|
2 .

The connection between aj , bj and φ�j , Aj , Bj , already used in [4] in Section 3, shows the LppT,mq
estimates hold forAj , Bj as well, i.e., supj }Aj}LppT,mq   8 and supj }Bj}LppT,mq   8 for all p P r2,8q.

Hence, supj }σ
1
j}LppT,mq   8 for every p P r1,8q. Since σj

p�q
Ñ σ (see, e.g., Lemma 5.4 in [5]), we

get our �rst statement by using the weak compactness of balls in LppT,mq. The second claim follows

from the previous theorem and the relation between the SUp1, 1q NLFT and the OPUC. □
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