
THE STRONG VERSION OF NONLINEAR CARLESON CONJECTURE FAILS

SERGEY A. DENISOV

Abstract. In the context of the Dirac equation with L2pRq-potential, we study the Jost solutions

and prove that the maximal function associated with the argument of the transmission coe�cient

is unbounded. We also prove that the strong version of the Nonlinear Carleson Conjecture (NCC)

fails for Dirac equations and Krein systems.

1. Krein systems, maximal functions, and the NCC

Consider the fundamental matrix Xpx, k,Aq for the Krein system which is de�ned as the solution

to the Cauchy problem

(1.1) BxX �

�
ik �A

�A 0



X, Xp0, k, Aq �

�
1 0

0 1



,

where k � ξ � iη P C and Apxq P L1
locpR�q. We can write (see [4], p.38) X �

�
A� B�

B A

�
, where

Apx, k,Aq and Bpx, k,Aq, as functions in k, are entire functions of exponential type at most x and

they satisfy

AA� �BB� � eikx, k P C,(1.2)

|A|2 � 1� |B|2, k P R,(1.3)

|A|2 ¥ 1� |B|2, |A|2 ¥ 1� |B�|2, k P C� .(1.4)

Here, we use convention f�pkq :� eikxfpk̄q for a function f de�ned in C and such operation is x-

dependent. Given A P L2pR�q, we have two limits as xÑ �8:

Apx, k,Aq Ñ apk,Aq, Bpx, k,Aq Ñ bpk,Aq(1.5)

and the convergence is locally uniform in k P C� (see [4], Section 12). In folklore, the question

of existence of limits limxÑ8 Apx, ξ, Aq and limxÑ8Bpx, ξ, Aq for a.e. ξ P R often goes under the

name Nonlinear Carleson Conjecture (NCC). See [10, 11] for related results and discussion. This

problem is motivated by, e.g., studying the stationary and non-stationary scattering in Dirac and

Schrödinger equations. In fact, existence of such limits often implies the existence of wave operators

for the corresponding Schrödinger dynamics [2, 3]. The weaker version of NCC asks to study the

existence of the limit limxÑ8Bpx, ξ, Aq{Apx, ξ, Aq, so we will address existence of limxÑ8 Apx, ξ, Aq

and limxÑ8Bpx, ξ, Aq for a.e. ξ P R as a strong version of NCC. In the case when A P LppR�q, p P
r1, 2q, the convergence and the corresponding estimates for maximal functions are known [2, 8, 11].

For p ¡ 2, there are examples for which the limits do not exist (check [7], where this problem was

addressed for the Schrödinger operators). In the current work, we will study the borderline case p � 2.

The note [5] (see also [9,12]) contains discussion of NCC in the context of polynomials orthogonal on

the unit circle (OPUC) which has some advantages. We, however, prefer to address NCC for Krein

systems and Dirac equations because these two models exhibit more scaling properties than the OPUC

setup and that makes our analysis less technical.

Notation. The symbol C denotes the absolute constant which can change the value from formula to

formula. If we write, e.g., Cpαq, this de�nes a positive function of parameter α. For two non-negative

functions f1 and f2, we write f1 À f2 if there is an absolute constant C such that f1 ¤ Cf2 for all

values of the arguments of f1 and f2. We de�ne Á similarly and say that f1 � f2 if f1 À f2 and

f2 À f1 simultaneously. If |f3| À f4, we will write f3 � Opf4q. If α is a parameter, we write f1 ¤α f2 if
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f1 ¤ Cpαqf2. If E is a measurable subset of R, the symbol χE denotes its characteristic function and

|E| indicates its Lebesgue measure. For the d�d matrix A, the symbol }A} denotes its operator norm

in ℓ2pCdq. The class SpRq is the class of Schwartz functions on R, C8
c pR�q � tf P C8pR�q, supp f �

p0,8qu (hence f � 0 around the origin).

In this note, we propose studying the following two questions that address stronger versions of

NCC.
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Figure 1. The Stolz angle Sξ.

Assume A P L2pR�q.

Q1 (the strong version of NCC). Do the limits limxÑ8 Apx, ξ, Aq and limxÑ8Bpx, ξ, Aq exist for a.e.

ξ P R?

It is known that the function A is outer in C� and it can be written as ( [4], formula (12.29))

Apx, k,Aq � exp

�
1

πi

»
log |Apx, s,Aq|

s� k
ds



, k P C�

so logA is correctly de�ned and

arg Apx, k,Aq � Im logApx, k,Aq � Im

�
1

πi

»
log |Apx, s,Aq|

s� k
ds



.

The same statements hold for the limit function apk,Aq.

Q2 (the bounds for maximal functions). Let Sξ be a Stolz angle based on ξ P R. De�ne two maximal

functions

Mpξ, Aq � sup
kPSξ,xPR�

| arg Apx, k,Aq| , Mwpξ, Aq � sup
xPR�

| arg Apx, ξ, Aq|, ξ P R .

Clearly, Mwpξ, Aq ¤Mpξ, Aq.

Are the bounds Mpξ, Aq   8 or Mpξ, Aq   8 true for a.e. ξ P R? If so, do we have weak-L1

estimates such as

(1.6) |tξ : Mpξ, Aq ¥ λu| À
}A}2
λ

or |tξ : Mwpξ, Aq ¥ λu| À
}A}2
λ

, @λ ¡ 0

at least in the perturbative regime when }A}2 ¤ δ0 where δ0 is some small positive number?

Our main result is the following theorem.

Theorem 1.1. Both questions Q1 and Q2 have negative answers.

Remark. Recall that |Apx, k,Aq| ¥ 1 for Im k ¥ 0. In this note, we will be mainly interested in the

argument (rotation) of Apx, k,Aq. Since Apx,8, Aq � 1, it is natural to focus on logApx, k,Aq, Im k ¥

0 and control its imaginary part choosing the branch of log such that logApx,8, Aq � 0. It becomes

most explicit if we choose a path in C� connecting k � ξ P R to a point at in�nity and check the

total variation of the argument over the trajectory traced by Apx, k,Aq when k follows that path. For

example, in the Figure 2, we take A � χ0¤x¤7, ξ � 2, x � 7, compute Ap7, k, Aq and Maple-plot such

trajectory by choosing the ray tk � 2� iη, η P r0,�8qu as such path.
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Figure 2. The image of the segment tk � 2� iη, η P r0, 100su under the Ap7, k, Aq�map. Taking

η � 100 gives us a point close to z � 1.

We will provide the proof to Theorem 1.1 in the second section in the more general context of the

Dirac equations, see Corollary 2.4. However, the lack of (1.6) for the stronger version of maximal

function is easy enough and follows from the following result.

Theorem 1.2. There is a sequence of compactly supported functions tΨnu such that }Ψn}2   C and

(1.7) |tξ : Mpξ,Ψnq ¥ C 1 log nu| Á 1

for some positive constants C and C 1 hence (1.6) fails for M.

Proof. We will need the following two scaling properties of the fundamental matrix X:

1. Modulation. Let ℓ P R, Arℓs :� Aeiℓx and Xrℓs :�
�
e�iℓx 0

0 1

�
X . Then, BxX

rℓs �
�

ipk�ℓq �A
rℓs

�Arℓs 0

	
Xrℓs,

Xrℓsp0, kq � p 1 0
0 1 q. Hence,

(1.8)

�
e�iℓx 0

0 1



Xpx, k,Aq � Xpx, k � ℓ, Aeiℓxq

and Apx, k,Aq � Apx, k � ℓ, Aeiℓxq,Bpx, k,Aq � Bpx, k � ℓ, Aeiℓxq.

2. Dilation. Suppose µ ¡ 0, Apµqpxq :� µApµxq, and Xpµq :� Xpµx, µ�1k,Aq. We have

BxX
pµq �

�
ik �A

pµq

�Apµq 0

�
Xpµq, Xpµqp0, kq �

�
1 0

0 1



.

Hence,

(1.9) Xpµx, µ�1k,Aq � Xpx, k,Apµqq

and Apµx, µ�1k,Aq � Apx, k,Apµqq,Bpµx, µ�1k,Aq � Bpx, k,Apµqq.

Now, we continue with the proof which consists of two steps.
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First step: simpli�ed decoupled model. Consider a function Apxq P C8
c pR�q not identically

equal to zero and supported on the interval p0, 1q. This A de�nes the direct scattering transforms

Apxq
pbq
ÞÑ bpξ, Aq and Apxq

paq
ÞÑ apξ, Aq, where apξ, Aq and bpξ, Aq are the boundary values of apk,Aq and

bpk,Aq, given in (1.5). Recall that apk,Aq is an outer function in C� and |apξ, Aq|2 � 1�|bpξ, Aq|2, ξ P

R. Clearly, apk,Aq � Ap1, k, Aq and bpk,Aq � Bp1, k, Aq. Hence, a, b P C8pRq and (we will now drop

the dependence on A and write a for shorthand)

apkq � 1� ik�1

» 8
0

|A|2dx�Op|k|�2q ,

when k P C� and |k| Ñ 8. Moreover, log |a| is nonnegative and the sum rule holds (see [4], (12.2))»
R
log |a|dξ � π

» 8
0

|A|2dx.

Take ν ¥ 1. The dilation argument with µ � 1
ν given above shows that

Ap1{νqpxq � Apx{νq{ν
paq
ÞÑ ap1{νqpξq :� apνξq .

Then, let

(1.10) Ajpxq :� Ap1{νqpxqe�iξjx, ξj :� j{ν, j P t0, . . . , ν � 1u .

Clearly, we have » 8
0

|Ajpxq|
2dx � ν�1

» 8
0

|Apxq|2dx .

The previously discussed modulation scaling shows that Aj
paq
ÞÑ ajpkq :� apνpk � ξjqq.

Next, we study the following functions

Ojpkq :�
¹

0¤ℓ¤j

aℓpkq , j P t0, . . . , ν � 1u ,

which are outer in k P C�. Speci�cally, let us introduce

Fνpξq :� sup
kPSξ,0¤j¤ν�1

| arg Ojpkq| � sup
kPSξ,0¤j¤ν�1

�����
j̧

ℓ�0

arg aℓpkq

����� .
Lemma 1.3. We have

(1.11) Fνpξq Á log ν

for ξ P r 12 , 1s.

Proof. Notice that

argOjpkq � Im plog a0pkq � . . .� log ajpkqq �
j̧

p�0

Im

�
1

πi

»
log |apνps� ξpqq|

s� k
ds



, k P C� .

ξj�4 ξj�3 ξj�2 ξj�1 ξj

k

Figure 3. Creation of logarithmic growth by piling bumps to the left of k.

The �height� of each bump is � 1 and its �width� is � 1{ν. We have ξj � ξj�1 � 1{ν .
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Notice that apξq is smooth and

(1.12) 0 ¤ log |apξq| ¤ℓ |ξ|
�ℓ, |ξ| Ñ 8

for every ℓ P N. Then, for j P tν2 , . . . , ν � 1u, we get»
R

�
j̧

p�0

log |apνps� ξpqq|

�
1

s� k
ds �

»
R

�
j̧

p�0

log |aps1 � pq|

�
1

s1 � νk
ds1 .

We claim that

(1.13)

�����
»
R

�
j̧

p�0

log |aps1 � pq|

�
Re

�
1

s1 � νk



ds1

����� ¥ C1| log |k � ξj || � C2

for all k that satisfy 0 ¤ Im k ¤ 1 and ξj�
1
2ν ¤ Re k ¤ 4 (see the Figure 3). Indeed, if ω :� νk �: x�iy,

then x ¥ j � 1
2 and

Re

�
1

s1 � ω



�

s1 � x

ps1 � xq2 � y2
.

The nonnegative function
°j

p�0 log |aps
1 � pq| satis�es

j̧

p�0

log |aps1 � pq|
(1.12)
¤ ℓ p1� |s1 � j|q�ℓ, @ℓ P N

for s1 ¡ j. Therefore, �����
»
s1¡j,|s1�x|¡1

�
j̧

p�0

log |aps1 � pq|

�
s1 � x

ps1 � xq2 � y2
ds1

�����   C

if x ¥ j � 1
2 . Moreover, |Bs1

°j
p�0 log |aps

1 � pq|| ¤ C for s1 ¡ j, so we have�����
»
s1¡j,|s1�x| 1

�
j̧

p�0

log |aps1 � pq|

�
s1 � x

ps1 � xq2 � y2
ds1

�����   C

for x ¥ j� 1
2 . Next, we again assume that x ¥ j� 1

2 and consider the third integral (check Figure 3):�����
»
s1 j

�
j̧

p�0

log |aps1 � pq|

�
x� s1

ps1 � xq2 � y2
ds1

����� Á
» j

0

x� s1

px� s1q2 � y2
ds1 �

����Re » j

0

1

ω � s1
ds1
���� � ����Re log�ω � j

ω


���� � | log |pk � ξjq{k|| ¥ | log |k � ξj || � C

for the given range of k (we have taken the principal branch of the logarithm). Combining these

bounds, we have (1.13).

Now that we proved the claim (1.13), we get

max
j¤ν�1

| arg Ojpkq| ¥ C1| logp
1
ν � Im kq| � C2

for all k that satisfy 0 ¤ Im k ¤ 1 and 1
2 ¤ Re k ¤ 1. That implies (1.11). □

Second step: well-separated bumps. Besides ν, we now take another large parameter R ¥ ν and

let

Qν,Rpxq �
ν�1̧

j�0

Ajpx� jpν �Rqq ,

where Aj was introduced in (1.10).

In other words, we place ν bumps Aj , each of which is supported inside p0, νq on R�, separating
them by the intervals of size R where Qν,R vanishes. By the group property for the fundamental

matrix, we have

(1.14)

�
A�ppν �Rqℓ, k,Qν,Rq B�ppν �Rqℓ, k,Qν,Rq

Bppν �Rqℓ, k,Qν,Rq Appν �Rqℓ, k,Qν,Rq



�

ℓ�1¹
j�0

�
eikRa�pk,Ajq eikRb�pk,Ajq

bpk,Ajq apk,Ajq
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for every ℓ P t1, . . . , νu, k P C�, where a�pk,Ajq � A�pν, k,Ajq � eiνkapk,Ajq and b�pk,Ajq �

B�pν, k,Ajq � eiνkbpk,Ajq.

We will need to use the following bounds later. Since }Aj}1 � 1, Lemma 3.5 from the Appendix

yields

sup
xPR�,Im k¥0

}Xpx, k,Ajq} À 1 .

Therefore, |apk,Ajq| À 1, |a�pk,Ajq| À 1, |bpk,Ajq| À 1, |b�pk,Ajq| À 1 uniformly in k P C�, in
j P t0, . . . , ν � 1u, and in ν P r1,8q. From (3.1), also proved in the Appendix, we get

|Appν �Rqℓ, k,Qν,Rq �
ℓ�1¹
j�0

apk,Ajq| ¤ e�R Im kCℓ
1

uniformly in k : Im k ¥ 0 and ℓ P t1, . . . , νu. For example, take R � ν3 to guarantee

|Appν �Rqℓ, k,Qν,ν3q �
ℓ�1¹
j�0

apk,Ajq|   e�C2ν , ℓ P t1, . . . , νu

in the domain Im k ¥ ν�1 with some positive C2.

That inequality implies that if we take any ray tk � ξ � iη, η ¥ ν�1u and consider two curves

tAppν � Rqℓ, k,Qν,ν3qu and t
±ℓ�1

j�0 apk,Ajqu which are the images of such ray under these two maps,

then the points on these curves, corresponding to the same k, will be at most e�C2ν apart. Notice

that both curves approach the point z � 1 when η Ñ �8 and they stay outside the unit disc around

the origin. Comparing with the results for the simpli�ed decoupled model, we get

Mpξ,Qν,ν3q
(1.11)

Á log ν

for ξ P r 12 , 1s as long as ν is large enough. Now, notice that }Qν,ν3}2 � 1. Finally, taking Ψn :� Qn,n3

one gets (1.7). □

Remark. Notice that in the statement of the theorem, we can make supn }Ψn}2 as small as we like

if we start with Aδ � δA instead of A and make a positive δ small.

In the next section, it will be convenient to �rst address Q1 and the �rst part of Q2 in the context

of the Dirac equation on the whole real line. After we answer these questions for Dirac model, we will

come back to the Krein systems.

2. Dirac operator formalism, inverse scattering theory approach, and negative

answers to Q1 and Q2

We recall some basics about the Dirac equation on the line closely following [1], Section 2 (see

also [6]). Given a complex-valued function q P SpRq, de�ne the di�erential operator

(2.1) Lq � iσ3Bx � ipqσ� � qσ�q,

where σ3, σ�

(2.2) σ3 �

�
1 0

0 �1



, σ� �

�
0 1

0 0



, σ� �

�
0 0

1 0



.

Let us also de�ne

Epx, kq � e
k
2ixσ3 �

�
e

k
2ix 0

0 e�
k
2ix

�
.

In the free case when q � 0, the matrix-function E solves L0E � k
2E, Ep0, kq � p 1 0

0 1 q. Since q P SpRq,
it decays at in�nity fast and therefore one can �nd two solutions T� � T�px, ξ, qq such that

(2.3) LqT� � ξ
2T�, T� � Epx, ξq � op1q, xÑ �8,

for every ξ P R. These solutions are called the Jost solutions for Lq. Since both T� and T� solve the

same ODE, they must satisfy

(2.4) T�px, ξ, qq � T�px, ξ, qqT pξ, qq, x P R, ξ P R,
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where the matrix T � T pξ, qq does not depend on x P R. One can show that it has the form

(2.5) T pξ, qq �

�
apξ, qq bpξ, qq

bpξ, qq apξ, qq



, detT � |a|2 � |b|2 � 1.

The matrix T is called the reduced transition matrix for Lq, and the ratio r � b{a is called the re�ection

coe�cient for Lq and 1{a is called the transmission coe�cient. One can obtain T in a di�erent way:

let Z � Zpx, k, qq, x P R, k P C be the fundamental matrix for Lq with spectral parameter k
2 , that is,

(2.6) LqZ � k
2Z, Zp0, k, qq � p 1 0

0 1 q .

Then, we have

(2.7) Zpx, k, qq � T�px, k, qqT
�1
� p0, k, qq

and the pointwise limits

(2.8) T�1
� p0, ξ, qq � lim

xÑ�8
E�1px, ξqZpx, ξ, qq

exist for every ξ P R. Moreover, we have T pξ, qq � T�1
� p0, ξ, qqT�p0, ξ, qq on R.

The coe�cients a, b, and r were de�ned for ξ P R and they satisfy |a|2 � 1 � |b|2, 1 � |r|2 � |a|�2

for these ξ. However, one can show that apξ, qq is the boundary value of the outer function de�ned in

C� by the formula

apk, qq � exp

�
1

πi

»
R

1

ξ � k
log |apξ, qq| dξ



, k P C�,

which, in view of identity 1� |r|2 � |a|�2 � p1� |b|2q�1 on R, can be written as

(2.9) apk, qq � exp

�
�

1

2πi

»
R

1

ξ � k
logp1� |rpξq|2qdξ



� exp

�
1

2πi

»
R

1

ξ � k
logp1� |bpξ, qq|2qdξ



.

That shows, in particular, that b de�nes both a and r, and r de�nes a and b. The sum rule for the

Dirac equation reads

π

»
R
|qpxq|2dx �

»
R
log |apξ, qq|dξ .

The map qpxq
rrs
ÞÑ rpk, qq is called the direct scattering transform and its inverse is called the inverse

scattering transform. These maps are well-studied when q P SpRq. In particular, we have the following
result (see Theorem 2.1 in [1], the proof can be found in [6]):

Theorem 2.1. The map q
rrs
ÞÑ r is a bijection from SpRq onto the set of complex-valued functions

tr P SpRq, }r}L8pRq   1u.

In particular, each bpkq P SpRq uniquely de�nes q P SpRq such that bpkq � bpk, qq. That scattering

transform has some symmetries (see [1] and [8], p.241):

Lemma 2.1. If q P SpRq and ξ P R, then

(dilation): rpξ, µqpµxqq � rpµ�1ξ, qpxqq, µ ¡ 0 ,

(conjugation): rpξ, qpxqq � rp�ξ, qq ,

(translation): rpξ, qpx� ℓqq � rpξ, qpxqqe�iξℓ, ℓ P R ,
(modulation): rpξ, e�iβxqpxqq � rpξ � β, qpxqq, β P R ,

(rotation): rpξ, ζqpxqq � ζrpξ, qpxqq, ζ P C, |ζ| � 1 .

They imply the corresponding formulas for apξ, qq and bpξ, qq, too. One advantage of working with

Dirac operators on the whole line is the presence of translation symmetry, which we do not have for

the Krein system on R�. The other bene�t of the Dirac model is Theorem 2.1 which does not require

the scattering data r to be analytic in C�.
We need to outline the connection between the Krein systems and the Dirac operator Lq (see

[1], p.225). Given q, let

A�pxq � � 1
2qp

x
2 q, A�pxq �

1
2qp�

x
2 q , x ¥ 0 .



8 SERGEY A. DENISOV

For these two Krein systems, we consider apk,A�q, bpk,A�q and apk,A�q, bpk,A�q . Then, we have

(check [1], p.227 and [8], p.241)

(2.10)

"
ap2k, qq � apk,A�qapk,A�q � bpk,A�qbpk,A�q,

bp2ξ, qq � apξ, A�qbpξ, A�q � bpξ, A�qapξ, A�q ,

where k P C�, ξ P R.

The existence of Jost functions can be proved for q P L1pRq, too. We will need two results.

Lemma 2.1. Consider v1, v2 P L1pRq, both supported inside r�r, rs, r ¡ 0. Take R ¥ 2r and let

Q � v1pxq � v2px�Rq. Then, for ξ P R, we get

(2.11)

"
apξ,Qq � apξ, v1qapξ, v2q � bpξ, v1qbpξ, v2qe

�ξR{i,

bpξ,Qq � apξ, v2qbpξ, v1q � apξ, v1qbpξ, v2qe
ξR{i .

Proof. This is immediate from the de�nition and the group property of the fundamental matrix.

Alternatively, one can see it from (1.14), where ℓ � 2, and (2.10). □

Lemma 2.2. Consider v1, v2 P L
1pRq. Take R ¥ 0 and let Q � v1pxq � v2px�Rq. Then,"

apξ,Qq � apξ, v1qapξ, v2q � bpξ, v1qbpξ, v2qe
�ξR{i �Opε�pRqq

bpξ,Qq � apξ, v2qbpξ, v1q � apξ, v1qbpξ, v2qe
ξR{i �Opε�pRqq

,(2.12)

ε�pRq :�

�»
|x|¡R{2

|v1psq|ds�

»
|x|¡R{2

|v2psq|ds

�
exppCp}v1}1 � }v2}1qq

uniformly in ξ P R.

Proof. We can take v
pRq
1 :� v1 � χ|x| R{2, v

pRq
2 :� v2 � χ|x| R{2 and use (3.4) to write

(2.13) |apξ, v
pRq
j q � apξ, vjq| À εjpRq, |bpξ, v

pRq
j q � bpξ, vjq| À εjpRq, j P t1, 2u

uniformly in ξ P R, where

εjpRq :�

�»
|x|¡R{2

|vjpsq|ds

�
exppC}vj}1q .

Similarly, if one de�nes QpRq :� v
pRq
1 pxq � v

pRq
2 px�Rq, then (3.4) provides

(2.14) |apξ,QpRqq � apξ,Qq| À ε�pRq, |bpξ,QpRqq � bpξ,Qq| À ε�pRq .

We can apply the previous lemma to QpRq. Then, substituting the obtained bounds along with (check

(3.6) and (3.7)) the estimates

|ajpξ, vjq| À exppC}vj}1q, |bjpξ, vjq| À exppC}vj}1q ,

into (2.11), we arrive at (2.12). □

The strong maximal function can be de�ned for the Dirac operator Lq as follows. Let T1, T2 P

R, T1   T2. Then,

Mpξ, qq :� sup
kPSξ,T1,T2

| arg apk, q � χT1¤x¤T2
q| ,

where Sξ is a Stolz angle at ξ P R. We can let q P L2pRq and ask the same questions we asked for Krein

systems, i.e., whether the maximal function M is well-de�ned and whether apk, q �χT1¤x¤T2
q Ñ apk, qq

pointwise when T1 Ñ �8, T2 Ñ �8. In fact, taking q � 0 for x ¤ 0 in the formula (2.10), we already

see that the weak-type bound for Mpξ, qq fails due to Theorem 1.2. If we consider another maximal

function

Mwpξ, qq � sup
T1,T2

| arg apξ, q � χT1¤x¤T2
q| , ξ P R ,

then it is clear that Mwpξ, qq ¤ Mpξ, qq. The next result shows that these maximal functions Mwpξ, qq

and Mpξ, qq might not be even de�ned for q P L2pRq.

Theorem 2.3. There is q P L2pRq such that Mwpξ, qq � �8 for ξ P r 12 , 1s.
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Proof. We do the proof in two steps.

First step: building a sample. Unlike in the �rst section, we use inverse scattering theory as a

stepping stone in our construction. Consider a function bpξq P C8
c pRq with support inside the interval

p0, 1q which is not identically equal to zero. Take δ P p0, 1q and consider brδspξq :� δbpξq. It will de�ne

arδspkq by (2.9), rrδspξq P SpRq and qrδspxq P SpRq. For qrδs, we have a bound

(2.15) |Bpqrδspxq| ¤ℓ,p px
2 � 1q�ℓ{2, @ℓ P N, p P Z� .

By the sum rule,

(2.16) 2π

»
R
|qrδs|

2dx �

»
R
logp1� |brδs|

2qdξ � δ2 .

Take ν ¥ 1 and let q
p1{νq
rδs pxq :� qrδspx{νq{ν. Then, bpξ, q

p1{νq
rδs q � bpνξ, qrδsq � δbpνξq . For every

j P t0, . . . , ν � 1u, we let qjpxq :� q
p1{νq
rδs pxqeiξjx. Notice that

(2.17) |qjpxq| ¤ℓ ν
�1ppx{νq2 � 1q�ℓ{2, @ℓ P N .

The modulation property of the scattering transform yields bpξ, qjq � δbpνpξ�ξjqq, apξ, qjq � arδspνpξ�

ξjqq, ξj :� j{ν. Take ρ ¡ 0, let

Qν,m,ρ,δpxq :�
m̧

j�0

qjpx� ρjq, m P t0, . . . , ν � 1u

and choose ρ � eν
2

. By construction, we have

bpξ, qjqbpξ, qℓq � 0, j � ℓ ,(2.18)
m̧

j�0

|bpξ, qjq| À δ,
m̧

j�0

|bpξ, qjq|
2 À δ2, @ξ P R .(2.19)

We can now apply the previous Lemma ν times recursively taking each time v1 � Qν,m,ρ,δ, v2 �

qm�1pxq, and R � ρpm � 1q. To estimate the errors, we notice that }Qν,m,ρ,δ}1 À m ¤ ν and

}qm�1}1 À 1. The strong decay (2.17) of Schwartz-class functions v1 and v2 gives ε
� ¤ e�2ν2

for each

iteration and ν ¥ ν0 with large enough ν0. Rewrite (2.12) as�
apξ,Qν,m�1,ρ,δq b̄pξ,Qν,m�1,ρ,δq

bpξ,Qν,m�1,ρ,δq āpQν,m�1,ρ,δq



��

apξ, qm�1q b̄pξ, qm�1qe
�ξρpm�1q{i

bpξ, qm�1qe
ξρpm�1q{i āpξ, qm�1q


�
apξ,Qν,m,ρ,δq b̄pξ,Qν,m,ρ,δq

bpξ,Qν,m,ρ,δq āpQν,m,ρ,δq



�Opε�q .

Recall that ρ � eν
2

. Applying Lemma 3.2, we get�
apξ,Qν,m,eν2 ,δq b̄pξ,Qν,m,eν2 ,δq

bpξ,Qν,m,eν2 ,δq āpQν,m,eν2 ,δq

�
�

m¹
n�0

�
apξ, qnq b̄pξ, qnqe

�ξneν
2
{i

bpξ, qnqe
ξneν

2
{i āpξ, qnq

�
�Ope�ν2

q .

We multiply the matrices in the product using (2.18) to get

(2.20) apξ,Qν,m,eν2 ,δq � apξ, q0q � . . . � apξ, qmq �Ope�ν2

q

uniformly in ξ P R, δ P p0, 1q, and ν ¥ ν0. Moreover,

1 ¤ |apξ, q0q � . . . � apξ, qmq| � exp

�
1
2

m̧

j�0

logp1� |bpξ, qjq|
2q

�
¤

exp

�
1
2

m̧

j�0

|bpξ, qjq|
2

�
(2.19)
¤ exppCδ2q ¤ 1� Cδ2 .

Hence, we get

1 ¤ |apξ,Qν,m,eν2 ,δq| ¤ 1� Cδ2 � e�ν2

(2.21)
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and an identity

|bpξ,Qν,m,eν2 ,δq|
2 � |apξ,Qν,m,eν2 ,δq|

2 � 1

implies

|bpξ,Qν,m,eν2 ,δq| À δ � e�ν2{2(2.22)

for all ξ P R, δ P p0, 1q, and m P t0, . . . , ν � 1u. Recall that |apk, V q � 1| Ñ 0 when Im k ¥ 0, |k| Ñ 8

and V P SpRq. Therefore, the application of the maximum principle to the function

apk,Qν,m,eν2 ,δq � apk, q0q � . . . � apk, qmq ,

analytic in k P C�, gives

|apk,Qν,m,eν2 ,δq � apk, q0q � . . . � apk, qmq|
(2.20)
¤ Ce�ν2

,

when k P C�. By the reasoning used in the proof of Lemma 1.3, we get (now we have that the height

of each bump is � δ2 and its width, as before, is � ν�1):

(2.23) max
ν{2¤m¤ν�1,ξPr 12 ,1s

| argpapξ, q0q � . . . � apξ, qmqq| ¥ C1δ
2 log ν

and, therefore,

(2.24) max
ν{2¤m¤ν�1,ξPr 12 ,1s

| arg apξ,Qν,m,eν2 ,δq| Á δ2 log ν ,

provided that both δ2 log ν and ν are large enough and the bound

(2.25) C1δ
2 log ν � Ce�ν2

¡ C2δ
2 log ν

holds with some positive constant C2. We will call Qν,ν�1,eν2 ,δ a sample. This is not a compactly

supported function but it is essentially localized to the interval, e.g., r�ν2, νeν
2

s in a sense that its

size is negligible outside that range when ν Ñ8. For the L2-norm of the sample, we recall (2.16) and

sparseness of bumps within a sample to get

(2.26) }Qν,ν�1,eν2 ,δ}
2
2 � δ2 .

Remark. By taking ν Ñ �8, our argument already shows that the weak-type bound

(2.27) |tξ : Mwpξ, qq ¥ λu| À
}q}2
λ
, @λ ¡ 0

fails even when q is restricted to }q}2 ¤ δ and δ is an arbitrarily small number.

Second step: putting samples together. In the previous construction of samples, we choose

(2.28) νn � exppexppn2qq, δn � expp�nq, n P N

where n ¥ n0. This choice of parameters will satisfy (2.25) for n ¥ n0, where n0 is su�ciently large,

because δ2n log νn � e�2n�n2

Ñ �8 as nÑ8. We also take

tn � exppexppνnqq

and construct the potential q by spreading the samples over the line at distance tn from the origin:

qpxq :�
¸

m¥n0

Qmpxq, Qmpxq :� Q
νm,νm�1,eν

2
m ,δm

px� tmq, qpnqpxq :�
¸

n0¤m¤n

Qmpxq .

Given that tn�1{tn Ñ 8 and tn{pνne
ν2
nq Ñ 8 as n Ñ 8, our q is a very sparse con�guration of

samples. Moreover, the n-th sample is �damped� by a small parameter δn to control the L2-norm of

the resulting q. Indeed, (2.26) yields

}q}22 À
¸

n¥n0

expp�2nq À e�2n0 .

Notice that we can make }q}2 as small as we want by choosing n0 large enough.
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Next, we use (2.12) again to analyze the fundamental matrix after combining the samples in q.

In fact, after adding a new sample Qn to those already collected in qpn�1q, the resulting recurrence

becomes (see Lemma 2.2)

(2.29)

"
apξ, qpnqq � apξ, qpn�1qqapξ,Qnq � bpξ, qpn�1qqbpξ,Qnqe

�ξtn{i �Opε�nq,

bpξ, qpnqq � apξ,Qnqbpξ, q
pn�1qq � apξ, qpn�1qqbpξ,Qnqe

ξtn{i �Opε�nq

uniformly in ξ P R. To bound ε�n, one uses

(2.30) }qpnq}1 À nνn�1 , }Qn}1 À νn

and (2.17) to get

ε�n À exppCpnνn�1 � νnqqt
�

1
2

n ¤ t
�

1
3

n .

According to (2.21) and (2.22), we have bounds

(2.31) 1 ¤ |apξ,Qnq| ¤ 1� Ce�n, |bpξ,Qnq| ¤ Ce�n.

Adding equations in (2.29) and taking absolute values gives

|apξ, qpnqq| � |bpξ, qpnqq| ¤ p1� Ce�nqp|apξ, qpn�1qq| � |bpξ, qpn�1qq|q �Opt
�

1
3

n q, n ¥ n0 .

Our choice tn � exppexppνnqq yields an estimate |apξ, qnq| � |bpξ, qnq| ¤ 1 � Ce�n0 after we use the

Lemma 3.3. The substitution of that bound back into (2.29) gives

|apξ, qpnqq| ¤ p1�Ce�nq|apξ, qpn�1qq|�Ce�n, |bpξ, qpnqq| ¤ p1�Ce�nq|bpξ, qpn�1qq|�Ce�n, n ¥ n0 .

Using Lemma 3.3 one more time gives

(2.32) 1 ¤ |apξ, qpnqq| ¤ 1� Ce�n0 , |bpξ, qpnqq| ¤ Ce�n0

for all n ¥ n0.

tn�1

Figure 4. Putting samples together. Showing the absolute values of bumps

in each sample and the place of the cut (vertical segment) at tn � pm� 0.5qeν
2
n .

tn tn �m exppνn
2q

Next we choose each m P t0, . . . , νn � 1u and consider potential q � χ
p�8,tn�pm�0.5qeν

2
n s
. We apply

Lemma 2.2 again choosing v1 � qn�1, v2 � Q
νn,m,eν

2
n ,δn

� χ
p�8,pm�0.5qeν

2
n s
, and R � tn. Then,

combining (2.30),(2.31), and (2.32), we get

|apξ, q � χ
p�8,tn�pm�0.5qeν

2
n s
q � apξ, qn�1qapξ, v2q| À e�n0 .

Finally, by applying the same Lemma 2.2 one more time, we obtain

|apξ, v2q � apξ,Q
νn,m,eν

2
n ,δn

q| À e�ν2
n

and substitution into the previous estimate, along with (2.32), gives us

|apξ, q � χ
p�8,tn�pm�0.5qeν

2
n s
q � apξ, qn�1qapξ,Qνn,m,eν

2
n ,δn

q| À e�n0 .

Application of the maximum principle again yields

|apk, q � χ
p�8,tn�pm�0.5qeν

2
n s
q � apk, qn�1qapk,Qνn,m,eν

2
n ,δn

q| À e�n0 ,

when k P C�. Therefore, for n0 large enough, one has

arg apk, q � χ
p�8,tn�pm�0.5qeν

2
n s
q � arg apk, qn�1q � arg apk,Q

νn,m,eν
2
n ,δn

q �Ope�n0q
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where k P C�. Subtracting these equations from each other for two di�erent values of m: m � r and

m � 0, we obtain

max
tνn{2u¤r¤νn�1,ξPr 12 ,1s

| arg apξ, q � χ
p�8,tn�pr�0.5qeν

2
n s
q � arg apξ, q � χ

p�8,tn�0.5eν
2
n s
q|

(2.24)

Á δ2n log νn
(2.28)

Á e�2n�n2

.

Taking n0 large enough, that bound implies

max
tνn{2u¤r¤νn�1,ξPr 12 ,1s

| arg apξ, q � χ
r0,tn�pr�0.5qeν

2
n s
q � arg apξ, q � χ

r0,tn�0.5eν
2
n s
q| Á e�2n�n2

.(2.33)

Arguing by contradiction, we get Mwpξ, qq � �8 for ξ P r 12 , 1s. □

Corollary 2.4. The questions Q1 and Q2 for the Dirac equation and the Krein system both have

negative answers.

Proof. It is enough to focus on the Krein systems. Take q from the previous proof and let A�pxq �

� 1
2qp

x
2 q, x ¥ 0. Notice that }A�}2   8 and, recalling the formulas (2.10) and (2.33), one has

(2.34) sup
x¡0,ξPr1{4,1{2s

| argApx, ξ, A�q| � �8 ,

which provides the negative answer to the �rst part of Q2 for Krein systems for both maximal functions.

The answer to Q1 is also negative. Take A � A� again. We argue by contradiction. Indeed,

suppose there is ξ P r 14 ,
1
2 s and limxÑ8 Apx, ξ, A�q �: α. Consider the curve Γx which is the image

of the ray tk � ξ � iη, η P r0,�8qu under the map k ÞÑ Apx, k,A�q. It connects the point 1 to the

point Apx, ξ, A�q and is outside the disc t|z|   1u. Clearly, the total variation of the angle (argument)

as we follow that curve from η � �8 down to η � 0 is equal to argApx, ξ, A�q. That function is

continuous in x just like the curve Γx itself is continuous in x. Take ϵ � 0.01 and xϵ ¡ 0 such that

|α� Apx, ξ, A�q|   ϵ for all x ¥ xϵ. Γx is located outside the disc t|z|   1u and it is continuous in x,

which implies that | argApx, ξ, A�q � argApxϵ, ξ, A�q|   2ϵ for all x ¥ xϵ and that is in contradiction

with (2.34). □

Remark. A simple modi�cation of our construction shows that there is A P L2pRq in the Krein

system, for which limxÑ8 Apx, ξ, Aq diverges for all ξ P R. Indeed, when choosing the n-th sample

Qn, we can accommodate the growth of argApx, ξ, Aq for ξ P In where the intervals tInu|
8
n�1 satisfy

In � In�1 and tInu Ò R. Alternatively, one can chose those intervals tInu|
8
n�1 such that |In| � 1 and

the set tn : ξ P Inu is in�nite for every ξ P R.
Remark. Let ϵ ¡ 0 be an arbitrarily small parameter and ν P R� and N P N be two large parameters.

Let J :� tj1   j2   . . .   jNu where jn P Z, n P t1, . . . , Nu. Consider the set S :� Ynrjn{ν, pjn�1q{νs

and Sint :� Ynrpjn � 0.25q{ν, pjn � 0.75q{νs. The formula (2.12) and our construction of a sample

Q can be used to explicitly build a potential Q P SpRq in Dirac equation for which the coe�cient b

satis�es: $&%
|bpξ,Qq| � 1, ξ P Sint;

|bpξ,Qq| ¤ ϵ, ξ P Sc;

|bpξ,Qq| À 1, ξ P R .
Thus, we can e�ectively make Q re�ectionless on a set Sc of an arbitrary structure while keeping

|rpξ,Qq| � |bpξ,Qq{apξ,Qq| � 1 on a large subset of S.

3. Appendix

In this Appendix, we collect some auxiliary statements used in the main text.

Lemma 3.1. Suppose we have square matrices tX1, . . . , Xνu and t∆1, . . . ,∆νu. Denote Ψj � Xj �

. . . �X1. Assume that }Xj} ¤ C and }∆j} ¤ ϵ for each j P t1, . . . , νu. Then, we have

(3.1) }pXn �∆nq � . . . � pX1 �∆1q �Ψn} ¤ Cn
1 ϵ, n P t1, . . . , νu ,

where C1 � 1� 2C � 2ϵ.
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Proof. The proof is by induction in n. For n � 1, the bound is correct. Take n ¥ 2 and suppose we have

our inequality for n� 1, i.e., }Σn�1} ¤ Cn�1
1 ϵ, where Σn�1 :� pXn�1�∆n�1q � . . . � pX1�∆1q�Ψn�1.

Then,

Σn � XnΣn�1 �∆npXn�1 �∆n�1q � . . . � pX1 �∆1q

and }Σn} ¤ CCn�1
1 ϵ� pC � ϵqn�1ϵ ¤ Cn

1 ϵ, provided that C1 � 1� 2C � 2ϵ. □

Lemma 3.2. Suppose we have square matrices tX1, . . . , Xνu and t∆1, . . . ,∆ν�1u. Denote Ψj �

Xj � . . . � X1, j P t1, . . . , νu. Assume that }Xj} ¤ C, 1 ¤ C, and }∆j} ¤ ϵ for each j. Let matrices

tY1, . . . , Yνu be de�ned inductively by:

Yn�1 � Xn�1Yn �∆n, Y1 � X1, n P t1, . . . , ν � 1u .

Then, we have

(3.2) }Yn �Ψn} ¤ ϵpn� 1qCn�1, n P t1, . . . , νu .

Proof. We use induction, again. For n � 1, the statement holds. Suppose it holds for n ¥ 1. Denote

En � Yn �Ψn. Then, En�1 �Ψn�1 � Xn�1pEn �Ψnq �∆n and

En�1 � Xn�1En �∆n, }En�1} ¤ C}En} � ϵ ¤ pn� 1qCnϵ� ϵ ¤ ϵnCn ,

as required. □

Lemma 3.3. Suppose the numerical sequence txnu satis�es

|xn�1| ¤ p1� Ce�nq|xn| � Ce�n, n ¥ n0 ,

then (with a di�erent choice of C) we have

|xn| ¤ p1� Ce�n0q|xn0
| � Ce�n0 , n ¥ n0 .

Proof. Let ψn :�
±n

j�n0
p1� Ce�jq and zn :� ψ�1

n |xn|. We have 1 ¤ ψn ¤ 1� Ce�n0 . Then,

zn�1 ¤ zn � Ce�n, zn0 ¤ p1� Ce�n0q|xn0 | .

The summation in n yields zn ¤ p1�Ce�n0q|xn0 | �Ce
�n0 . Multiplication with ψn gives the required

estimate. □

The Jost solutions are known to exist for q P L1pRq. In the next lemma, we quantify their asymp-

totics.

Lemma 3.4. Consider T� that solves (2.3) and assume that q P L1pRq. Then,

(3.3) }T�px, ξ, qq � Epx, ξq} À

�» 8
x

|qpsq|ds



exp

�
C

» 8
x

|qpsq|ds



.

Suppose v P L1pRq. Then,"
|apξ, q � vq � apξ, qq| À }v}1 exp pCp}q}1 � }v}1qq ,

|bpξ, q � vq � bpξ, qq| À }v}1 exp pCp}q}1 � }v}1qq .
(3.4)

Proof. Let Q :� �ipqσ�� q̄σ�q, Y :� E�1T� and write iσ3BxT� � QT��
ξ
2T� in the form BxY � rQY,

Y p�8, ξ, qq � p 1 0
0 1 q, where

rQ :� �iE�1σ3QE. Since } rQ} À |q|, the analysis of the Volterra integral

equation

(3.5) Y px, ξ, qq � p 1 0
0 1 q �

» 8
x

rQpsqY ps, ξ, qqds
gives

}Y px, ξ, qq} ¤ 1� C

» 8
x

|qpsq|}Y ps, ξ, qq}ds

after taking the norms on both sides. Iteration of this bound provides the standard exponential

estimate

(3.6) }Y px, ξ, qq} ¤ exp

�
C

» 8
x

|qpsq|ds



.
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Rewriting (3.5) and substituting the previous bound, we obtain

}Y px, ξ, qq � p 1 0
0 1 q } À

» 8
x

|qpsq| exp

�
C

» 8
s

|qptq|dt



ds ¤

�» 8
x

|qpsq|ds



exp

�
C

» 8
x

|qpsq|ds



.

Now, we write

}T� � E} � }EpY � p 1 0
0 1 qq} � }pY � p 1 0

0 1 qq} À

�» 8
x

|qpsq|ds



exp

�
C

» 8
x

|qpsq|ds



,

as required. Next, we turn to proving (3.4). From (2.4) and (2.5), we get

(3.7) T�1pξ, qq �

�
āpξ, qq �b̄pξ, qq

�bpξ, qq apξ, qq



� lim

xÑ�8
Y px, ξ, qq , ξ P R ,

where Y was introduced above. For the potential q � v, we get

(3.8) BxY px, ξ, q � vq � p rQ� rV qY px, ξ, q � vq, Y p�8, ξ, q � vq � p 1 0
0 1 q ,

where rV :� �iE�1σ3V E and V :� �ipvσ� � v̄σ�q. Recall that

(3.9) BxY px, ξ, qq � rQpxqY px, ξ, qq, Y p�8, ξ, qq � p 1 0
0 1 q .

Subtract one equation from another and write

(3.10) BxU � rQU �W, Up�8q � 0 ,

where U :� Y px, ξ, q � vq � Y px, ξ, qq and W :� rV Y px, ξ, q � vq. From (3.6), we conclude

}W px, ξq} À |vpxq| exp
�
Cp}q}1 � }v}1q

�
.

Write (3.10) as an integral equation

Upxq � �

» 8
x

rQpsqUpsqds� » 8
x

W psqds

and take the norms of both sides:

}Upxq} À

» 8
x

|qpsq|}Upsq}ds�

» 8
x

}W psq}ds À

» 8
x

|qpsq|}Upsq}ds� }v}1pexp
�
Cp}q}1 � }v}1q

�
.

Its iteration yields an inequality

}Y px, ξ, q � vq � Y px, ξ, qq} � }Upxq} À }v}1pexp
�
Cp}q}1 � }v}1q

�
.

Taking the limit as xÑ �8 in the last bound and using (3.7) gives (3.4). □

The next result shows the stability of the fundamental matrix under the L1pR�q perturbations.

Lemma 3.5. Suppose X solves (1.1) where A P L1pR�q. Then, we have

sup
x¥0, kPC�

}Xpx, k,Aq} ¤ exppC}A}1q .

Proof. We can write the Duhamel formula for X:

Xpx, k,Aq �

�
eikx 0

0 1



�

» x

0

�
eikpx�τq 0

0 1


�
0 Apτq

Apτq 0



Xpτ, k,Aqdτ .

Taking the norm of both sides and, recalling that Im k ¥ 0, we get

}Xpx, k,Aq} ¤ 1� C

» x

0

|Apτq|}Xpτ, k,Aq}dτ .

Iterating this inequality, one has

}Xpx, k,Aq} ¤ exp

�
C

» x

0

|Apτq|dτ



and the lemma follows. □
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