THE STRONG VERSION OF NONLINEAR CARLESON CONJECTURE FAILS
SERGEY A. DENISOV

ABsTrRACT. In the context of the Dirac equation with LQ(]R)—potential7 we study the Jost solutions
and prove that the maximal function associated with the argument of the transmission coefficient
is unbounded. We also prove that the strong version of the Nonlinear Carleson Conjecture (NCC)
fails for Dirac equations and Krein systems.

1. KREIN SYSTEMS, MAXIMAL FUNCTIONS, AND THE NCC

Consider the fundamental matrix X (z, k, A) for the Krein system which is defined as the solution
to the Cauchy problem

(1.1) @){:(_“i1 _OA)X, X(O,k,A)z((l) ?)

where k = ¢ +in € C and A(z) € Li (RY). We can write (see [4], p.38) X = (% %), where

A(x, k, A) and B(x,k, A), as functions in k, are entire functions of exponential type at most z and
they satisfy

(1.2) AA* — BB* = k7 ke C,

(1.3) A2 =1+ |B|?, keR,

(1.4) IA]* =14 B)% A2 =1+ |B*]>, keCT.

Here, we use convention f*(k) := e™*@ f(k) for a function f defined in C and such operation is -
dependent. Given A € L?(R*), we have two limits as 2 — +00:

(1.5) Az, k, A) —> a(k, A), B(z,k,A) > bk, A)

and the convergence is locally uniform in k € Ct (see [4], Section 12). In folklore, the question
of existence of limits lim, ., A(z, &, A) and lim,_,,, B(z, &, A) for a.e. € € R often goes under the
name Nonlinear Carleson Conjecture (NCC). See [10,11] for related results and discussion. This
problem is motivated by, e.g., studying the stationary and non-stationary scattering in Dirac and
Schrodinger equations. In fact, existence of such limits often implies the existence of wave operators
for the corresponding Schrodinger dynamics [2,3]. The weaker version of NCC asks to study the
existence of the limit lim,_,,, B(z, &, A)/A(x, &, A), so we will address existence of lim,_,., A(z, £, A)
and lim,_, o, B(z, &, A) for a.e. £ € R as a strong version of NCC. In the case when A € LP(R*),p €
[1,2), the convergence and the corresponding estimates for maximal functions are known [2,8,11].
For p > 2, there are examples for which the limits do not exist (check [7], where this problem was
addressed for the Schrédinger operators). In the current work, we will study the borderline case p = 2.
The note [5] (see also [9,12]) contains discussion of NCC in the context of polynomials orthogonal on
the unit circle (OPUC) which has some advantages. We, however, prefer to address NCC for Krein
systems and Dirac equations because these two models exhibit more scaling properties than the OPUC
setup and that makes our analysis less technical.

Notation. The symbol C denotes the absolute constant which can change the value from formula to
formula. If we write, e.g., C'(«), this defines a positive function of parameter «. For two non-negative
functions f; and fo, we write f; < fo if there is an absolute constant C such that f; < Cfs for all
values of the arguments of f; and f;. We define > similarly and say that f; ~ fo if fi < fo and
fo < f1 simultaneously. If | f3| < f4, we will write f3 = O(f4). If a is a parameter, we write f1 <, fa if
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f1 < C(a)fs. If E is a measurable subset of R, the symbol xg denotes its characteristic function and
|E| indicates its Lebesgue measure. For the d x d matrix A, the symbol | A|| denotes its operator norm
in £2(C?). The class S(R) is the class of Schwartz functions on R, C*(R") = {f e C*(R"),supp f
(0,00)} (hence f =0 around the origin).

In this note, we propose studying the following two questions that address stronger versions of
NCC.

§ Figure 1. The Stolz angle Sg.

Assume A € L*(R™).

Q1 (the strong version of NCC). Do the limits lim,_,. A(z,&, A) and lim,_, . B(x,&, A) exist for a.e.
EeR?

It is known that the function 2 is outer in Ct and it can be written as ( [4], formula (12.29))
1 [log|&A A
m(m,k7A) = exp <J0g|(x787)|d8) , kEC+
e s—k
so log 2 is correctly defined and
1 [log|A A
arg A(x, k, A) = ImlogA(x, k, A) = Im ( f og|(sc,s,)|d8> .
m s—k
The same statements hold for the limit function a(k, A).

Q2 (the bounds for maximal functions). Let S¢ be a Stolz angle based on £ € R. Define two maximal
functions

ME A) = sup |arg Az, k, A)|, My(E, A) = sup |arg Az, &, A)|, {eR.

keS¢, xzeRT zeRt
Clearly, M, (€, A) < M(E, A).

Are the bounds M(&, A) < o0 or M(E, A) < o true for a.e. £ € R? If so, do we have weak-L*
estimates such as
A A
(1.6 e me Az A< 2B o ez < R wiso

at least in the perturbative regime when |All2 < do where 0y is some small positive number?

Our main result is the following theorem.

Theorem 1.1. Both questions Q1 and Q2 have negative answers.

Remark. Recall that [2(x,k, A)| = 1 for Imk > 0. In this note, we will be mainly interested in the
argument (rotation) of 2A(x, k, A). Since A(x, 00, A) = 1, it is natural to focus on log2(x, k, A), Imk >
0 and control its imaginary part choosing the branch of log such that log 2(z, 00, A) = 0. It becomes
most explicit if we choose a path in C* connecting k¥ = £ € R to a point at infinity and check the
total variation of the argument over the trajectory traced by A(z, k, A) when k follows that path. For
example, in the Figure 2, we take A = xo<a2<7, § = 2, © = 7, compute (7, k, A) and Maple-plot such
trajectory by choosing the ray {k = 2+ in,n € [0,4+00)} as such path.
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Figure 2. The image of the segment {k = 2 + in,n € [0, 100]} under the 2(7, k, A)-map. Taking
n = 100 gives us a point close to z = 1.

We will provide the proof to Theorem 1.1 in the second section in the more general context of the
Dirac equations, see Corollary 2.4. However, the lack of (1.6) for the stronger version of maximal
function is easy enough and follows from the following result.

Theorem 1.2. There is a sequence of compactly supported functions {¥,,} such that |V, |2 < C and
(1.7) {€:M(&, Tn) > C'logn}| 2 1

for some positive constants C and C' hence (1.6) fails for 9.

Proof. We will need the following two scaling properties of the fundamental matrix X:

1. Modulation. Let £ € R, Al := Aci®® and X191 := (¢ 0) X . Then, 3, X1 = ({’;Q —ZO[” ) X,
X0,k) = (39). Hence,

—ilx .
(1.8) < ‘. ) )X(:c,k,A) = X(2,k — 0, Act)

and Az, k, A) = A(x, k — 0, Ae'), B(x, k, A) = B(z, k — {, Ac''®).
2. Dilation. Suppose pu > 0, AU (2) := pA(uz), and X# := X (uz, p~k, A). We have

. —(r)
() — ik A (1) () _ (10
0, X < L >X . X0, k) ( 01 )

Hence,
(1.9) X (pa, p 'k, A) = X (x,k, AW)
and A(pa, p~ 'k, A) = A(w, k, AW), B(uw, =k, A) = B(z,k, AW).

Now, we continue with the proof which consists of two steps.
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First step: simplified decoupled model. Consider a function A(xz) € C(R") not identically
equal to zero and supported on the interval (0,1). This A defines the direct scattering transforms

A(x) ) b(¢, A) and A(x) G a(§, A), where a(£, A) and b(&, A) are the boundary values of a(k, A) and
b(k, A), given in (1.5). Recall that a(k, A) is an outer function in C* and |a(¢, A)|> = 1+|b(¢, A)|?, € €
R. Clearly, a(k, A) = A(1,k, A) and b(k, A) = B(1,k, A). Hence, a,b € C*(R) and (we will now drop
the dependence on A and write a for shorthand)

s 8)
a(k) =1+ z’kflj |A[2da + O(k|2) .
0
when k € C* and |k| — 0. Moreover, log |a| is nonnegative and the sum rule holds (see [4], (12.2))

Is’6)
J log |a|d¢ = WJ |A|2dz.
R 0

Take v > 1. The dilation argument with p = % given above shows that

AU (@) = Aa/v)fv S a0/)(€) = a(ve).
Then, let
(1.10) Aj(z) == A (2)e™ 8% &= j/v, je0,...,v—1}.
Clearly, we have

Jm |A;(z)Pde = v* fm |A(x)|?dx .

0 0

The previously discussed modulation scaling shows that A; « a;(k) :==a(v(k —¢&;)).

Next, we study the following functions
Dj(k): H Clg(k), jE{O,...J/—l},
0<e<j
which are outer in k € CT. Specifically, let us introduce
J
Z arg as(k)| .
£=0

F.(6) = sup |arg O; (k)| = sup

keSe,0<j<v—1 keSe,0<j<r—1

Lemma 1.3. We have

(1.11) 3 (§) 2 logv
for €€ [3,1].

Proof. Notice that

arg O;(k) = Im (log ag(k) + . .. + log a;(k)) =1;01m <73if1°g|“(s”(_5k_§p))|ds), keC*.

-1 &-3 &G—2 &1 &
Figure 3. Creation of logarithmic growth by piling bumps to the left of k.
The “height” of each bump is ~ 1 and its “width” is ~ 1/v. We have §; — &,_1 = 1/v.
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Notice that a(§) is smooth and
(1.12) 0 < logla(é)] <¢ €174, [¢] = oo
for every £ € N. Then, for j € {%,...,v — 1}, we get

[ (Somtttson) L= [ (Sywsv ) 2o

p=0

J(Zlog|as—p)|> ( Vk)ds’

for all k that satisfy 0 < Imk < 1 and {;+55 < Rek < 4 (see the Figure 3). Indeed, if w := vk =: z+iy,

thenx?j—i—%and
1 s —zx
Re = .
<s’—w> (s' —x)? +y?

The nonnegative function Zi):o log |a(s" — p)| satisfies

We claim that

(1.13)

> Chllog [k = &|| — C2

J (1.12) ;
Dllogla(s' —p)| < ¢ (L+]s' =) VleN
p=0

for ' > j. Therefore,

f i log|a(s" — p)| ,s;;zds' <C
s'>j,|s'—z|>1 \ =0 (8 - 217) +y

if z > j + 3. Moreover, |0y Z ologla(s’ —p)|| < C for s’ > j, so we have

J 2 log la(s" — p)| B ds'| < C
s'>j,|s'—z|<1 —0 (Sl - 15)2 + y2

p

forz > j+ % Next, we again assume that x > j + % and consider the third integral (check Figure 3):

J / 5 /
xr— S xr— S
log la(s’ —p)| | ——————ds'| = J ————ds =
J.., (FZO LY R s kol o N ) e

ReJO w—s’dsl = [Relog <w >‘ =|log|(k —&;)/k|| = |log |k — &|| — C

for the given range of k£ (we have taken the principal branch of the logarithm). Combining these
bounds, we have (1.13).

Now that we proved the claim (1.13), we get
max, |arg O;(k)| = C1|log(L + Imk)| — Co
jsv—

for all k that satisfy 0 < Imk < 1 and 1 < Rek < 1. That implies (1.11). O

Second step: well-separated bumps. Besides v, we now take another large parameter R > v and
let

Qur() = 2 Aj(x—j(v + R)),
7=0
where A; was introduced in (1.10).
In other words, we place v bumps A;, each of which is supported inside (0,7) on RT, separating
them by the intervals of size R where ), r vanishes. By the group property for the fundamental
matrix, we have

(v + R K, Qur) B* (v + R)k, Qo) T ( eiRRa*(k Aj)  e*Ro*(k, A;)
(1.14)( T R>=H( : ) )

B((v+ Rk Qur) A+ R)k Qur) it b(k, A;) a(k, A;
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for every ¢ € {1,...,v}, k € C*, where a*(k, A;) = A*(v,k, 4;) = e*a(k, 4;) and b*(k, 4;) =
B* (v, k, Aj) = e b(k, A;).

We will need to use the following bounds later. Since |4;[1 ~ 1, Lemma 3.5 from the Appendix
yields

sup [ X(z, Kk, Aj)| < 1.
zeR* Im k=0

Therefore, |a(k, A;)| < 1, |a*(k, A;)] < 1, |b(k, A;)] < 1, [6*(k, A;)] < 1 uniformly in £k € C*, in
je€{0,...,v—1}, and in v € [1,00). From (3.1), also proved in the Appendix, we get

-1
(v + R)L K, Qu.r) — [ [ alk, 4j)] < ek
j=0
uniformly in & : Imk > 0 and £ € {1,...,v}. For example, take R = /3 to guarantee

-1
A + R) K, Quya) — [ [ alk, Aj)| < e, e {l,... v}
j=0

in the domain Imk > v~ ! with some positive Cj.
That inequality implies that if we take any ray {k = & +in,n = v~!} and consider two curves

{A((v + R)L, k,Q, 3)} and {Hﬁ;(l) a(k, A;)} which are the images of such ray under these two maps,

then the points on these curves, corresponding to the same k, will be at most e~ 2" apart. Notice

that both curves approach the point z = 1 when n — 400 and they stay outside the unit disc around
the origin. Comparing with the results for the simplified decoupled model, we get

(1.11)
M Qups) R logv

for £ € [%, 1] as long as v is large enough. Now, notice that |Q, 3]z ~ 1. Finally, taking ¥,, := Q,, 3
one gets (1.7). O

Remark. Notice that in the statement of the theorem, we can make sup,, [¥, ]2 as small as we like
if we start with As = 0 A instead of A and make a positive J small.

In the next section, it will be convenient to first address Q1 and the first part of Q2 in the context
of the Dirac equation on the whole real line. After we answer these questions for Dirac model, we will
come back to the Krein systems.

2. DIRAC OPERATOR FORMALISM, INVERSE SCATTERING THEORY APPROACH, AND NEGATIVE
ANSWERS TO Q1 AND Q2

We recall some basics about the Dirac equation on the line closely following [1], Section 2 (see
also [6]). Given a complex-valued function g € S(R), define the differential operator

(2.1) L, =1i030, +i(go_ — o),

where o3, 04

o) S T (O R )

Let us also define
k
& 2% 0
E(Ivk) = e2ki£03 = (ei) €_zkim> :

In the free case when ¢ = 0, the matrix-function E solves LoE = gE, E(0,k) = (}9). Since g € S(R),
it decays at infinity fast and therefore one can find two solutions T4 = T4 (x,&, q) such that

(23) ‘CqTi = %Tiv Ti = E(I7£) + 0(1)3 xr — iCX),

for every £ € R. These solutions are called the Jost solutions for £,. Since both T, and 7_ solve the
same ODE, they must satisfy

(24) T_(IZZ,E,Q) :T-‘r(zvfaQ)T(ga(I)? $€R7 SERa
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where the matrix 7' = T'(¢, g) does not depend on = € R. One can show that it has the form

w0 s (i BB oo

The matrix T is called the reduced transition matriz for £,, and the ratio r = b/a is called the reflection
coefficient for L, and 1/a is called the transmission coefficient. One can obtain T in a different way:
let Z = Z(z,k,q), z € R, k € C be the fundamental matrix for £, with spectral parameter g, that is,

(2.6) L,Z =57,  Z(0,k,q)=(}9).

Then, we have
(27) Z(x,k,q) = T (z, k, ) TE" (0, k, q)
and the pointwise limits

(2.8) T:10,6,9) = Jm E™N2,6)Z(z,€,q)

exist for every £ € R. Moreover, we have T'(£,q) = TJ:I(O7 £,¢)T-(0,¢,q) on R.

The coefficients a, b, and r were defined for ¢ € R and they satisfy |a|?> = 1+ [b]?, 1 — |r|> = |a| 2
for these £&. However, one can show that a(&, ¢) is the boundary value of the outer function defined in
C* by the formula,

albog) =exp (4 [ poglalde), kect,

which, in view of identity 1 — |r|?> = |a|=2 = (1 + |b]*)~! on R, can be written as

29) (k) = exp (=5 [ 2 tonl = OR)E ) =exp (51 [ o tox(1 + )P )

That shows, in particular, that b defines both a and r, and r defines a and b. The sum rule for the
Dirac equation reads

” f lg(x) [P = j log |a(€, g)|de .
R R

The map ¢(x) I r(k,q) is called the direct scattering transform and its inverse is called the inverse
scattering transform. These maps are well-studied when ¢ € S(R). In particular, we have the following
result (see Theorem 2.1 in [1], the proof can be found in [6]):

Theorem 2.1. The map q Il r is a bijection from S(R) onto the set of complez-valued functions
{re SR, el < 1.

In particular, each b(k) € S(R) uniquely defines ¢ € S(R) such that b(k) = b(k,q). That scattering
transform has some symmetries (see [1] and [8], p.241):

Lemma 2.1. If g€ S(R) and £ € R, then

(dilation): r(&, pg(pz)) = r(p='¢ q(x)), p>0,
(conjugation): r(§q(z)) =r(=¢§9),
(translation): r(& q(x —0) = (& q(x))e ™, (eR,
(modulation): r(&, e Pq(x)) = r(€ + B,q(x)), BeR,

(rotation): r(¢,Cq(x)) = ¢r(€,q(x)), (eC,|¢|=1.

They imply the corresponding formulas for a(, ¢) and b(, ¢), too. One advantage of working with
Dirac operators on the whole line is the presence of translation symmetry, which we do not have for
the Krein system on R*. The other benefit of the Dirac model is Theorem 2.1 which does not require
the scattering data r to be analytic in C*.

We need to outline the connection between the Krein systems and the Dirac operator £, (see
[1], p-225). Given ¢, let
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For these two Krein systems, we consider a(k, A, ),b(k, Ay) and a(k, A_),b(k, A_). Then, we have
(check [1], p.227 and [8], p.241)
{ Cl(2k‘, Q) = Cl(k‘, A-‘r)a(ka A—) - b(k7 A-‘r)b(ka A—)7

(2.10) b(2¢,q) = a(&, A_)b(¢, AL) — b(¢, A)a(E, AT),
where ke CT, £ e R.

The existence of Jost functions can be proved for ¢ € L*(R), too. We will need two results.

Lemma 2.1. Consider vi,vo € L'(R), both supported inside [—r,r],7 > 0. Take R > 2r and let
Q = v1(x) + va(x — R). Then, for £ € R, we get
(2.11) { a(§, Q) = a(§, v1)a(§, v2) + b(favl)b(€702)67£R/i,

b(§, Q) = a(§,v2)b(§,v1) + a(fvvl)b(faUZ)esR/l-

Proof. This is immediate from the definition and the group property of the fundamental matrix.
Alternatively, one can see it from (1.14), where £ = 2, and (2.10). O

Lemma 2.2. Consider v1,v2 € L*(R). Take R >0 and let Q = v1(x) + va(x — R). Then,

(212) f #6:9) = el U w)e o+ O
€, Q) = a6, v2)b(E, 01) + a6, 01 )b(E, 02)eS + O (R))

e*(R) := (L|>R/2 |v1(s)lds + me |v2(8)|d8> exp(C([lvifr + [lvz[1))

uniformly in £ € R.
Proof. We can take U:ER) = U1 X|z|<R/2s ng) ‘= V2 - X|«|<r/2 and use (3.4) to write

(2.13) la(e, o) —ae,v)| S 5 (R),  |b(e,v}™) — b€, v))| S €5(R), je{l,2)

uniformly in £ € R, where

)= (| quelds | es(Clus ).
|z|>R/2

Similarly, if one defines Q) := ng) (x) + véR) (x — R), then (3.4) provides
(2.14) ja(¢, Q) —a(¢, Q) £ e*(R),  [b(&, Q") —b(&, Q)| S ().

We can apply the previous lemma to Q). Then, substituting the obtained bounds along with (check
(3.6) and (3.7)) the estimates

la; (&, v;)| < exp(Clujl1),  [b;(€,v))] < exp(Cllvjf1),
into (2.11), we arrive at (2.12). O

The strong maximal function can be defined for the Dirac operator £, as follows. Let 17,75 €
R,T; < T5. Then,

M(£7 q) = Sup | arg a(k7 q- XT1$9:ST2)| ;
]CGSg}Tl,Tz

where S is a Stolz angle at £ € R. We can let ¢ € L?(R) and ask the same questions we asked for Krein
systems, i.e., whether the maximal function M is well-defined and whether a(k, ¢- x1,<z<15) — a(k, q)
pointwise when T3 — —o0, T» — +00. In fact, taking ¢ = 0 for z < 0 in the formula (2.10), we already
see that the weak-type bound for M(¢, ¢) fails due to Theorem 1.2. If we consider another maximal
function
Mw(§7q) = Sup |arg a(faQ'XT1<x<T2)|7 fER,
1,42

then it is clear that M,, (&, ¢) < M(¢, ¢). The next result shows that these maximal functions M,, (&, q)
and M(&, ¢) might not be even defined for ¢ € L2(R).

Theorem 2.3. There is g € L?(R) such that M,,(¢,q) = +o0 for £ € [, 1].
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Proof. We do the proof in two steps.

First step: building a sample. Unlike in the first section, we use inverse scattering theory as a
stepping stone in our construction. Consider a function b(§) € CF(R) with support inside the interval
(0,1) which is not identically equal to zero. Take ¢ € (0,1) and consider bjs)(§) := 0b(§). It will define
as) (k) by (2.9), r(51(€) € S(R) and q51(w) € S(R). For ¢[57, we have a bound

(2.15) 10Pqps1(2)] <o (2% +1)"92, WleN, peZt.
By the sum rule,

(2.16) 27TJ lqpsy [ da = J log(1 + |bysy|*)d¢ ~ 6.

Take v > 1 and let q[]/ )(x) = qps(x/v)/v. Then, b(§, q[l/”) = b(v€,qs)) = 0b(vE). For every

je{0,...,v—1}, we let ¢;(x) := Eg]/”)( )e’si®, Notice that

(2.17) lg; ()| <e v~ H(z/v)? + 1)~42, veeN.

The modulation property of the scattering transform yields b(¢, q]-) = 5b(y(§—£j)), a(€, qj) = agg (v(é—
&), & = j/v. Take p >0, let

s

me,p,ﬁ(m) = q](.’lf—pj)7m€{07,v—l}

0

J

and choose p = e’ By construction, we have
(218) b(§7 qjﬂ’(&)Qé) = 07 .] # ev

b6 a)l S8, Y 1&g £6°  VEeR.
j=0

s

(2.19)
0

J
We can now apply the previous Lemma v times recursively taking each time vy = Qum ps5, v2 =
gm+1(z), and R = p(m + 1). To estimate the errors, we notice that |Q,ms]1 < m < v and
|gm+1]1 < 1. The strong decay (2.17) of Schwartz-class functions vy and vy gives e* < e=2" for each
iteration and v = vy with large enough vy. Rewrite (2.12) as

( a(&qu,erl,p,&) E(£7QV,m+1,p,5) > _
b(&v Qu,m-‘rl,p,&) a(Qu,m-‘rl,p,é)

( a(&»‘]m+1) ] E(fa‘]m+1)67§p(m+1)/i ) ( a(faQu,m,p,é) B(faQu,m,p,&) >+O(8*)
b(f, qm+1)e£p(m+1)/z 5’(57 Qm+1) b(ga Ql/}mﬂoﬁ) @(Ql/,mm,é) '

Recall that p = e’ Applying Lemma 3.2, we get

a(é-v Qy7m7e7/276) (g Ql/ m, ev? 5
b(ga Qy,m7eV2 )5) a u m,er? .5
b

ﬁ( a(€, qn)

“%”@e”>+meﬂ.

b(€, gn)es™e” i a(€, qn)
We multiply the matrices in the product using (2.18) to get
2
(220) ( um e”2 6) = a(f, qo) et a(§7qm) + O(eill )

uniformly in £ € R, € (0, 1), and v > vg. Moreover,

1< a(€ q0) - - - a(§, gm)| =exp< Zlog 1+ 1b(¢, g5)] )) <

j=0

Hence, we get

(2.21) 1< a(6, Qo )l <1408+
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and an identity

|b(§7 Qy’m’euz,5)|2 = |a’(§a Qu,m,e“2,5)|2 -1
implies
(2.22) D€, Qy vt 5)| S 6+

for all £ e R,§ € (0,1), and m € {0,...,v — 1}. Recall that |a(k,V)— 1| — 0 when Imk > 0, |k| —» o
and V € S(R). Therefore, the application of the maximum principle to the function

a(k» Qy7m,e"276) - a‘(kv QO) Tt a(kv Qm) y
analytic in k € C*, gives

(2.20)
la(k,Q, .02 5) — alk,qo) - ...~ alk,qm)| < Ce™,

when k € C*. By the reasoning used in the proof of Lemma 1.3, we get (now we have that the height
of each bump is ~ 62 and its width, as before, is ~ v71):

(2.23) max |arg(a(&,q0) .- al€, gm))| = C16% logy

v/2<m<v—1,¢€e[4,1]
and, therefore,

(2.24) max larga(§, @, ,, o2 5)| R 5?logv,

v/2<m<rv—1,¢€[1,1]
provided that both §2logv and v are large enough and the bound
(2.25) C16%logv — Ce™ > Cy62 logv

holds with some positive constant Cy. We will call @ 2 5 a sample. This is not a compactly

2

v,v—1,e?
supported function but it is essentially localized to the interval, e.g., [-v 71/6”2] in a sense that its
size is negligible outside that range when v — oo. For the L?-norm of the sample, we recall (2.16) and
sparseness of bumps within a sample to get

(2.26) 1Q,,,_1.c2 sll5 ~ 6%

Remark. By taking v — 400, our argument already shows that the weak-type bound

(2.27) 6 My(60) > M1 5 122 va s 0

fails even when ¢ is restricted to |¢|2 < 0 and § is an arbitrarily small number.
Second step: putting samples together. In the previous construction of samples, we choose
(2.28) v, = exp(exp(n?)), &, =exp(-n), neN
where n > ng. This choice of parameters will satisfy (2.25) for n > ng, where ng is sufficiently large,
because 62 log v, = 27" — 460 as n — 0. We also take

t, = exp(exp(vy))

and construct the potential ¢ by spreading the samples over the line at distance t,, from the origin:

Q(x) = Z Qm(x)a Qm(x) = QVm’Vm_LeV?ﬂ,’gm (x - tm)a q(n) (:L') = Z Qm(x)

m=ng nog<Sm<n

Given that t,,41/t, — o and tn/(l/ne”i) — 00 as n — 00, our q is a very sparse configuration of
samples. Moreover, the n-th sample is “damped” by a small parameter §,, to control the L?-norm of
the resulting ¢. Indeed, (2.26) yields

lal3 < ) exp(=2n) S e ?™.

nz=ng

Notice that we can make g2 as small as we want by choosing ng large enough.
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Next, we use (2.12) again to analyze the fundamental matrix after combining the samples in gq.
In fact, after adding a new sample Q,, to those already collected in ¢("~1), the resulting recurrence
becomes (see Lemma 2.2)

(2.29) {“(5"1("’):“(5&"1”)@(&%) b(€ ¢ D)BE, Qe 6t/ + O(ed),
' b(&, ™) = a(, QuIb(§ ¢ ~1) + a8, g D)B(E, Qu)et! + O ()

uniformly in £ € R. To bound €¥, one uses

(2-30) la™ s S mva, 1Qulr < wn

and (2.17) to get

=

1
*<exp(Cnvp—1 +vn))tn 2 <ty .
According to (2.21) and (2.22), we have bounds
(2.31) 1< a(&, Qu)] <1+ Ce™, Ib(€, Qu)| < Ce™.
Adding equations in (2.29) and taking absolute values gives

1

la(&, ™)+ b, ¢™)| < (1 + Ce™™)(|a(, ¢ )| + b, ")) + Ot ®), n = ny .

Our choice t,, = exp(exp(vy)) yields an estimate |a(&, ¢n)| + 0(&, qn)| < 1+ Ce ™ after we use the
Lemma 3.3. The substitution of that bound back into (2.29) gives

ja(é,q"™) < (1+Ce™)a(€, ¢ )+ Ce™,  [b(E, ¢™)| < (1+Ce™™)[b(&, ¢ )[+Ce™, n = no.
Using Lemma 3.3 one more time gives
(2.32) 1< a(€,q™) < 1+Cem™, (e, ¢™)] < Ceo

for all n = nyg.

N B N

I
tn1 tn tn + mexp(v,?)

Figure 4. Putting samples together. Showing the absolute values of bumps

in each sample and the place of the cut (vertical segment) at t, + (m + 0.5)e"n.

Next we choose each m € {0, ..., v, — 1} and consider potential ¢ - X (ot t (mt0.5)e"3]" We apply

Lemma 2.2 again choosing v; = ¢p—1, v2 = QV'n7m7eV’%'7§n X (o (m40.5)e 3] and R = t,. Then,

combining (2.30),(2.31), and (2.32), we get
|a(€7 q- X(foo,thr(erO.S)e”%]) - a(fa QH—l)a(fa U2)| < e ",
Finally, by applying the same Lemma 2.2 one more time, we obtain
|a’(£7 UQ) - G,(g, Q
and substitution into the previous estimate, along with (2.32), gives us
|CL(§7 q- X(—%‘,tn+(m+0.5)e’“721]) - a({“, anl)a(& Qme7€"72h5n,)| Se .

Application of the maximum principle again yields

| <Se

2
Vn,m,e’n &,

lakq- X(—I,tn+(m+0.5)e”%]) = a(k, gn-1)a(k, QVn7m7€V%76n)| Se™,
when k € C+. Therefore, for ng large enough, one has

arga(k,q - X(—%,tn+(m+o_5)e“ﬁ]) = arga(k,qn—1) + arg a(k, Qvn,m,e”%,én) +O0(e™")
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where k € C*. Subtracting these equations from each other for two different values of m: m = r and
m = 0, we obtain

ma.

ln /2 <rema 1€l 3 1] |arga(€, 4 X 1,1 rro5yerd)) ~ A8AUE T Xy, 105003))]

(2.24) (2.28) ,
> 62logy, = e

Taking ng large enough, that bound implies

. _ ) > —2n+n2
(2.83) n/2]<r 2o 1 el b 1] |arg (€, 4" Xyo 1, + (ry0.50e2]) ~H8AUE T Xy, 405027 R € :
Arguing by contradiction, we get M, (¢, q) = +oo for € € [1,1]. O

Corollary 2.4. The questions Q1 and Q2 for the Dirac equation and the Krein system both have
negative answers.

Proof. Tt is enough to focus on the Krein systems. Take ¢ from the previous proof and let A, (x) =

—3q(%), z = 0. Notice that [|A, |2 < o0 and, recalling the formulas (2.10) and (2.33), one has

(2.34) sup  JargU(z,§, Ay)| = +o0,
2>0,6€[1/4,1/2]

which provides the negative answer to the first part of Q2 for Krein systems for both maximal functions.

The answer to Q1 is also negative. Take A = A, again. We argue by contradiction. Indeed,
suppose there is £ € [i, %] and limg,_, A(z, €, A+) =: a. Consider the curve I', which is the image
of the ray {k = £ +in,n € [0,400)} under the map k — A(z,k, A, ). It connects the point 1 to the
point A(z, &, Ay) and is outside the disc {|z| < 1}. Clearly, the total variation of the angle (argument)
as we follow that curve from 1 = +0o down to n = 0 is equal to arg2(x,&, Ay). That function is
continuous in x just like the curve I'; itself is continuous in x. Take ¢ = 0.01 and x. > 0 such that
oo —A(z, &, Ay)| < e for all © = z.. T’y is located outside the disc {|z| < 1} and it is continuous in z,
which implies that |arg2(x, &, Ay) —argA(x,, &, Ay)| < 2¢ for all z > z, and that is in contradiction

with (2.34). O

Remark. A simple modification of our construction shows that there is A € L?(R) in the Krein
system, for which lim,_,.. A(x, £, A) diverges for all £ € R. Indeed, when choosing the n-th sample
Qn, we can accommodate the growth of argA(x, &, A) for £ € I,, where the intervals {I,}|*_; satisfy
I, c I,+1 and {I,,} 1 R. Alternatively, one can chose those intervals {I,,}|/-~_; such that |I,,| = 1 and
the set {n : £ € I,,} is infinite for every £ € R.
Remark. Let ¢ > 0 be an arbitrarily small parameter and v € RT and N € N be two large parameters.
Let J := {j1 < j2 <...<jn} where j, € Z,ne {1,...,N}. Consider the set S := Up[jn/V, (jn+1)/V]
and Sint := Up[(jn + 0.25)/v, (4, + 0.75)/v]. The formula (2.12) and our construction of a sample
@ can be used to explicitly build a potential @ € S(R) in Dirac equation for which the coefficient b
satisfies:

|b(§?Q)| ~ 1? 56 Sint;

|b(€7 Q)| <e €S54

b, QI<1, (eR.
Thus, we can effectively make @) reflectionless on a set S¢ of an arbitrary structure while keeping

Ir(€,Q)| = b(¢,Q)/a(&, Q)| ~ 1 on a large subset of S.

3. APPENDIX
In this Appendix, we collect some auxiliary statements used in the main text.

Lemma 3.1. Suppose we have square matrices {X1,...,X,} and {A1,...,A,}. Denote ¥; = X -
.- X1. Assume that | X;| < C and |Aj|| < € for each j € {1,...,v}. Then, we have

(3.1) (Xn +AL) - - (X1 +A1) =T, <CTe, ne{l,...,v},
where C7 =1+ 2C + 2e.
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Proof. The proof is by induction in n. For n = 1, the bound is correct. Take n > 2 and suppose we have
our inequality for n —1, i.e., |[E,—1| < C’ffle, where ¥,,_1 = (Xp—1+Ap—1) .- (X1 + A1) =T, 4.
Then,

Y =XnYn 1+ An(anl + Anfl) ot (X1 + Al)
and |3, | < COTte + (C + €)" e < CPe, provided that C; = 1 + 2C + 2e. O

Lemma 3.2. Suppose we have square matrices {X1,...,X,} and {Ay,...,A,_1}. Denote ¥; =
X;-...- X, je{l,...,v}. Assume that | X;| < C,1 < C, and |Aj|| < € for each j. Let matrices
{Y1,...,Y,} be defined inductively by:

Y1 =Xn1Yu+4A,, Y1=X1, ne{l,...,v—1}.
Then, we have
(3.2) Vo — Wy <e(n—1)C"Y, ne{l,...,v}.
Proof. We use induction, again. For n = 1, the statement holds. Suppose it holds for n > 1. Denote
E,=Y,—V,. Then, F11 + V11 = X1 (E, + 9,) + A, and
Enp1 = Xnp1En + A, |Epia] S C|EL] + €< (n—1)C"e+ e < enC”,

as required. O

Lemma 3.3. Suppose the numerical sequence {x,} satisfies
|Zpi1] S (1 4+ Ce ™) |zn| +Ce™™, n=mng,
then (with a different choice of C) we have
|z < (14 Ce ™)|zp,| +Ce™ ™, n=ng.
Proof. Let ¢y, :=[[}_,,(1+Ce™7) and z, := ¢, '|x,|. We have 1 <th, <1+ Ce ™. Then,
Znt1 S 2n +Ce™™, zp, < (14 Ce™™0)|xy,] -
The summation in n yields z, < (14+Ce )|z, | + Ce ™. Multiplication with ), gives the required

estimate. 0O

The Jost solutions are known to exist for g € L'(R). In the next lemma, we quantify their asymp-
totics.

Lemma 3.4. Consider T, that solves (2.3) and assume that ¢ € L*(R). Then,

(33) 7. 6.0 = B0 < ([ laolas)exo (€ latolas)

x x

Suppose v € L*(R). Then,

{ |a(€; g +v) —a(&, 9] < v exp (C(lgfs + [[v]1))
[6(¢; g +v) = (& @) < vl exp (Cllglh + [[vll1)) -

Proof. Let Q := —i(qo_—qo),Y := E71T, and write io30, Ty = QT +%T+ in the form 0,V = QY,
Y(40,£,q) = (39), where @ := —iE~'03QE. Since |Q| < |gl, the analysis of the Volterra integral
equation

(3.5) Y(rq) = (59) - j ()Y (5,6, 9)ds

gives

(3.4)

¥ (2,60l <14C f )Y (.6, ds

after taking the norms on both sides. Iteration of this bound provides the standard exponential
estimate

(36) ool <o (C | a(s)ds)
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Rewriting (3.5) and substituting the previous bound, we obtain

s -@D1= [ lew (0 [ laoia)as< ([ o) eo (o[ laois)

Now, we write
1= = ([ talas) exw (¢ [ lacolas)

as required. Next, we turn to proving (3.4). From (2.4) and (2.5), we get

|7y — Bl = [E} = (51))

- a ~b(¢,q) .
3.7 T, =( al§, q) : = lim Y(z,¢,q), €€R,
(3.7) D=\ Zpe.q) ale.q) Jim Y(z,&q9), €
where Y was introduced above. For the potential ¢ + v, we get
(3.8) %Y (2,6,0+0) = (Q+ V)Y (2,60 +0v), Y(+w,6q+0)=(349),
where V := —iE'o3VE and V := —i(vo_ — voy). Recall that
(3.9) .Y (2,€,0) = Q@)Y (2,€,9), Y(+2,&9) = (§9) .
Subtract one equation from another and write
(3.10) 0.U =QU +W, U(+w) =0,

where U := Y (z,£,g+v) — Y (x,&,q) and W := YN/Y(x,ﬁ,q + v). From (3.6), we conclude
W (2, &)| < |v(z)exp(Clals + o)1) -

Write (3.10) as an integral equation
a0 e
—f O(s)U (s)ds — f W(s)ds

v e C

U@ = f ()T (s)llds + f W (s)llds < f |2 (s)]lds + ]2 (exp(C (gl + [v]1)) -

x

and take the norms of both sides:

Its iteration yields an inequality
[Y(2,8,q+v) = Y(2,6,9)| = [U@)| < [v]1(exp(Clal + [v]1) -
Taking the limit as  — —oo in the last bound and using (3.7) gives (3.4).

The next result shows the stability of the fundamental matrix under the L!(R*) perturbations.

Lemma 3.5. Suppose X solves (1.1) where A€ L*(R*). Then, we have
sup__ | X(x, k, A)| < exp(C| A1) .

=0, keC+

Proof. We can write the Duhamel formula for X:

X(a,k, A) = ( eigx ; ) —JO< ethl==n) ) ( E)T )X(T,k,A)dT.

Taking the norm of both sides and, recalling that Imk >

0, we get
IX (. k, A)| <1+ C f AIX (7, b, A) |dr
0
Iterating this inequality, one has

|X (2, k, A)| < exp (c L |A(7-)|d7->

and the lemma follows.
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