GENERALIZATIONS OF MENCHOV-RADEMACHER THEOREM AND
EXISTENCE OF WAVE OPERATORS IN SCHRODINGER EVOLUTION

SERGEY DENISOV, LIBAN MOHAMED

ABSTRACT. We obtain generalizations of the classical Menchov-Rademacher theorem to the case
of continuous orthogonal systems. These results are applied to show the existence of Moller wave
operators in Schrodinger evolution.

1. INTRODUCTION

The celebrated Menchov-Rademacher Theorem (see, e.g., [10]) gives a general condition for a.e.
convergence of the orthogonal series:

Theorem 1.1 (Menchov-Rademacher). Suppose {¢,,(x)},n € N is orthonormal system in L*(0,1)
and the sequence {a,} satisfies

(e @]
1 Z a2log®(n +1) < .
n=1
Then, the series > | an¢n(x) converges for a.e. x € (0,1). Moreover, if

n

> a;6;(@)

j=1

m(z) 4 sup
neN

defines a mazimal function, then
Imllz2,0) < C1Y2

with some absolute constant C.

This result can be easily modified to cover orthonormal systems in Li(O, 1) where p is a measure
on (0,1). In this paper, we prove an analog of this result for orthogonal systems with “continuous”
parameters of orthogonality and apply it to show the existence of wave operators for Schrodinger
evolution.

We start with the following definitions.
Definition. We say that f e L2 (RT) if

loc

(1.1) Joa|f(r)|2dr <

for all a > 0.
Definition. Let a pair (P, o) consist of a function P(r,k) : RT x R — C and a measure o on R.
We say that (P, o) is a continuous orthonormal system if

(a) for o-a.e. ke R, P(r,k) e L2 (R"),

loc

(b) for every f e L?*(R*) and every a > 0, we have

J

Our first result is the following theorem.

do(h) = [ 1),

fa FrVP(r, k)dr
0
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Theorem 1.2. Suppose (P, o) is continuous orthonormal system and

L&t f £ ()2 10g(2 + r)dr.
R+

Then, the sequence {J f(r)P(r, k)dr} converges for o-a.e. k € R. Moreover, if
0

dcf

= sup

D] s

then | M| g2 ®) < CLY? with some absolute constant C.

Definition. We will call a continuous orthonormal system (P, o) normalized if there is a contin-
uous positive function x defined on R such that

2
(1.2) ke LP[R), K s pf PR o
>0 (k)

For normalized systems, the previous theorem can be improved in the following way.

Theorem 1.3. Consider a normalized continuous orthonormal system (P,o,k) and suppose that
flog(2+r) e L2R"), then

¢ 2
(1.3) J}Rigg L f(r)P(r, k)dr

Moreover, as R — o0,

R 0
(1.4) L F)P(r, k)dr — JO F)P(r, k)dr

for a.e. k with respect to measure o.

do ©
T S U ume + K)JO )2 log(2 + r)dr.

One example of continuous orthonormal system is given by solutions {P(r, k)} to Krein systems
[5, 12]. Krein systems are given by the following linear system of differential equations

{ P'(r, k) = ikP(r, k) — A Py(r, k), P(0,k) =1

(15) PL(rik) = ~AWP(rR),  Py(0.k) =1

keC, r>0.

In this paper, we will always assume that the coefficient A € L (R™T). The Cauchy problem (1.5) has
the unique solution (P(r, k), Px(r,k)). In [12] (see also, e.g., [4]), Krein showed that {P(r,k)} with
r > 0 and k € R can be viewed as continuous analogs of polynomials, orthogonal on the unit circle.
In particular, there is a measure o on R, which satisfies

J do (k)
< o0,
r 1+ k2

da—f £ (r)2dr

and the following property

(1.6) f

holds for every f € L?(R*). In other words, any pair (P,o) gives an example of a continuous
orthonormal system. Notice that (1.6) allows us to define the generalized Fourier transform of f

a0
J f(r)P(r,k)dr
0
as an element of L2(R).

Under a mild extra assumption on coefficient A, the system (P,c) becomes normalized and the
previous theorem can be applied. More precisely, the following lemma holds.

P(r, k)dr

Lemma 1.4. Suppose the coefficient A in a Krein system belongs to the Stummel class, i.e.,
1/2

[ A@)Fdp) <o,

T

(L.7) Alse ' sup (
>0

rz
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Then,

u (T7 k)|2 2
1.8 u 7(1(7 < 1 + A .
( ) §>Ig 1 k2 ~ H HSt

Moreover, we have (1.3) and (1.4) with k(k) =1+ k* and K <1+ ||A|3,.
The proof of this Lemma is given in the Appendix.
Another application of our general results to Krein systems is given in the following Lemma.

Lemma 1.5. Suppose the coefficient in a Krein system satisfies A(r)log(2 + 1) € L2(R*), then

2
"2 do
(1.9) JR<<suE f A(x)P(x,k)da:> TeE =
P<T1<T2 |Jry
? do 2 * 272
[ (s 1Pk = Potrbl) 155 S 1A | LAG)PIog2 4 r)dr o> 0.
R \p<ri<rz P

Moreover, for Lebesque a.e. k € R, there is a limit TI(k) = lim,_,o, Py (r, k).

Theorem 1.2, Theorem 1.3 and Lemma 1.5 are proved in the second section. In section 3, we apply
Lemma 1.5 to show existence of wave operators for Schrodinger evolution, which is our central result.
Consider

H=-0 +v
on R* with Dirichlet boundary condition at zero and denote by Hy = —0d2, the free Schrodinger

operator with the same Dirichlet condition at zero. The Moller wave operators (see, e.g., [15]) are
defined by

W (H, Ho) < lim et
where the limit is the strong limit in L?(R"). The main result of our paper is the following theorem.
Theorem 1.6. Suppose v = a’ + q where g € L*(R"), a is absolutely continuous on RY, and
(1.10) a' e L°(RY), alog(2+7)e L*(RY).
Then, the wave operators W (H, Hy) exist.

The existence of wave and modified wave operators for Schréodinger and Dirac equations was exten-
sively studied in the scattering theory of wave propagation, see, e.g., the classical papers by Agmon
[1], Hormander [9], and a book by T. Kato [11] on the subject. The case v € LP(R"),1 < p < 2 was
considered in [3] where the existence of modified wave operators was proved. See [6] for later devel-
opments. In [4], the presence of wave operators was established for Dirac equations with potential in
L?(R*). This result is optimal on LP(RT) scale. For more general potentials in Dirac equations and
connection to the Szegd condition on measure o, see [2]. Some related recent results, including the
multidimensional setting, can be found in, e.g., [7, 8, 13].

Notation

(1) If f is defined on R, f denotes its Fourier transform:

~ 1 .
k dif—j ke g
fi < — [ s@etaa
The inverse Fourier transform is defined as
1 .
k)= vk déf—f 2)e*?dz .
Fiy = 1) & —— | f(@

(2) C*(R) stands for infinitely smooth functions defined on the real line and C°(R) denotes the
space of smooth functions with compact support.

(3) We will use the symbol C(q, . q,) to indicate a nonnegative function which depends on pa-
rameters (aj,...,ax). The actual value of C' can change from one formula to another.

(4) If F is a set on the real line, E° denotes its complement.
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(5) For two non-negative functions fy(z), we write f; < fo if there is an absolute constant C' such
that

fi<Cfy

for all values of the arguments of fi o). We define 2 similarly and say that fi ~ fo if f1 < fo
and fo < fi simultaneously.
(6) If fo is a non-negative function and |f1| < fa, we write f1 = O(f2).

2. MENCHOV-RADEMACHER THEOREM FOR CONTINUOUS ORTHOGONAL SYSTEMS
We start by giving a proof of Theorem 1.2. It is a direct adaptation of the proof of Menchov-
Rademacher Theorem in [10] but we present it here for the reader’s convenience.
Proof of Theorem 1.2. For j e N, let P;(k) = S;;,l f(r)P(r,k)dr and
2]

S’ = Z fr)P(r, k)dr.

1

Now,
29 2 27
P = [ [ f0)P0 | o) = [ 15000
R |J2i—-1 2i—1
and so
* 2
(2.1) N FIP e ~ | 1P log* 2+ ryar.

jeN
For any a > 0, we have

5[ wwion < X ([ 1w ([ aw) " <

jeN jeN —a

1/2 1/2
Vo(—a,a]) Y. 1Pz @ii~" < veo([—a,al) (Z j2Pj|2L§(]R)> (Z j2>

jeN jeN jeN

1/2
Voo ([ 1P oge i) = Vola .
R+
Since a is arbitrary large, by the theorem of Beppo Levi, ZjeN |P; (k)| converges for o-a.e. k, as does
{S5(k)}.
def

Let S'(k) = sup;ey|Si(k)| be the maximal function over dyadic partial sums. Since S'(k) <
2jen [Pj(K)|, we have

(2.2) 15" 22 () <

> 1P|

jeN

< NPlzz@ = D, i iR 2wy S LY?
LE(R) JeN jeN

after applying the Cauchy-Schwarz inequality and (2.1).

For n € {0,1,2,...,2¥}, we can write n = ZZ:O em(n)2N"™ with €,(n) € {0,1}. For j €
{0,1,...,N}, let n; = Zgn:o em(n)2N "™,

Noting that ‘Zjvzl xj‘ < NZ?’:l |z;]2, we have:
2

2N 4n 2 N 27 +n;
f f(r)P(r, k)dr > f F(r)P(r, k)dr

= <
2N j=1 2N +nj_4
N 2N 4n, N 27—1| p2N 4 (p41)2N—d 2
N J FVP(rk)dr| < N f F)P(r, k)dr
j; 2N 4nj_4 ]21 p;) 2N 4 p2N—j
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and the last expression does not depend on n. Let

/" def
S5 (k)= sup
0<n<2

27 +n
f F(r)P(r k)dr

27

denote the maximal function over dyadic interval [27,2771]. We apply the above estimate to get
2

2N 4
(2.3) 1880500 = [ sw ([ s R o)
R 0<n<2N |J2N
N 291 2N+(p+1)2N—j 2
<[~ f F)P(r k)dr| do(k)
R j=1 p=0 |2V +p2N~J
N 291 2N 4 (p+1)2N I 2
=N f J F(r)P(r, k)dr| do(k)
j=1 p=0 R [J2N +p2N-—j

N 2J 1 +(p+1)2V 7 oN+1

N L epa e [ o

2

1/2
Taking S” = sup;cy Sj, we note that §” < (ZjeN |S’§’\2) S0

gi+1 1/2
15"z ®) S (ZJJ |f(7“)2d7"> S LV

jeN

Finally, we have
2

do(k)+

27

1
Ml smy S | 1500+ [ sup) [ )P kyar

R jeN

2

! f(r)P(r,k)dr

23

1
do(k) = j F@)dr + S+ |S" 2 S L.
0

J sup  sup

R jeN 20 <n<2i+1

Convergence of the sequence {J f(r)P(r,k)d } for o-a.e. k follows from the convergence of {S}(k)}
0

established above and the estimate Z |S;-'|2da < L which yields convergence of >y [S] |2 for
jeN
o-a.e. k.
O

Proof of Theorem 1.3. We have

2
t d" _ ' do (k)
Lgi%g Lf(T)P ryk)d o) fmiﬁg f f(r)P(r, k)dr—i—L f(r)P(r,k)dr )
S e [ su| [ £0)Pr R ok )+ [ sup f fr dg(%).

The first integral was controlled in Theorem 1.2. The second one can be estimated as follows

(2.4) fR sup f[ ; F)P(r, k)dr 2 d;’(ij? < JR :;1211 ( LW () P(r, k)|d7~>2 d:’((k’? <

Joa ([ ear) ([ weorar) ) 55 <
L2 ([ ) ([ ptesorar)) S5 <
S rear) ([ ([ P o) ar) < s,

n=0
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which proves (1.3).
To establish (1.4), we notice that

T [r] r
J f(p)P(p,k)dp = f f(p)P(p,k)dp + f f(p)P(p,k)dp.
0 0 [r]

The first term has a limit as r — oo for o-a.e. k as follows from Theorem 1.2. For the second one, we
[r]+1
dp| < f |f(p)P(p, k)|dp

can write
f f(p)P
[r] [r]

and the last expression goes to 0 for o-a.e. k since the series

> ([ e nar)

neN

2

converges for o-a.e. k. This convergence follows from the following bound

J Z (J |f(r)P(r, k) |d7’> do J 7%:\1 <<J |f (7‘)|2dr> <f:+1|P(T‘,k)2dr>> d?" <

neN
|P(r, k) ) J (1.2)
E dr < .
(igfm K | "

neN
Before giving our proof of Lemma 1.5, we list some basic properties of Krein systems which will be
needed later in the text. We start by remarking that

(2.5) P(r k) = e Py (1, k),

O

provided that k € R. This identity follows directly from (1.5) and can be found in, e.g., [5].

Next, we consider an important case when A € L?(R™). In [4] (see also original Krein’s paper [12]),
it was shown that the following properties hold under this condition:

e There is a function II(k), k € C* such that
(2.6) lim Py (r, k) = (k)

7—00
uniformly over compact sets in C*. This II is outer and the orthogonality measure o can be written
as follows
dk
2.7 do = ——————— +do
(2.7) 27| T(k)|? S’
where o4 is its singular part.
e Integrating the second equation in (1.5), we have

(2) Pur) = 1= [ 4GP R)dp.

Therefore

1= (k) = [ 4GP(Bp — 309 [ 0)P(o. 1),
when 7 — o0 and convergence is in L2(R, o) norm. On the other hand, the formula (12.37) in [4] gives
A(k) = 1= T(k) - Xz,

where E denotes the complement to Ej, the support of os. Therefore,

(2.9) lim | Py (r, k) — TI(k) - Xpe]|2,0 = 0.

e From (2.8) and orthogonality, we get

[ 1Putri) = 1d = [ 4G Pap.
R 0
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Proof of Lemma 1.5. The second equation in (1.5) gives

(2.10) Py(ra, k) — Py(r1, k) = — f” A(r)P(r,k)dr.

T1

Theorem 1.3 yields necessary estimate on the maximal function and convergence of Py(r, k) o-a.e.
The limit is equal to II from (2.6) due to (2.9). O

3. WAVE OPERATORS FOR SCHRODINGER EVOLUTION: PROOF OF THEOREM 1.6

We start this section by describing a connection between Krein systems and Dirac and Schrodinger
operators on R*. Consider a Krein system with coefficient A € LIQOC(R+). It corresponds to a Dirac
operator

(3.1) D= < —8;b—a azb_a >

defined on the Hilbert space (f1, f2) € L*>(R*) x L2(R*), where a(x) = 2Re A(2z),b(z) = 21m A(2z)

with the boundary condition f3(0) = 0. Indeed, define real-valued functions ¢ and ¢ by writing

oz, k) +ip(z, k) def P(2x,k)e~ ™= It can be checked [5, 12] that (¢,) are generalized eigenfunctions

for Dirac operator (3.1) and that 20 is its spectral measure. Define {€(xz, k)},x > 0 by
(32) E(x, k) < P2, k)e~ k.

This is also a continuous orthonormal system with respect to o, i.e.,

(3.3) jR L ? e k) ds|

do = |f]3
for every f € L2(R") (see [4, 12]). Making the extra assumption that A is real-valued, i.e., that b = 0,
and absolutely continuous on R™ and taking the square of D reveals the connections between Dirac
and Schrodinger operators. Indeed,

(3.4) D? = ( %1 132 )

where Hlf = _azcmf + Q1fa f’(O) + a(o)f(o) = Oa H2f = _agacf + q2fa f(O) = 07

q1=a27a',q2=a2+a'.

Later in the proof, we will use the spectral decomposition for Dirac D and the formula (3.4) to write
a suitable expression for ez,
The following result implies Theorem 1.6 thanks to Lemma 1.5.

Theorem 3.1. Suppose the coefficient A in a Krein system is real and absolutely continuous, A €
L?(RT), A" e L®(R*), and
’ do _0
L+k2

Let a(z) = 2A(2x) and let q be a real-valued function on RY satisfying q € L*(R*). Then, taking two
operators H = —02, + a’' + q and Hy = —02, both with Dirichlet boundary condition at zero, we get
the existence of wave operators WE(H, Hy).

(3.5) lim < sup
R

p—0 pP<T1<Ta

frz A(r)P(r, k)dr

1

This Theorem is the central technical result of our paper. Before giving its proof, we state the
following Lemma.

Lemma 3.2. Suppose t >0, p is a measure on R, and p(k), pi(k) € L%(R). Let ||p|2, =1 and

. . 2
(3.6) Jim oy = 1. Jim [ o=l =0

for every interval A < R. Then, tlim Ilp — pel
—00

2= 0.
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Proof. The proof is based on a standard exhaustion principle. For every e € (0,1), we can choose
L > 0 such that §,. [p|*du < e where A ef [—L,L]. By (3.6), there is a T so that

1=l < | Ip-pldu<e
A

for t > T. Thus, for ¢t > T, we also have

I R
Ac A

|pt|%,#—(1—f i - | <|p|2—pt2>du) <
Ac A

Bl [P | [ 00 - P 5
Ac A

€+ /€

[lpe

where we used the triangle inequality to estimate
2 2 2 2
[ 0 = 1] = [l o ~ I o =

(Il o) + el zay ) - |IPhezcay = Ipnllega| S Ip = pel o) < Ve
Thus,

J Ip — piePdp = f Ip — piPdp + f lp— pePdp < e + 2f IplPdp + 2f pe|*dp S Ve
R A Ac Ac Ac
for ¢t > T and the proof is finished. O

Proof of Theorem 3.1. Since a?,q € L*(R*) and relative trace class perturbations do not change
the existence of wave operators (Birman-Kuroda Theorem, [14], p. 27), it is enough to consider
H = Hy = d +a?. Take f € L?(RT). We need to prove existence of

: itH —itHy
(3.7 , Eripoo ee f,

where the limit is understood in L?(R*) topology. Notice that, since both groups e and e~#Ho

preserve L?(RT) norm, it is enough to prove existence of the limit for every f € 7 where T is any
dense subset in L?(R™). We define T as follows: T def {f: foe CP(R),0¢ suppfo}, where f, denotes

the odd extension of f to R. From now on, we assume that f € T, | f|2 = 1 and that ¢ — +00 in (3.7)

(the case t — —oo can be handled similarly). Denote f. def (fo “Xes0)Y, f- def (fo - Xe<o0)” . Working

on the Fourier side, we get

e tHop — lj e ite’ ( f(u) sin(ﬁu)du) sin(&x)d¢ = ij eite? (J fo(u)e_igudu) e de .
™ Jr R+ 2 Jr R
The last expression is equal to the restriction of etz fo to R, where 02, is considered on all of R.
The large time asymptotic behavior of e*%=h for h € L2(R) is known and given in Lemma 4.1 from
Appendix. Since ]?O(f) = f. (&) for £ > 0, it is enough to show that
ith? (o0 gix?/(48)

fi(/(20) ¢ (x, k)d

dﬁf6
1+iJ)y Wt

has a limit in L?(R,20) when ¢t — +00. Indeed, the spectral measure for Dirac operator D is equal
to 20, the generalized eigenfunctions are (¢,1), and the Schrédinger operator is related to the Dirac
operator by (3.4) so we can use spectral decomposition for the Dirac operator to compute e
H = H,. To this end, we will use the following generalized Fourier transform

fl 0 oe]
(1) =7 = [ siwoteae s [~ pai. ks
f2 0 0
and the analog of Plancherel’s Theorem

If1l3 + | 203 = | F

(3.8) I

where

|§,20’ ’
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which holds since f e T, fl is supported on some interval [a,b] and a > 0. Use (2.5) and substitute
Py (2, k)et*® — Py (22, k)e~t®

k) =
e -
into (3.8) to get
(3.9) I=5L—-1,
where
ith? 26t gix®/(4t) L "
I = — - xz/(2t)) Py (22, k)e"" ™ dz,
1 22(1+Z> out \/Z f+( /( )) *( )
eitk? 2bt giw?/(4t) )
I, = fo(z/(2t) Py (22, k)e*odx .

29I+ o V1

Consider I - the analysis of I is similar. Integrating by parts, we get

2bt @ giu/(4r) ‘ !
J Py (2z,k) (J 7 f+(u/(2t))e_’k"du> dzx =

2at 2at

2
2bt et /(4t)

2at \[

where, thanks to the second equation in (1.5),

= P, (4bt, k) F(/(20)e Ry — s

T zuz/(4t)

2bt
Jo =f 2A(2x)P(2x, k) < , \/

2at

f+(u/(2t)) _“““du) dx .

For the first term, we can write
2bt eiu2/(4t)

2at \/7

(Py(4bt, k) —TL(K) - X <)

~

P20 *udu =
2bt zuz/(4t)

2at \[

2bt luz/(4t) i
Fow/26)e v,

P, (4bt, k)

—— i (w/(20))e " du

k) XEJ R~

From (4.12), we get

sup
t>1

< Cp)
L®(R)

2t iu?/(4t) .
fo(u/(2t))e " du
f It/

and (2.9) implies

2t giu?/(4t) .
lim | (Py(4bt, k) —TI(k) - XEC)J fo(u/(2t))e”*dul| =0.
t—+0 °" Joat \/Z 24
From (2.7) and (4.11), we obtain
eitkgﬂ(/ﬂ) 26t giu®/(4t) mn( )
1 Hm | ————— - ype - 2t))e""d c =0.
(3.10) P 2i(1 + 1) XES 2at V1t /e ‘o R F+) 9 !

The analysis for I is analogous and it also gives a main term converging to

\/%H()

" XE¢ f+( k)
and a correction which we call J;. Comlder J1 and J>. We claim that if we show that
(3.11) lim f |J1[2do =0, lim f | Jo|?do =0
t—00 A t—o0 A

for every interval A = R, then the proof of Theorem 3.1 will be finished after application of Lemma 3.2.
Indeed, in this lemma, we set y = 20, p; = I and the limiting function p is

p = iy v LR TR 6)
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To apply Lemma 3.2, we notice that |I|2,20 — 1 by Lemma 4.1. Moreover, (2.7) gives [p|z2s =
Ifl2 =1

We will prove the second identity in (3.11); the first one can be obtained similarly. For Jz, we have

2bt

o2 [ aeapeen ([T L 5 e d
o= aeapeen (| /) da.

One can write

J‘w ei(u2/(4t)fku) =N 0 6i(uz/(élt)fl’vu,) =N z i(u?/(4t)—ku) _

e Rwe = [ S e+ [ T/ en)au,

The first term does not depend on z and we can use (4.12) and (1.6) to write

2bt bt

<Cip | @),

20 at

0 gi(u?/(4t)—ku)
(3.12) J _

! f+(u/(2t))dU> da

A(2z)P(2z, k) (

2at

where the last expression converges to zero as t — o0. For the other term, we have

z ei(u2/(4t)—ku) ~ 96\ d 112
- t =e !
L 7 fr(u/(2t))du = e

The integral can be rewritten as

@ gi(u/ (VD) —kVD?
_— 2t))du .
fo P/

@ gi(u/ (VD —kVD?
_ 2t))du =
jo P/

v i/ VD —kVD? 0 Lilw/VD—kVD?
——fy(u/(2t du—f u/(2t))du .
| hwiena - [ P/

The second term is z—independent so its contribution is negligible by an argument identical to (3.12).
For the first one, we change variables and write, using the same variable w,

T Li(u/(2VD—kVD? (e—2kt)/2vE
(3.13) J ———f+ (u/(2t))du = QJ e Fo(k + u/vVt)du
—o0 \/Z —00
(z—2kt)/2v/t 5/ N R (z—2kt)/24/t ,
_ 2J e (Folh + /D) — T (b)) du + 2f+(k)J ¢ du
—0 —0

We can continue as follows

j(x_zkt)/m/i i (ﬁ(k‘ V) — f+(k))du - f_ooo eit? (ﬂ(k +u/Vt) - f+(k))du +

f(Ith)/2\/f

— 0

e (Pt +u/VE) = Fi(k) ) du

0

The first term in the right-hand side does not depend on z and it is uniformly bounded in k € R and

t > 1 as can be seen by integrating by parts. Thus, its contribution to HJQHL?T(A) is also negligible.
We want to apply Lemma 4.2 from Appendix to the second term. Since we are interested in k € A

and z € [at, bt], then |(z — 2kt)/2t| < C(4p ). Hence, the Lemma is applicable with € = 1/vVt, g(u) =

~

f+(k5 +u) — fi (k) which gives

(@=2kt)/2vt .
| e (Foh +u/V) = Fo () )du| < Copa g /VE.

0
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The proof of Lemma 4.2 shows that this bound is uniform in k € A. We substitute it and apply (1.8)
along with the generalized Minkowski inequality to get

1/2
1
L Ao P@a k)| do| <
JA \/E 2at
|2 ) /2 (18)
- A2 (J P2z, k da) dr S
\/i 2at| ( )| A| ( )‘
1/2
C 2bt bt
—EA2) | AQ2a) dr < Claab)ale f |Ax)da
Vit 2at at

and the last expression converges to zero when ¢ — +00. We are only left with controlling the
contribution from the last term in (3.13), i.e.,

N 2bt (x—2kt)/(2Vt) )

f+(k:)f A(22)P(2z, k) f e du | dx.
2at 0

Let us write a partition of unity

(3.14) L=p +po+ ps,

where pg is even, smooth, supported in (—2,2) and

0<po <1, p=1iflz]<1.

The function p is supported on (1,00) and is non-decreasing, p—(z) def t+(—z). Then,

(z—2k)/2VD) (x—2k0)/2vD)
j e du = ( f du) (11— (o — 201/ VD) + o) + ()

0 0

We will apply the following trick several times. Notice that the function F(z) def (Sg et du)po(x) €

CP(R) thus Fe L'(R) and we can write

1 ~ .
Fi(@ = 20)/(2vD) = = [ F(©)explie(a —20k0)/ VD)
Then,
N 2bt (x—2kt)/(2v/t) .
Fiek) . A(22)P(2x, k) (uo((x — 2kt)/(2V/1)) L e du) dz =
bt
Fi k) : A(22)P(2x, k)F((x — 2kt)/(2v/1))dx =
2at

~ 4 2bt
\/% JR F(g) <f+(k’)e—z£k«/f A(22)P(2z, k) exp(igx/(Q\/E))dm> de .

2at

2bt

\/% Lf © (f H(R)e V| ARe)P(20,k) exp(z&/(zﬁ))dx) e

<

~

We use the generalized Minkowski inequality and (1.6) to estimate the last quantity as follows
2,0

GR |ﬁ(€)d£) 17+l (ﬁ A(:U)|2dw> 1/2

and the last quantity converges to zero when t — c0. We apply a similar strategy to other terms.

(v—2k8)/(2vD) |
( | du> s (2 — 2K8)/(2/D) = Cpuy (& — 20t)/(2V2)

0

_ <JOC eiuzdu> pg ((x — 2kt)/(2\/£)) )
(x—2kt)/(2V/T)
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def co0 ;.2 .
where C' = 0 e du. Consider

2bt 2bt T /
J AQ22) P2, k) (2 — 20t) /(2VD) ) — J ( f A(2u)P(2u,k)du> 1y ((z — 2k)/ (D)) da

2at

i, (@ — 2k1)/(2VD)

2bt 2bt x
_ J A2u)P(2u, k)du |y (b — k)VE) — (f A(2u)P(2u,k)du) do.
2at 2at 2at 2\/E
The first term gives the contribution
~ 2bt 2 . 2bt
[ |70 ([ A<2u>P<2u,k>du>u+<<bk>ﬁ> do S IFI2 [ JAc2u) P
R 2at 2at

and the last quantity converges to zero when ¢ — c0. For the second one, we can write an estimate

(3.15) L %: ( :tA(Zu)P(Qu, k;)du) (@ _22\’;?/ Vi) 4, <
" 2 (= 2kt)/(2V1)
(Qatilg)qz Ll A(2u) P(2u, k)du> ~Lat + Wi dx .

Since p4 was chosen to be non-decreasing, one obtains

rbt 1, ((z — 2kt)/(2V/1))

2Vt
Under the assumptions of the theorem, we get

’dxﬁl.

—0
L2 (A)

J " A(2u)P(2u, k)

r1

Hf+| © Sup

2at<ri<rs

when ¢t — o0. Consider the expression

( j . du> iy (x — 2K2)/(2V)
(w—2kt)/(2v/)

and apply Lemma 4.3 from Appendix to write it as

( j ) du> e (= 2k)/(2V) =
(z—2kt)/(2v/1)

(27r)—1/26i12/(4t)e—ixkeikztf ei{(m—?kt)/(2\/f)\ll(€)d§7
R
where ¥ € L!(R). Then,

2bt
A(2x)P(2x,k)emz/(‘“)e_irkeik% (J eig(z_m)/@‘ﬁ)\lf(f)d5> dx
R

2at
_ eithJ \Ij(g)e—ika/f (
R

where &(z,k) = P(2x,k)e”** was introduced in (3.2). Using the generalized Minkowski inequality
and (3.3), we get

2bt
Fi(k) - et f U (¢)e kv ( f A(Qx)emz/(“)eigw/@‘ﬂ)f;(x,k)dx) d¢

R 2at

2bt

2at

A(2x)e”2/(4t)eig”“'/@‘/z)g(:v, k:)dm) de¢,

<

~

2,0

2t 1/2
17 loo ( [ |\v<§>|ds) - (f A<2m>|2dx>

and the last quantity converges to zero when t — 0.
The contribution from the term

(@—2k8)/(2VD)
( J du> i (@ — 2kt)/(2VE))

0
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can be handled in the same way. Thus,
lim J |Jo|?do = 0
t—00 A
and our Theorem is proved. O

Remark. Notice that we had to use our additional assumption about the maximal function (3.5)
only when handling (3.15). It is an intriguing question whether this extra hypothesis can be dropped.

4. APPENDIX

In this Appendix, we collect results that are used in the main text. Although some of them are
standard, we provide their proofs for completeness.

Proof of Lemma 1.4. In Section 13 of [5], the following formula for the Green’s function of an
operator D (i.e., the integral kernel of R, = (D — z)~!) was obtained

o Gll(xaya Z) Gl?(xayvz) _
G(%y’z) - ( G21(x’y,z) GQQ(JT,:U,Z) B

J S K)oy k) | f wdad(k)
k—=z z

(4.1) f W(z, k ¢(y,k f bl w( k) dog(k)
k—=z —Z

and o4 = 20. We now introduce an auxiliary parameter p € [1, o) to be chosen later as p ~ 1+ | A3,.
Since |P(2z, k)|? = ¢?(x, k) + % (2, k) and supyer(k? + p?)/(k* + 1) < p?, then

2 2 2 2 9
(4.2) Mda = st;péj (K + p°)| Pz, k)] do < ps J Mda

su g u
x;)) R kZ+1 (k24 p2)(k2 +1) ~ z;é k2 + p2

Hence, we only need to prove that

(4.3) sup Im(G11(z, z,ip) + Gaa(z,z,ip)) S 1.
x>0

To control G(z, y,ip), i.e., the integral kernel of the resolvent R;,, we will use the standard perturbation
series. If R?p denotes the resolvent of free Dirac operator, we write the second resolvent identity:

o 0 def -b —a

Rip—R - R, VR, V_<—a b >

and iterate it to get the series
0 01/ PO 0 1/ p0 17 PO

(4.4) Rip = Rip - R’ipVR’ip + RlpVRlpVR’Lp +
In the series (4.4), each term starting from the second one takes the form (—1)j+1(R?pV)j (R?pVR?p)
and j =0,1,2,.... If we denote its kernel by k;(x,y), then
(4.5) G(z,y,ip) = G°(2,y,ip) — ko(,y) + ki (z,y) +

and GY(z,y, 2) stands for the Green’s function of the free Dirac operator. Next, we will show conver-
gence of this series for suitable choice of parameter p and will provide an estimate for it.
First, we claim that for every j = 0,1,..., we have

_ _ )+1
N

. Jj+
(4.6) Ik (z,y)| < C pl+D)/2 )

where C is an absolute constant to be specified below. We will prove (4.6) by induction. To this end,
we use formula (4.1) and residue calculus to obtain the bound

GO y.ip)| S e Pl 4 emp@H) S empleul

Thus, for ko(z,y), we have

o
—ple— —ply— def
o)l S e llale)le v €de, o ja] + 18],
0
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Continue «(€) to negative £ by zero. We write

Q0 T 0

a€)dE + " f a€)e 28 de .

T

@7 ko(,0)] < f

e—plx—Sla(f)e—pédf < e—paff
0

0

Then, using the Cauchy-Schwarz inequality, one has Sg a(&)dé < (z+ x'/?)|Alls;. By a change of
variable,

0 0
e’ f a(€)e P8 dE = e*’”"f e 2oz +n)dn.
T 0
We have
0 1 0 i+l
J e 2Pz + n)dn = J e 2Pz + n)dn + Z J e 2Pz +n)dny <
0 0 j=1J
1 1/2 1 1/2 0 ) J+1 1/2 ”AHS
<J 64‘"7d77> (J o?(x + n)dn) + Z e 2P (J o?(x + n)dn) hS 1/;
0 0 j=1 J p
by virtue of the Cauchy-Schwarz inequality. Summing up, we get
B B e—pm/Q A
o, O)] (o + 242 4 g 2)e e, § Sl

The Stummel condition is translation-invariant on the line, which implies (4.6) for j = O:
(4.8) lko(z,y)| < C

We can write kji1(2,y) = (5 GO(2,&,ip)V(§)k; (€, y)dE and use the inductive assumption to conclude
that

CLCTHY AL
Ikje1(z, y) < C1J e P 8la(€) - ks (&, y)|dé < 1<+—M&f e Fletla(g)erlemvlag .
R+ pY R+

For y = 0, we get

(4.9) Jw efplmféla(f)e*pﬁﬂdg = ¢ PT/2 . p—pz/2 f: ep5/2a(§)d§ + P JOO a(5)67395/2d§ )

Then, we write

) N 1 0 i+l
e_px/gj P20 (€)dE = f P20z — n)dn < f e P20z —n)dn + Z j e 2oz —n)dn <
0 0 0 j=1"7
1 12, V2w 7 1Al
(o) (mon) o ([ 12
0 0 Jj=1 J p

Estimating the second integral in (4.9) in a similar way, we have

e P2 Allse

f e—p\z—ﬁ\a(g)e—pé/Qdf <Oy —
R+ pt/

and, using the translation invariance of the Stummel condition,

@fplacfy\/2H,4||st

—plz—¢] —plé—vl/2
Jw e a(f)e d¢é < Cy i

Thus,

OlcQCjJrlefplmfy\/?HA”JS':'Q
HkJ+1<m7y)H < p(j+2)/2 :

Choosing C sufficiently large, e.g., larger than CyCs, we show (4.6) for j + 1. This proves the claim.
Now, (4.5) implies |G(z,y,ip)| < e P1*=¥/2 provided that p = 2C(1 + | A|2,). Thus, (4.2) finishes the
proof. O
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Lemma 4.1. Let h e L3(R). Then,

(4.10) 1 g L ey h(z/(2t)) 0
. im |e"%=h — -——h(x/(2t =0,
t>+o0 1+4 4/t o)
and, taking the inverse Fourier transform,
1 (/0 T ey

(4.11) im ||—— [ ——=—h(z/(2t)) ] —e " h(&) =0.

tS+oo |1+ 4 N L)
Suppose h € CP(R), then

Bt eixz/(élt)A )
(4.12) sup f Mz/20)e™de] < Cl.
t>1,a,8€R \/Z Lo (R)

Proof. Formula (4.10) can be found in [15] (see formulas (4.10) and (4.12) there). Then, (4.11) is a
direct corollary. Proof of (4.12) follows from a direct calculation:

J‘j eimj;;t)ﬁ(x/(?t))eimkdx _ 6_;;2 Lit exp (2 ( 7 + k\f> ) h(z/(2t))dx

- Vt(0.58+k)
=2e”"’ J-
Vt(0.5a+k)

oxp(i€”)h(—k + &/V/)dE
Now, consider the integral

[
f exp(i€)h(~k + &/v/1)d

0
for arbitrary [ e R,k € R,t > 1 and let pp be a bump function introduced in (3.14). We have

l
L exp(i€2)h(—k + §/VA)dE = f exp(i€?)h(—k + €/VDpodé + f exp(i€2)h(—k + €/VE(1 - o) .

The first integral is bounded uniformly in all parameters since he CP(R). For the second one, we
can write

TIPS (o) AR+ VDA~ o)
[ e bk + VD01 = e = | (extis®) VDU 10) g
h — _ l T . B /
— exp(ii2) MR UV = o0) _ [ exp@g)(h( k+§/g2<1 uo@))) s

The first term is uniformly bounded because 1 — 19(0) = 0. For the second one, we can show that
each resulting integral is uniformly bounded, e.g.,

l N
[ exptign CEEEVOO 10 ) < L[ v v < v
flexpus% (k£ VD= 10()) 4| uhuoof =20l ge < e
! 2
l T / R
[ explign ML) i < iy,
and (4.12) is proved. O

Lemma 4.2. Let e€ (0,1),v > 0,a > 0, and |ae| < v. We have

J ewzg(ue)du

0

< Cgue

provided that g € C*(R) and g(0) = 0.
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Proof. We have
R ;02 (ae) @ (ue) !
(4.13) J (€™ ) g(ue)urdu = ' e <g> —¢eg'(0) — EJ e’ <g> du .
0 ae 0 €U
We can write [g(&)| < C(g,.)[¢] for § € [—v,v] and the first term is controlled by C', .)€ since |ae| < v
For the third one, we introduce G(u) def (g(uw)/u) € C*(R) and write

Gi(u) ¥ Gu) — G(0), Gu) = G(0) + Gi(u)
so that

a a a
J esz(ue)du = G(O)J e du + J- ei“QGl(eu)du.
0 0 0

The absolute value of the first term is bounded by C/,4) uniformly in a. For the second one, we can

iterate the argument since G; € C*(R) and G1(0) = 0. We get

fae“fGl(eu)d —05zeJ0( by

0

(4.14) — —0.5ic <ei“2 Gle(;a> — G (0) - J: e’ (Gle(;u)>/du> .

Writing a rough estimate
!
J‘a eiu2 (Gl(eu)> du
0 c€u

and substituting it into (4.14) gives

, G (ew)

< Cg)lal

< O (e+elal) = Crgy(e+v).

J ei“QGl(eu)du

0
We bring it to (4.13) to finish the proof of the Lemma. O

Consider H defined as "
H(z) = J et dt .

x
This integral can be related to the so-called erf—function whose properties are well-known. However,
our purpose is to obtain a specific representation for H for x € [1,00) and we proceed directly as
follows. We change variables and iteratively integrate by parts n times to get
.2
1T

; 0 _iu n—1 o0 iU

B € (3 €  qx? Cj g2 e def 1$

H(x)_22x —§L2 WCZU—@ <Z x1+2j+c € Lz un+1/2du> (H1n+H2n)
7=0

where {c;} and ¢], are some constants. Let p4 be a cutoff function that satisfies the following condi-
tions: p4 is supported on (1,00), py(x) =1 for x > 2, uy € C®(R). Define

(m) def
1,n

m) def
Hlnl“‘LJF? H2(n) <

o

Lemma 4.3. Letn > 1. We have HYZ) e L'(R), HQ(TZ) e L'(R).

o H2 b+ -

Proof. Consider HQ(TZ) first. We have
H5) | < Ca(L 4 [2) B0, 10 Hy )| < Ou(L [a)=C, (88, Hy)| < (1 [a) =G
Therefore,

\H;’”( )| < Cu(1+ €))7

and hence HQ(? e L'(R). For H1( n), consider the first term, 27 !p;. Other terms can be handled

similarly. We have =1, € C*(R)n L?(R) and all of its derivatives are in L?(IR). Thus, §j(xja) €
L3(R) for all j € ZT. Therefore, (x=1u)(&) € L*(|¢] > 1). For |£] < 1, we can write an estimate

|27y | < Cllogg],
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which can be verified directly:

0 ) 0 —ix
f L(m)e_’&”’dm = f € dv+ 0(1).
x

1 € 2
For £ € (0, 1),
D0 —ilx D0 L —iu 1 —iu 0 —iu
J ¢ dsz ¢ du=J e—du—kf e—du=0(|logf|+1).
2 € 26 U 26 U 1 u
For £ € (—1,0), the argument is analogous and we get the statement of the Lemma. O
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