2D EULER EQUATION ON THE STRIP: STABILITY OF A RECTANGULAR PATCH

J. BEICHMAN, S. DENISOV

ABSTRACT. We consider the 2D Euler equation of incompressible fluids on a strip R x T and prove the
stability of the rectangular stationary state x|;|<r for large enough L.

1. INTRODUCTION

In this paper we will consider the stability of a certain class of steady solutions to the Euler
equation in a two dimensional cylindrical domain. The study of such stability questions is well
developed in the planar case. In the plane, the primary focus has been in the stability of circular
patches, starting with [8], which studied the evolution of a circular patch in a bounded domain and
proved stability using a spectral argument. In a similar vein, [5] used conserved quantities to derive
a bound on the diameter growth. The use of conserved quantities was also key in [7]. There has
also been work studying the stability and instability of other steady solutions in the plane, such as
the Kirchhoff ellipse cf. [4].

In other domains, these types of questions are less well understood. In the strip R x [0, a], the
work of Caprino and Marchioro [3] shows the stability of monotonically increasing steady vorticity
distributions with restrictive conditions on the associated velocity. More recently, Bedrossian and
Masmoudi [2] showed nonlinear stability of Couette flow in the cylinder S =R x T.

This paper considers steady patch solutions of the form xg,(z) where Ey = [-L, L] x T to the
problem

O +VO-u=0, Oli—o=0=xE (1)

for a compact set E C S. The velocity u(z,t) is related to the vorticity 6 via a cylindrical Biot-
Savart law. Let the stream function ¥ be the function that solves the elliptic problem

(2W)_1A\I/ = 97 ZEI_POO 81\Ij(xay7t) = _mgr—nco aI\IJ(.%',y,t), ’W([B,y,t)’ < C(‘I‘ + 1) (2)

The cylindrical Biot-Savart law is then

(—sin(y), sinh(x))

2(cosh(z) — cos(y))
(3)

The velocity w defined by the cylindrical Biot-Savart law exists and is unique by the following
Lemma.

1
uw=V1iU =kx0, TD(zy) = ilog(cosh(a:)—cos(y))7 k(z,y) = VAT (z,y) =

Lemma 1.1. Given compactly supported 6(z,t) € L*(S), all solutions to equation (2) are given
by
U(z,y)=T=*0+C

for some constant C'.
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Proof. To see uniqueness, let ¥; and ¥y be two solutions to the elliptic problem (2). Then T =
U, — Wy solves _ B _
AV =0, lim 01¥(x,y,t) =— lim 01¥(x,y,t).
T—+00 T—>—00

The upper bound on ¥; and ¥y guarantees that the v grows at most linearly. If we extend T to all
of R? by periodicity in y, Liouville’s Theorem for harmonic functions gives that T = Crz+Coy+Cs.
Since W is periodic in y, Co = 0. The conditions on 81\11 mean that C'y = 0. Thus U =C.

It remains to show that I' * 6 is a solution to (2). One can directly check that AI' =0, z # 0.
Moreover,

1
(2m) 70 (2) = - log|z| + C +0(1), |z] =0
and (27) LA(T % 0) = 6. O

In contrast to the [3], these boundary conditions give a counter rotating velocity as |z| — oo
with a linear transition within the patch Ey. Additionally, this Biot-Savart law does not produce
velocity in L?(S). The kernel k(x,y) can be decomposed into two pieces, one in L'(S) and the
other which is bounded. Observe that

[ ((=sin(y — &), sgn(z — &) (cos(y — &) — e 1*741))
u(z,y,t) = /S 2(cosh(x — &) — cos(y — &2))

1
0(6de+ [ (Ousena—e))0(6)de
(4)
Notice that the first term is convolution with a kernel in L*(S), as near 0, it behaves like (22 +y?)~1/2
and away from 0 it decays exponentially fast. The second term, however, does not decay at all so
the total kinetic energy of this problem could be infinite. However, we can define the regularized

energy F(0) for the equation (1) and compactly supported 6(z,t) € L>°(S) in the following way:
FO)(®) = [ [ 8 1)6(¢.1) log(coshan — ) — cos(yn — )z 2 = (w1,90), = (. 32). ()
SJS

When we consider the evolution of a patch under this flow, we will show in section 2 that the total
mass, the first coordinate of center of mass, and regularized energy are conserved.

We will use the following notation in the paper. If A and B are sets, AAB stands for the
symmetric difference. The symbol C' will denote an absolute constant, and its actual value can
change from formula to formula. If fi2)(z) are two positive functions and

fi(x)
fa()

we will write f; < fo. This is equivalent to writing fi = O(f2).

sup < 00

We can now state our main Theorem. Similar to [7], we will show that the steady patch solution
Ey = [-L, L] x T for sufficiently large L is stable for all times. It is convenient for our calculations
to introduce what we will call a point of centering.

Definition 1.1. A point of centering x.(t) for a patch E(t) is the value in R so that

X dz:/ XE(nH Az
/[xc,oo)x']l' () (—00,z]XT E)

Notice that this point is not necessarily unique and the set of all such points is always a segment
or a single point. We use a point of centering to make the comparison between the evolved patch
E(t) and the simple rectangle Ey more natural.

Our main result is the following Theorem.

Theorem 1.1. There is an absolute constant Ly > 2 such that the following statement is true. If
(a) L > Lo, e <1,



(b) E is a compact subset of S and 0 is one of its points of centering,
(c) |E| =4Lm,
(d) the regularized energy satisfies

F(XE) = F(XE()) + O(L€2>7 (6)
(e) function 0 solves 2D Euler equation (1) with the Biot-Savart law given by (2) and (3),
then 0(t) = xg() and E(t) satisfies

/s |z — 2e(t)| — LIXB@) A 5oy dody S €, (7)
jze(t)] S L7 (8)

for allt > 0. Above x.(t) is any point of centering for E(t) and Ey(t) = [x.(t) — L,z.(t) + L] x T.
Moreover, if p > €, then

(B(H) A Eo() O {||e — ze(t)] — L] > p}] S 2.

This result has a similar structure to the result in [7] for circular patches in the plane, but with
a point of centering x.(t) in the role of the center of mass. However, that proof relies on conserved
quantities that do not hold in the cylindrical case, namely [g, |2[?6(2)dz. Instead, our argument
uses the one dimensional nature of the cylindrical problem and the conservation of regularized
energy. In the next section, we will establish the necessary conserved quantities. In the third
section, we prove the main result on the stability.

2. PRELIMINARIES

To proceed with our arguments on stability, we need a result equivalent to Yudovi¢’s result
for the evolution of L!'( L solution [9, 2]. We are working on an unbounded domain with
periodicity in one direction. If we consider the periodic extension of our problem to R?, we are
interested in bounded solutions on R? with some decay in one direction. Recent work by Kelliher
and collaborators gives existence and uniqueness for solutions to the Euler equations on R? for
velocity u and associated vorticity 8 = V x u (defined in the sense of distributions) both bounded,
with no decay requirement. These results also include an adaptation of the standard Biot-Savart
law on R? to relate u and @ despite the lack of convergence of the standard integral identities.

We will apply this work in Appendix A to show the following Theorem:

Theorem 2.1. Let 0y(z) for z € S =R x T be in L>°(S) with compact support. Then there exists
unique (u,0) with u € L>®(S) and 6 € L*>(S) with compact support such that 0,0 +u - V6 =0 in
the sense of distributions with

_Ul(Pxg) — (—sin(y — &), sinh(z — &))
u(zt) = VI« 6) = /S 2(cosh(z — &) — cos(y — &2))

0(&,t)dg
and 6(z,0) = 6p(2).

We postpone the proof of this Theorem until the Appendix.
Once we have established existence and uniqueness, we can study the conserved quantities of the
equation.

Proposition 2.1. For 0(z,t) a solution to (1), the following quantities are conserved:

(1) the total mass M = [ 0(z)dz,
(2) the horizontal center of mass xg = [¢x6(2)dz,
(3) the total energy F(0) =2 [4 [¢0(2)0(§)T (2 — &)dédz.

3



Proof. The arguments for Theorem 2.1 include that the vorticity 6 is transported by the flow.
Therefore, conservation of mass follows immediately.

Since we have 9,0 + v - V8 = 0 only in the sense of distributions, we need to show carefully that
we have conservation of center of mass and regularized energy. Observe that for a smooth function
p € C*([0,T7,C5°(S)), we have the following representation:

T
/Scp(z,T)Q(z,T)dz—/Scp(z,O)H(z,O)dz:/0 /S((?tcp—i—u‘ch)Q(z,t)dzdt.

To show our other conserved quantities, we need to choose our smooth bump function so that the
desired quantity appears on the right hand side of the expression above.
From (4), we can bound the velocity u by

[u(®)llzoe(sy < kallr(sy[10E) ][ oo (s) + N0 115y,

where ki(z) = k(z) — (0,sgn(x)). The L! bound on k is independent of time, and both 10121 (s)
and [|0)]| Lo (5) are conserved in time. Therefore,

lu()l 2o (s) S 110(0) oo (s) + [1000)[| L1 (s, 9)

and we know that up to a time 7', 6 is compactly supported. Let b(z) be a smooth bump in the
x-direction so that b = 1 for every z in the set [— R, R] where R is chosen so that supp(f(z,t)) C
[—R, R] for all t € [0, T].

To see conservation of the center of mass, let ¢(z,t) = xb(x). Then,
T
/ x20(z,T)dz — / 20(2,0)dz = / / (Orp +u-V)0(z,t)dzdt
S S 0 S
T
= / / u1(z,t)01(xb(x))0(z, t)dzdt
0 S
T T
= / / ui(z,t)0(z,t)dzdt +/ / xui(z,t)b' (2)0(2,t)dzdt.
0 S 0 S

The second term is clearly 0, as b'(z) = 0 on the support of 6(z,t). The first term can be rewritten

as
! —sin(y1 — y2)
/o /S/S cosh(x1 — z) — cos(y; — y2)9(f7t)9(z,t)d§dz

which is also 0, as the kernel is odd and rapidly decaying.
To see the conservation of regularized energy, we repeat a similar argument with ¢(z,t) =
b(x)W.(z,t) where

U (z,t) = pe * /Slog(cosh(x —&1) —cos(y — &2))(pe x 0)dE.
for a smooth, compactly supported bump p.(z,t) on [0,7] x S defined as follows. Let r(z) be a
smooth bump supported in [—1,1] on R with [r = 1. Let r.(z) = e !r(x/e), let r1.(y) be the
periodic extension of r. on [—m, 7|, and let 72 (t) = r-(t). Then, p.(z,y,t) = r-(z)r1(y)ra(t).
The calculations involve changing the order of integration to rearrange the convolution with the
mollifier p. but are otherwise straightforward. O



3. MAIN RESULTS

We recall that S = R x T. We first consider a one-dimensional variational problem which will be
important later. Suppose J is a measurable subset of R and |J| = 2L. Assume that J is centered
around the origin, such that |J*| = L, J* = JN[0,00). (Notice here again that the “centering
points” for any set form a closed interval, which can degenerate to a point). Consider a functional

d(xs) = /J/J!ml — zo|dr1dxs.

The following elementary Lemma holds true.

Lemma 3.1. We have
®(w) > ®(wg) +CL [ |lal - Lida,
J

Jo

where Jo = [—L, L].

Proof. Notice that this estimate is scale-invariant in L and the actual value of L is not important.
It is sufficient to assume that J* = U?:J j where I; are disjoint intervals (placed in the order from
left to right). Denote the gaps between them by {Q;} so we have

RT=QULUQULU...Q,UI,Ula, ).

We can allow some gaps to be empty if necessary. The proof will proceed as follows. We will close

all gaps {Q;} and estimate the total change in ® that we denote J®.
Let J®) be the configuration obtained by closing the Q,, gap (sliding I, to the left) and denote
the moved interval by 1tV (e.g., ‘17(11)’ = ||, I,—1 and 18V are adjacent to each other in J(1)).

Consider J' = J\I, = JO\I{". We have

Bxs) = )+ @) +2 [ d [ (@de. D00 = Sl +gp)+2 [ de [ @

and
B(xs) = B0y) = 20Qul [ do [ dg>20iQuIn

where the last inequality follows from |J'| > |J 7| =L, J~ = J N (-0, 0].
Compute inductively the total change §;® in ® obtained by closing all gaps {Q;},j = k,...,n
to the right of L (we close them in the following order: Q,, Qn—1,...,Qk):

019 2 2L(|1n[|@nl + (Hn| + Hn-1D)|@n-al + - + (] + ... + [LI])|Qk]) =

2L(|1n|(1Qn] + - - +1QkD) + Hnal(1Qnaf + - +1Qk]) + - + [ Q])- (10)

Consider [L,00) N J and denote € = |[L,00) N J|. Let us divide all intervals I, ..., I, into two
groups: those that belong to the interval [L, L 4 2¢]: {Ij,...,I;—1} and those that are to the right
of L+2e: {I;,...,I,}. If L+ 2¢is an interior point of some interval, we split this interval into two
by creating an empty gap at point L + 2e. Notice that if I; C [L + 2¢,00) (i.e., I; is in the second
group), then

Qo+ 1] > dist (1, 1) — e > DL

Therefore, the contribution to (10) coming from the second group of intervals is bounded below by

n
L " dist(I, L)|1| > 0.5L/ (x — L)xsdx.
1= x> L+2e
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(Indeed, to see that last inequality we write I; = [a;, b;] and notice that

dM@J»:m—L:@—Lywm—m>m—L—e>@—LV@
Thus,
51<I>ZL/ (x—L)XJda::L/ (x — L)xsaj,dz.
x>L+2¢ x>L+2€

Now that all gaps to the right of L are closed, we call the new configuration J. , intervals are {IA]},
and the gaps are {Q;},j = 1,...m. For the rightmost interval I,,, we have I,,, = [L, L + €] per our
construction and thus

| = €. (11)
We are now closing all gaps in [0, c0) and estimating d2®, the change of ®, from below. Notice first
that
m ~
D IQil = (12)
j=1
and

02® > 2L(Qu|(I1T | + -+ T + -+ Q] - | ). (13)

Observe that (J A Jo) N[0, L] is the union of the {Q;}. We now split all gaps {Q;} into two groups:
those that belong to [0, L — 2¢| (it could be empty if, e.g., € > L/2) and all others. Notice that for
each gap @), in the first group, we have

m—1 . ~

_ . dist(Q,, L
> 51> dist(Qy. L) — e > DI
Jj=p

Therefore, the contribution to (13) coming from the first group of gaps is at least
0-5L/ (L —2)XJA Jpde.
O<z<L—2€¢

Collecting separately the terms in the right hand side of (13) that contain fm, we get

2Ll - (1Q1] + - + |Qul) > 2Le”
by (11) and (12). Keeping only the gaps in the first group gives us

m—1
00 > S 2L1Qyl Y15 | +2L (@1 Q) 2 L / o~ Llxsasdr+Le,
first group of gaps J=p £>0,0<z< L—2¢
We combine now the obtained inequalities to estimate the total variation 6® = 6;® + 5P as
5¢ZL/ m—mmﬁhm+L82L/ |z — L|xJ A g dz.
z>0,|z—L|>2e x>0

Arguing in the same way for the half-line R™, we get the statement of the Lemma since the resulting
configuration after closing all gaps is Jy. g

Our first goal is to control the regularized energy functional associated to the Euler equation
on S defined in (5). Given an arbitrary vortex patch E, we will need to transition to the vertical
average of the patch to control a portion of the energy. To that end, we define following functional

3(p) = [ [ ko1~ aalp(en)plaz)dosdas. (14)
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Notice first that ®(p) < oo implies
/ |z|p(x)dx < oo.
R

Assume that p;r, p; € [0,1],7 =0,1,... are chosen such that

[oe) oo
=1, ) jpf <o
=0 j=1

Fix § > 0 and consider the following convex set: O is the set of functions p, defined on R, measurable,
and such that 0 < p <1 and

(G+1) N —Jjo B .
/ px)dx = p], / plx)dz =p;, j=0,1,...
jo —(j+1)6
In the next Lemma, we will study the following variational problem

;Iel(fr)(p( p). (15)

In the Lemma B.1 from the Appendix, we prove that a minimizer p* exists.
Lemma 3.2. If p* is a minimizer then p* is a characteristic function.

Proof. Notice that if pg and p; belong to O, then p, = tp1 + (1 —t)po € O, t € (0,1) and

‘I’” // ’1‘1 — xg\é(xl (azg)dxldxg, o= P£1 — Po- (16)

Going on the Fourier side, we have

/\5 \2272 <0, (17)

where the last integral makes sense since [ 6(z)dz = 0, [p |#]|6(z)|dz < oo and so 5(0)=0,(8) €
L>*(R). That shows concavity of the function in ¢. Now suppose that p* is not a characteristic
function, e.g., there is ¥ C I; for some I;, such that e < p* <1 —¢€ on ¥ and |X| > 0 for some
positive €. Then one can find measurable function v supported on X such that fR vdx = 0 and
v, = p*+tv € O for t € (—d1,01) with some small positive §;. However, the function ®(14) is
concave and ¢t = 0 can not be a local minimum. O

Two previous Lemmas imply

Lemma 3.3. If p is measurable, 0 < p < 1, and

[e'S) 0
/ pdx = L,/ pdx = L,
0 —o0

() > B(xs) + CL /R 2] — L - |o(z) — xod. (18)

Proof. Indeed, consider the grid {jd},j € Z with step § and let

(j+1)6 A .
38 —(3+1)3

The variational argument given above shows that the value of ® will decrease if we replace p by a
minimizer which needs to be a characteristic function y ;. By Lemma 3.1, we get

B(p) > B(xs) > Dlxs) + CL /J il = Llde = ®(xs) + CL /R el — L] - [xs — xolda.
0

7
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Sending § — 0 and using

ti [ el = LI+ [xs = xuldz = [ llel = Z1-1p(@) = o
=0 Jr R
we get the statement of the Lemma. O

Now we turn our attention to the full energy functional for 2D Euler in S. Let

F(xg) = /S/SXE(Z)XE(@ log(cosh(z1 — x2) — cos(y1 — y2))dzds,  z = (z1,y1), & = (2, ¥2)-

Observe that

F(xe) = n [ [ prlops(enler - maldnides + Fi(xe) - log@lxelis) (19)
RJR
where ) .
pr@) = 5 [ xeledy
m —Tr
and

Fi(xs) = /S /S \i(2)x(€) log cosh(w — 3) — cos(yn — ya))dzdé — (22D (o) +1og(2) Ixsll2a s,

Here @ is defined in (14).
Assume that £ C S, |E| =4nL, and |[EN{z > 0}| = 27L, i.e., E is centered around 0.

Theorem 3.1. There is Ly > 2 such that for every L > Ly we have

IFi(xe) = Filx)| S [ Nl = Elvea sodady.
where Eg = [—L, L] x T.
Proof. Consider f € LY(S) N L>®(S) and let fo = xg,. If f = fo+ h, we have

Fi(f) = /S /S K(2,6)(fol2) + h(2) (fo(€) + h(€))dzde

and
K(z,£) = log(cosh(xy — z2) — cos(y1 — y2)) — |x1 — x2| + log 2. (20)
Notice that K is symmetric and

/S K (2, €) fo(€)de = 0. (21)
Indeed,

T ™ H2 +1
/ log(cosh(x; — z2) — cos(y1 — y2))dy2 = / log ( 5~ cos y> dy ,
K

- —T
where xk > 1 solves equation
K2+ 1
2K

= cosh(zy — x3).

Clearly, = el® %2l We continue as

s HZ +1 s ) ™
/ log ( — cos y> dy = 2/ log |k — e"¥|dy — / log(2k)dy.
-7 2K - -7

Function log |k — z| is harmonic in z in the unit disc and the mean-value theorem for harmonic
functions gives

s ™
2/ log |k — e"|dy — / log(2k)dy = 2mlog k — 2w log 2 = 27|z — 2| — 2w log 2.
-7 -7
8



Now, (21) easily follows.
Then,

Fi(xg) - Fi(xm) = /S /S K (2, €)h(2)h(€)dzde

with h = xg — xg,. Notice that |h| = |xg — XE,| = XEAE, and let A = E A Ey. So, it is sufficient
to control [, [, |K(z,&)|dzd¢ to complete the proof. We turn now to the kernel, K(z,&). The
following is immediate: K (z,&) is translation invariant, i.e., K(z,§) = K(z — ¢,0), and also

670.1\z|’ |Z’ >1

<
(= 0) N{ 1+ [loglzll, | <1 (22)
for every z € S. We have the following trivial bound
[ [ VG lazde <141 minG1, 4] 1+ g A1) (23)
where we took into account two estimates:
/ K (2,0)|dz < C (24)
S
and
/ min{1,1 + |log |¢||}dg| < |A| - |log |A]|, provided that [A] < 0.5. (25)
A

The last bound follows from the observation that the maximizer for that integral is the ball centered
at the origin.

Given A, we have two cases:

1. |A| > 1. Then
/ / K (2,€)|dzdé < |A| < / 2] — Lldzdy,
AJA A

where the last inequality holds for all A C S satisfying |A| > 1 (see, e.g., Lemma C.1 from Appendix
C).

2. |A| < 1. Then, we write A = A; U Ag where Ay = An{||z| — L| < 1}.

Consider Ay. If A; = A UAT, AT = Ain{|lz—L| <1}, A = Ain{|z+ L| < 1}, then

/Al /Al K (2, &)ld=de S /A1 |&| — L|dady

by Lemma C.2 and Lemma C.3 that are proved in Appendix C. The remaining terms are then
bounded using (24) as follows

/ / K (2, 6)|dede < | As) < / 2] — Lldedy
Ag J Ag Az

|| ik < 12 5 [ el - Lidody,
A1 Az A2
The proof of Theorem 3.1 is now completed. ([l

and similarly

We define M as the collection of measurable sets £ C S such that E is centered around the
origin, |E| = 4nL. Theorem 3.1 along with (18) and (19) give

Corollary 3.1. There is Lo > 2 such that for every L > Ly and E € M, we have

F(xs) > Flxs) + CL / 2] — Lldady.
EAEy

Therefore, arg gnjr&4 F(xg)=Ey=[-L,L] xT.
€



Now we are ready to apply our estimates to the Euler dynamics. We will start by proving the
following Theorem which is identical to Theorem 1.1 except that the estimate (8) for points of
centering is missing.

Theorem 3.2. There is an absolute constant Lo > 2 such that the following statement is true. If
(a) L > Lg, e<1,
(b) E is a compact subset of S and 0 is one of its points of centering,
(c) |E| =4Lm,
(d) the regularized energy satisfies
F(xp) = F(xg,) + O(L¢®), (26)
(e) function 0 solves 2D Euler equation (1) with the Biot-Savart law given by (2) and (3),
then 0(t) = xg() and E(t) satisfies

/S 2 — 2o(t)] — Lixag a s dedy < € (27)

for allt > 0. Above x.(t) is any point of centering for E(t) and Ey(t) = [x.(t) — L,z.(t) + L] x T.
Moreover, if > €, then

((B(t) A Eo(t)) N {l|lz — ze(t)] = L| > p}| S p"

Proof. Notice that F(xp()) and [E(t)| are invariants. Therefore, Corollary 3.1 gives

L [ lle = (0] = Lixe a rodady < L
and the statements follow. O

The following Lemma gives a simple geometric condition for (26) to hold.

Lemma 3.4. If E is centered around the origin, |E| = 4Lz, and {|z| < L—e} C E C {|z| < L+¢},
then

F(xp) = F(xm,) + O(Lé®). (28)

Proof. Consider the representation (19) for E and compare it to the same representation for Ey.
For the second term, we use Theorem 3.1 to get

Fi(xe) — Fi(xm)| < /S 2] = Lixs s modedy < €

If we write pp = xj, + 0, then the first term in (19) gives

[ [ eetanpptas)lon — aldoides = [ [ (el + 3G0) (o a2) + 8ol ~ zaldnrdos
R JR R JR
with [0z S 1, [pr 0de = [p_ ddz = 0, and suppd € {L — e < |z| < L+ €}. Notice that (see,
e.g., (16), (17))
/ / 5(.7]1)5(.1‘2)|.1‘1 — acg\dacld:m S 0.
R JR

For the cross product,

—Lte L L+e L
/ / (5(%1)on(xg)\xl—xgldxldmg = / (5(.731) </ ‘.%'1 — CCQ’dCCQ) da:ﬁ—/ 5(.%'1) (/ ’2?1 — fIfQ‘deQ) Cl.%']
RJR —L—e¢ —L L—e¢ —L

Consider, e.g., the first integral. We have

|21 —w2| = [(=L) —x2|| < |21 + L] <€
10



and, therefore,

/::65(3;1) (/_LL 1 — nyd@) dzy = O(Lé?) + /::ea(xl) (/_LL (—L) — x2|da:2> dar .

Similarly,
L+e L L+e L
/ d(z1) </ |z — $2|dl’2> dry = O(Lée?) —I—/ 0(x1) (/ |L — :L'2|dl’2> dzy .
L—e —L L—e —L
However,
—L+e L L+e L
/ 5(.131) </ ‘(—L) — a;2|da;2> d.iCl = / (5(%1) </ |L - a;2|da:2> d.fCl = 0,
—L—e¢ —L L—e¢ —L
because fRi ddxr = 0 and we have the statement of the Lemma. ]

To complete the proof of Theorem 1.1, we are left with studying the dynamics of x.(t), the point
of centering.

Lemma 3.5. In the previous Theorem 3.2, a centering point x.(t) satisfies
jze(t)] S L71e?
for all times.

Proof. For the patch xg(t) we have also that the z-coordinate of the center of mass is conserved
and equal to zero, so:

/S(x — xc(t))XE(t)(z)dxdy = —4nLx.(t).

It suffices to bound the left hand side by €2. Recall Ey(t) = [x.(t) — L, z.(t) + L] x T observe that

/S(ﬂc — xc(t))xB)(2)drdy = /S(fﬁ — zc(t))(XE@®) (2) — XEo(1)(2))dzdy.

We use the fact that x.(t) is the centering point for both E(t) and Ey(t) to write

/> o (x —zc(t) (XE@) (2) — XEo 1) (2))dady = / (. —zc(t) = L) (XE@w) (2) — XEo ) (2))dzdy <

>xc(t)

/ |z — xe(t) — L| - |XE@)(2) = XBo() (2)|dzdy = / & — 2o(t) — L| - Xp@ap @ (2)dedy S €
T>Te

T>Tc

as follows from (27). The integral over z < z.(t) is handled similarly. Thus, |z.(t)| < L2 O

The Theorem 3.2 and Lemma 3.5 give the proof of Theorem 1.1.

APPENDIX A. EXISTENCE AND UNIQUENESS OF SOLUTION ON S
Now we will discuss the existence and uniqueness result stated in Section 2.

Theorem A.l. Let Oy(z) for z € S = R x T be in L>*(S) with compact support in S. Then
there ezists unique (u,0) with u € L>®(S) and 6 € L*>(S) with compact support in S such that
00 + u - VO =0 in the sense of distributions with

—vl(Txg) — (—sin(y — &), sinh(z — &1))
u(z,t) = VAT *6) /5 2(cosh(z — &) — cos(y — &2))

0(¢,t)dg
and 0(z,0) = 0y(z).

11



This Theorem is a corollary of the following result of Kelliher [6]. Note that in that work, the
space 8(IR?) is the space of all divergence-free vector fields u with vorticity 6(u) so that

[l e + [[6(u)]| Lo < 0.

The goal is to consider bounded velocity and vorticity without assumptions on their smoothness,
so V-u =0 and f(u) = V x u in the sense of distributions. Moreover, we say u € 8§ with vorticity
6 is a bounded solution if

(1) 0:0 +u - VO = 0 in the sense of distributions,
(2) the vorticity is transported by the flow.
Now we can state the Theorem from [6]:

Theorem A.2 (Theorem 2.9, [6]). Assume that u° is in S§(R?), let T > 0 be arbitrary, and fir
i

Uso(t) € (C[0,T])? with Us(0) = 0. Let K(y) = % There exists a bounded solution u to the
Y

Euler equations in R?, and this solution satisfies a renormalized Biot-Savart law

u(t) —u® = U (t) + RIE;I;O(GRK)  (0(t) — 6°)

on [0,T] x R? for all smooth, compactly supported, radial cutoff functions ar(x) = a(x/R) with
a(x) =1 for |x| < 1 and a(x) = 0 for |x| > 2. This solution is unique among all solutions u with
u(0) = u® that satisfy the given renormalized Biot-Savart law.

The proof of this Theorem is given in its entirety in [6]. The vector field Uy (t) allows the work
to characterize the non-uniqueness of solutions when w is only bounded. We will use this result to
prove Theorem 2.1, and the choice of Uy (t) is naturally proscribed by the boundary conditions on
the stream function in (3).

Proof of Theorem 2.1. Let 0°(x,y) on R? be the periodic extension of #y(z) and define ug(z) =
VAT % 0g(z) with periodic extension u’(x,y). Then by Theorem A.2, there exist unique u and
defined on all of R? so that

u(t) — u® = U (t) + lim (apX) * ((t) — 6°)
R—o0
on [0,7] x R2. The solution u(x,y,t) and 6(z,y,t) are periodic by uniqueness.
First we will show that renormalized Biot-Savart law is equivalent to the cylindrical Biot Savart

law given by (2) and (3). If we consider any g(¢) € L®(R?) such that g(&) = g(€ + (0,27)) and
g(§) =0 for |&| > R, then

P G . (z—&)*"
/RQaR(z O 6‘zg ) = /sz /WR gk e,

where & = £ + (0, 27k) by the periodicity of g. Observe that

i M: i ((—($2—y2—2ﬁk),1’1—y1)

z—&l? o x1 —y1)? + (2 — y2 — 27k)?

and by Poisson’s Summation Formula, we have the following identity:

k=—o00 | k=—

Lemma A.1. Fora,b#0

—~ (—(b—27k),a)  (—sin(b),sinh(a))
Z 24 (b—27mk)2  2(cosh(a) — cos(b))’

12
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Since ag tends to 1 uniformly and 6 is compactly supported in S, we can conclude that limit in
R converges to the desired cylindrical Biot-Savart law.
The boundary conditions on ¥ in (3) require that

acgrfoo 2 (.’E, y) - :cgrfnoo U2 (JJ, y)
Since k*6(x,y,t) satisfies this equality, it must be true that Uég)(t) = -UvQ (t) =0. As for Uo(é)(t),

observe that if 6, (z,y,t) solves the cylindrical problem with horizontal drift
801 + UL (£)D161 + (k * 6,)V; =0,
the translated function = 6 (x + F(t),y, t) where F(t) = fg Uéé)(s)ds satisfies
0 + (k= 0)V = 0.

By setting Uo(é)(t) = 0, we factor out the possibility of a moving reference frame in the horizontal
direction.
It only remains to show that the Lemma A.1 holds.

Proof of Lemma A.1. We can compute this sum explicitly. For the first component, Poisson sum-
mation formula gives

—(b—QWk) 1 . bn _—la|n —ibn ,—|aln
> DI )

keZ n=1
since we have by residue calculus
je—laln
ie
5 forn > 0,
00 e27ri:rn2ﬂ.x
/ 2 o)l
oo @2+ (27x)? - for n < 0,
0, n = 0.

Since |e~le1#| < e~lal < 1 for |a| > 0, we have

—(b— 27k sin(b
3 ( ) (0)

= a2+ (b—2wk)2 ~  2(cosh(a) — cos(b))

For the second component, assume that a > 0. Then,

a [ . ,
e Tl —(a+ib)n —(a—1ib)n
Za2+(b—27rk)2 2+2;e te !

keZ
0o e2mizn ef|an|
/ 5 sdr = .
oo @+ (27x) 2|a|

As before, we can use the geometric series and see that

Z a 1 N 1 e~ (atib) N e~ (a=ib) _ sinh(a)
= a2+ (b—2mk)2 2 2\1—e(atib) 1 _¢e=(a=ib) | — 2(cosh(a) — cos(b))’

since we have

Since this expression is odd in a, it holds for a < 0 as well. O
13



Finally, the fact that 6 is periodic in the whole plane and is transported by the flow gives

10 r1(s) = [16oll L1 (sy and [0(£)[ Lo (s) = [0l oo (s)-
By the cylindrical Biot-Savart law, we know that [ulzec(s) < [|0(0)[| 11 (s) + [|6(0)[| oo sy and € will
remain compactly supported. [l

APPENDIX B. EXISTENCE OF MINIMIZER

In this Appendix, we prove a standard result about existence of a minimizer in the variational
problem (15).

Lemma B.1. The problem (15) has a minimizer.
Proof. Denote
o = inf ®(p)
pe0
and p,, is a minimizing sequence: ®(p,) — o. Recall that

sup/(l + |z|)pndx < C. (29)

Consider {p,}. We can choose a subsequence {p, } — p* weakly over all compact sets in R and
clearly p* € O. Let us rename this {pg, } back as {p,} for convenience. We have

T T
/ (1+ |z|)p*dez = lim / (1+ |x|)pndz < liminf/(l + |z|)pndz < C,
T n—oo [_p n—00

SO
(1+[2)p" € L\(R). (30)
because T is arbitrary. Similarly, we conclude that
o) 00 0 0
/ zp*dr < liminf/ xppdz, / |z|p*dx < liminf/ |z| prdx. (31)
0 n—oo  Jo — oo n—oo  J_ o

Notice also that

/ p*d:v:/ prdr =1
R+ -

as follows from the definition 0. We will need the following result
o0

lim xlpn(xl)/ pn(xg)dmgd:cl—/ wlp*(xl)/ p*(z2)dxodxy. (32)

n—o0 [q o 0 )

It is due to the tightness estimate (29), (30), weak convergence, and Dominated Convergence
Theorem.
We now prove that p* is a minimizer, i.e., that ®(p*) = 0. Write ®(p,,) as

[e'e) 0 )
B(pn) = I + I — /O pul(1)darr / (s — 21| on (w2)das + / pr (1) / 2 — 71| pn(22) dzs.

—00 —00 —0o0

o

For I, we have

Ilz/ pn(arl)dxl/ |x2—x1\pn(x2)dx2+/ pn(:cl)d:cl/ (z2 + 1) pn(—x2)dxs.
0 0 0 0

Consider the first integral. By symmetry, it is equal to

2/000 pn(x1)dxy /Oxl(fm — x2)pn(z2)dry =2 </00° xlpn(ﬂﬁl)dﬁ) </00° Pn(%)dm) -

00 T 00 0o
2/ pn(:vl)dxl/ xopn(x2)dre —2/ xlpn(xl)dxl/ pn(x2)dzs.
0 0 0

Z1
14



Notice that the last two terms are equal to each other and

oo [e.e]
/ pidx = / pndx = 1.
0 0
Thus, we are left with

2 </O°O xlpn(ﬂsl)dm) </O°O p*(xg)dx2> - 4/000 21pn(a1)day /: po()dzy =
2 ( I xlpnm)dm) ( Ia p*<x2>dx2) [T @ndn | Oo o (e2)das + o(1)

by (32). Then, (31) applied to the first term in the last expression gives

D X1 [o.¢] Tl
/ p*(ml)dwl/ (1 — 22)p" (x2)dxs < lin_l}inf/ pn(xl)dxl/ (1 — x2) pn(x2)dxs.
0 0 n—co Jo 0

In a similar way, one shows that

/ / p*(z1)p* (—x2) (21 + z2)dr1das < hmlnf/ / (1) pn(—z2) (21 + 22)dx1dX2.

n—o0

The integral I can be handled similarly. Adding up these inequalities, we see that ®(p*) < o so
p* is a minimizer.

O
APPENDIX C. THREE AUXILIARY LEMMAS

In this Appendix, we will prove three results used in the main text. We introduce notation
0O = [—1, 1} x T.

Lemma C.1. We have )

s
min x drdy = —
QCS,IQS/D lexdzdy = o

and the minimum is achieved on Quin = [—s/4m, s/4xw] x T.

Proof. The result follows immediately from the structure of the weight |z| against which x¢ is
being integrated. O

Recall the kernel K(z, &) which was introduced in (20).
Lemma C.2. Let L > 2. If AT c {|x — L| <1} and A] C {|z + L| < 1}, then

< _
/A ) / K@z S [ el = Hlddy (33)

1

Proof. The estimate (22) implies that
/. / (= O)d=dt < |AF] - |AT| < 0.5(Af 2 + A7 ).
A

Now, to estimate \Al 2, we only need to change variables as x + L = 7 in the right-hand side of
(33) and notice that

B < /S Flpdz

for every measurable set B C {|z| < 1} by Lemma C.1. O
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Lemma C.3. If A is a measurable subset of O, then

/ / log |2 — &|dzde < / 2| xadedy. (34)
AJA O

AA’10g|Zf||dZd5<A/D|10gZfl\dzd§<oo.

Therefore, by Lemma C.1 applied with s = |A|, we can always assume that |A] = € < ¢y where
€o is sufficiently small. Consider E; = AN {je < x < (j + 1)e} and let 0; = |Ej|, I; = J;/€,j =
~N,...,N,N=[e"]. We have Y\ I; = 1.

In (34),

Proof. Notice that

N
/ alxadudy ~ & S 1 + €2 (35)
a) N
Indeed, if j # 0,—1, then

/ 2| xadzdy ~ €|j]6; = €*[j|1;.
J

For j =0 and j = —1, we have
/ 2| xadrdy < €d; < €
Ej
and

N
[ lalbxadedy €& 3 1t + €
= iyt
follows. To prove a lower bound, notice that dy + d_1 > €/2 implies

/ 2| xadxdy 2 €
EoUE_1
by applying Lemma C.1 with s = dg 4+ d_1. If o +d_1 < €/2, then |A\(Ey U E_1)| > ¢/2 and
/ |z xadzdy Z €.
|z|>e
Therefore, we have

/ lelxadady > €& (36)
O

either way. Moreover, from the definition of J; and I;, we get

/ thxadedy > / alxmdr 2 S il (37)
] (]

J#{-1,0} Jj#{-1,0}
Taking the sum of (36) and (37), we get

N
JRE N S R SR (39)
. i#{~1,0} j=-N
since €2 > 6210(_1).
Define the potential U(z) = [, |log|z — £[|d¢. For fixed {§;},l = —N,..., N, we will estimate
maxp, U(z) for each j = —N, ..., N. Let

max U(z) = U(2]).

J
J
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We can bound the right hand side above by decomposing U (z;‘) as
U(Z;() < My + Mo + Ms.

The term M; comes from considering the e-ball around the point of maximum z7. It satisfies
M, g/ |log |2||dz ~ €*|log . (39)
|z|<e

The term M comes from integrating over (Ej_1 U Ej U Ej11)\Be(z}). To estimate it, we notice
the following. Consider, e.g, E;_1. If §;_1 = |Ej_1] < €2, then

/ log € — =3[|dé < €| loge|.
-1

because the maximizer of the integral in the left-hand side belongs to a ball | — z;‘| < e. On the
other hand, if |E;_1| > €2, then

Ij—l
/ |log|s—;f|d556/0 log yldy < elj1(|log I | + 1),

E]'_l

because the maximizer of the integral belongs to the rectangle of hight ~ I;_;. Arguing similarly
for F; and Eji1, we get

Ms S 6(6‘ loge\ + Ij]logfj] —I—Ij_1|loglj_1] +Ij+1‘ IOng_;,_l‘ + Ij_l + Ij +Ij+1) S €, (40)

where the last bound follows from z|log x| < 1 when z < 1. Finally, the term Ms covers integration
over the remaining FEy. It will satisfy

Iy,
M; < 3 <62\1og(e\k—jy)\+e/0 llog(y+e\k—jl)\dy> :

E:|k—j|>1,k|<N
Indeed,
|log |2} — &l < [log([k — jle+ |yj — &), € € By,

where 27 = (27,y;),§ = (§1,€2). Then, we have an upper bound for the following variational

problem

Iy,
sup /llog(\k—jleﬂ&\)!dﬁ562!10g(6!k—jl)\+6/ | log(y + el — j|)|dy

T Clke<a<(k+1)e},|Tr|=|Er| / Ti 0
(41)

where the first term comes from the case when |Ej| < €2, the second one comes from the other case
and the observation that the optimal configuration Y, is a rectangle of the size ~ Ij.
Integration gives

/logydy =ylogy —y+C
and so
Iy, Iy,
| Noaty +elk=iidy < [ lozslay < l1og 1l + .
0
The first term in the right-hand side of (41) gives
&S ok -dNlSe S loglell)] S e/H

E:lk—j|>1,|k|<N 1<|l|<2N z|<
17
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by making comparison to an integral. Finally, summing over k, we have

N

Ms<e+e Z I;| log I|.
k=—N

Taking into account (39),(40), we get

N
U(z) < I log .
max (Z)N6+6k_ZN k| log Iy |

Then,

N
//|10g]z—§|dzd£,§62+e2 Z Iy | log I|.
AJa N

The trivial estimate
lulogu| < C(y)u”, 0<y<1l,0<u<l

implies
1/p 1/p' ¥

SoLlog | >0 =>"GL) < (2G| (Do) S i

70 70 70 70 70 70
by Hoélder inequality with p = 1/~ and v > 0.5. We have

2l
ElollogIo| + ¢ | Y il | S+ il
j#0 J7#0

and application of (35) finishes the proof of Lemma C.3. O
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