SPECTRAL THEORY OF JACOBI MATRICES ON TREES WHOSE
COEFFICIENTS ARE GENERATED BY MULTIPLE ORTHOGONALITY

SERGEY A. DENISOV AND MAXIM L. YATTSELEV

ABsTrACT. We study Jacobi matrices on trees whose coefficients are generated by multiple orthogonal
polynomials. Hilbert space decomposition into an orthogonal sum of cyclic subspaces is obtained. For
each subspace, we find generators and the generalized eigenfunctions written in terms of the orthogonal
polynomials. The spectrum and its spectral type are studied for large classes of orthogonality measures.
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Introduction

This paper is the third in the sequence of works [9, 10] that study the connection between Jacobi
matrices on trees and the theory of multiple orthogonal polynomials (MOPs). In [9], we have described a
large class of MOPs that generate bounded and self-adjoint Jacobi matrices on rooted homogeneous trees
and established some basic facts explaining this connection. In particular, we constructed a bijection
between MOPs of the first type and a class of such Jacobi matrices. In the follow-up paper [10], we
performed a case study of the Angelesco systems generated by two measures of orthogonality with
analytic densities. We used Riemann-Hilbert analysis to obtain asymptotics of MOPs and their recurrence
coefficients. That led to a complete description of all the “right limits” of these Jacobi matrices and
allowed us to find their essential spectrum. In the current paper, we study the spectrum and spectral
decomposition in a more general situation. We focus on the case of two measures only and address
several questions that were left open in [9].

The rest of the paper is organized as follows. In the remaining part of the introduction, we empha-
size the importance of Jacobi matrices, outline their connection to orthogonal polynomials, provide a
general definition of Jacobi matrices on graphs, and state some of the properties of multiple orthogonal
polynomials on the real line that we need to study the Jacobi matrices we are interested in. After that,
we focus exclusively on the study of spectral properties of Jacobi matrices on trees generated by MOPs
on the real line. In Part 1, we provide a full Spectral Theorem for finite Jacobi matrices. In Part 2, we
define Jacobi matrices on a 2-homogeneous infinite rooted Cayley tree and discuss some of their basic
properties. In Part 3, we study Jacobi matrices generated by Angelesco systems and describe cyclic
subspaces, generalized eigenfunctions, and the corresponding spectral measures. Part 4 contains the
spectral decomposition for Jacobi matrices on rooted trees with periodic coefficients. That complements
the construction in Part 3.

ORTHOGONAL DECOMPOSITION AND SPECTRUM

We recall some basic facts from the spectral theory of bounded self-adjoin operators (see, [2,3] and [38,
Section VIIL.2]). Let $) be a Hilbert space and 2 be a bounded self-adjoint operator acting on it. We can
study the spectrum of this operator by obtaining a decomposition of § into an orthogonal sum of cyclic
subspaces of 2. That is, take any g1 € $ with unit norm, i.e., |g1| = 1, and generate the cyclic subspace

(] def span{2A™mg; : m=0,1,...}.

We shall call g; the first generator and €; the first cyclic subspace. One can show that €; is invariant
with respect to 2. If €& c £, we take go € §), that satisfies |ga| = 1 and go L €;. We denote by €5 the
cyclic space generated by go. It is also invariant under 2 and satisfies €; 1 €5. Continuing this way, we
obtain the following representation of §) as a sum of orthogonal cyclic subspaces:

H=@n_1Cp, (0.0.1)
where N € N U c0. Since 2l is self-adjoint, the operator (20 — z)~! is bounded on $) for every z € C,
the upper half-plane. For each f € §), the function (2 — z)~1f, f) is in Herglotz-Nevanlinna class, i.e.,

it is analytic in C,; and has non-negative imaginary part there (we discuss this class below, see (3.1.8)).
Moreover, since 2 is bounded, we have an integral representation

d
<(9l—2)’1f,f>=f M, zeCy, (0.0.2)
R LT—Z
where the measure p; is called the spectral measure of f. Then, the following result holds.

Theorem 0.0.1. Let A be a bounded self-adjoint operator on a Hilbert space $) and let o(2A) denote its

spectrum. It holds that
N

o) = U Supp Pg,.
m=1
where pg,, 15 the spectral measure of the generator g,, for the cyclic subspace €, from decomposition
(0.0.1).

Decomposition (0.0.1) can be used as follows. Fix €,,. Taking a sequence of vectors

{gm)Q[Gm?Q[ng) . '}

and running Gramm-Schmidt orthogonalization procedure gives the orthonormal basis in €,, in which
the restriction of 2 to €, takes the form of either an infinite or a finite (depending on dim ¢,,,) one-sided
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Jacobi matrix, see (0.0.3) and (0.0.6), further below. It turns out that these matrices are related to
orthogonal polynomials, a connection that is central to our interest in the subject.

CLASSICAL JACOBI MATRICES

Let {a;},{b;} € (*(Z,) and a; > 0,b; € R, hereafter Z, ' {0,1,2,...} and N ¥ {1,2,...}. An
infinite one-sided Jacobi matrix is a matrix of the form

bo a 0 0

| ovao boyaro0

Il 0 o b aa ... |, (0.0.3)
0 0 az by ...

and an N-dimensional Jacobi matrix is the upper-left N x N corner of (0.0.3), see (0.0.6) further below.
We define two sets of measures on the real line

def

o et {p: suppp < [-Ry,, R,], Ry <0, and #suppp =0} and My = {peM: u(R) =1},

where the cardinality of a set S is denoted by #.S. One-sided infinite Jacobi matrices with uniformly
bounded entries are known to be in one-to-one correspondence with 91y, the set of probability measures
on R whose support is compact and has infinite cardinality. This bijection is realized via polynomials
orthogonal on the real line. On the one hand, since J defines a bounded self-adjoint operator on the
Hilbert space ¢?(Z, ), we can consider the spectral measure of the vector (1,0,0,...), see (0.0.2). We
will call it p(J). On the other hand, given p € 9y, one can produce a Jacobi matrix in the following
way. Let p,(z, 1) be the n-th orthonormal polynomial with respect to p, i.e., p,(z, ) is a polynomial of
degree n such that

Jpn(x,,u)xmd,u(x)z(), m=0,...,n—1,
R
that is normalized so that

coeff,,p,, > 0, J P2 (x, w)dp(z) =1,
R

where coeff,, @ is the coefficient in front of 2™ of the polynomial Q(x). It is known that polynomials
pr(x, p) satisfy the three-term recurrence relations

Tpn (T, ) = V anPn+1(, ) + bupn(z, 1) + V an—1pn-1(z,p), n=0,1,..., (0.0.4)

def

where a,, > 0, b, € R and p_; def 0,a_1 = 0. The coefficients {a,},{b,} are defined uniquely by p and

one can show that
{an}v {bn} € éoo(Z+) .
Let J be defined via (0.0.3) with these coefficients. It is a general fact of the theory [2,3] that

~

p(J) = p  and therefore o(J) =supppu. (0.0.5)

The above correspondence is one-to-one: one can start with a bounded self-adjoint Jacobi matrix
(0.0.3), compute p(J), the spectral measure of (1,0,0,...), via (0.0.2), take p(J) as a measure of orthog-
onality p and, finally, define the orthogonal polynomials whose recurrence coefficients will give rise to
the same J.

It follows from (0.0.4) that the sequence {p,(x,u)}, with © = p(J), represents the generalized eigen-
function of J. That can be made explicit by the following statement, see [2, 3], which, together with
(0.0.4), can be taken as a definition of a generalized eigenfunction.

Proposition 0.0.2. Suppose p€ My. The map

a(@) > & = (A} ez, 80" [ale)pa(ep)du(a),

is a unitary map from L*(p) onto (2(Zy) such that

ladla gy = I, ) -

This map establishes unitary equivalence of the operator J on €*(Z,) and the operator of multiplication
by x on L?(n). In particular,
za(z) — Ja.
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Finite Jacobi matrices can also be studied via polynomials orthogonal on the real line although the
measure of orthogonality giving rise to a particular matrix

bo a 0 ... ... 0
Vao b ar ... ... 0
el 0o yar b ... ... 0 (0.0.6)

0 0 0 ce. AN bN
is not unique, which has to do with multiple solutions to a moment problem, see [2]. Let u be any

measure of orthogonality such that Jy is upper-left (N + 1) x (N + 1) corner of J generated by the
def

orthogonal polynomials {p,(x,u)}. If pxy = (po,...,pn), Wwe get
@y — 2)pn (@) = —vanpy1(@)s™), 6™ € (0,...,0,1). (0.0.7)
The last identity provides, in particular, the characterization of the spectrum of Jy:
o@dn) ={E: pn+1(E,p) = 0}. (0.0.8)

JACOBI MATRICES ON GRAPHS

We are interested in the generalizations of the above notion of a Jacobi matrix to the case when
underlying Hilbert space is realized not as ¢?(Z, ), but as a space of square-integrable functions on
vertices of a tree.

Let § = (V,€) be an infinite graph, where V and & stand for the sets of its vertices and edges,
respectively. The set of directed edges will be denoted by & ForY e V, the symbol 6(Y) indicates the
Kronecker symbol at Y, i.e., the function which is equal to 1 at Y and zero otherwise. Given two vertices
V1,Vo €V, we shall write V; ~ V5 if they are connected by an edge and also use this notation to denote
the edge itself. The edge directed from V; to Va will be denoted by [V, V2].

A connected graph that has no loops is called a tree, in which case we shall use the symbol T instead
of G. If every vertex in a tree has the same number of neighbors, this tree is called homogeneous. We
can construct a rooted homogeneous tree of degree d + 1 as follows. One starts with the root O and
connects it to d “children” that we name O(cp) ;,j = 1,...,d. Then, we connect each O, ; to d new
vertices. Continuing this process generation by generation, we obtain an infinite rooted tree in which O
has d neighbors, and any other vertex has d + 1 neighbors. For each Y # O, the vertex Y, indicates its
unique parent and Y j,j = 1,...,d, its children. Given functions f and F on V and &, respectively,
we shall denote by fy the value of f at Y and by Fz y (= Fy,z) the value of F' at an edge Z ~ Y.

Given a graph § = (V, &), let V, W, and ¢ be functions on V, &, and &, respectively. Assume that V'
and W are both bounded, W > 0, and ¢ takes value in {0, 1}. By definition Wy,z = Wz y while oy, 2
and o[z y] might not be equal to each other. If there is a constant C' such that each vertex has at most
C neighbors, we can define an operator, a generalized Jacobi matriz on the graph G, by

@)y EVafy + Y (-1 AW £z, (0.0.9)
Z~Y
where f is any function on V. We call J a generalized Jacobi matrix since in most of the literature it is
common to define J with o = 0. We, however, allow a more general setup, which, as we explain later, is
more natural in the case of Jacobi matrices generated by multiple orthogonality. Keeping this distinction
in mind, throughout the paper we call J from (0.0.9) simply a Jacobi matrix on G.

As we already mentioned, we are interested in the connection between Jacobi matrices on graphs and
orthogonal polynomials. In the full generality of definition (0.0.9) such a connection no longer exists.
However, there are large classes of Jacobi operators on trees that can be defined via multiple orthogonal
polynomials. Spectral theory of Jacobi matrices and Schrédinger operators on trees is a vibrant topic
of modern mathematical physics, see, e.g., [1,13,15,16,27,29,34,35]. It is conceivable that the powerful
tools developed for the analysis of multiple orthogonality, already known to have applications in number
theory, statistics, and random matrices, can find new applications in the analysis of quantum systems.

MULTIPLE ORTHOGONAL POLYNOMIALS

The system of polynomials orthogonal on the real line can be generalized to the case of orthogonality
with respect to several measures. This multiple orthogonality, being a classical area of approximation
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theory, has connections to number theory, numerical analysis, etc., see [7,33,36] for the introduction to
this topic. To define it, consider

_ def _, def _, def
= (1, p2), suppur €R, and 7= (ni,n2) € Z2, |i] S ny + no,

where we assume that all the moments of the measures u1, po are finite.
Definition. Polynomials Ag)(x) and Ag) (z), deg A%k) < ng — 1, k € {1,2}, that satisfy

fR 2™ (AL @)y (2) + AP (@)dps(2) =0, me {0, |7 -2}, (0.0.10)

are called type I multiple orthogonal polynomials (type I MOPs). We assume that A%k)(x) = 0 unless
n, — 1 < 0. Furthermore, non-identically zero polynomial Py (z) is called type II multiple orthogonal
polynomial (type IT MOP) if it satisfies

deg Py < |71, J. Pr(z)x™dpg(z) =0 for all me{0,...,ng —1} and ke {1,2}.  (0.0.11)
R

Polynomials of the first and second type always exist. The question of uniqueness is more involved. If
every Py(x) has degree exactly ||, then the multi-index 7 is called normal and we choose the following
normalization

Ps(z) = LIS

i.e., the polynomial Py (x) is monic. It turns out that 7 is normal if and only if the following linear form
Qi () €AY (2)dpy (2) + ALY (2)dps () (0.0.12)

is defined uniquely up to multiplication by a constant. In this case deg Agc) = n, — 1 and we will
normalize the polynomials of the first type by

f 1 Qa(x) = 1. (0.0.13)
R

Definition. The vector /i is called perfect if all the multi-indices 7 € Z2 are normal.

Besides the orthogonal polynomials, we will need the functions of the second kind.
Definition. The functions

Lz(z) def Qslx) and  Rg(2) dgfj M, ke {1,2}, (0.0.14)
R Z—X R z—x

are called functions of the second kind associated to the linear forms Qz(x) and to polynomials Pz(x),
respectively.

If d = 1, type II polynomials P;(x) are the standard monic polynomials orthogonal on the real line
with respect to the measure p; and the polynomials A%l)(x) are proportional to p,_1(x,x1) with the

coeflicient of proportionality that can be computed explicitly.
In the literature on orthogonal polynomials, the following Cauchy-type integral

e d
h(z) def f dplz) , zé¢supp p, peM, (0.0.15)
R

z—
is often referred to as a Markov function. If u, uo € M, we can rewrite Lz(z) as

La(z) = AL ()i (2) + AD (2)ia(2) — AP (2), (0.0.16)

n

where A(O)(z) is a polynomial given by

o [ AV (z) — AW
Ayt [ A
R zZ—X

(2)z— (g)x
o)+ [ A=A

Similarly to classical orthogonal polynomials on the real line, the above MOPs also satisfy nearest-

neighbor lattice recurrence relations. Denote by & % (1,0) and &, def (0,1) the standard basis vectors

in R2. Assume that

3

— dusa (). (0.0.17)

—

i = (p1,12) is perfect. (0.0.18)
This is an assumption we carry throughout the paper. In this case, see, e.g., [33,41], there exist real
constants {az 1, 7,2, 07,1, bﬁ’z}ﬁezi, which we call the recurrence coefficients corresponding to the system
ii, such that the linear forms Qz(x) satisfy

2Qi(2) = Qi—e, () + bi—z,,iQa () + a7 1 Qiite, (¥) + a7 2Qa4e,(x), 7eN? (0.0.19)
5



for each i € {1, 2}, while it holds for type II polynomials that

2Pq(z) = Prye,(w) + bi i Pa(z) + am 1 Pri-z (z) + amoPr-z(x), #eZ2, (0.0.20)
again, for each i € {1,2}, where we let P;_g () = 0 when the [-th components of 77 — € is negative. It
is known that

a(n,0),15 40,n),2 >0, neN,

am; #0, 7eN? ie{l,2}, and { (0.0.21)

def
ao,n),1 = am,0),2 = 0, n€Zy,

where the first conclusion follows from perfectness and an explicit integral representation for az ;, see [41,
Equation (1.8)], and the second one is part definition and part a consequence of positivity of parameters
{an} in (0.0.4).

Remark. For perfect systems i, one can show that (0.0.19) implies the recursion for the type I polyno-
mials themselves:

2 AP (1) = AY (@) + bae i AD (@) + 4z  AY) o (0) + a2 AT (), e N2, Qe (1,2}, (0.0.22)

The recurrence coefficients {az,;, b5} are uniquely determined by ji. However, when d > 1, unlike
in the one-dimensional case, we can not prescribe them arbitrarily. In fact, coefficients in (0.0.19) and
(0.0.20) satisfy the so-called “consistency conditions”, see, e.g., [41, Theorem 3.2] and [11], which is a

system of nonlinear difference equations:

bive,; — b = bave;i — bi
2 2
D ania k= ), Grtek = bave,.ibag — bate, b,
k=1 k=1

ai,i(bij — bii) = it i(big,j — bi—g, i),
where 77 € N? and i,j € {1,2}. Conversely, see [23, Theorem 3.1], solution to this nonlinear system is

unique and uniquely defines [i (ug’s are the spectral measures of the Jacobi operators corresponding to
the boundary values) provided the boundary values are properly defined.

Part 1. Jacobi matrices on finite rooted trees
The goal of this part of the paper is to prove analogs of (0.0.7) and (0.0.8) for Jacobi matrices (0.0.9)
on finite trees in the case when these Jacobi matrices are generated by multiple orthogonality.
1.1. DEFINITIONS AND BASIC PROPERTIES
1.1.1. Finite trees. Fix N = (N1, N2) € N2, Truncate Z2% to a discrete rectangle
Ry = {it:n1 < Ni,ny < Na}

and denote by P the family of all paths of length |]\7\ = Nj + Ny connecting the points N = (N1, No)
and (0,0) (within a path exactly one of the coordinates is decreasing by 1 at each step). The tree Ty is

(2,1) ~ O

(070) ~A= X(ch),2 (Oa O) ~B= }/(ch),l (Oa O) ~C= Z(ch),l

FIGURE 1. Tree for N = (2,1).
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obtained by untwining P 5 in such a way that P & is in one-to-one correspondence with the paths in T g
originating at the root, say O, which corresponds to N, see Figure 1 for N = (2,1).

We denote by Vg the set of the vertices of T 3. The above construction defines a projection I1: Vg —
R as follows: given Y € Vg we consider the path from O to Y, take the corresponding path on R,
and let TI(Y) to be its endpoint (the one which is not N). We denote by ¢2(V &) the set of all functions
on Vg with the norm coming from the standard inner product (-, -).

As agreed before, we denote by Y{, the “parent” of Y. To distinguish the “children” of a vertex Y we
introduce an index function ¢ by

L: Vﬁ — {1,2} Z— 1z such that H(Z(p)) =1(Z)+é,. (1.1.1)

Then, if Y = Z,), we write Z = Y(cp) see Figure 1. We further let

ch(Y) E {i: ni >0, TI(Y) = (n1,n2)}

to be the index set of the children of Y. It will be convenient to introduce an artificial vertex O(,), a
formal parent of the root O. We do not include O, into V3, but we do extend every function f on Vg
to O(p) by setting fo ,, = 0 (recall that we denote the value of a function f at Y € Vg by fr).

1.1.2. Jacobi matrices generated by multiple orthogonality. Let i be a perfect system and
{as i, bz} be its recurrence coefficients, see (0.0.19) and (0.0.20). In this subsection, we specialize
definition (0.0.9) to the case of finite trees Ty and Jacobi matrices whose potentials V, W, and the
signature o come from /.

Fix 7 € R? such that |R| = k1 + ko = 1. We define the potentials V = VA W = W# : V3 — R (as
with most quantities dependent on ji, we drop the dependence on i from notation) by

def def def

Vo = '%lbj\'f,l -‘y—/ﬁgbﬁa, Wo =1, and Vy def bH(Y),Lya Wy = ’an(y@))’LYL Y # 0. (1.1.2)

This definition is consistent with (0.0.9) if we let Wy, v =Wyy,, =Wy (for trees, neighboring vertices
always form child/parent pairs). We further choose function o : Vg — {0, 1} to recover the signs of the
recurrence coefficients a; ;. Namely, we set oy to be such that

(—1) Wy = any,,)y. Y #0, and 0o <0 (1.1.3)

(observe that Wy > 0 since az4¢,,; # 0 by (0.0.21)). To relate back to the definition given in (0.0.9), we
set oy,y,,,] = 0 and oy, y] = oy. With these definitions, (0.0.9) specializes to

def 1/2 o 1/2
(3,—57]\7.]0)1/ = Wfy + WY/ fy(p) + Z (—1) Y(C]L)JWY(/ch),lfY(Ch)’l’ (114)
lech(Y)

which we call a Jacobi matriz on a finite tree T .
For a given multi-index 7i, let Pz(z) be the type II MOP with respect to fi, see (0.0.11). We consider
z € C, as a parameter and put

def

def def
py(Z) lef e e

my' Py(2), Py(2) € Payy(2), and my € ] w2 (1.1.5)
Zepath(Y,0)

where path(Y,O) is the non-self-intersecting path connecting ¥ and O that includes both Y and O.
Obviously, all three functions p, P, and m depend on . To uniformize the notation, let us formally set

def
PH(O(p))(Z) = I€1PJ\7+€1 (Z) + ”2P1\7+g2 (Z) (1.1.6)

Given X € V3, denote by ‘J'N[X] the subtree of Ty with root at X and by VN[X] the set of its vertices.
Let Jrx) and pyx be the restriction of 35,1\7 and p to ‘J'N[X] and VN[X], respectively. Then, it follows
from (0.0.20) that

Jixpix) (2) = 2pix(2) — (i Prex,,) (2)) 09, (1.1.7)

which is an identity reminiscent of (0.0.7).



1.1.3. Conditions on fi. Recall that ji is a perfect system since, otherwise, its recurrence coefficients
might not exist for all 77 € Ry, which makes J. y undefined. Besides that, we place one more set of
conditions on /i. Denote by Ery(yy the set of zeroes of Py (x), Y € Vg U{Oy} (recall (1.1.6)). Notice

that Eno,,) = Ex e when £ = ¢, i € {1,2}. Our additional assumptions on /i are

{ Enyyc R, #Enyy =1I(Y)|, YeVgiu{Op},

(1.1.8)
EH(Y) N EH(Y(p)) =g, Ye \71\7,

where we put [II(O(,))| def IN| + 1 and #S denotes the cardinality of S. That is, we assume that all

zeroes of each polynomial Ppyy)(z) are real and simple, and that Pyy)(z) and Pn(y(p))(ac) do not have
common zeroes.

All the classical examples of type II MOPs satisfy (1.1.8). Indeed, for Angelesco systems, see Part 3
further below, multiple Hermite polynomials [41, Section 5.1], multiple Laguerre polynomials of the
second kind [41, Section 5.4], multiple Charlier polynomials [41, Section 5.2], and multiple Meixner
polynomials of the first kind [32, Section 3.3], it holds that

am; >0 AeN’ ie{l,2}. (1.1.9)

This, together with perfectness (all the above examples form perfect systems) implies, see [32, Theo-
rem 2.2, that

Tive,1 < T < Tiye,2 < T < ... < T |a| < Tite, |d|+1 (1.1.10)

for each i € {1,2}, where we write Bz = {z71,..., 25,5} That is, the zeroes of Py(x) and Py ¢, ()
interlace. Hence, the only conditions that remain to be checked in (1.1.8) are those that involve O,y and
they, of course, depend on K. The positivity of az 4, i.e., the condition (1.1.9), is not satisfied by other
classical systems such as Nikishin systems, see Section 1.4 further below, multiple Laguerre polynomials
of the first kind [41, Section 5.3], Jacobi-Pifieiro polynomials [41, Section 5.5|, and multiple Meixner
polynomials of the second kind [32, Section 3.7]. However, it is known that type II MOPs form the
so-called AT-systems and their zeroes again satisfy (1.1.10) for all just listed examples, see [32|. Hence,
all conditions in (1.1.8), except for the ones involving O,), are satisfied automatically.

1.2. SPECTRAL ANALYSIS

1.2.1. Spectrum and eigenvalues. One can readily see from (1.1.7) that every E € Eno,,) 1s an
eigenvalue and

def
We call b(E, Op,) the trivial canonical eigenvector. To identify the remaining eigenvalues and eigenvec-
tors, we set

def
wN = Prog) v U Eny). (1.2.2)
YeVg: #ch(Y)=2

e

The condition #ch(Y) = 2 is equivalent to II(Y) € N2. Hence, the set €z consists of Epo,,,) and the
zeroes of type II MOPs that are “truly” multiple orthogonal, i.e., they satisfy orthogonality conditions
on both intervals. Given E € € , let Joint(E) be the set of joints corresponding to E defined by

Joint(E) € {Y e Vg : Py(E) =0 and #ch(Y) = 2}. (1.2.3)

If £ € Eno,,,) and E ¢ UYGVN: sen(v)—2 Ermy), then Joint(E) = &; otherwise, Joint(E) # @. To
each X € Joint(E), we associate a special vector. To define it, recall that Wy > 0 for all Y, see the
remark after formula (1.1.3), and that px, ,(E) # 0 by (1.1.8) when X € Joint(E). We will need a
standard notation: if B is a subset of a graph G, the symbol xg denotes its characteristic function. Given
Ee &z, X € Joint(E), let
—1)7%(eh).2 g —1)7X(eh) 1 T
W) o) [ )1/2 APV )1/2 S ), (1.2.4)
WX(ch)‘sz@h),? (E) WX(ch),le(ch)J (E)

where, as before, ‘J'ﬁ[ 7] denotes the subtree of Ty with root at Z. Anticipating the forthcoming theorem,
we call each b(E, X) a canonical eigenvector (it follows right away from (1.1.4) that J. yb(E, X) is also
8



uTs

N X o) 2]). Finally, we set

supported on ‘J'N[X( o]

Joint(E), E¢ Eno,)
JOlnt(E) U {O(p)}7 Ee EH(O(p))'

Definitions (1.2.1), (1.2.2), (1.2.4), and (1.2.5) are needed for the following theorem, which is the main
result of this part.

Joint*(E) & { (1.2.5)

Theorem 1.2.1. Let ji be a perfect system of measures on the real line for which (1.1.8) holds and 7.
be the corresponding Jacobi matriz defined in (1.1.4). Then

0(3;%‘,1\7) = 8;2,1\7'

Given E € O'(HEJ\-}), a particular basis for the eigenspace corresponding to E is given by
{b(E,X) : Xe Joint*(E)}

and the geometric multiplicity of E, we call it g, is given by

gr = #Joint*(E).
Moreover, the system

{b(E,X): X € Joint*(E), Ee€ U(HR,N)}

is a basis for (2(V ).

We illustrate the construction of the canonical eigenvectors for a simple case of Jz, (2,1), see Figure 1.
Assume that (1.1.9) takes place and all the zeroes are distinct. There are 9 vertices and 9 eigenvalues:

#E@2 =4, (Eg2 = Eno,)), #E@1 =3, and #Eq1) =2
For any E € E (34, it holds that Joint*(E) = {O,)} and each such root defines a trivial canonical

eigenvector p(E). Every E in E(; 1) is a simple eigenvalue with Joint*(E) = {O}. The corresponding
canonical eigenvector b(E, O) is equal to zero at O and

_(W)l(/(i)px(p) (E))v Ve {X(p),X’Y"A,B}’
by (B, 0) = pv (E)/ 12
(WZ(p)pZ(p)(E))7 Ve {Z(p),Z7C}

Finally, if E € E( 1y, then Joint*(E) = {X(,)}. The canonical eigenvector b(E, X(,) is supported on
{X,Y, A, B} and
~(Wy*px(B)), Ve {X, 4},

bv(E, X)) =pV(E)/{ 1/2
(W py(E)), VelY,B}

1.2.2. G-self-adjointness. When o = 0 in (1.1.3), or equivalently, (1.1.9) holds, the corresponding
Jacobi matrix is self-adjoint and thus has an orthogonal basis of eigenvectors. When ¢ # 0 this is no
longer the case. However, there exists an indefinite inner product given by a diagonal matrix & with
diagonal entries equal +1 such that the Jacobi matrix is G&-self-adjoint. The general theory of G-self-
adjoint operators (see, e.g., [28]) does not guarantee that their eigenvectors span ¢?(Vg) (that is, that
J. v has no Jordan blocks, i.e., that it has a simple structure). Yet, this is indeed the case for Jacobi
matrices.

Let, as before, path(Y; O) be the non-self-intersecting path connecting ¥ and O that includes both Y
and O. Define a diagonal matrix & on Ty by

G52 L 50 and &™) L (—1)Ezepanro)725Y) Yy 2 0. (1.2.6)

The diagonal matrix & defined this way assigns either +1 or —1 to a vertex Y depending on whether
the number of “negative” edges connecting O to Y is even or odd. We define an indefinite inner product

['7 ] by
.91 = (& .a), frgel(Vy). (1.2.7)
Denote the number of vertices Y € Vg such that [§(),60)] = +1 by i4. If 0 = 0, the matrix & is
the identity matrix and [-,-] = (-,-), iy = #V 5 while i_ = 0. We let £%(V ) denote the corresponding
indefinite inner product vector space, which is sometimes called a finite-dimensional Krein space.
A matrix A is called &-self-adjoint if

[Af.g] = [f Ag] (1.2.8)
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for all vectors f and g. Notice that (1.2.8) is equivalent to GA = A*S, where A* is the adjoint of A
in the original inner product {-,-). Since &2 is the identity matrix, multiplying identity GA = A*&
from the left and from the right by & gives us AS = GA*. Thus, A is G-self-adjoint if and only if A*
is G-self-adjoint. Clearly, when & is the identity matrix, i.e., when (1.1.9) holds, condition (1.2.8) is
equivalent to A being self-adjoint in the standard inner product.

Proposition 1.2.2. Jacobi matrices Iz § and 3; 5 ore &-self-adjoint.

1.2.3. G-orthogonalization. In this subsection, we show that the basis of canonical eigenvectors, which
is yielded by Theorem 1.2.1, can be used to construct G-orthogonal basis of eigenvectors. To this end,
we notice that eigenspaces that correspond to two different real eigenvalues are already G—orthogonal.
Indeed, this is due to the following identity

B[V, 0,] = [3,3’]\7‘1’1,‘1’2] = [‘1/173%’]\7‘1’2] = [y, BxVs] = Eo[Uy, Wy,

where E1, Fo are eigenvalues of Hﬁ, 5 and W1, Uy are corresponding eigenvectors. Thus, we only need to
focus on each individual eigenspace.

‘:T4 = (‘T(Q,O)

FIGURE 2. Partition of V(35 into waves W1 (E) (blue), Wo(E) (purple), and W3(E)
(green) when Joint(F) = {O, X }.

Suppose E is an eigenvalue and Joint(E) # . This guarantees that g(E) > 1 and {b(F, X)} is the

basis for the eigenspace. We start with some geometric constructions on the tree and a few definitions.

Let us first partition V g into a collection of disjoint “waves”. Define the canopy of T3 by € def I1-1(0,0).

If O € Joint(E), we set the first wave and its front simply to be {O}, that is, W1 (E) = F1(F) = {O}.
Otherwise, we define F1(E) to be the set of vertices from C u Joint(E) that can be connected to O by
a path which does not contain elements of Joint(E) in its interior. We then let the wave W1 (E) to be
the union of all the vertices on these paths, including the endpoints. To define F5(F), consider all the
vertices in (€ v Joint(E))\W1(E) that can be connected to a vertex in F1(E) by a path which does
not contain vertices of Joint(E) in its interior. The second wave Wz (E) is then defined as the set of
all the vertices on these paths, including the ones from F5(E), but excluding the ones from F(FE) (so,
W1(E) n'Wy(E) = @). We continue this process until all of V is exhausted.

Example. Consider J(39) and assume that Joint(E) = {O, X}, where II(X) = (2,1), see Figure 2.
Then,

Wl(E) = {O}, WQ(E) = {X(p),X} o V((.Tl) ) V({Ig), and Wd(E) = V(‘.Tg) U V(T4),

where T7, T2, T3, and Ty are the subtrees with the roots at the sibling of X, the sibling of X, X(cp). 1,
and X (cp),2, respectively, and V(T) is the set of vertices of a subtree J. Moreover, it holds that

F1(E) = {0}, Fo(E) = {X} U (€n (V(T) UV(T2)), and Fuo(E) =€ n (V(Ts) LU V(T4)).

Suppose all constructed fronts and waves are enumerated by {F1,...,F,} and {Wy,..., W,}. To
produce G-orthogonal basis out of {b(F, X)}, we start at the canopy and go up the tree. Consider the
canonical eigenvectors corresponding to E that are supported inside the last wave W, (E). Each of these
eigenvectors has support on a subtree sitting inside W, (E) and having the root at a vertex of the previous
front Fp_1(E). As their supports are disjoint, they are G-orthogonal. Call their span §,(F). Next, take
all the canonical eigenvectors that have support inside W,_1(E) u W,(E) and that were not chosen
before. For each of them, take its G-perpendicular to 8,(E). By construction, it is nonzero. These
new vectors are still eigenvectors and they are G-orthogonal to each other because they are supported
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on different subtrees as well as G-orthogonal to the previously considered eigenvectors by constructions.
Denote by 8,_1(E) the span of these G-perpendiculars and previously considered eigenvectors spanning
8p(E). If we continue going up the tree in this fashion, we will produce an G-orthogonal basis of the
E-eigenspace. Since all the eigenspaces are G-orthogonal, we have constructed a S-orthogonal set of
eigenvectors. By scaling, we can make sure that this basis is G-orthonormal.

We want to finish by explaining how our result fits into the general spectral theory of &-self-adjoint
operators. We say that a vector ¢ is G-positive if [¢,1] > 0 and G-negative if [¢,9] < 0. It is &-
neutral if [1,9] = 0. Suppose {¢1,...,¥,} is a G-orthogonal basis of £*(Vg). It is known, see [28,
Proposition 2.2.3] and Lemma 1.3.7 further below, that

#{j 2 is G-Hegative} =1i_ and #{j 2 is G—positive} =14,
where the numbers iy were defined right after (1.2.7). Label the G-positive and G-negative vectors in the
basis {t1,...,%,} by {¢],. .. ,wlt} and by {7 ,...,9; }, respectively. We clearly have a G-orthogonal
sum decomposition
l&(Vg) = Hy @s H_, Hi =span{yf, ..., ¢k},
where H, and H_ are positive and negative subspaces. In the case of our G-self-adjoint Jacobi matrices,

we just illustrated that such a basis {¢1, ..., 1, } can be built out of canonical eigenvectors. That provides
the concrete realization of the Spectral Theorem for G-self-adjoint matrices, see, e.g., [28, Theorem 5.1.1].

1.3. PROOFS OF THE MAIN RESULTS

Proof of Proposition 1.2.2. By formula (1.2.8) and the remark that comes after it, we need to check that
63,2 N= HZ 1\76, which is the same as checking

(1,63; 59) = Bz.51 69)
for all vectors f, g € £?(V &)- Since J.. u only contains self-interaction and interaction between neighbors,

it is enough to consider cases f = §(4) and g = §(X) where either Z = X or Z ~ X. It follows from
(1.1.4) that
ox 1ir1/2 1/2 N
3,%’]\75()() = (1) W26Ke) 4 v 60 4 Z WX/(ch),z5(X( ma),
lech(X)
where we agree that §(°®) = 0. Tt further follows from (1.2.6) that

&7, 7000 = [5%),609] (W)l(/%(x(p)) PV 4 Y )Wl 5(X<ch>,z>>.
lech(X)

Now, it is a simple matter of examining three cases: when Z = X, Z = X (), and Z = X - O

It will be convenient for us to split the proof Theorem 1.2.1 into several lemmas. Let X,y denote the
parent of X(,). Recall that we extend all functions on £2(V ) to O, by zero.

Lemma 1.3.1. Let E € 0(J ) and ¥ be a corresponding eigenvector. If Vx # 0 and Ux,, =0, then
Ee Frx,)- Moreover, if we also have Wx & =0, then X, € Joint(E). Finally, we have an inclusion

0’(3,—{’]\7) c 8,3,1\7-

Proof. Denote by Tyx] the subtree of Ty with root at X and by Jx) the restriction of Hz,ﬁ to Tx1-
By the conditions of the lemma, E is also an eigenvalue of Jjx| with an eigenvector xo,,¥. We
can restrict the indefinite inner product to Jyx7 as well keeping the same notation [-,-]. Notice that
dix1 = X‘T[X]BF{,NX‘I[X] is G-self-adjoint with respect to this restriction.
The function &v)
F(x) = [<3[X1 —2) X710 ¥, 5(X)] = (E - j ’
is well-defined in a small punctured neighborhood of E because the operator J;x] — z is invertible there.
Since Jix is G-self-adjoint, we can write

(6W)x #0, (1.3.1)

X7 ¥, mx x7p(2)]
Prx,) (%)
where we also used (1.1.7) and the fact that polynomials Py(x) have real coefficients. Since E is a pole

of F'(z) by (1.3.1), the denominator of the right hand side of (1.3.2) vanishes at £, that is, £ € Er(x,,))
as claimed.

F(Z) = I:X‘T[x]\:[lv (3[)(] - 2)715()()] == (132)
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To prove the second statement of the lemma, we only need to show that X has a sibling, see (1.2.3).
This is true since otherwise

1/2 1/2 1/2
0=FEVx, = (3:%,1\7‘11))%) = Vx, Ux, + WX/(m\IjX(g) + WX/ Uy = WX/ x

by (1.1.4), which is clearly impossible as Wx > 0 and ¥x # 0.

Consider the last claim. Let F be an eigenvalue and ¥ be its eigenfunction. If Uy # 0, we have
E € Eno,,) < Egﬁ by the definition. If o = 0, let Z be a vertex with the shortest path to O
among all vertices X for which Ux # 0 and ¥y = 0 for all Y € path(X,0), Y # X. Since Z # O,
Z(p) € Joint(E) by the second claim and therefore £ € Enyz,) € € g- O

Remark. Notice that assumption (1.1.8) was not used in the proof.

Lemma 1.3.2. Let E € &, 5 and X € Joint™(E). Then, E € 0(dz 5) and b(E, X) is a corresponding
etgenvector.

Proof. Let E be a zero of Pri(o,)(x). In this case (1.1.7) states that . yp(E) = Ep(E) and therefore
E is indeed an eigenvalue with an eigenvector b(E, O(y)). Now, let E' € €. g and X € Joint(E). We need
to show that b(E, X) is an eigenvector with eigenvalue E. Recall that ‘3'1\7[ X] denotes the subtree of T
which has X as its root and observe that

(0: 50(E, X)), =0=Eby(E.X), Y ¢ Ty

by the definition of b(E, X), see (1.1.4). Moreover, let v; def (=1) T X em i W;(l/’ip;(ih)(E) Then

2
o X 1/2
(3 50(E. X)) = > (-1) X@h)wWX/(CMYibX(ChM(E,X) =0=Ebx(E,X)
=1

by (1.1.4) and the choice of v;. Furthermore,

(5 5b(E, X)) = [@gyun(E))x,  — (=1)7Xema W2 upy(E)

X(ch) 1
= EUIpX(ch),z (E) = be(ch),z (E7 X)
by (1.1.7), definition of b(E, X'), and since px (F) = 0. Similarly,
(35, 50(E: X))y = (3 yuw(E))y = Evpy (B) = Bby (B, X), Y € Ty, s

which finishes the proof of the lemma. O

X(en) 1

Lemma 1.3.3. Given E € &
independent.

5 the vectors in the system {b(E,X) : X € Joint*(E)} are linearly
Proof. Assume that E € Eyyo,,,), the proof for other cases is similar. Let 3(Z), Z € Joint*(E), be

numbers such that

B0y (B, Ow) + ), B(Z)by(E.Z) =0
ZeJoint(E)
is true for all Y. Due to assumption (1.1.8) with ¥ = O and the very construction of b(E, Z), it holds
that
bo(E,O(p)) = po(E) #0 and bo(E,Z) =0, Ze€ JOint(E).
Thus, it must hold that 5(O,)) = 0. Next, let X € Joint(E) be any vertex such that the path from X
to O contains no other elements in Joint(F). This and assumption (1.1.8) then yield that

bx(chm(E,X) = px(ch)’l(E) #0 and bx(chm(E, Z) =0, Ze Joint(F)\{X}.

Hence, §(X) = 0. Going down the tree T in this fashion, we can inductively show that 3(Z) = 0 for
every Z € Joint™(FE), thus, proving linear independence. O

Lemma 1.3.4. Suppose ¥ is an eigenvector of J. 5 with eigenvalue E. If Vo = 0, then ¥y =0 for all
Y € Wi (E), where the waves Wy (E) were defined in Section 1.2.5.

Proof. If O € Joint(E), then Wy (E) = {O} by definition and the claim is obvious. Otherwise, take

O(cny € Wi(E). If ¥o,,,, # 0 were true, then it would hold that O € Joint(F) by Lemma 1.3.1 which

is a contradiction. Furthermore, if the desired claim were false at another vertex of Wi (E), there would

exist X € Wy (F) such that Ux # 0 and Ux,, = ¥x, =0, where X(, is the parent of X,). Then,

X(p) € Joint(E) by Lemma 1.3.1, which contradicts the very definition of Wy (E). O
12



Lemma 1.3.5. Given E € & , the system {b(E, X): Xe Joint*(E)} spans the subspace of eigenvec-
tors corresponding to E.

Proof. Let ¥ be an eigenvector that corresponds to E. First, consider the values of ¥ on Wy (E). If

T =0, then ¥y =0 for all Y € W (E) by Lemma 1.3.4 and we set ¥(!) df . Otherwise, ¥ # 0 and
E is a zero of PH(O(p)) according to Lemma 1.3.1. In particular, Py(E) # 0 due to assumption (1.1.8)

with Y = O and so po(FE) # 0. Then, we set
v C Y (Wp fpo(E))b(E, Oy).

Since Pry(o,,,)(£) = 0, it follows from (1.1.7) and the definition of b(E,O(,)) that T s also an

eigenvector corresponding to E. Since \If(ol) = 0, we have \Ilg) = 0 for every Y € Wy (F) by Lemma 1.3.4
as desired.

Second, we consider the values of W) on Wy(E) u Wy (E). Fix X € F;(F)\C. By the very definition
of the first front we have that X € Joint(E). Choose 3(X) so that

def
(I)X(ch),l =0, ¢= g 6(X)b(E7X)

Since @ is an eigenvector corresponding to E that vanishes at X .p) 1, X, and X (), it follows from (1.1.4)
that

0= Bbx = (J; 5P)x = VxOx + W/ Oy + (1) W2 oy,
o 1/2 1/2
(1)WY B =W B,

Thus, ® vanishes at X2 as well. Now, as in the proof of Lemma 1.3.4, we apply the second claim of
Lemma 1.3.1 to conclude that ® vanishes at all Y e ‘J'N[X] N Wy (FE). Therefore, we can set

v L y® N B(X)by (B, X),
XeT (E)

which is an eigenvector corresponding to E that vanishes at all Y € Wy(E) U W1 (E). Continuing in the
same way, we decompose ¥ into the sum of canonical eigenvectors. ([

Lemma 1.3.6. It holds that
#Vg = > #Joint*(E).

EE&EN

Proof. Recall that according to our assumption (1.1.8) all zeroes of any polynomial Py (z) are simple and
there are exactly |7i| of them since ji is perfect. Given an eigenvalue E, each polynomial Py (z), i € N2,
such that Py(E) = 0, generates as many canonical eigenvectors as the number of vertices X for which
II(X) = 7 (the number of paths from @ to N in Ry ). Hence, the number of the canonical eigenvectors
that each polynomial P;(z), 7t € N2, generates is equal to |7i| - #1171 (i7). Therefore, the total number of
eigenvectors is equal to

N #Joint*(E) = [N+ 1+ ] ﬁ|<|N|—IﬁI>7

Ny —n
EeE, g FER g AN2 B

where | N|+1 is the number of the trivial canonical eigenvectors ((1.1.8) is used here too as well as equality
k1 + k2 = 1). The above formula is true for every Jacobi matrix on T, including the self-adjoint ones
(that do exist). For the self-adjoint matrices the desired claim is a standard fact of linear algebra (the
number of linearly independent eigenvectors of a self-adjoint matrix is equal to the dimension of the
space). Hence, it holds for all Jacobi matrices. O

Remark. There is an alternative proof of this lemma using an inductive argument.

Proof of Theorem 1.2.1. The first claim follows from Lemmas 1.3.1 and 1.3.2. The validity of the second
one is due to Lemmas 1.3.3 and 1.3.5. The formula for gg is a trivial consequence of the second claim.
Since all the eigenspaces of a linear operator are mutually linearly independent, the last claim follows
from Lemma 1.3.6. [l

For reader’s convenience, we include the proof of the following standard result.
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Lemma 1.3.7. Suppose {1,...,¥n} is a S-orthogonal basis of (*(V ). Then
#{j Doy ois G—negative} =i_ and #{j Dy oas G—positive} =14.

Proof. Notice first that none of {1} is G-neutral since otherwise, we would have [y, f] = 0 for all
ferrw &) and some k. In particular, this would yield that

0 = [t 67| = by || [0, 67| = [thyyy |
for every Y € Vg, which is clearly impossible as ¢ # 0 (here, ¢y is the value of ¢ at Y'). Thus, we
can assume that [¢;,1;] = £1 for all j. Let k_ and k, be the numbers of G-negative and G-positive
vectors in {1;}, respectively. Assume without loss of generality that {¢1,..., vy, } are G-positive. Since
{1,} is a basis, we can write

F=2 /0 =y, fel(Vy),
Y J

for some numbers {z;}. Let V, and V_ be the subsets of V ; for which § (Y) is G-positive and G-negative,
respectively. Clearly, #V4 = i1 by definition. Then

n

k.
2 WP = D IWP =SL D == 2wl = )0 el

Yev, Yev_ j=ky+1

The desired claim now follows from Sylvester’s law of inertia for Hermitian matrices, [24, Theorem X.18§]
(the numbers of positive and negative squares do not depend on the choice of a representation of a
Hermitian form). O

1.4. APPENDIX TO PART 1

In the end of Subsection 1.1.3, we have listed a number of systems of MOPs whose recurrence coef-
ficients do not satisfy condition (1.1.9). Most of them come from special orthogonality measures and
their recurrence coefficients are known explicitly. The only exception in that list are Nikishin systems.
A vector fi = (u1, pe) defines a Nikishin system if there exists a measure 7 such that

dus(z) = 7(z)dpi(z) and A nA; =g, (1.4.1)

where 7(z) is the Markov function of 7, see (0.0.15), Ay ef ch(supp p1), and A, ef ch(supp 7) (here,

ch(-) stands for the convex hull). Given two sets F7 and Fs, we write £y < Es if sup Ey < inf Ey. In
what follows, we assume that

Ar <Ay (1.4.2)
The case when A, > A; can be handled similarly.

It is known that Nikishin systems are perfect [17,18,21]. The goal of this appendix is to show that
the recurrence coefficients {as. 1, a2 }ren2, see (0.0.19)—(0.0.20), of Nikishin systems have a definite sign
pattern. That explains how the indefinite inner product & should be defined to make the associated
Jacobi matrix &-self-adjoint. Recall (0.0.21).

Theorem 1.4.1. For all it € N? and j € {1,2} it holds that

sign aq ; = (=171 ny <ny, and sign amj = (=17, nyg=ng + 1.

To prove this theorem, let us make the following observation. It holds that

1 o, mln) g (1) (1.4.3)

7(z)  mo(r) ~ mi(r) z

as z — 00, where m;(7) def §z'dr(z). Next, we will use some basic facts from the theory of Herglotz-
Nevalinna functions, see Section 3.1 further below. As the left-hand side of (1.4.3) has positive imaginary
part in C, and is holomorphic and vanishing at infinity, there exists a positive measure 74 supported on
A, which we call the dual measure of 7, such that

1 z my(T)

7(2)  mo(r)  mp(7)

The bulk of the proof of Theorem 1.4.1 is contained in Lemmas 1.4.2 and 1.4.3. These lemmas and ideas
behind their proofs are not new, see, for example, [17,18,31], but we decided to include them as their

proofs are short, they are formulated exactly in the way we need, and their inclusion makes the paper
as self-contained as possible.

= —7a(2). (1.4.4)
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Let {Pz(x)} be monic type II MOPs for Nikishin system (1.4.1)—(1.4.2). Define

by [ P20 (o). (1.4.5)

Recall the functions of the second kind Ry ;(2) defined in (0.0.14). It follows from orthogonality relations
(0.0.11) that

[ P,
Rae) = oo | PO ) (1.46)

for any polynomial p(z) such that degp < nj. Moreover, the Taylor expansion of (z — z)~! at infinity
gives

hi,j _
Ri (z) = anjl (1 + 0(z 1)) as z— 0. (1.4.7)
Then the following lemma holds.

Lemma 1.4.2. Let functions Ry j(z) be given by (0.0.14) for a Nikishin system (1.4.1)~(1.4.2) and 14
be the dual measure of T. The functions Ry ;(2) satisfy

J‘.’L'kRﬁ)l(.'lf)dT(l') =0 and kaRﬁyg($>de($> =0
for k < min{ni,ns — 1} and k < min{n; — 1,ny — 2}, respectively. It further holds that
Jl’”zRﬁ’l(l’)dT(.’E) =—hza and fx”lRﬁg(x)de(x) = h1
when ngy < ny and ng = Ny + 2, respectively. Finally, it holds that
|7|hi1 — hio = anQRﬁJ(x)dT(l') = |7 fﬂﬂanﬁQ(Z')de(l')
when ng = ny + 1, where ||7| = mo(7) is the total mass of 7.

Proof. We only consider the case j = 2, the argument for j = 1 is similar. Assume that k < ny — 1.
Then

0= JPﬁ(x)xkdul(x) = fPﬁ(x)xk?_l(x)d;LQ(x).

If we further assume that k& < ny — 2, then we get from (1.4.4) and orthogonality conditions that

0=-— f Py (x)2*7y(x)dps (z).

Thus, we can deduce from the Fubini-Tonelli Theorem that

0= —J U Wduz(xo dra(y) = fykRn,z(y)de(y)

T

as claimed, where we used (1.4.6) with p(z) = 2*. Similarly, we have that

hii = JPﬁ(x):rmdul(a:) = —Jpﬁ(.'lf)llnl?d(lf)dﬂz(l') = fy"lRﬁ,Q(y)de(y)

when n; < ny — 2. Furthermore, if ny = ny — 1, we get from (1.4.4) that
s = = | Pat@)a™ fa(a)dale) + |71 | Palo)a™dua(o) = o™ Raawdraty) + || haz. O

Let r7 j(x) be the monic polynomial with zeroes on A, such that R ;(x)/rz j(x) is analytic and
non-vanishing on A;. It follows from the previous lemma that rz1(z) has at least min{ni,ns — 1} +1
different zeroes while rz o(x) has at least min{n, — 1,no — 2} + 1 different zeroes.

Lemma 1.4.3. Ifne <n1+1, rz1(x) has degree exactly na (in particular, all its zeroes are simple) and
Ri1(2)/ra1(z) is non-vanishing in C\A,. Moreover,

Joniote o e [

where the first relation holds for any k < |ii|.
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Similarly, if no = n1 + 1, rpo(x) has degree exactly ny (in particular, all its zeroes are simple) and
Ri2(2)/r72(2) is non-vanishing in C\Ay. Furthermore,

Jrret Sy 0 i [R5 e

where again the first relation holds for any k < |7i].

~

Proof. It follows from the remark before the lemma that degrs ; = ns_; +m;, m; > 0, in the considered
cases. Therefore, it follows from (1.4.7) that

Ri ;(2)/ri1.;(2) = hajz71=mi=1 4 9 (z_lﬁl_mj_Q)

as z — o and the ratio is a holomorphic function in C\A;. Let I' be a smooth Jordan curve that
encircles A; but not A.. Then, by integrating over I' in positive direction we get

1 & ds 1 sk ds % dp;(x)
- g J R = [t (5 [ 55550 ) dte) = [ Pato) 24
for k < |7i| + m;, by the Cauchy theorem, the Fubini-Tonelli theorem, and the Cauchy integral formula.
Since duj(x)/r7 j(x) is a measure of constant sign on Ay, Ps(z) cannot be orthogonal to itself. Thus,
mj = 0. Now, if there existed another real zero zg ¢ A1 U A, of Ry j(2), then the above argument can
be applied with 7, ;(z) replaced by (z — x¢)r5 ;(2) and I' not containing z in its interior to arrive at
a contradiction, namely, that Pz(x) is orthogonal to itself with respect to a measure of constant sign.
If Ri j(20) = 0 for some 2y ¢ R, then Rz ;(Z)) = 0 by conjugate-symmetry, and therefore the above
argument can be used with (2 — 29)(z — Zo)r (). Using (1.4.7) one more time, we get that

C_ X (g o3 _ [ app W(®@) [ p, 9 ()
hm] 2 r R”LJ( )T‘ﬁ’j(s) j PTL( )Tﬁ,j(x) JPTL( )T‘ﬁ’j(.ﬁ)

by orthogonality and since Pz(x) is monic. O

Corollary 1.4.4. It holds that

sign hz1 =1 and sign hzo =1
when ne < nyp + 1 and ng = ny + 1, respectively.
Proof. The claim follows from Lemma 1.4.3 since A, < A; while each 75 ;(2) is a monic polynomial. [
Corollary 1.4.5. It holds that
rii(2) J PZ(x) dpu(x)
Pi(z) ) z—x raq(2)
when ne < ny + 1 and ne = ny + 1, respectively.
Proof. We have that

L (2 = Py (x)ra; () dp;(z) _ 7,5 (%) — 17.5(2) (o dp;(x)
fin ) j z—a 1) f e )m,j(:v)

Since n3_; — 1 < |7i] is the degree of (r7 ;(-) — r7;(2))/(z — ), it holds that
Pr(x) dpi(z
Ry j(2) = r7,3(2) f Pale) diy(z)

= (@)

Rﬁ71 (Z) =

and  Rio(z) = ’“M(Z)JP;?(J:) dpis ()

Pa(z) z—x ri2()

T T

Using the same argument one more time yields the desired claim. O
Corollary 1.4.6. It holds that

I+ and  sign g = (—1)17

sign hz 1 = (—1)
when ng = ny + 2 and ne < ny, respectively.
Proof. 1t follows from the previous corollary that
sign (R () /ra ;(x)) = (=) e A, (1.4.8)
when ny = ny + 1 for j = 2 and ny < ny + 1 for j = 1. The claim now follows from Lemma 1.4.2 since
ha1 = jl’anﬁ)Q(x)de(I) = J\Tﬁ,g(I)Rﬁ72(l’)d7—d(l’)
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when ny = ny + 2 and

hio = — J-In2Rﬁ’1<.'I})dT(.’E) =— JTﬁyl(I‘)RﬁJ(.ﬁ)dT(I)
when ny < ny. O
Proof of Theorem 1.4.1. Tt is well known, see [33, Theorem 23.1.11], that if we multiply equation (0.0.20)

by ™! and integrate agains the measure iy, we will get

s — SPﬁ(x)x”.fd,uj (2) _ hi (1.4.9)

Y P (x)aniTtdpg(x)  ha—gy ]
where we used (1.4.5) and orthogonality relations (0.0.11) to get the second equality. The claim of the
theorem now follows from Corollaries 1.4.4 and 1.4.6. O

Part 2. Jacobi matrices on infinite rooted Cayley trees

Below we introduce a notion of a Jacobi matrix on an infinite 2-homogenous rooted tree whose
coefficients are generated by MOPs.

2.1. DEFINITIONS

Let fi be a perfect system of measures on the real line with recurrence coefficients {as ;, bz}, see
(0.0.19) and (0.0.20). Assume that
sup laii| < oo and sup b7 i < 0. (2.1.1)
neZ? , ie{1,2} ez, ie{1,2}
Conditions (2.1.1) used along the marginal directions imply that the classical Jacobi matrices corre-
sponding to p; and ps have bounded coefficients and therefore pq, ps € 9.

2.1.1. Rooted Cayley tree. Hereafter, we let T stand for an infinite 2-homogeneous rooted tree (rooted
Cayley tree) and V for the set of its vertices with O being the root. On the lattice N2, consider an infinite
path

(70,7}, 7D =T (1,1) and 7Y =i +&,, ke{l,2}, leN.

Clearly, these are paths for which, as we move from 1 to infinity, the multi-index of each next vertex
is increasing by 1 at exactly one position. Each such path can be mapped bijectively to a non-self-
intersecting path on T that starts at O, see Figure 3. This construction defines a projection IT : V — N2
as follows: given Y € V we consider the non-self-intersecting path from O to Y, map it to a path on N?
and let II(Y") be the endpoint of the mapped path. Every vertex Y € V, which is different from O, has a
unique parent, which we denote by Y{;y. That allows us to define the following index function:

1:V—{1,2}, Y 1y suchthat II(Y) =II(Y(p)) + €, . (2.1.2)

This way, if Z = Y/;,), then we write that Y = Z.,),, , see Figure 3. Recall that for a function f on V,
we denote its value at a vertex Y € V by fy. As before, we introduce an artificial vertex O, a formal
parent of the root O. We do not include O, into V, but we do extend every function f on V to O, by
setting fo, = 0. We denote the space of square-summable functions on V by £2(V) and the standard
inner product generating ¢2(V) by (-, ).

(1,1) ~ 0 =Y,

(172) ~Y = O(ch),Q

(37 1) (27 2) (27 2) ~ Yr(ch),l (17 3) ~ Yv(ch),Z

FI1GURE 3. Three generations of 7.
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The above construction differs from the one in Section 1.1 in the following ways: the projection II
maps onto the lattice N, not Z?%; the values |II(Y)| increase rather than decrease as we go down the
tree; the index function ¢y now tells which coordinate of TI(Y{;)) needs to increase rather than decrease
to get II(Y).

2.1.2. Jacobi matrices. In this subsection we specialize definition (0.0.9) to the case of Jacobi matrices
on T whose potentials V, W come from ji. As in the previous part, we fix & € R? such that |F| = 1. We
define the potentials V = VE W = W# :V — R (again, as with the most quantities dependent on i, we
drop the dependence on [ from notation) by

def def def

Vo = kibo1ya + kebao)2, Wo =1, and Vy = bry,) «

WY = ‘(ln(y(p))7LY’, Y # 0.
(2.1.3)

Notice the difference in definition of V' as compared to (1.1.2). As before, this definition is consistent

with (0.0.9) if we let Wy .y = Wy, = Wy. We further choose function o : V — {0, 1} to recover the

signs of the recurrence coefficients aj ; exactly as in (1.1.3). With these definitions, (0.0.9) specializes to

A

the following Jacobi matrix Jz = Hg on T:

def

2 o 2
@)y < W fy + Wy fye +(=1) Y‘C”)’lwxlf{ch),l

) 1/2
P + (C1) 2wy py (2.1.4)

Due to its local nature, Jz is defined on the set of all functions on V. Moreover, assumption (2.1.1)
also shows that it is a bounded operator on £2(V) and therefore we can talk about its spectrum o(Jz).
Notice also that if az; > 0 when n; > 0, @ = (n1,ns), i.e., if they satisfy (1.1.9) (recall also (0.0.21)),
the operator Jz is self-adjoint. Otherwise, let & be a diagonal matrix on T defined by (1.2.6) and [-,-] be
the corresponding indefinite inner product on ¢2(V) given by (1.2.7). We define G-self-adjointess exactly
as in (1.2.8).

Proposition 2.1.1. Jacobi matrices Jz and J% are &-self-adjoint.

Proof. The operator Jz is bounded in ¢2(V) and checking its G-self-adjointness is identical to the proof
of Proposition 1.2.2 from the previous part. U

2.2. BASIC PROPERTIES

Recall the functions Lz (z) introduced in (0.0.14). We consider z € C as a parameter and define

def

ly(Z) le def

my'Ly(2), Ly(2) € Ly (2), and my € ] w2 (2.2.1)
Zepath(Y,0)
where path(Y, O) is the non-self-intersecting path connecting Y and O that includes both Y and O. More
generally, we agree that any function f = {f7} on the lattice N? is also a function on V whose values are
def
Iy = fuw)-
Recall definition (0.0.15) of a Markov function. It will be convenient to formally set II(O,)) L=

—

def
(%1,%2) = (K)Q,K)l) and

Li(2) € koL, (2) + k1L, (2) = (e i ™) (2) + (se2na] 1) a(2), (2.2.2)
where the second equality follows straight from the definition (0.0.10) and the normalization (0.0.13).
The reason we introduced 3 is that this way the meaning of L, (z) is still the same.

Given X € V, we shall denote by Tyx] the subtree of T with the root at X (in this case Tjo) = 7).
We also let V[x be the set of vertices of T|x} and denote the restriction of the inner product in 2(V) to
Vix] by the same symbol (-, -). The notation Jjx] and I[x7 stand for the restrictions of gz and [ to Tpx
and V|x], respectively. In general, fix] will be used to denote the restriction of any function f, defined
on V initially, to the subset V|x.

Proposition 2.2.1. It holds that
Jxl(2) = 21(2) — Lz(2)69). (2.2.3)
Given X € V, X # O, we also have

Ixlx) (2) = 2lx)(2) — my' Lx,,, (2)6%). (2.2.4)
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Proof. By integrating (0.0.19) against (z — 2)~! and noticing that |i| > 2 for any 7 € N2, we get that
2Lz(z) = Lﬁ,gj (Z) + bﬁ,é‘j’jLﬁ@’) + an1Lite (z) + an2Llite, (Z), jE {17 2}.

Fix j and let Y # O, II(Y) = 7, be such that I1(Y{;)) = 7 —¢;. Then, the above relation can be rewritten
as

zLy(2) = LY(p) (2) + Wwily(z) + (_I)UY(Ch)’lWY(C;L)JLY(ch),l(Z) + (_1)UY(Ch)’2 WY(C;L)’zLY(ch),Z (2)-

It follows immediately from (2.2.1) and the above formula that zly (z) = (Hgl(z))y, Y # O. Similarly,
it holds that

zlo(z) = zLo(z) =
K1 (Lf7*1 (Z) + bffe*l,lLO(z) + (_1)UO(Ch)’1WO(Ch),1LO(ch),1<Z) + (_1)00(Ch)’2 WO(ch),zLO(ch,),Q (Z))

+ Ko (Lifg2 (2) +by_g, o Lo(2) + (—l)a%h%lWo(c,o,lLo(ch),l(z) + (—1)0%’”*2Wo(ch),zLO<ch>,z(Z)> )

which finishes the proof (2.2.3) (recall that k1 + ko = 1).
Consider the second claim of the lemma. Given any f defined on V, we can use (2.1.4) to get

Iix1fix) = @=f)x) — W;lg/zfx(pﬁ(x). (2.2.5)
Since WX mX( = =my", (2.2.4) follows from (2.2.5) applied to f = L. O

We need to introduce Green’s functions of Jjxj. They are defined by

G(Y, X;2) € <(3[X] —z) toX Y)>

where X € Vand Y € V|x;. Using Proposition 2.2.1 we can obtain the following conditional result. Since
d[x] is a bounded operator, there exists R[x] > 0 such that o(J[x]) < {|2| < R[x}}. Let Cx] denote the
unbounded component of the complement of o (d;x]) U supp p1 U supp po U {z LH(X(p) ( ) = 0}.

Proposition 2.2.2. If there exists R > 0 such that I(z) € £2(V) for |z| > R, then I(2) € £*(V) for all
z € Cx1, and for all such z we have that

(@rx) = 2) 716 = —mxlix)(2)/Lux,) (2)- (2.2.6)
In particular, G(Y, X; 2) extends to a holomorphic function in Cix by
_mx Loy ()
my Li(x,) (%)

Proof. Let z € Cpx be such that [z| > |R|. If X = O, identity (2.2.6) follows immediately from (2.2.3).
If X # O, it follows from (2.2.4). Formula (2.2.7) for such z now follows from the definition and (2.2.1).
Moreover, since G(Y, X; z) is an analytic function of 2 ¢ 0(Jjx)) and Ly (2)/Li(x,,,)(2) is analytic in
Z ¢ supp 1 U supp e U {z: LH(X(p))(z) = 0}, the full claim follows by analytic continuation. O

GY,X;z2) = (2.2.7)

There are other functions that satisfy algebraic identities similar to (2.2.3). To introduce them, we
first recall (0.0.10) and (0.0.17). Set

k _
AP (2) Empt AT (2), ke {0,1,2}. (2.2.8)
Observe that Ag)) = (. For any functions f,g on V and a fixed vertex Z € V we introduce a new function
on V by
[£,9)? ¥ f29— foz. (2.2.9)
We call it the commutator of functions f, g with respect to the vertex Z.
Proposition 2.2.3. The following algebraic identities hold
k
3:A®) (2) = 200 (2) — rz_, AW (2)6©),
for each k € {1,2}, as well as
J:A O (2) = 2A0)(2).
Furthermore, let X # O. Then, for any k,l € {0,1,2} it holds that

X P X P
31 [AM (2), AV ()] = 2[ A0 (2), AD ()] 1 (2.2.10)

19



Proof. We can repeat the proof of Proposition 2.2.1 with Lz(z) replaced by A%k) (2), k € {1,2}, and using
(0.0.22) instead of (0.0.19) to get that

2AM (2) = 3eAW(2) + (“1‘4(0 1)( )+ @Au 0) (= ))5(0)-
Since Agi)é,k(z) = 0, the first claim follows. We further get from (0.0.17) and (2.2.3) that
P (AD(2) + fo(2)8AP) (=) — Gl (2)
— 2AD(z) - (HQA(N( )iia(2) + k1 AL (2 )ﬁg(z)—L,;(z)) 50

Since A} (2) = ]t and AL, (2) = |u2] 7" by (0.0.13), the second claim follows from (2.2.2). To
prove the third claim, observe that

k k 1/2 4 (k)
Al (2) = 20 (2) = WAL (2)60)
by (2.2.5). The desired identity (2.2.10) now easily follows from the definition (2.2.9). d

JzA(2)

Remark. The relations of Proposition 2.2.3 should be regarded as algebraic identities and we do not
claim that the functions involved belong to the Hilbert space ¢2(V) for any given z.

The spectral theory of Jacobi matrices (2.1.4) under the sole condition (2.1.1) is currently beyond our
reach. In Part 3, however, we consider a large class of multiorthogonal systems, known as Angelesco
systems, for which this analysis is possible.

2.3. APPENDIX TO PART 2

In Part 3, we will explain that the so-called Angelesco systems generate bounded and self-adjoint
Jacobi matrices. In the current appendix, we show that Nikishin systems, see Section 1.4, do not
generate bounded Jacobi matrices, in general. We need some notation first. Recall that a measure p
supported on an interval A = [a, 3] is called a Szegd measure if

G(p) def exp{ L logu ( )dx } (2.3.1)

(r—a)(B—x)
where du(x) = p/(x)dr + dptsing () and fising is singular to Lebesgue measure.

Theorem 2.3.1. Let [i be a Nikishin system (1.4.1)~(1.4.2) and {bﬁﬁl,bﬁvz7aﬁ’1,aﬁ_’2}ﬁezi be the corre-
sponding recurrence coefficients, see (0.0.19)—(0.0.20). Then, there exists a constant Cyz such that

sup |bqq| < Cp, sup lar| < Cg (2.3.2)

'FiEZz+ 'FieZi:ngénl or no=ni+2
for any i € {1,2}. Assume further that the measures pu; and T are Szegé measures. Then,

im ag, 41y = —0 and  lim ag, pi1)2 = 0. (2.3.3)

n—0o0 n—o0

It is conceivable that the Szegs condition for the measures can be relaxed. However, we assume it
to simplify the proof. Our result shows that even for nice measures 1,7 the corresponding Nikishin
system does not generate a bounded Jacobi matrix. In the remaining part of this section, we prove
Theorem 2.3.1.

Lemma 2.3.2. There exists a constant Cy such that

sup |b7,i
neZ? , ie{1,2}

<.

Proof. We continue to use notation from Section 1.4. The following argument is taken from [8]. Divide
recursion relations (0.0.20) by xPz(x) and integrate over a contour I' that encircles A; U {0} in positive

direction to get
1 Piyz(2) J Pr_z (2)
1 — i dz = ke dz.
27 Jp ( zPs(2) Z = ba 2 Lr f ik Pa() 2P (z :

The last integral is zero by the Cauchy theorem applied at 1nﬁn1ty Therefore,
)| ldz|
2|

Pr‘iJrez
|bnz <




It is known that the zeroes of Py ¢ () and Pz(z) interlace. Indeed, this follows from [32, Theorem 2.1],
see also [22, Corollary 1], since it was established in [21] that {1,7} is an AT system on A; relative to
11, see also [20, page 782]. Thus, it holds that

Pﬁ &z Cil
13;(;)) = (2 = Tire,1) (2 — Taye, ) ), ; (2.3.4)

where cz; > 0 and Zl 1Cig =1, and 251 < T2 < o0 < Ty | are the zeroes of Pg(w), which all
belong to A;. That shows boundedness of |Pg 1z, (2)/Pr(2)| on T' independently of 7 and therefore proves
the desired claim. O

Let 77 1(2), r7.2(2) be polynomials from Lemma 1.4.3.

Lemma 2.3.3. If multi-indices @i and 7 + €; both belong to the region {(n1,n2) : na < ny + 1}, then
the zeroes of ri1(2) and riye, 1(2) interlace. Similarly, if multi-indices i and 7 + €; both belong to the
region {(n1,n2) : ng = ny + 1}, then the zeroes of ri 2(z) and riye, 2(2) interlace.

Proof. The first claim was shown in [12, Theorem 2.1|. The proof of the second claim is identical provided
one knows that the functions ARz 2(2) + BRi4é, 2(2) have no more than ny + 1 zeroes in R\A; all of
which are simple (A, B are arbitrary real constants). The last property can be established exactly as in
Lemma 1.4.3, where the cases A =0,B =1 and A =1, B = 0 were considered. O

Recall that if ¢, (x; 1) is the n-th monic orthogonal polynomial with respect to measure p on the real
line, then ¢, (x; 1) is the unique minimizer of the following variational problem:

fqi(x;,u)du(x) = min {qu(x)d,u(x) Dg(z) ="+ g™+ T+ qo, {g5) € R} . (2.3.5)

Lemma 2.3.4. We have a bound
sup laz,i| < Cp.

i€{1,2}, 7€Z2 :ny<ny or na=ni+2

Proof. As shown in Lemma 1.4.3, it holds that
dpa (2)

o = | Pa) T

when ny < nq + 1. Recall that the monic polynomials r5 1 (x) and rz_¢g, 1(x) have degree ny and all their
zeroes belong to A, when ny < ny by Lemma 1.4.3. Let 0 <[ < L be constants given by

~—

L max{\mfy| rel;, yeA;} and L' défmin{\:z:fyk re Ny, yelA} (2.3.6)

Then, when ny < ny, it follows from Lemma 2.3.3 that lryz_g, 1(x) < Lrg1(x) for any z € Ay > A, Let
~ be the midpoint of Ay and |A;] be its length. Using (2.3.5), we get that

hi—en = if(x— V)2 P3_; () dm() > 1 ZJ( —7)2P2 ﬂ(md/‘l(ﬂf)

[Ar]? T i ga(@) T |A1|2 L T T ()
4 1 J o, ydpi(z) } 4 1
min T T b= ———hi.
|A1‘2L { q ( )Tn,l( ) q( ) |A1|2L ,1
Therefore, it follows from (1.4.9) that
|aﬁ71| = |hﬁ,1/hﬁ_é’l,1| < (|A1‘2L)/(41), Ny < Nj. (237)
Furthermore, we get from recursion relations (0.0.20) that
by — Pive(r) Pie(x) Pz, (x) (2.3.8)

+ag —= 0 4y
Pa(e) M Pala) T Pala)
Take 2z = 31 + 1, where Ay = [a1, $1]. The interlacing property used in Lemma 2.3.2, see (2.3.4), implies

that the ratios of polynomials in the above formula are positive and bounded above and away from zero
independently of 7. Thus, it follows from Lemma 2.3.2 and (2.3.7) that

|aﬁ,2| < Cﬁ7 no < ni,

for some constant Cz independent of 77, which is not necessarily the same as in Lemma 2.3.2. The proof

in the case ny > ny + 2 is absolutely analogous: we first use Lemmas 1.4.3 and 2.3.3 to show boundedness

of a2 and then use recurrence relations (0.0.20) and Lemma 2.3.2 to deduce boundedness of a7 1. O
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We are left with proving (2.3.3). To proceed, let us recall some results from [40]. Consider the function

P(z) =z +V22 -1,

which is the conformal map of C\[—1,1] onto @\{Lz| < 1} such that ¢(c0) = 0 and ¢'(00) > 0. Let
p be a Szegd measure on [—1,1] and {as, ;}?", = C\[—1,1] define a sequence of multi-sets of complex
numbers that are conjugate-symmetric and satisfy

2n

Jim Zl (1= [th(azni)| ") = 0. (2.3.9)

-
We emphasize that the elements in each multi-set {agn,i}f’;l can be equal to each other and some of
them can be equal to o0. Let m,, be the number of finite elements in {agn,i}le. Set

2n

wan(2) €[] = 2/a2n,) and @n(2) €[] (2= azna),

=1 |a2n7i‘<00

which are polynomials of degree m,, < 2n (Wz,(z) is the monic renormalization of wa,(z)). Conjugate-
symmetry of {ag,;}?", guarantees that wa,(2) is real on the real line. Notice that ws,(z) = 1 when
aon; = for all i € {1,...,2n}. If 7, is the leading coefficient of the n-th polynomial orthonormal with
respect to the measure |wa, (z)|~tdu(x), then
d
7;2—min{fq2(x)M(x):q(x)—x"—i—-~-} , (2.3.10)

|wan ()]

see (2.3.5). It was shown in [40, Corollary 1| that

lim 2% T <w(a2"’i)> = 2G(n),

n—o 2a 1
|<12n,i\<00 2n,1

where G(u) was introduced in (2.3.1). Furthermore, if 5,2 is defined to be the right-hand side of (2.3.10)
with |way, ()|~ tdu(x) replaced by |, ()|~ tdu(x), then it clearly holds that

lim 722%™ | [e(agn.i) = 2G () . (2.3.11)

n—0o0 "
=1

More generally, let v be a Szegs measure on an interval A = [a, 8] and d,,(2) be a monic polynomial
of degree m,, < 2n with all its zeroes belonging to an interval A* such that A* n A = . Define

(v, dp) < min {qu(:r) |§:Eg| cq(z) =2 + - } . (2.3.12)

By rescaling the variables as x(s) = |Al(s + 1)/2 + «, we get from (2.3.11) that

Tim 9, (v, dy) (47| A" [ 6(s20,0) = [AIG0), (2:3.13)
1=1

where {z(sy;)};2" are the zeroes of d,,(z).

We will need the following auxiliary statement.

Lemma 2.3.5. If G(7) > 0, then G(r4) > 0. That is, the dual measure 74 is a Szegd measure when T
is a Szegd measure.

Proof. It follows from Proposition 3.1.4 further below that 7}(x) exists almost everywhere on A, and

(@) = 74 (2)| 727 (2) = (227 (2))

for a.e. x € A; = [a, B7]. Thus, if we let w,(x) def \/(33 —a;)(Br — x), x € A, then it holds that

Glra) > exp{” 1°g<wT<$Tf<x>)wffx>+” 1°g(w;(2x))wffx>}

- e {i f o8 (wT@ST'(x)) wff@} g S:(%dx -0

where we used Jensen’s inequality at the last step. ([
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Lemma 2.3.6. Assume that 7 is a Szegd measure. Then, there exists a constant Cyz > 0 such that
Ci' < hmsa)2/Pnmsna < Ca
for all n e N.
Proof. Let it = (n,n+ 1) and [, L be as in (2.3.6). It follows from Corollary 1.4.5 and Lemma 1.4.3 that
lhij < |Ps(x)Rg j(x)/ra;(z)| < Lhy,;, x€ A, (2.3.14)
(recall that hy ; > 0 for such 7 by Corollary 1.4.4). We further get from Lemma 1.4.2 that

J Er )Rﬁ,z(ﬁc)dﬂz(x) _

z"raa(z
" T7i,2()

for k < n —1 and deg 732 = n, where the measure Ry a(x)d7r4(z)/r72(x) is non-negative on A., see
(1.4.8). Therefore,

Ri o(x)dry(x) ) f 9, Raa(x)dry(x)
2" R o(x)drg(x) = Jr% T)—"—"——=—>= min T)——, 2.3.15
[ Baalwarata) = [ rdo@ FEDTD - in [ g2 22 (2315)
where we used (2.3.5) for the last equality. One can readily check that
min qu(x)dﬁ () < min qu(x)drg(m)
q(z)=am +-- q(z)=a" +--
if 71(B) < 72(B) for all Borel sets B. Hence, it follows from (2.3.14) that
i d
Phi 2Q (74, P¥) < min J‘qQ(x)w < LPhii 9Q, (14, PE),
q(z)=an+- ri,2()
where Q,, (74, P¥) is defined via (2.3.12), P¥(z) = Py(x)/(x — 5 2n+1), and we denote the zeroes of Py (x)
by 271 < ... < Zj2n+1 (We stripped one zero from Py(x) since deg Pz = 2n+ 1 > 2n = 2degry o).

Similarly, we get that

. Ry 1 (x)dr(x)
lhiz 19  Pr) < 2 L’ithﬁ Q , Ps
A (7 ) < min, fq () —— 141 (7, Pr)
(here, we do not need to strip zeroes from Py (z) since deg P; = 2n+1 < 2(n+1) = 2degry,1). Then, it
follows from the last claim of Lemma 1.4.2 (the equality of the integrals), (2.3.15), and a similar formula
for Ry 1(x) that

1 1 Qupa(r, Pa) < hii 2 1L Qpy1(7, Py)

17| L2 Qu(7a, PE) ~ haa |7 12 Qulra, PE) "
By Lemma 2.3.5, we know that 74 is a Szegs measure and we can apply formula (2.3.13) to control the
ratios in the left-hand and right-hand sides of (2.3.16). We get

(2.3.16)

G(T) PR QTL+1 (7-7 Pﬁ) . Q’I’LJrl (T7 Pﬁ) ! G(T>
C <1 f——————= <1 — = < , 2.3.17
A Glra) S R QP S me Qu(ra PE) S A G(ry) (2317
where Ca_ A, and C’Aﬁ A, depend only on the intervals A; and A;. The desired claim now follows from
(2.3.16) and (2.3.17). O

Lemma 2.3.7. Assume that 7 is a Szegd measure. Then,
i )1 /hnm) 2 = o0

Proof. Let @i = (n,n). Similarly to (2.3.15), it follows from Lemma 1.4.2, (1.4.8), and (2.3.5) that

. Ry 1 (x)|dr(x)
hz =ffm"Rﬁ z)dr(z) = min J 2:0"—.
g O = g O
As in the previous lemma, we get from (2.3.14) that
hi 2 . 2 dT(I)
=< L = LQ, (1, Py).
hﬁ,l q:}}%&J\q (93) ‘Pﬁ(l‘ﬂ n(T )

Again, as in the previous lemma, let z(s) = |A|(s + 1) + ar, Ar = [ar, B7]. Then, we get from (2.3.13)
that

0<

2n
lim Qn(Tv Pﬁ) Hw(sﬁﬂ) = |AT‘G(7)?

n— o0 .
i=1
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where z7,; = x(s7;), ¢ € {1,...,2n}, are the zeroes of Py(z). Since z,; > a; > S, and therefore
Y¥(sii) = (@~ (aq)) > 1, it holds that lim,, .o O, (7, P7) = 0, which finishes the proof of the lemma. [J

Lemma 2.3.8. Assume that ji1 is a Szegd measure. Then, there exists a constant Cy > 0 such that

C'_'l < h(n,nJrl),l/h(n,n),l < Cﬂ

y

holds for all n € N.

Proof. As shown in Lemma 1.4.3, it holds that degrz; = no and
dMl . f dpa (2)
P2 = min 2(x = Qi TR
J rn () qla)=all 4 7 )Tﬁ’l(ﬂf) (441, 77.1)

when ny < np + 1, where we also used property (2.3.5) and definition (2.3.12). Let x(s) = |Aq|(s+1)/2+
aq, where Ay = [ay, 51]. Then, it follows from (2.3.13) that

i=1
where 25 ; = 2(s7,), i € {1,...,n}, are the zeroes of r; 1(x), and
341 n+1
T Qo1 (51,70, ) @A) T 10 (srm1y.0)] = [ALIG ().
i=1

Recall that according to Lemma 2.3.3, the zeroes of rj 1(z) and riye 1(z) interlace as long as both 7
and 7 + € belong to the set {ny < n; + 1}. Thus,

n+1l n n+1
W(&“_l(ar))rl H |w(s(n,n+1) 4 H |/¢ S(n,n) z |w<x_1<6r))|_1 1_[ |w(8(n,n+1),i)|v
= 1=1 i=1

where, as before, we write A, = [a,, 8;] < A;. Therefore, by combining the previous estimates, we get
that

hnns1)1 hnni1)1

C};l < lim inf < lim sup
n—00 (n,n),1 n— o0 (n,n),1

which yields the desired claim. O

<Cy

Proof of Theorem 2.3.1. The proofs of the claims in (2.3.2) are contained in Lemmas 2.3.2 and 2.3.4. Tt
further follows from (1.4.9) that

a _ h(n,n+1),2 _ (h(n,n+1),2> ) (h(n,n)J) . (h(n,n+1),1>
(nn+1)2 hnony,2 hnns1)1 hnony,2 Ry )
Thus, the second claim of (2.3.3) is a consequence of Lemmas 2.3.6-2.3.8. The first claim of (2.3.3) now
follows from the considerations laid out right after (2.3.8). O

Part 3. Jacobi matrices of Angelesco systems

In this part, we consider Angelesco systems [4]. These are systems i = (11, 12) that satisfy

ANy =0, A def ch(supp w;) = [au, Bi], (3.0.1)

where, as before, ch(-) stands for the convex hull of a set. Without loss of generality, we assume that
Aq < Ay (recall that we write By < Es if two sets E7 and Fs satisfy sup Eq < inf E5). Note that Ay, Ag
is a system of two closed intervals separated by an open one. It will be convenient to use notation

» def
Hoo= pr ot pe. (3.0.2)

It is known, see |9, Appendix A], that Angelesco systems satisfy not only (0.0.18) and (2.1.1), but
also (1.1.8). In particular, Jacobi matrices Jz of such systems are bounded and self-adjoint. It is also
known that [(z) € £2(V) for |z| > R and some R > 0, see |9, Proposition 4.2]. The function L;(z) has
no zeroes outside Ay U Ay (see, e.g., Lemma 3.6.4) for any ©. Therefore, (2.2.6) holds everywhere in
0(Jr) U supp g1 U supp ps as o(Jz) < R.
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3.1. POISSON INTEGRALS

Our primary working tool in studying spectral properties of Jz are the Green’s functions G(Y, X; z),
whose boundary behavior we investigate via formula (2.2.7). To ease referencing while doing so, we
gather some well-known properties of functions harmonic in C,, the upper half-plane, in this section.

Proposition 3.1.1. Let v(z) be a function harmonic in C; and such that

supj |v(x + iy)|Pdx < © (3.1.1)
y>0 JR
for some p = 1. Then, there exists a finite (generally signed) measure p on R such that
. det 1 1 .
vz +1iy) = f P,(t)du(t), P,(t) = —Im (t) , z=z+1y, (3.1.2)
R s —Z

where P,(t) is known as the Poisson kernel. The measure p is constructed as
v(z +iy)dt 5 du(z) as y— 07T, (3.1.3)
where 25 denotes the weak* convergence of measures. The limit
wo(x) = yl_i,%lJr v(x + iy) (3.1.4)

exists for Lebesgue almost all x on the real line (the limit in (3.1.4) can be taken in non-tangential sense)
and

dp(z) = p/(2)dz + dptsing (2), (3.1.5)
where fising 15 singular to Lebesque measure. For each p > 1, (3.1.1) holds if and only if psing = 0 and
u' € LP(dx).

Proof. This proposition is a combination of Theorem 1.3.1, 1.3.5, and 1.5.3 of [26]. (]
Hereafter we use the following convention: for a closed interval A, we let A° be the corresponding

open interval. We denote by DC(I) the set of Dini-continuous functions on I € {A; A°} (see, e.g., p.105
in [26]).

Proposition 3.1.2. Let v(z) = Im f(z) for some function f(z) analytic in C; which satisfies
ygrfwf(zy) =0. (3.1.6)

(1) Ifv(z) satisfies (3.1.1) for some p > 1, then so does f(z).

(2) Suppose v(z) satisfies (3.1.1) with p = 1, the measure u, defined in (3.1.3), is absolutely continu-
ous on some open, possibly unbounded, interval I, and i/ € DC(I), then f(z) extends continuously

to I from C,.
Proof. Given condition (3.1.6), we can write f = —¥ + 4v, where ¥ is the harmonic conjugate of v. Now,
the proof follows by applying a combination of Theorem III.2.3 and Corollary 111.1.4 in [26]. ]

The following result provides an integral representation of functions that are harmonic and positive
in (C+.

Proposition 3.1.3. A function u(z) is positive harmonic in C, if and only if
u(z +iy) = by + f P.(0)du(t), (3.1.7)
R

where b > 0 and 1 is a positive measure satisfying §,(1+2*)~'du(z) < 0. Given such u(z), the measure
w can be obtained via (3.1.3).

Proof. These claims are contained in [26, Theorem I1.3.5]. O

The function m(z) belongs to HN, the Herglotz-Nevanlinna class, if it is holomorphic in C; and has
non-negative imaginary part there. Such functions allow the following unique integral representation [26]

m(z) = 1 jR ( ! x) du(x) +bz+a, zeCy, (3.1.8)

r—z 2241
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where a € R, and b, i are as in (3.1.7). If m(z) has a holomorphic continuation to a punctured neigh-
borhood of infinity (where its has a simple pole), the measure p is compactly supported and the above
representation becomes

m(z) = -7 'fi(z) + bz +a, z€Cy, (3.1.9)
where b > 0, a € R, and i(z) is the Markov function of u, see (0.0.15). Notice that
Imm(z) = by + f P, (t)du(t).
R
Motivated by (3.1.3), we shall set
Imm* < 4. (3.1.10)

We will be particularly interested in reciprocals i~' of Markov functions fi. It follows straight from

the definition that i~' € HN. Since u is positive and has compact support, there exist a compactly
supported positive measure v and a real number a such that

N2) = a4+ |u| "tz — (). (3.1.11)

We called the measure v dual to p, see (1.4.4). Let DCy(A) < DC(A) be the subset of functions that
vanish at the endpoints of a closed interval A.

Proposition 3.1.4. Let p be compactly supported non-negative measure and fising denote its singular

part. It holds that
(1) The traces [is(x) def lim,_,o+ fi(x + 1y) exist and are finite almost everywhere on the real line.
(2) p/(z) = =71 Im (fi4 (x)) almost everywhere on the real line.
(3) p({E}) = limy_¢+ iyfi(E + iy) and supp psing < {x : —lim, o+ Im (f(z + iy)) = o0}.
(4)

4) If supp p = A, p is absolutely continuous, and p' € DCo(A), then [i(z) extends continuously to
R from Cy and from C_. Moreover, jiy(z) = i_(x).

(5) If, in addition to assumptions in (4), we have p'(x) > 0 for x € A°, then i+ (z) # 0, z € R.

Proof. (1) This claim follows from [26, Theorem 1.5.3, Lemma III.1.1, and Theorem III.2.1].

(2) The claim is a restatement of (3.1.4).

(3) These statements can be found in [37, Proposition 1| and [39, Proposition 2.3.12].

(4) This claim follows from Proposition 3.1.2(2) since ¢/ € DC(!) for any open interval I containing A.
(5) Since Im (fi4(z)) = —mp/(z) by claim (2), it is non-vanishing on A°. Moreover, Re (4 (2)) = fi(z)
for x ¢ A° and therefore is monotonically decreasing there while also equal to zero at infinity. Thus, it
is necessarily non-vanishing for x ¢ A°. O

3.2. REFERENCE MEASURES

As we mentioned before, formula (2.2.7) is central to our analysis and therefore we need to study the
functions Lz (z). Below, we shall often refer to the auxiliary lemmas proven in Section 3.6.

Lemma 3.2.1. Assume that the measure py is supported on Ay and is absolutely continuous with
Wy, € DCo(Ay) and ) (z) > 0 for x € A}, k € {1,2}. Then, given 7t € N?, the function Li(z) extends
continuously to the real line from C4 and, in particular, the function |Lz(x)| is well-defined, continuous,
and non-vanishing on the whole real line.

Proof. Tt follows from (0.0.16) and Proposition 3.1.2(2) that Lz(z) extends continuously to the real
line from the upper and lower half-planes. Actually, as Lz, () and Lz_(x) are complex-conjugates of
each other, |Lz(x)| is well-defied and continuous on all of C. It follows from Lemma 3.6.4(3) that it
is non-vanishing outside of Ay U A§. We further get from Proposition 3.1.4(2-4) that Im Lz (x) =
*TA(ﬁk) (x)p)(x) on Ay. Thus, |Lz(x)| is non-vanishing outside of zeroes of A%k)(:z:). However, we show
in Lemma 3.6.4(4) that Re Lz (E) # 0 for each such zero E. O

In the case of systems ji satisfying conditions of Lemma 3.2.1 we can introduce “reference measures”
as

| Lig ()| "2 dp* (), (3.2.1)
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where p* was defined in (3.0.2). When fi is no longer smooth, we use the general theory of Herglotz-
Nevalinna functions to introduce them. We start with a few definitions. Given £ € (B, a2), define

Di ¢(2) by
Die(z) € (—1)"2(z — )AL (2) AT (2) (322)
and non-negative function Sj ¢(x) by
def _ _
Sae(a) Lo =7 (xa (@) 14D @) 7 + xaa (@) 145 (@) 1) -

Let E7 be the set of zeroes of A%l) z)A%2

e (2) AL (2)

(2). For each E € Ej, we define an auxiliary measure v; g by

dof e (2)AD (2)
dviz, () = Wdﬂl(m) + w

This is a well-defined measure on A; U A, since each E € Ay, is a double zero of the respective numerator.
In Lemma 3.6.4(2), we prove that vz g(z) is in fact positive provided that £ € (81, o2). Recall that HN
stands for the Herglotz-Nevanlinna class.

dus(x) . (3.2.3)

Proposition 3.2.2. Given it € N?, it holds that (D7 ¢L7)~" € HN for any & € (81, a2). There exists a
non-negative measure wy (the reference measure) supported on Ay U Ay such that

1 [ Saelr)dwz(x) Gie(E)
Dj; ¢(2)Li(2) - _[R T —z + Z E—z

+ame +baez, z2€Cy, (3.2.4)
E: Dy ¢(E)=0

where az ¢ € R, by ¢ > 0 and the numbers (5 ¢(E) = def —(Dj ¢(E) Ly (E))~! are well-defined and positive
for every zero E of Dy ¢(x) (in fact, Gz ¢(E) = |vag| — I/n’E({E}) for each E € Ez). Measure wz has
no atoms at the zeroes of Dy ¢(2). Moreover, if [i satisfies the conditions of Lemma 3.2.1, then dwg(x)
is equal to (3.2.1).

Proof. It is shown in Lemma 3.6.4(2) that the linear form Dy ¢(2)Qs(x) is, in fact, a non-negative
measure on Ay U Ay for any £ € (51, az2), and, according to Lemma 3.6.4(1), the Markov function of
this measure is equal to Dz ¢(2)L7(z). Therefore, (D7 ¢L7)~" € HN and we get from (3.1.11) that there
exist constants by ¢ > 0, a7 ¢ € R, and a non-negative measure vy ¢ such that

-1 RPN
(Dre(2)Liz(2)) —ame —biez = —1 'O e(2). (3.2.5)
The measure vy ¢ has a point mass at £ since Dy ¢(2)L7(2) is holomorphic around ¢ and has a simple
zero there. The mass at £ can be computed via Proposition 3.1.4(3), where one needs to observe that
D%,g (§)L7(€) < 0 because Markov functions have negative derivatives on the real line away from the

support of the defining measure. If F € Ej, it follows from Proposition 3.1.4(3) and Lemma 3.6.4(4)
that

vie(EY) = = lim (iy(Dre(E +iy)La(E + i) ")
y—0+
= —n(Dhe(B) L+ (B) ™" = n(|vapl - va,e({E})) ™" > 0. (3.2.6)
Hence, the reference measure w; introduced in the proposition is equal to
dwn(x) = 7 Sg (@) dvne(@) = Y, S7e(E)Gag(E)dop(z)

E: Dz (&E)=0

and it has no atoms at the zeroes of Dz (&; ). To show that wy is indeed independent of £, let us derive an
explicit expression for it when i satisfies the condition of Lemma 3.2.1. We know from Lemma 3.6.4(1,2)
and Proposition 3.1.4(2-4) that

(L (7)) = =7 (xa, @) AG (@)1 (2) + x22 (@) AP (2 () ) (3.2.7)

It further follows from Lemma 3.2.1 that |Lz(z)| is continuous and non-vanishing on the real line.
Therefore, for any = ¢ E; we get that

(e (2)) = —|La(@)]| 2Dz (@) T(Las (2) < o0. (3.2.8)
Thus, Proposition 3.1.4(3) yields that the support of the singular part of v; ¢ is a subset of the zeroes
of Dy ¢(2) (actually, is equal to it by what precedes). Hence, in this case wy is an absolutely continuous
measure and it follows from Proposition 3.1.4(2) that
dwz(x) = wilsgé(x)vgvg(x)dm = —7r*2S5’2(x) Im (D764 (z))da = | L ()| " 2dp* ()
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as claimed, where we used (3.2.2), (3.2.7), (3.2.8), and Lemma 3.6.4(2) to get the last equality.

Let fi be any Angelesco system and {fi,,} be a sequence of Angelesco systems satisfying conditions of
Lemma 3.2.1 and such that p,,; N w as m — oo, [ € {1,2}. Since the moments of y,,; converge to the
corresponding moments of p;, MOPs with respect to ji,, converge uniformly on compact subsets of C
to the corresponding MOPs with respect to ji. Thus, linear forms (0.0.12) with respect to fi,, converge
in the weak™ topology to the corresponding linear form with respect to ji. Therefore, their functions of
the second kind (0.0.14) converge uniformly on closed subsets of C\(A; U As) to the respective function
of the second kind with respect to fi. Since compactly supported measures on the real line are uniquely
determined by their moments and those moments are the Laurent coefficients at infinity of the respective
Markov function, it also holds that the measures (3.2.3) and (3.2.5) defined with respect to ji,,, converge
in the weak® topology to v g and vy ¢, respectively. Notice that if £ € E,, and p* has no atom at E, it
holds that vz ¢({E}) = m|va gl ~! by (3.2.6). In particular, this is the case for each fi,,. Thus, the weak*
limit of the reference measures corresponding to ji,,, which is obviously independent of £, is equal to

Sy L(E) Sz ¢(BE)vas({E})

an 2l lvi el (v 2l = va.e({E}))

71'715%72 (x)dvge(x) — Z

E: Dp(§E)=

d5E( )—dwﬁ(x)+ Z

FEeEj

(3.2.9)
Fix E € Ez. Let k € {1,2} be such that E € Aj. Recall the definition of Sg; k() in (3.6.7) further
below. We get from the very definition of vz g in (3.2.3), (3.2.6), and Lemmas 3.6.2 and 3.6.4(5) that

_ - k
SieE)vapUBY) _ SiplB) Ay (B0) DhBYADY(E) o Quea((BY)
lvael(lvael —vie({E}) D (E)Siik(E) Dy (E)Lit(E) Sﬁz (E)Li+(E)
(3.2.10)
As the above expression is independent of £, so is the measure wj. O

3.3. GREEN’S FUNCTIONS

In this section, we study functions G(Y, X; z) using equation (2.2.7). The Spectral Theorem applied
to the self-adjoint operator x| gives

G(Y,X;2) ={(Ix)— 2)~"

)

vy _ J d{Prx) 6,607

—Z

where {Px] »} is the family of orthoprojectors associated with J[x]. The function F(A) = (Px],,0X),6))
has bounded variation and can be written as a difference of two non-decreasing functions. Therefore,
G(Y, X;z) is a difference of two HN functions and the nontangential boundary values G(Y, X;z)4 are
defined a.e. on R.

Let T[x) be the subtree with the root at X and pjx) = <P[X]’/\5(X), §(X)% be the spectral measure of

6% restricted to Tix1, see (0.0.2), where we also write po for prop (we use square brackets to emphasize
that prx) is a spectral measure of §(X) with respect to a subtree and not the whole tree). Then

G(X,X;z) = —prxj(z) and therefore ImG(X,X)" = mp[x). (3.3.1)

Statements (3.3.1) and (2.2.7) provide a non-trivial application of the operator theory to the theory of
orthogonal polynomials. They say that the ratio of Markov functions of two “consecutive” linear forms
Qi+e (z) and Qz(x) is also a Markov function! Below, we shall verify it in a different way by providing
“explicit” expressions for p[x] and more generally Im G(Y, X; ). Again, we often refer to the auxiliary
lemmas proven in Section 3.6.

3.3.1. Function L;(z). By (2.2.7), G(O,0;2) = —Ly(2)/Lz(2). While the behavior of the numerator
Lf(z) for smooth measures is described by Lemma 3.2.1, we have not yet addressed the behavior of
L3 (2). Recall that 5 = (301, 52) = (K2, k1), the function L;(z) was defined in (2.2.2), and

Lz (2) = waLe, (2) + R1Le, (2) = (el ™) () + (se2llpz] ") A2 (2). (3.3.2)

Lemma 3.3.1. The set Bz < {E: Lz(F)=0, EeR\(A;uUAy)} is either empty or has exactly

one element in it. It is empty when % = €;, i € {1,2}. If E € Ex emists, it is necessarily a simple zero of
Lz (z). If [ satisfies the assumptions of Lemma 3.2.1, then Lz(z) extends continuously from C. to R
and the function |Lz(x)| is well-defined, continuous and non-vanishing on R except for a possible single
zero that belongs to R\(AJ u A3).
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Proof of Lemma 3.3.1. The function Lz(z) = 212:1 2#;0:(2), 0i = ||pi "1y, is analytic in C\(A; U Ag)
and we are looking for its zeroes on the real line away from the intervals A;, As. Observe that the
equation Lz(z) = 0 has no solutions on the set of interest when » = ¢é;, ¢ € {1,2}, since in this case
it is a Markov function and Markov functions have no zeroes in the finite plane away from the convex
hull of the support of the defining measure. When 3; > 0, 7 € {1,2}, we have that Lz(z) > 0 for
x € (B2,0) and Lz(x) < 0 for z € (—o0, 1) as one can see from (3.3.2). Since both functions »;5;(x)
are decreasing in the gap (81, @), but one of them is negative and one is positive, there can be at most
one solution there. When 13¢5 < 0, there cannot be any solutions in (81, @3). To show that there is at
most one solution in (—o0, 1) U (B2, ) in this case, notice that the original equation can be rewritten as
—(01/62)(x) = s¢2/321. The ratio —(61/02)(z) is a Markov function of a measure supported on A; U As.
Indeed, it follows from (3.1.3) that

Im(51/32)(« + iy)de 5 551 (2)d(Tm ) " () + 61 (2)d(Tm551) " (), (3.3.3)

which is indeed a positive measure supported on A; U Ay since g2(x) < 0, © € Ay, and 71(z) > 0,
x € Ay. Markov functions are monotonically decreasing on the real line away from the support and are
positive/negative to the right/left of the convex hull of the support of the defining measure. Thus, any
equation of the form (¢1/62)(x) = 7 # 0 can have at most two solution away from A; U Ay, one in the
gap and one outside the gap, which proves the desired conclusion.

Continuity of |Lz(x)| when [ satisfies condition of Lemma 3.2.1 can be shown exactly as in the proof of
that lemma. Since Im Lz (z) = Frsgop,(x) on Ay by Proposition 3.1.4(2-4), it vanishes at the endpoints
of the intervals A1, Ay. Hence, the traces Lz4 (x) are real at those points and the considerations of the
previous paragraph can be extended from open intervals to closed ones. Since Im Lz 4 (z) does not vanish
on AY u A3, there cannot be any other zeroes. O

Notice that for Dini-continuous measures, |Lz(z)| can vanish at some endpoint of the intervals Ay, A,.

3.3.2. Green’s functions at O. We already know from the Spectral Theory that G(O,O;z) € HN.
However, we can see it directly. Recall that o; = |p;|~1x; and define

=; JR tdoo(t) — JR tdoy (t) . (3.3.4)

We have Z; > 0 since it is a difference of the centers of mass of probability measures supported on
disjoint intervals with supp o1 < supp o2. Assuming that sy # 0 (the case s # 0 can be treated
absolutely analogously), we have that

L+(z o -0 1 1

2,6(0,0:2) = 5, 1) _ @@ =5 1 s (3.3.5)

Lz(z) 2909(2) + 30101(2) 31 1300 + 25 (01/02)(2)
where we used s + 32 = 1, (3.3.2), and Lemma 3.6.1. Since »?,Z; > 0, G(O,0;-) € HN if and only if
(01/02) € HN. The claim (61/52) € HN has been shown in the proof of Lemma 3.3.1 above, see (3.3.3).
Let So(z) be a positive function on Ay U Ay given by
def

So(@) < Ealmllual) ™ (A (@)xa, (@) = fa(@)xa, (2) - (3.3.6)

This function will be used to obtain a convenient formula for the generalized eigenfunction ¥, introduced
in the following proposition (for the general theory of eigenfunction expansions, check [14]).

Proposition 3.3.2. Let E5 be as in Lemma 3.5.1. We have that supp po € A1 U Ay U E5 and

dIm G(Y,0)* (z) = ¥y (O;2)dpo(z), (3.3.7)
where ¥(O; E) = I(E)/Ly(E) for E € E,
o) = S a) [ A© () ZF Ve (1) [ A® () T A () 2 3.
90i0) = 55') (A0 g = Vo) (WP -4 ) Gas

for x € Ay, k€ {1,2}, and otherwise ¥(O;x) = 0. Furthermore, it holds that
3zV(0;2) =29 (0;z) and 5§,O) = J\Ily(O;z)dpo(x). (3.3.9)

If [i satisfies conditions of Lemma 3.2.1 and
(uh ()" € LP(A) (3.3.10)
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for some p > 1 and each k € {1,2}, then

dpo(2) = So(@)|La(a)|2dp*(x) + Y (Ly/Ly)(E)ddg(x). (3.3.11)
EeE;

Remark. Assumption (3.3.10) is a non-essential technical condition which we use solely to simplify the
discussion of the behavior of po around a zero of |Lz(x)| when the latter happens to be an endpoint of
either Ay or A,.

Proof. The first claim follows from (3.3.5) and the definition of E3 in Lemma 3.3.1. Assume first that
ii satisfies conditions of Lemma 3.2.1 with the additional integrability assumption (3.3.10). We get from
Lemma 3.3.1 that |Lz(z)| is continuous on the real line with at most one zero, say E, that belongs to
R\(A? U A3). Since —G(0, O;z) is a Markov function by (3.3.5) and the explanation right after, it
follows from Lemma 3.2.1 and Proposition 3.1.4(2,3) that po is an absolutely continuous measure except
for a possible mass point at E. When FE is not an endpoint of A; or Ay, we get from Proposition 3.1.4(3)
that po indeed has a mass point at E of mass (Ly/L%)(E). If E is an endpoint of either Ay or Ay,
we deduce from Proposition 3.1.4(3) and Lemma 3.6.5 further below that E is not a mass point (this is
exactly where the LP-integrability is used). Hence, it only remains to compute the absolutely continuous
part of po, that is, 77" Im (G(O, O; x),.), see again Proposition 3.1.4(2). To this end, it holds that

k&g_k(l‘) %3_k83_k(l‘) + %;ﬁk_(x) _ (-Dk 8k+(x) %3_k83_k(1‘) + %k8k—(33)

G(0,0;x)y = (-1 — =
(0,012)+ = (=1)" =% L) = PPOE

for x € Ay, k € {1,2}, where again o}, = | x|~ ux are the normalized measures. By taking the imaginary
part of both sides and using 6_ (z) = G+ (x) and »; + 30 = 1, we get that

(—1>k %kﬁg_k(x) Im (Gk_ (x)) - %3_k83_k(x) Im (8k+(x))

Im (G(0,0;2)4) =

R =)
(D@ G @) | (“D*A @) ph(n) _ So(o)u(x)
= L) Salillnl =@ " [La(2)P

for x € Ay by the very definition (3.3.6), which finishes the proof of (3.3.11).

Let us still assume that ji satisfies condition of Lemma 3.2.1 with the additional integrability assump-
tion (3.3.10). Set gy (z) to be G(Y,0;z) when E; = & or F € E3 is an endpoint of A; or Az and
otherwise set it to be G(Y,0;z2) — (Ly/Lz)(E)(E — 2)~1. Then, —go(z) is a Markov function of an
absolutely continuous measure with an LP-density for some p > 1 by Lemma 3.6.5. It follows from the
last claim of Proposition 3.1.1 and Proposition 3.1.2(1) that both real and imaginary parts of go(z)
satisfy (3.1.1) with this p. Since gy (z) = my (Ly/Lo)(%)go(z) and (Ly/Lo)(z) extends continuously to
the real line from the upper half-plane by Lemma 3.2.1, the imaginary part of gy (z) satisfies (3.1.1) with
the same p as well. Thus, it follows from the last claim of Proposition 3.1.1 that Im gy (2) is a Poisson
integral of an absolutely continuous measure whose density is equal to Im(gy + (z)). Now, we get from
(2.2.2), (0.0.16), and (2.2.7) that

G(Y,052) = |Lz(2)| 2 (A (2) = AP ()7 (2) = AP ()72 (2)) (Gl ) () + (a1 a(2))

Since Im(fig+(x)) = —mu},(z) by Proposition 3.1.4(2-4), it holds that

I (4 (2) = )| (A0 7257 = (0¥ sl (A0) 25 = A0 72 ) )
Iy lpa | Iy
for x € Ag. That clearly yields (3.3.7) and (3.3.8) in the considered case.

If the system ji does not satisfy the assumptions of Lemma 3.2.1 with the additional integrability
assumption, approximate [ in the weak* topology by a sequence {fi,,} of measures that do satisfy them
as it was done in the proof of Proposition 3.2.2. The explanation given there shows that the spectral
measures and measures generated by Green’s functions corresponding to fi,, will converge in the weak*
sense to po and Im G(Y,0)* corresponding to [, respectively. This convergence will clearly preserve
(3.3.7) and (3.3.8).

The first algebraic identity of (3.3.9) is a direct consequence of the first two claims of Proposition 2.2.3.
To prove the second identity, notice that

G(Y,0;2) = JRW
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by (3.1.2) and (3.1.3). Now, since Uy (O;x)dpo(x) has finite total variation, the above formula, the
Fubini-Tonelli Theorem, and the Cauchy integral formula give that

f Uy (O;z)dpo(x —J (Y,0;2) — ((3,3 - 2)715(0))de = 5§,O),

27r1

where T' encircles o(Jz) U A1 U Ay U E in the positive dlrectlon, the second identity is just definition
(2.2.7), and the last one is a part of the Spectral theorem for self-adjoint operators. O

3.3.3. Green’s functions at X # O. Recall definition (2.2.9) of the commutator of two functions with
respect to a given vertex as well as definitions of functions A®)(z) in (2.2.8). Given X # O, set

2
U(Xa) E o, mx Y ([AD @), A @)] 5 4 [AC (@), AW @)] (@) xan (@)

to be a function on V that depends of a parameter x € Ay U As. Clearly, each \T/y(X;l‘) extends
analytically from each interval Ay.

Lemma 3.3.3. Given X € V, X # O, it holds that Sx(z) = ef

xeAluAg.

Ux(X;z) > 0 and it is continuous for

We prove Lemma 3.3.3 further below in Section 3.6.1. Recall Proposition 3.2.2 and that in our notation
the symbol J[x stands for the restriction of Jz to Ty x7. If £ € R and X € V, we denote the mass of the
form Qrx) at a point E by Qx({E}), i.e

Qx({E}) = AL (B)m({E}) + Af ¢, (B)ua({E}) .

In the next result, we explain how the spectral measure ppx] from (3.3.1) is related to the refer-
ence measure at the vertex X(,). We also introduce W(X;z), a function on Vx) that is a generalized
eigenfunction of the operator Jjx.

Proposition 3.3.4. Let X # O and Ey be the set of zeroes of the polynomial Ag,l)(x)Ag/Q) (z). It holds
that

dppx (@) = Sx (@)dwx, (1) + Y Qx((EDLY. (E)dds(x). (3.3.12)

EGEX(p)

where the numbers Qx ({E}) L X )+( ) = 0 are well-defined and non-negative for each £ € Ex,,,. More-
over, it holds that
dImG(Y, X) ¥ (z) = 70y (X; 2)dppx(2), (3.3.13)

for every Y € Vx|, where ¥(X;z) = St (2)¥(X;z). Furthermore, it holds that
Ix¥(X;2) =20 (X;2) and 5§/X) = f\l'y(X;x)dp[X] (x). (3.3.14)

Remark. It follows directly from its definition that ¥ satisfies a normalization ¥x (X;x) = 1.

Proof. Assume first that [ satisfies conditions of Lemma 3.2.1. Recall that the traces fix+(x) are contin-
uous on the real line and are complex conjugates of each other, see Proposition 3.1.2(2). It follows from
(2.2.7) and (0.0.16) that

In(G(Y, X5 2)) = =mxmx,, | Lxg, ()] 2 Im (A ()i () + AP (2)fia(2) = AP (2))

(A5, )+ A%, () - A7, () ).

Since the first kind MOPs have real coefficients, a straightforward algebraic computation and Lemma 3.2.1
imply that Im(G(Y, X; z)) has continuous traces on the real line and

Im(G(Y, X;2)4) = —\le(X;x)\LX(m ()] 7% Im (s (), xely, ke{l,2} (3.3.15)

In particular, we get from Proposition 3.1.4(2-4), Lemmas 3.2.1 and 3.3.3 that Im(G (X, X; z)) extends

continuously to the real line where it has a continuous and non-negative trace. Thus, it follows from

the maximum principle for harmonic functions that Im(G(X, X;-)) € HN, the fact already known to us

from the general Spectral Theory. Since —G(X, X;z) is holomorphic at infinity, it is indeed a Markov

function. Formula (3.3.12) now follows from Propositions 3.1.4(2,3) and 3.2.2 since Qx ({E}) = 0 for
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any E by absolute continuity of p*. Since px) is absolutely continuous with continuous density, we get
from the last claim of Proposition 3.1.1 and Proposition 3.1.2(1) that both real and imaginary parts of
G(X, X; z) satisty (3.1.1) for any p > 1. Since G(Y, X;z) = my (Ly/Lx)(2)G(X, X;z) and (Ly/Lx)(%)
extends continuously to the real line by Lemma 3.2.1, the imaginary part of G(Y, X;z) also satisfies
(3.1.1) for any p > 1. Thus, Im(G(Y, X;2)) is a Poisson integral of an absolutely continuous measure
with density given by Im(G(Y, X; ) ), which, together with (3.3.15), proves (3.3.13) in the considered
case.

If the system [i does not satisfy assumptions of Lemma 3.2.1, approximate /i in the weak® topology
by systems ji,, that do satisfy these assumptions as it was done in the proof of Proposition 3.2.2. The
explanation given there shows that the spectral measures corresponding to ji,, converge in the weak™*
sense to prx], the spectral measure corresponding to (. On the other hand, the right-hand sides of
(3.3.12) corresponding to fi,, will converge weak* to Sx(x) times the measure in (3.2.9). Formula
(3.3.12) now follows from (3.2.10) and the identity Sx(z) = Sz, r(x) for € Ay, which holds by the
definition of Sy () in (3.6.7), where 7i = II(X(,) and [ = tx. As ImG(Y,X)* is the weak™ limit of
the corresponding measures with respect to fi,,, the validity of (3.3.13) follows as well.

The first algebraic identity of (3.3.14) is a direct consequence of the third claim of Proposition 2.2.3.
The second one can be justified exactly as in Proposition 3.3.2. O

3.4. CYCLIC SUBSPACES

In this section we derive an orthogonal decomposition of £2(V) into a direct sum of cyclic subspaces
of 3,—5

3.4.1. Trivial cyclic subspaces. Let X € V and a(x) be a polynomial. formulae (3.3.9) and (3.3.14)
immediately allow us to conclude that

def ~
(3x))0) = JQ(H[X])‘I’(X;»’U)dP[X] () = JQ(I)W(X;x)dP[X] () = aeP(Vixy), (3.4.1)

where the last conclusion trivially holds as «(J [X])é(X ) is compactly supported in this case. Of course,
(3.4.1) can be further extended to continuous functions on Ay U Ay using the Spectral Theorem. Namely,
let {Px1,1} be the orthogonal spectral decomposition for J;x7. Then, it holds that

OZ(H[X])(;(X) déf <JQ(A)dP[X],A) 5(X) € EQ(V[X])

In fact, we can say more. Let Qfgg]) be the cyclic subspace of £2 (V[x]) generated by 6(X) | that is,

Q:E))g]) ' span {HFX]d(X) i ne Z+} = {a(d(x1)6X) : « is a polynomial}.

The next result is an analog of Proposition 0.0.2, where ¥ plays the role of orthogonal polynomials.

Proposition 3.4.1. Fiz X € V. The map

A~ A~ ~ def
alz)—a= {O‘Y}Yev[x]’ ay = fa(x)\lly(X;x)dp[X] (2), (3.4.2)
is a unitary map from Lz(p[X]) onto Q&(]) In particular, it holds that
~ X ~
|\0¢H2L2(p[x]) = HaH?z(vm) and @%X]) ={a: aeL*px)}- (3.4.3)
Thus, the formula
a(@x))0) L a = J a(z)W(X; 2)dppx (@) (3.4.4)

extends the definition of a(H[X])é(X) Jrom continuous functions a(x) to those in L?(p[x]). We also have
that

za(z) = Jxd, o L (px))- (3.4.5)

Proof. The following argument is standard and we reproduce it solely for completeness. Let a(z) be a
continuous function on Ay U A,. It follows from the Spectral Theorem that

|\04(3[X])5(X)\|§2(v[x]) = {a(dx1)0, a(d1x7)0)) = (a(Tx)) 26, 6

— [l PP 899,69 = [ la(@)Pdppe) = [l (346)
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since pyx] is the spectral measure for 6 in 2 (Vix])- Take any o € L?(p[x]) and approximate it in
L? (prx]) by a sequence {a(”)} of polynomials. Recall that each a(™ (dx7) is compactly supported and

therefore is in 52(\7[;(]). Because Uy (X;z) is continuous on Aj U Ay, it holds that dy = lim, a(n)

for every Y. Thus,

> favP < [laPdppy forany NeN = 16l < [ laPdsi
() |<N
and therefore {@ : o€ L?(p;x))} = Q[X Furthermore, let ® € Q and a™ — @ asn — o in 2(V[x)
for some sequence {a(™} of polynomlals. By (3.4.6), we have Supn (™) IL2(ppxy) < % and, according

to the Banach-Alaoglu theorem, there exists ¢ € L?(p[x]) such that o) — ¢ weakly in L?(p[y7) as
k — o0. Therefore, evaluating at each Y € V, we get

By — j () Wy (X 2)dppx (@) — famk)(x)wy(X; B)dppx)(x) = &) - By

as k — oo. Hence, {& : ae L PIxX] } = € . That is, the map a — @& is onto as well as isometric

on the dense subset so it is 1sometr1c everywhere Thus, the considered map « — @ is actually unitary,
which finishes the proof of (3.4.3). Finally, one can readily see that

i = 8y [ WOG)a(eddopx @) = [ BBl () = [#0(0X)a(dorx )
by (3.3.14), which shows (3.4.5). O
3.4.2. Non-trivial cyclic subspaces. Fix X € V and let X; = X(.p);, i € {1,2}. Put
px Yux + Z *({E})oEg, (3.4.7)
EeEx

where wx is the reference measure from Proposition 3.2.2, Ex is the set of zeroes of Ag) (x)Ag?) (z), and
p* is the measure from (3.0.2). It readily follows from (3.3.12) that

dppx.)(x) = vx, (@)dpx (), (3.4.8)

where vx, () = Sx, () for z € (A U A)\Ex and vx,(E) = A(k)( E)L X+( ) for E € Ex n Ag. Most
importantly for us there exists cx > 1 such that

o <wx,(r) <cex, el Uy, (3.4.9)

according to Lemmas 3.3.3 and 3.6.3 (it is also continuous on (A; U A2)\Ex). Let ¥(X;;z) be the
generalized eigenfunction from Proposition 3.3.4. Recall that Wx, > 0. Let

Uy (X;2) e (=)W 1/2\I'y(Xz,a:) Y eVx,, and Ty (X;2) 0, otherwise. (3.4.10)

We stress that \i/(X ;) is a function on 'V that is supported by Vix] with value zero at X itself. Define
g(x) def {fa(as)\f/(X; 2)dpx(z): ae L?(ﬁx)} . (3.4.11)

Let x; be the restriction operator that sends f € ¢ to its restriction to Vix.» ¢ € {1,2}. Given
fe€® letae L?(px) be the corresponding function in (3.4.11). Set

ai(@) = (=) Wi Prit(@)a(z). (3.4.12)

It follows from (3.4.9) that «; € L?(p[x,}). Moreover, it holds that x;f = @&; € Q[X | see (3.4.2). It
is clear from (3.4.9) and (3.4.12) that different functions a(x) define different functions «;(z), that is,
X ¢ (ACONN Q:E))gz]) is an injection. Conversely, given «; € LQ(ﬁ[Xi]), define «r via (3.4.12). It again follows
from (3.4.9) that o € L?(px) and that x;f = Q;, where f is the element of ¢ corresponding to a.
Hence X : (OO C(XZ’) is a bijection, and the composition ys o Xl_l is a bijection between CE))E]) and

[ X Altogether we can say that

fe ¢ o supp f S Vix,) U Vx,, fi€ G(X) ief{l,2}, and x7'fi=x5"f2, (3.4.13)

where f; is the restriction of f to Vix,j.
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Proposition 3.4.2. Fix X € V. The function @(X;x) s a generalized eigenfunction of Jz, that is, it
holds that

3:0(X; ) = 20(X; ). (3.4.14)

(X)

Moreover, let the function g;”’ € ¢ pe given by

o [ B (@), (X)L ()W o ), (3.415)

?

Then, it holds that Xiggx) = xi0%, i e {1,2}, and

¢ = span {Hggf() i neE Z+}. (3.4.16)
That is, each gZ(X) is a generator of the cyclic subspace ¢ In particular, the formula
a(dz)g) f o) (X )V (X 2)dpx (x) (3.4.17)

extends the definition of a(H,g)gEX) from continuous functions a(z) to those in L?(px). Furthermore, it
holds that

(= S X vk, (@) o -
dpx.i(x) k; W VXk(x)de( ), (3.4.18)

(X)

where px,; = Py ) is the spectral measure of g;

with respect to the operator Jz.

Proof. If Y ¢ Vix7, it clearly holds that (Jz (X z))y = 0 = 20Uy (X; ). Further, we get straight from
(3.4.10) that

@ 0(X;2))x = WP Ux, (X;2) + Wl U, (X;2) = —Wx, (Xi52) + U, (Xo;2) = 0 = 20 x (X 7)

since Ux,(X;;2) = 1 according to their definition, see remark after Proposition 3.3.4. Moreover, if
Y € Vx,, then we get from (3.4.10) and (3.3.14) that

([3:0(X; )y = ()W (@) ¥(Xi2))y = (1) Wy Paby (X3 0) = 20y (X; ),

which proves (3.4.14). Further, it holds that Xig(X) = ;0% since

(65)y = (D)W | @(Xi )Wy (X5 2)dpix (x) = J‘I'YOQ; z)dppx(x) = 05, Y e Vi

where we used (3.4.10), (3.4.8), and (3.3.14). Now, according to (3.4.13), to prove (3.4.16) it is enough
to show that the closure of the span of Xid%g; X i equal to Qi( L) . As x; and Jz commute by (3.4.11) and

(3.4.14) (or, put differently, x;J% gZ = Iy (i §(X))) the latter claim follows. Formula (3.4.17) can
be obtained through approximation by polynomlals exactly as an analogous formula of Proposition 3.4.1
was obtained. Finally, to get (3.4.18), observe that

_1 w Xz, a: . ~ . . ~
((8a= 2144 - 2 - < Dy (X)), [ (X)W (X 2)dpx o) )
2
where we used (3.4.8) and (3.4.17). Now it follows from (0.0.2), (3.3.14), (3.4.4), and (3.4.8) that
Jdez i j x, (@) dpx ()
T—z = W kax) T—z

Since Markov functions are uniquely determined by their defining measures, (3.4.18) follows. O
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3.4.3. Decomposition into an orthogonal sum of cyclic subspaces. In this subsection, we will
prove a theorem that, in the view of Theorem 0.0.1, constitutes the central result of this paper.

Theorem 3.4.3. The Hilbert space ¢*(V) decomposes into an orthogonal sum of cyclic subspaces of Jz
as follows:

W) =eO@L, L=drne?. (3.4.19)

Proof. First, we need to show that the subspaces on the right-hand side of (3.4.19) are orthogonal to
each other. Recall that €¥) is supported by Vv, the set of vertices of the subtree Tjy). Let Z, X € V,

Z # X. If the subtrees J[x] and T[z] are disjoint, the subspaces ¢ and €@ are naturally orthogonal.
If they are not disjoint, one is a subtree of another. Assume for definiteness that Tz is a (proper)
subtree of T[x]. That is, Z is a descendant of X. Let i € {1,2} be such that Z is equal to or is a

descendant of X .y ;. Let oz(x) be a polynomial and f € €%). Then

(£,0(82)9™ ) = (@02 1,97 ) = (@(82) 1,850 ) = (@(30)S) x, = O

since @(Jz)f € ¢(?) and X; does not belong to the support of any h € ¢(?). Because functions a(dz)g; (X)
are dense in €(X) by (3.4.16), we get that ¢ 1 €@ as claimed. When the subspace ¢ is replaced
by €@, the proof remains absolutely the same except that we need to consider functions a(H,g)é(O)

instead of a(dr)g; (x),

Since all cychc subspaces are orthogonal to each other, to prove the theorem, it is enough to show
that finite sums of the above cyclic subspaces contain all the functions with compact support. As the
latter are linear combinations of delta functions, it is sufficient to show that all delta functions belong
to such finite sums. Trivially, it holds that §(°) € ¢(©). By going down the tree T, we shall inductively
show that

X eec@ Ly, Lx-= @Yepath(X(p),O)&(Y) ;
for any X € V, X # O, where path(X(;), O) is the same as (2.2.1). Take such X and assume the claim is

true for X,y and X(,), where X, is parent of X(;). Let Z be the sibling of X. It follows from (3.4.15)
that

(957) =1 and (92) = (-0 | a(Zim)dpx (@) = —(Waz /W)
We further get from the very definition of Jz in (2.1.4) that
(3z5 @) ) x =Wy, (3z5Xw) )2 = w”, (0¥ )X(,,> = Vxg,, and (3z0 gt )X(.q) = Ux:
where Ux, = 0if X() = O and Uy, = W)l{/(i) otherwise (all other values of J:0X@) are equal to

zero). Extend V(X;x) from V[xj to the whole set V by zero. Set 3(X;xz) = def Wx + Wz (vz/vx)(z).
Then

Wx Wy, [V[/Z—l/2 (3%5()((’”)) —Vx,, d%®) Uy, 5(X<g))) _ gf?”)]

_ s 1w, J Z(( (X 2)dppx (2 f BX; 2)U(X: 2)dppey () < B(X),  (3.4.20)

where we used (3.3.14) for the next to last equality. By (3.4.9), the function 8(X;x) is strictly positive

on the support of prxj. Observe that B( ) is supported on V[xj and has value Wx + Wz > 0 at X. Tt
follows from the properties of 5(X;z) that

{a(2)B(X;x): «ais a polynomial} = LQ(p[X]),

where the closure is taken in L?(px})-norm. Thus, there exists a sequence of polynomials {a(™)(z)} such
that o™ (2)8(X;z) — 1 as n — oo in L?(p[x1)-norm and therefore

o™ (G1x))B(X) = f o™ (2)B(X; 2) ¥ (X; 2)dppxy () — 6 (3.4.21)

as n — o0 in £%(Vx) by (3.4.5) and since B( X) e QZE ]), where we extend (") (H[X])B(X) from Vx; to
V by zero. On the other hand, it follows from (3.4.20) that

~

3[X]§( ) = J:B(X) — 1/25X(X)5(X<P)) = ~v(Jz)6 @) + gz (cl(;(Xm) + ng(x(p) ) ec@ @y,
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where y(z) is a certain quadratic polynomial and ¢y, ¢o are certain constants (all can be explicitly written
using (3.4.20)) and the last conclusion follows from the inductive hypothesis and the nature of cyclic
subspaces, see (3.4.16). By iterating the above relation we get that

AP )BX)ee@@Ly = Mee@gry,

where the last conclusion is a consequence of (3.4.21) and €(©) @ Ly being closed. This finishes the
proof of the theorem. O

3.5. SPECTRAL ANALYSIS

In this section, we will apply Theorem 3.4.3 to the analysis of the spectral type of Jz.
Theorem 3.5.1. Let E; be as in Lemma 3.5.1. It holds that
0(dz) € A1 uAg U Ex. (3.5.1)
Furthermore, if supp ux, = A for each k € {1,2}, then the inclusion in (3.5.1) becomes equality.
Proof. Tt follows from Theorems 0.0.1 and 3.4.3, and Proposition 3.4.2 that

o(3x) = supp po v | supp pz,1
Zev

where pz 1 is the spectral measure of g%Z). As stated in Proposition 3.3.2, we have that

supp po € A1 u Ay v Ex,

where the inclusion becomes equality when supp pr = Ay for each k € {1,2} as can be seen from (3.3.3)
and (3.3.5). We further get from (3.4.18) that pz; is absolutely continuous with respect to pz. Since
supp pz S A UAy by (3.4.7), Proposition 3.2.2, and Lemma 3.6.3, the claim of the theorem follows. O

This result complements characterization of the essential spectrum of Jz obtained in the recent preprint
[10] where all right limits of Jz for K = €&; were computed for the case where the measures p1, po are
absolutely continuous with analytic and non-vanishing densities.

As the following example shows, in general, o(Jz) # supp 1 U supp p2 even when Ez = &. Thus,
equality (0.0.5) does not hold for the case of multiple orthogonality.

Example. Consider any probability measures p1, po for which supp puq = [—1,0] and supp ps = {1,2} U
[3,4],i.e., 1 and 2 are isolated atoms of pg. Clearly, A; = [—1,0] and As = [1,4]. Consider Jz,. Formulae
(3.3.1) and (3.3.5) become

1 fia() = fu(2)

Ep o be(2)

Since fiz(z) necessarily has a zero on (1,2), po has a point mass there and therefore its support is clearly
not a subset of supp w1 U supp us.

It is standard in the multidimensional scattering theory to deal with operators that have purely
absolutely continuous spectrum (see [38] for basics of Spectral Theory). In the next theorem, we provide
simple conditions for Jz to have such a spectrum.

Theorem 3.5.2. Suppose that duy(x) = pj.(z)dx and (u},)~' € L®(Ag) for each k € {1,2}. Then the
spectrum of Jz, is purely absolutely continuous for each i € {1,2}.

po(z) =

Proof. We need to show that the spectral measures po and {pz1}, Z € V, are all absolutely continuous.
It follows from (3.4.18) that pz 1 is absolutely continuous with respect to pz. Since measures 1, po have
no mass points, we get from (3.4.7) that pz is equal to the reference measure wyz, 7 = II(Z). To show
that the latter has no singular part, it is enough to prove that
lim sup Im <(Dﬁ7§(x +1iy)La(z + iy))%) <o forevery xe (A v A)\Ex,
y—0~F
according to (3.2.4) and Proposition 3.1.4(3), where Ej is the set of zeroes of Ag)(z)Ag)(z) and Dy ¢(2)
is given by (3.2.2) with £ € (B1, a2). It clearly holds that
lim T (D@ +iy)La(e +iy)) ) < lim (~Im (Drgla+iy) La(e +1y))
y— y—
Fix k € {1,2} and a closed subinterval A of A,\E5. By the conditions of the theorem and the definition
of Ez there exists € > 0 such that

j — €| ASTP (2)| AP (2)2 () = €
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almost everywhere on A. Then, it follows from Lemma 3.6.4(1,2) that

. . 7(8)Dre(s ds
—1Im (D ¢(z +iy)La(z +iy)) =y M > € fA (m—iw

Therefore, for every x € A it holds that

lim sup Im ((Dﬁ’g(x +1iy)La(z + iy))_1> < 2/(em).

y—0+
As A was arbitrary closed subinterval of (A U Ay)\E7 and wz has no mass points at the elements of E5
by its very definition, wy is indeed absolutely continuous. The absolute continuity of po can be shown
analogously using (3.3.1), (3.3.3), and (3.3.5). O
3.6. APPENDIX TO PART 3

In this appendix we collected some results that were used in the main text.

3.6.1. Some properties of A%k (). Recall that Ag)l)( ) and Ag)l)( ) have degree 0 and therefore are
constants.
Lemma 3.6.1. It holds that
1 —_— —_—
Ay = =5 ™t and AR =23 e, (3.6.1)

where 25 was defined in (3.3.4). In particular, A(1 1) <0 and AEl)l)

Proof. The claim is a consequence of the fact that Al (1 1), AE1)1 solve the system of equations
1 2 1 1
f <AEl?1)dm(x) + AEl?l)dﬂg(x)) =0 and fx(AEl?l)dul(x) + AEl?l)dug(x)) =1 O

Recall that we assumed A; < A,. Let
A1 def coeff,, 1 A 1) and Ai2 def coeff,,, 1A(2)
Lemma 3.6.2. We have that
signAz1 = (—1)"* and signAza=1.

Proof. Comparing the leading coefficients in recursion relations (0.0.22) gives Az ; = aq jAite; ;- By
taking into account that ajz ; > 0, we get

sign )\(TLI’HQ)’I = sign )‘(1,n2),1 and  sign >\(”L17712)72 = sign )‘(n1,1),2 , 7€ N?. (362)
< O and )\(1’1)’2 = AE??l)
sign A(p, 1)1 = —1  and  sign A p,)2 =1.

It follows from Lemma 3.6.1 that Ay 1)1 = AW

(1.1) > (. Therefore,

It follows from orthogonality conditions (0.0.10) for the multi-index (1,n5) that
1
[ a0 (4, @ia(e) + AE), @) ) =0

for all polynomials ¢(x) of degree at most ny — 1. By taking ¢(z) = A®

2 2 1 2
[ @) st = A0 @A ),
Since all the zeroes of Ag)m)(x) are on A, and AEPM) = A(1,n,),1 IS a constant, we get that

—1 =8ign A(1,n,),1 * SIENA(1,04),2 - (=1)"~t = (=1)">"" - sign A(1,n2)1
and therefore sign Az 1 = sign A1 ,,,),1 = (—1)"2 by (3.6.2). That proves the first statement. The second

one can be proved smnlarly O

Let E5 1 be the set of zeroes of A%k) (), ke {1,2}, and Ez = Ef1 v Ej 2.
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Lemma 3.6.3. It holds that Bz < Ay and #E5 1, = ng — 1. That s, all the zeroes of A%k) (z) are
stmple and belong to A,. Write E 5, = {;v%"’k), - ,xg;f)l , where the zeroes are labeled in the increasing
order. The sets Enie i and Eg i interlace for any k,l € {1,2} and

(7,2) (n-‘rel ,2)

2P < A2 @D a2 < g (3.6.3)
while
ZFHED B D i) (i) (3.6.4)

(in the other two situations the order is uniquely induced by the fact that #FEsyz, = #Emk +1).

Proof. The statements about location of zeroes and interlacing can be proved in the standard way (see,
e.g., [19, Proposition 2.2 and Theorem 5| for the proofs). We only need to show (3.6.3) and (3.6.4). Let
us prove (3.6.3), the argument for (3.6.4) is identical. By (0.0.22), we have two identities

eAD (2) = A () + bi_e i AD (@) + a7 AG) . (2) + anpAY)  (2), i€ {1,2}.

i+€5

Subtracting one from another, we get

AD (@)~ AP (2) = (bi—ey 2 — bi—ey 1)) AT (2) .

Taking x = xff;f)l, the largest zero of Ag) (z), in the previous identity yields
2 7,2 2 7,2
AP @D = AD @0 (3.6.5)

The leading coefficients of {Agﬁz) ()} are all positive by Lemma 3.6.2 and the zeroes of Ag_)@ (z) and
A® (x) interlace, so AP (xiﬁz)l) > 0. Thus, A (mffz)l) > 0 by (3.6.5). Since the zeroes of A® (z)
n n—es 2 n—eiy 2 n—ez

and Ag) (x) also interlace, we conclude that the zeroes of Ag)(x) dominate those of Agﬂ & (@). O
Define the polynomials {Tj ;(x)} by
Tra(z) € (AD) A — AQ) AP (@), 1e{1,2). (3.6.6)

n+€; T+ €]

Proof of Lemma 3.3.3. Tt holds by the very definition (0.0.12) that
Tra(@)dpn () = Tra(@)dp (2) + AZL (@) AT (@)dpa (@) = AL (2)Qn(2) — AP (@) Qriser (2):

Since the degree of Agla (z) is na + 1 — 2, we get from (0.0.10) that

Jkaﬁ,l(x)dul(x) 0, ke{0,...,m—1}

Thus, polynomial Tj ;(z) has at least ny —!+1 zeroes on A;. Similarly, we can show that T5 ;(z) satisfies
ng + [ — 2 orthogonality conditions with respect to uo and therefore it has at least no + [ — 2 zeroes on
A,. Because its degree is ny + no — 1, all its zeroes are accounted for and are simple. We can write
this polynomial as a product of its leading coefficient and monic polynomials Tm,l(a:) and TﬁJyQ(ZE) that
have their zeroes on Ay and As, respectively.

Without loss of generality we assume that [ satisfies the conditions of Lemma 3.2.1. The general case
can be obtained via weak® approximation of measures. First, we undo the transformations leading to
the definition of Sx(z). Let 7 = II(X(,)) and | = ¢x. Tt follows from (2.2.9) that

Sx(@) = (AP AL = AL AD) (@) + (D) s @) (AT 5 AT — AL, AP @)

n+eé n+e n+éfn

for x € Ag. Taking the formulae (2.2.7) and (3.3.15) with Y = X, we get

mSx (2)pf(x) = —Im (Lise,+ (2)La—(2)).
On the other hand, it follows from Plemelj-Sokhotski formulae, see [25, Section I.4.2] that

wSx(nhe) =~ (o [ 29 iy 4, @) (b [ L vt A0 o)) )

for x € Ay, where “p.v.” stands for the “principal value”. Notice that it follows form (0.0.10) that
P 7 P(s)— P - 4
P p | PEQa(S) _ por g | P()=P@) o o [ @als) _ o [ Qals)
R

T—S T—Ss R T—S R T—S
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for any polynomial P(z) of degree at most || — 1. In particular, if Y = X and we let [ = tx, in which
case m = 7l + €, then it holds that

AW () p.v. Qals) Agk)(x) p.-v. Qriva(s)
nte R T— S n R T—8
— . [ (A5 (5)Qa(s) = AP () Qv (5))
T(x) p-v- R x—s
—1)k $)T5 (s

for any polynomial T'(z) with real coefficients and of degree at most ng +1— 2 if k = 1 and of degree at
most ny — + 1 when k = 2. Hence, taking T'(x) = Tj,; 3-k(z), we have shown that

def (*1)]c J Tﬁ 1 3_k(8)Tﬁ 1(8)
Sh =S = = ——dus—_r(s), € Ag, 3.6.7
Lk(x) = Sx(z) Trrs @) Jn p— pa—r(s), el (3.6.7)
which is clearly a non-vanishing function. To prove positivity, take k = 1. Polynomial T5 ; 2(z) is monic
and has all of its no + [ — 2 zeroes on Ay. Thus, its sign on A; is equal to (—1)"2%!. Polynomial

Tq1,2(x)T5,(x) has double zeroes on A, and the same leading coefficient as (—1 )ZA(” (z )AS_Z)(:L’).

n+el

The latter has the same sign as (71)”2” by Lemma 3.6.2, and therefore,

|T5,1,2(5) T (5)|
S d 0
x(7) = |Tﬁ12 f pr— p2(s) >0, x < fBo,

as claimed. The case of kK = 2 can be considered similarly. (I
3.6.2. Properties of L;(z). Recall the definitions of Dy ¢(z) in (3.2.2), the measure vz g in (3.2.3), the
polynomials T ,(x) in (3.6.6), and the functions S5 () in (3.6.7). The set Ej is the set of zeroes of
the polynomial A(ﬁl) (z)Ag) (2).

Lemma 3.6.4. It holds that

(1) If D(z) is a polynomial of degree at most |fi| — 1, then

(QaD) (95).

zZ—T

La(z) = D-1(2) JR (3.6.8)

(2) The measure Dy ¢(x)Qr(x) is non-negative on Ay U Ay for every & € (P, a2). In particular,
Vi E 18 G positive measure.

(3) The function Lz(z) has no zeroes outside Ay U As and its restriction to R\(A; U As) has well-
defined nonzero limits at the endpoints of A1 and As.

(4) If E € Ej, then —Dj (E)lim_,o+ Lz (E + i€) = |vi 5| — va s({E£}) > 0

(5) If E € Bz 0 Ay, then |va gl = —D ((B)San(E)/AY) . (E) for either L € {1,2}.

n+e;

Proof. (1) The claim follows form orthogonality condition (0.0.10), (0.0.12), and (0.0.14) since
3 _ =D
. f Qii(2)(D(x) — D(2)) _ f (@D)@)  (prye).
R r—=z R

r—z

(2) Since A%k) (2) has all its zeroes localized to Ay, it follows from Lemma 3.6.2 that

(1)@ — AP () >0, zeAy, and (=1)(x—&AV (1) >0, ze A,
which yields positivity of Dy ¢(2)Qz(x).
(3) It follows from claims (2) and (1), applied with D(z) = Dj¢(x), that (Dg¢Lz)(y) < 0 for y €
(—0,0q] and (D e¢Liz)(y) > 0 for y € [B2,00) (the limits at o and f; might be infinite, but they
always exist since Markov functions are decreasing on the real line away from the support of the defining
measure). Hence, Lz(x) is non-vanishing there. To show that Lz (z) has no zeroes in the lacuna [5, as],
take D(x) = Dy p(z) with n < oy and Dy, defined by (3.2.2). Observe that in this case (Q#Ds ) ()
is non-positive on A; and is still non-negative on A,. Hence, (Dj ,L7)(y) < ¢ < 0 for all y € (51, az),
where ¢ = SAI (a2 — )71 (Q7Dsy) (), which finishes the proof of the desired statement.
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(4) Notice that

(z — E)?dvy p(x) = (x — E)2ds p(z), Ve vap —vas({E}ip.
Then, it follows from the dominated convergence theorem (the integrands below are bounded by 1 in
absolute value) that

(x ) ﬁ’E(x) =1 f (1. E)2dl/ﬁ,E(x) E(ZL’ E)dyﬁ7E(x)
-~ 7 =7 — i +
e—0t Jp (./,C — E)2 + 62 e—0*+ Jp (fL' - E)2 + 62

) e (Etio = [7a.£] >0,

(3.6.9)
where the last conclusion holds since the measures p1, o have supports of infinite cardinality. Thus,
claim (4) follows from claim (1) applied with D(z) = Dz ¢(x)/(x — E).

(5) For a polynomial P(x) vanishing at E, let us set P(E; x) ef P(z)/(x—E). Clearly, P(E; E) = P'(E).

Recall that deg(T5,1) =n1 — 1+ 1 and deg( 7il2) =ng +1—2. It holds that

Dn5 (E;x Qn( ) , Qn(x) Dy (E) Tr13-k(z )Aiﬁel( )Qii(z)
.2l = j &) rT—E  Th . o(B)AY), (B) JR r—FE

where we used the fact that Qz(z) is divisible by (x — E), orthogonality relations (0.0.10) twice, and
Lemma 3.6.3 to observe that Af?k+)€z (E) # 0. Assume that k € {1,2} is such that F € Ay, that is, it is a

zero of A%k) (). Then

Titsn(2)AY (2) Qs a,
J-R 0,3 k(ﬂf)xiél’)Q + (I) _ JRTﬁ,l,37k< )A( )(E -'I;)Qﬁ+é' (3?) _ O7

again, due to orthogonality relations (0.0.10). Therefore, it holds by (3.6.7) that
k k
Dy ¢(E) f Tras-1(s) (AR, (5)Qa(s) — AT (5)Qi1ai(5)
(E) Jr

Tﬁ,z,&k(E)A%klgl s—F
(—1)kD% (B) f Tiii3—k(s)Tra(s) s i (s) D} (E)Sii1(E)
= — P _ 3—k == k
Tra3-k(E )Afl-i)-el (E) Jr E=s A(ﬁl 5 (E)
as claimed. 0

Lemma 3.6.5. Assume that ji satisfies the conditions of Lemma 3.2.1 and that (u)(z))~' € LP(Ag)
for some p > 1 and each k € {1,2}. Suppose further that there exists v € {a1, 1,9, B2} such that
|Lz(v)| = 0. Then, |Lz(z)| 2w, (z) € LP(Ay) for each k € {1,2} and

lim iy Li(v+iy) _

Proof. Clearly, the first claim is obvious unless |Lz(z)| vanishes at the endpoint of Ay. In the latter
situation it follows from Proposition 3.1.4(2-4) that

|Lz(@)]? = I (L4 (2))? = s Im(og4 (2))? = 70/ | e ])? (i (2)),
where we used the notation oy = |ux| !k This yields the desired claim |Lz(z)|~?u} (z) € LP(Ag).
To prove the limit, assume for definiteness that v € {a1, 81}. Then, we get that

. Ly +iy) , R Gy +iy) =1 (1) "
lim iy———= = Ly(y) lim 5(y) +
Jm iy ey~ b)) fim | () + o o ,

recall that by Lemma 3.3.1 the value 71 (7) is well-defined. The fraction above can be rewritten as

o1y +iy) —o1(y) _ doy(z) . do ()
iy - (J]R (v —2)* + 9 yJ]R (vx)((vx)2+y2)>’

where the first integral is a strictly decreasing function of y € (0, o0).

Notice that sz; # 0 since otherwise Lz = Lg which has no zeroes on R. Then, it only remains to
show that (y — )~ 2u} (z) is not L'-integrable on A;. Let A, = [a; + ¢, f1 — €] and dv(x) = py ' (x)dx,
which is a finite measure on A;. Hence, we get from Cauchy-Schwarz inequality that

(o 7550) = ([ 22) <o [, 552 < s [, 25

and the desired claim follows by letting € — 0. O
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Part 4. Periodic Jacobi operators on rooted trees and Angelesco systems

In Part 1, we introduced operators Hg,ﬁ, see (1.1.4), defined on finite trees T, N € N2, see Sec-
tion 1.1.1, and studied their spectra and spectral decompositions. In this part of the paper, we consider
Angelesco system, as in Part 3, see (3.0.1), in the case when supp p; = A, dp,(x) = pi(x)dz, p)(z) > 0,
x € A;, and pl(x) is a restriction of an analytic function defined around A;. This situation was studied
in great detail in [9] and [10], see also [42]. In particular, it was proved that J,, g converges to a limiting

operator Lgl) when N goes to infinity along any ray
Ne={it: n; = c|ii| +o(|7i]), i€{1,2}}, (c1,e2) =(c,1—¢), ce[0,1]. (4.0.1)

Hereafter, limy, stands for the limit as |77| — o and 77 € N,.

4.1. DEFINITIONS

It was shown in the work of Gonchar and Rakhmanov [30] that for Angelesco systems with two
measures there exists a family of vector equilibrium problems, depending on a parameter ¢ € [0,1],
whose solutions describe the limiting asymptotics of the normalized counting measures of the zeroes of
the polynomials Pz(z), see (0.0.11), along all ray sequences N.. In particular, if an Angelesco system /i
is as described before (4.0.1), then the support of the vector equilibrium measure corresponding to ¢ is
a union of two intervals A, 1 U A, where A.; € Ay, see, e.g., [9,30] for detail.

4.1.1. Riemann surface. To define operators Lg) rigorously, we need the following Riemann surfaces.
Let PR, be a 3-sheeted Riemann surface realized as follows: cut a copy of C along A1 v Acg, which
henceforth is denoted by 9‘{20), the second copy of C is cut along A.; and is denoted by 9‘{((:1), while the
third copy is cut along A, 5 and is denoted by 9‘{22). These copies are then glued to each other crosswise
along the corresponding cuts. It can be easily verified that thus constructed Riemann surface has genus
0. We denote by 7 the natural projection from R, to C and employ the notation z for a generic point
on MR, with m(2) = z as well as z( for a point on R with 7(z(?)) = .

Since MR, has genus zero, one can arbitrarily prescribe zero/pole divisors of rational functions on R,
as long as the degree of the divisor is zero. Clearly, a rational function with a given divisor is unique up
to multiplication by a constant. Let x.(z) be the conformal map of . onto C defined uniquely by the
condition

xc(z(o)) =2+40(z7"), z—> . (4.1.1)

The following constants are going to be central to our investigations in this part of the paper. Let
Ac1,Ac2, Be1, Beo be determined by

Xe(2W) = Bey + Azt +0(272), 2 —> w0, i€ {1,2}. (4.1.2)

It was shown in [10, Proposition 2.1] that these constants continuously depend on the parameter ¢ and
have well-defined limits as ¢ — 0 and ¢ — 17, which we denote by Ay ;, By ; and A, ;, By ;, respectively.
Moreover, constants A. 1 > 0 for all c € [0,1) while A; ; = 0 and A.2 > 0 for all ¢ € (0, 1] while Ay = 0.

4.1.2. Periodic Jacobi operators on rooted trees. Let 7,V, and O be as in Section 2.1.1. There
are two edges meeting at the root O. We label one of them type 1 and the other one — type 2. Next,
consider the children of O. Each of them is coincident with exactly three edges, one of which has already
been labeled. We label the remaining two as an edge of type 1 and an edge of type 2. We continue in a
similar fashion going down the tree generation by generation and calling one of the unlabelled edges type
1 and the other one type 2. After assigning types to all the edges, we continue by labeling the vertices.
If a vertex Y meets two edges of type 1 and one edge of type 2, we call it a vertex of type 1; otherwise,
if it is incident with two edges of type 2 and one edge of type 1, we call it type 2. We do not need to
assign any type to the root O. Given a vertex Y # O, we denote its type by ¢y (this is similar to the
index function introduced in (2.1.2)).

Both operators Lgl) and ng) are Jacobi matrices defined on TJ. At a vertex Y # O of type {y, we
define them by the same formula:

(LOy)y = > VA by + Bery ¥y, 1€ {1,2}; (4.1.3)
j€{1,2},Y'~Y, typeof edge (Y,Y')=j
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and at the root O we define the operators Lél) and Lg) differently by writing
(LOp)o = > VAc ¥y + Bego, e {1,2}. (4.1.4)

7€{1,2},Y'~O, type of edge (O,Y")=j
Recall that A.; > 0 when ¢ € (0,1), but either A.;1 or A.2 becomes zero when c € {0,1}. The latter
cases are trivial and we do not study them, see [10, Appendix A].

Our operators Lg) have “periodic coefficients” and “self-similar structure”. They are defined on the
binary tree and should not be confused with a similar class of Jacobi matrices defined on trees associated
with the universal cover of finite connected graphs. The latter class was studied in several papers, see,
e.g., [5,6,13]. In the rest of this part, we will apply the arguments from Section 3.4 to obtain the spectral
decomposition of Lgl) using their generalized eigenfunctions.

The following theorem provides the connection between operators £® and J. 5 It is stated in [9]
for ¢ € (0,1) and is a simple consequence of the results of [42]. Its extension to ce {0,1} was obtained
in [10].

Theorem 4.1.1. Let i be an Angelesco system (3.0.1) such that supp p; = A;, dpi(z) = pl(z)dz,
wilz) > 0, x € Ay, and pi(x) is a restriction of a function analytic around A; for each i € {1,2}.
Further, let the constants Ac,i, Bei, ¢ € [0,1] and i € {1,2}, be given by (4.1.2). Then, the ray limits
(4.0.1) of coefficients {az;, bz} from (0.0.19)—(0.0.20) ezist for any c € (0,1) and

lji\[maﬁ’i =Ac.; and 1}\Fmbﬁ’i = B.;, i€{l,2}. (4.1.5)

In [9, Section 4.5], this theorem was used to prove that g, 5 — L 1e {1,2}, when N € N, converges
to infinity. This convergence can be understood as the strong operator convergence on the same Hilbert
space £2(T) when Ha ~ is properly extended to this space.

4.1.3. Green’s functions. In [10, Appendix A], it was proved that U(Lg)) = A.1 U Ao and the

spectrum is purely absolutely continuous. Moreover, if we denote Green’s functions of Lg) corresponding
to the root O by

GO(Y,0;2) € (£ — 2)716(0) 507, (4.1.6)
then it was shown in [9, Section 4.5] that
GU(0,0;2) = M (2), 2¢ Ay U Ao, (4.1.7)
where Mc(l)(z) is a function on R, given by
1
MOz — je{1,2}. 418
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Clearly, Mc(l) (z) is an analytic function on R, apart from a single pole at co("), which is simple. Therefore,
the traces Ggl) (0, O; x)+ exist and are continuous on A, 1 UA, . Moreover, they are complex conjugates
of each other. In particular, |G£l)(0, O; x)| is well-defined for all x € A.q1 U Ac 0.

Lemma 4.1.2. The identity

Ac1|GD(0,0;2) + A z|GP(0,0;2) =1 (4.1.9)
holds for each x € Ac1 U A 2. Moreover,
A1 |GM(0,052)]? + A 2] GP(0,0;2)? < 1 (4.1.10)

forz¢ Aci v Acps.
Proof. From [9, formula (4.27)], we get that
z2=—1/M"(2) + Bey — Aca MY (2) — A oM (2) (4.1.11)
for each [ € {1,2} and z € :R,.. Formula (4.1.11), in particular, implies that
B.y —1/MY(2) = Bey — 1/M?(2)
for all z € M,.. Fix i € {1,2}. Using the above relation with z = 2379 gives us
1 1

MO (26-9) - M (26—
42

= B.1— B.s. (4.1.12)



Since the product of all the branches of an algebraic function is a polynomial, the analysis of its behavior
at infinity yields that

MO () MD () MP (z®)) = (1) (Aci(Bez = Bea)) ™
By plugging the above relations into (4.1.12) we get
A, 1M§1)(z(0))Mc(1)(z(i)) + A, 2_]\4((2)(2(0))]\40(2)(Z(i)) =1
for all z e C\(A¢1 U Ac2). Taking the boundary values on A; from the upper half-plane, we obtain
A MY (@OME @) + Ao ME (@) ME) (20) = 1,
for xz € A;. To prove (4.1.9), it only remains to observe that
GU(0,052); = MY (2©) = MY ()
for x € A; in view of (4.1.7). To show (4.1.10) observe that its right-hand side is subharmonic, decays
at infinity, and equals 1 on the cuts. Thus, the maximum principle gives the claimed bound. (Il
Remark. Identity (4.1.9) gives a simple description of the image of the cuts A.; and A, under the
conformal map x.(z). Namely, this image is a contour in the plane described by the equation
A, A,
1 4 2 _
|X_BC71| |X_Bc,2|
The self-similar nature of the operators Lgl) and (4.1.7) make it possible to compute their Green’s
functions.

=1, xeC. (4.1.13)

Proposition 4.1.3. For z ¢ Ac.1 0 Aco and X # O, it holds that
GO(X,0:2) = MP (D). T] (—Ai,/ezy)Mc(ZY)(z(o)) : (4.1.14)
Yepath*(X,0)
where path™ (X, O) is the path that connects O to X, it includes X, but excludes O. Moreover,

l
2 M ()2 (4.1.15)
O 1 (A MO (02 + A MP (20)]2)

for all z ¢ A1 U Ag o, where we consider {Ggl)(Y, 0;2)} as a function of Y on V.

GO, 0:2)

Proof. Let g(z) be a function on V given by the right-hand side of (4.1.14) with go(z) def

induction in n € N, one gets that
3 lav (@) = MO EO)E (4r MO O + Aca MP())"
Y |=n
where |Y'| stands for the distance from Y to the root O. Therefore, it follows from (4.1.10) that |g(z) ”?2(\7)

is finite and is equal to the right-hand side of (4.1.15) for all z ¢ A, 1 U A; 2. Thus, to prove the lemma

we only need to show that (Lgl) —2)g(2) = 6(©). The latter is a straightforward application of (4.1.3) and

(4.1.4). Indeed, let Y # O be of type i and Y7 and Y5 be the children of Y of types 1 and 2, respectively.
Then

(€9 = 2)g(2))y = (Bui — 29y () + v Acagve (2) + vAeign (2) + v/ Aozgys (2)
= gy () (Bei— 2= MO ()" = 4, MO (:0) — 4, M) () =0,
where the last equality follows from (4.1.11). Similarly, it holds that
(Y = 2)g(2)), = (Bea = 2)g0(2) + \/Ac190, (2) + /Ac2g0,(2)
MO (20 (Bc,l — 2 =AM (20) — A, oM P (z(o))> =1,

MO (2©). By

where O; and Oy are the children of O of types 1 and 2, respectively. O

Remark. Direct algebraic proof of (4.1.14), rather than a posteriori computation given above, can be
found in [9, Remark 4.15].

4.2. SPECTRAL ANALYSIS

To carry our spectral analysis of the operators Lt(;l) we follow the blueprint of Sections 3.3-3.5.
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4.2.1. Trivial cyclic subspaces of Lg) generated by 6(©). From (4.1.1) and the symmetries of
the surface M., one can deduce that y.(z(?)) has positive imaginary part when z € C,, ie., that
Xe(2(9) € HN. This is consistent with G.(O, O;-) € HN due to (4.1.7) and (4.1.8). Tt is indeed a negative

of a Markov function of the spectral measure of Lg) with respect to 6(?). Let us denote this spectral

measure by p(Oc’l). Since functions Mc(l)(z) map the surface PR, conformally onto the Riemann sphere, it

follows from Proposition 3.1.4(1-3) and (4.1.7) that
dpg’l)(x) =Im (Mc(l) (xs_o)))dx, r €A1 UAco,

58) def lim,,_, o+ 20 2 = x 4+ iy. Define the reference measure w(®) as

0 () L 3| — o) (@ = Ben)(@ — ac2)(@ — fe2)ldr, w€ Aey U Ay,

where we write A.; = [acy, Bei] (in fact, it always holds that a.1 = a1 and S.2 = f2). The analysis
of the conformal map x(z) at the endpoints of A.; reveals that the densities of both spectral measures

]
4"

where x

satisfy
Cr(wY (2) < (05")' (2) < Calw ) (a)

for x € A.; and some positive constants C;,Cs that might depend on ¢ but do not depend on z. In
particular, if we define v(“! (z) &f (pg’l))’(x)/(w(c))’(z)7 then

VD e LP(Aci U A), () e L%(Aci UA.p) (4.2.1)
for each [ € {1,2}. Similarly to (3.3.7), we can then define
et dImGY(X,0)" ()
- dpi" (x)

c,l
v ()

= I MOED) T (MOED) [T (-Al

0
DM@ D)) (@22)
Yepath*(X,0)

for X € Vand x € A.1 U A, 2, where the second equality follows from (4.1.14). Notice that the same
computation as in the second part of the proof of Proposition 4.1.3 shows that \IJ(C’Z)(I) is a formal

generalized eigenvector for e corresponding to z € A1 U A, o that satisfies \I/(Oc’l)(a:) =1.

Denote by Qfchl)) the cyclic subspace generated by 6(©) and L,(;l). Recall that the operator a(Lgl)) can
be defined for every continuous function « using the Spectral Theorem for self-adjoint operators. The

proof of the next proposition repeats the proof of Proposition 3.4.1.

Proposition 4.2.1. The map

~(c ~(c,l ~(c,l) def c,l c,l
a(e) - a0 = {0} Al [ w5 ),
is a unitary map from Lz(p(oc’l)) onto @E?l)). In particular, it holds that
2 alel))? 0O) _ [aled . 2¢ (c0)
HaHLQ(ng)) =|at )sz(v) and € ) = {a(c ) ae L(pf )}

Thus, the formula
a(e)8) % &le) — [ afa) ¥V (@)dpls" (z)

extends the definition of a(Lg))(S(O) to alla e Lg(p(oc’l)). We also have that

za(z) — LVa, ae Lz(p(oc’l)).

4.2.2. Nontrivial cyclic subspaces of Lgl). Let X € V and Xi, X» be children of X of types 1 and
2, respectively. Observe that the restriction of Lgl) to Tx,) is equal to Lg), where, as before, Tjy,; is
the subtree of T with root at X;. Here, we can use the self-similar structure to naturally identify T|x,
with T when talking about the operator £ on Jrx,]- Let us further denote by U(°)(X;; x) the function
(e (x), defined in (4.2.2), carried to Vx,] from V by using this natural identification. Similarly to
(3.4.10) define
\flgf) (X;x) def (—l)iA;Z-l/Zngf) (Xi;z), Y eV, and \/I\fy(X; x) def 0, otherwise.
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Observe that ¥(¢)(X;z) does not depend on I and it follows from (4.1.3) and (4.1.4) that
(€ = 2)89(X32)) = ALIE) (X50) + AT (X;2) = 0.
Similarly to (3.4.11), define

@X) def {Ja(m)\f/(c)(X;x)dw(C)(J;) toae L2 (A v Ac72)} .

The following proposition is analogous to Proposition 3.4.2 and can be proven similarly using (4.2.1) and
Proposition 4.2.1.
Proposition 4.2.2. Fix X € V and let X1, Xo be children of X of types 1 and 2, respectively. The
function W) (X;x) is a generalized eigenvector of Lgl), that is, it holds that

LOVE (X 2) = 20 (X 2).
(X) ¢ ¢

Moreover, let the function g.; , 1€ {1,2}, be given by

ggf) o fw(c) (X33 2) 0O (X; 2)dw @ (z), @ (X;;z) (—1)iA(1:{Z.2u(c’i) (z).

Then, it holds that Xig(x) = yi0X)  where x; is the restriction operator that sends f € EZEX) to its

c,i
restriction to Vi x,j, and

€§X> = span{(ﬂg))ngé)f) tne Z+}.

¢ (X)

%) s q generator of the cyclic subspace €

That is, each g,; . In particular, the formula

a(60)g0 % [ a@)e® (Xi) ¥ (X))

C’L

extends the definition of a( (l)) X b0 all o e L2 e 2 (A1 U Aco). Furthermore, it holds that

2 (c, Z)
v c
dp (X> Z CI: V(C k) )) dw( )($)a

where Py is the spectral measure of gc,i).

4.2.3. Orthogonal decomposition. The proof of the following theorem repeats the one of Theo-
rem 3.4.3.

Theorem 4.2.3. The Hilbert space £2(V) decomposes into an orthogonal sum of cyclic subspaces of Lg)
as follows:

CW) =) ®L, L =708, le{1,2}. (4.2.3)

Remark. This theorem implies immediately that U(L(l)) = Ac1 U Agp, that the spectrum is purely
absolutely continuous, and that it has infinite multiplicity.
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