
PROVING THE HERON-ROTA-WELSH CONJECTURE

CONNOR SIMPSON

Usual disclaimer: beware of typos and/or misunderstandings on my part. Also,
more or less everything in this comes from [1].

1. From combinatorics to algebra

A pattern that has yielded many major breakthroughs (g-theorem, upper bound
theorem, Heron-Rota-Welsh, etc) in combinatorics: take a problem, turn it into
algebra, do algebra to get whatever inequalities you want, turn it back into combi-
natorics.

1.1. Heron-Rota-Welsh. Given a matroid M of rank r + 1 on E = {0, . . . , n},
let

χM (λ) :=
∑
I⊂E

(−1)|E|λr+1−rk(I) =

r+1∑
k=0

(−1)εkwkλ
r+1−k

with wk > 0 and εk = 1, 0 for all k be the characteristic polynomial of M .

Theorem 1 (Heron-Rota-Welsh conjecture). The coefficients wk form a log-concave
sequence; that is, for 1 ≤ k ≤ r, wk−1wk+1 ≤ w2

k.

• Log-concavity and positivity imply unimodality
• For graphs, the coefficients of χM are the same as those of the graph’s

chromatic polynomial
• Log-concavity is ubiquitous in combiantorics; see Stanley’s 1989 survey [2]

for many examples such as binomial coefficients and q-binomial coefficients

1.2. Transforming the problem into algebra. Sweeping all the algebra under
the rug, the proof runs as follows (see §9 of [1] for details):

• The reduced characteristic polynomial is χ̄M (λ) := χM (λ)/(λ−1) =
∑r
k=0(−1)εkµkλ

r−k.
By Proposition 2 of [2], to show that the wk’s are log-concave, it suffices to
show that the µk’s are.
• The Chow ring of a (simple) matroid M is a graded ring A(M) =

⊕r
q=0A

q.

– The Chow ring comes equipped with the degree map, deg : Ar
∼=→ R.

– The coefficients µk are known to enumerate a particular set of chains
of flats in M . Using this interpretation, one can show combinatorially
that there are special elements α, β ∈ A1 such that deg(αr−kβk) = µk.

• A1(M) contains a nonempty cone of ample elements and A(M) satisfies the
following:

Poincaré duality (PD): The form Aq × Ar−q → R given by (x, y) 7→
deg(xy) is nondegenerate.

Hard Lefschetz (HL): For any ample element ` ∈ A1, Aq
∼=→ Ar−q

with x 7→ `r−2qx is an isomorphism.
1
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Hodge-Riemann (HR): For any ample element ` ∈ A1, the quadratic
form Aq×Aq → R with (x, y) 7→ (−1)q deg(xy`r−2q) is positive definite
on the kernel of the map Aq → Ar−q+1 given by x 7→ `r+1−2qx. We
denote this kernel by P q` , called the primitive classes in degree q.

As a warm-up to get used to these conditions, we prove the following.

Propostion 1. If A satisfies PD and HR, then it satisfies HL.

Proof. Let ` ∈ A1 be an ample element. We need to show that Lq` : Aq → Ar−q

given by x 7→ x`r−2q is an isomorphism.
We first show that it is injective. Let x ∈ kerLq` . Then x`r−2q = x`r−2q` = 0,

so x ∈ P q` . By HR, the Hodge-Riemann form of ` on Aq is positive definite on P q` ,
so x`r−2qx = 0 =⇒ x = 0.

For surjectivity, we use PD to show that dimAq = dimAr−q. To see this, note
that PD says that the map Aq → Hom(Ar−q,R) given by multiplication is injective.
Hence, dimAq ≤ dimAr−q = dim Hom(Ar−q,R). The same argument with Aq and
Ar−q reversed shows that dimAr = dimAr−q. Therefore, Lq` is an isomorphism. �

• The conditions HL and PD are not directly relevant to the combinatorics,
but are crucial for establishing HR.

• The Hodge-Riemann relations above can be used to show that for any ample
class ` and degree-1 element f ,

deg(`r−2ff) deg(`r−2``) ≤ deg(`f`r−2)2.

Both α and β are limits of ample classes. This fact, combined with an
induction on the rank of M , then yield that for all k,

deg(αr−k−1βk+1) deg(αr−k+1βk−1) ≤ deg(αr−kβk)2

as desired.

Remark 1. The versions of HL and HR that hold for A(M) are slightly stronger
than the ones stated, but for the purposes of this talk, it suffices to talk about the
ones above.

The real work of proving the result is in establishing the Hodge-Riemann relations.
For the remainder, we will focus on outlining that proof.

2. Poincaré duality

Poincaré duality is established via an inductive method of flips.

• For each order filter P of the poset of proper nonempty flats of M there is
a graded ring A(M,P) =

⊕r
q=0A

q(M,P)

• For all P, Ar(M,P) ∼= R
• We induct lexicographically on the rank of M and the cardinality of P.
• One step in the induction looks as follows:

– We have a filter P− and we know that Poincaré duality holds for
A(M,P−) and A(MZ) by hypothesis.

– Form a new filter P+ = P− ∪ {Z}. Poincare Duality for A(M,P−)
implies (not at all obviously) that we have isomorphisms

Aq(M,P+) ∼= Aq(M,P−)⊕Aq−1(MZ)⊕Aq−2(MZ)⊕ · · · ⊕Aq−(rk(Z)−1)(MZ)

Ar−q(M,P+) ∼= Ar−q(M,P−)⊕Acrk(Z)−(q−1)(MZ)⊕Acrk(Z)−(q−2)(MZ)⊕ · · · ⊕Acrk(Z)−(q−rk(Z)+1)(MZ)
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– The isomorphisms are compatible with the multiplication! Hence, we
can pick bases for each direct summand and the matrix of degrees of
their products will be block diagonal with blocks that are all invertible
matrices! Hence, the form is nondegenerate.

3. Hodge-Riemann and Hard Lefschetz

As with Poincaré duality, the overarching strategy for proving HR and HL is
lexicographic induction on rank and the size of an order filter. There are some key
lemmas that are needed to make the induction work. For reasons of time, we will
not state all of them precisely.

Lemma 1.

(1) If R1 and R2 are Poincaré duality algebras that satisfy HL for partiular
ample elements `1 ∈ R1 and `2 ∈ R2, then R1 ⊗ R2 satisfies HL for `1 ⊗
1 + 1⊗ `2.

(2) The same is true for HR.

Given an algebra A satisfying Poinaré duality, there is a collection of “local
quotients” of A (this is a made-up term being used to avoid making the talk much
longer than there is time for). We say that A satisfies the local HR relations if all
the local quotients of A satisfy HR. Since local quotients of a PD algebra are also
PD algebra, this implies that all the local quotients have the full package of PD,
HL, HR.

Lemma 2. If all the local quotients of A satisfy HR, then A satisfies HL.

Lemma 3. If A satisfies HL and PD and satisfies HR for some ample element `,
then it satisfies HR for all ample elements.

Sketch. Let `′ be some other ample class.

• First, a couple of general facts:
– In general, HL for `′ is equivalent to the HR form of `′ being non-

degenerate.
– Given that the HR form is non-degenerate on Aq, HL gives us an

orthogonal decomposition of Aq that lets us merely check the signature
of the HR form to prove HR.

• The set of ample classes is convex, so given two ample classes ` and `′, the
line segment between them is in the ample cone.
• As we vary the ample class along the line segment, the eigenvalues of the

Hodge-Riemann form change continuously
• By the general facts above, HL =⇒ the HR form is always nondegenerate

=⇒ the eigenvalues never change sign =⇒ the signature stays the same
the whole time =⇒ HR

�

With these three important lemmas established, we can prove the main result,
which is that HR and HL hold for A(M).

• Let A(M,P), P+, P− be as before. We do lexicographic induction on
the rank of M and the cardinality of P, as before.
• Establish HL for A(M,P+):
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– The local quotients of A(M,P+) are all tensor products of Chow rings
of lower-rank matroids.

– By our induction hypothesis and Lemma 1, it follows that all of the
quotients satisfy HR, so A(M,P+) satisfies HL

– By Lemma 2, it follows that we can check HR on A(M,P+) for just
one ample class!

• Check HR for some ample class:
– Lift an ample class:

∗ The decomposition given in the Poincaré duality lets us lift an
ample class of A(M,P−) to a class that is very close to being
ample in A(M,P+).

∗ By perturbing the new class a sufficiently small amount, we can
get a family of ample classes `+(t) of A(M,P+).

∗ Unfortunately, it’s hard to directly check HR for our perturbed
ample class; instead of checking directly, we build an easier-to-
understand quadratic form to compare it to

– Get a quadratic form we can understand on Aq(M,P+):
∗ By induction, the HR form Q1 on Aq(M,P−) is nondegenerate.
∗ There is an isomorphism

rk(Z)−1⊕
p=1

Aq−p(MZ) ∼= (R[x]/
〈
xrk(Z)−1

〉
⊗A(MZ))q−1.

The RHS is a product of algebras that satisfy HR, so this iso-
morphism induces a nondegenerate quadratic form Q2 on the
LHS.

∗ Using the decomposition from the Poincaré duality proof, we get
a quadratic form Q = Q1 ⊕Q2 on Aq(M,P). Checking that Q
is nondegenerate and has the right signature is quite simple.

– Now we need to compare the signature of the quadratic form induced
by `+(t) and the signature of Q.
∗ Define a continuous family of quadratic forms Qt that are iso-

metric to the quadratic forms induced by the `+(t)’s.
∗ limt→0Qt = Q, so the signature of the Qt’s is the same as that

of Q and Qt is nondegenerate for sufficiently small t. Hurrah!

4. Example

The Chow ring of U3,4 is

R[xF : F a nonempty flat]/I1 + I2

where I1 is generated by monomials xFxG with F and G incomparable flats and
I2 is generated by linear relations of the form

∑
i∈F xF .

An ample element in this ring is ` =
∑
F |F |(n − |F |)xF . The Hodge-Riemann

form in degree 1 is multiplication, and the Lefschetz operator in degree 1 is the
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identity. An orthogonal basis for the primitive classes is:

b01 b02 b03 b12 b13 b23



5 1 1 1 1 1 x01
−1 5 0 0 0 0 x02
−1 0 5 0 0 0 x03
−1 0 0 5 0 0 x12
−1 0 0 0 5 0 x13
−1 0 0 0 0 5 x23
0 1 1 1 1 1 x0123

Knowing that deg(x20123) = −1, you can check that the Hodge-Riemann form is
positive definite on the primitive classes by squaring each of the basis elements
represented by the columns and expressing the result in terms of x20123.
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