
AM 205 Group Activity Assignment

AM 205: Using the SVD for image processing

Please submit a short write-up of the following two exercises by Tuesday, Oct. 12 at 5pm ET.
Please follow the same submission guidelines as for the homework - a separate PDF with your
written results, and a zip file containing any code (or a jupyter notebook if you prefer).

The problems below require a few additional files, which can be downloaded from the course website
under the ”Using the SVD for image processing” group activities section.

Exercise 1: Decoding a hidden message

In class, we noted how the singular value decomposition of an image can be perturbed to imper-
ceptibly conceal hidden information, typically focusing on the less important factors with smaller
singular values. The provided image "hidden_message.png" is a 960 × 720 × 3 color image, and
each color channel encodes a 240 × 180 fragment of a hidden message. Superimposing the hidden
fragments obtained from each channel assembles the final message. Your task for this exercise is
to reconstruct the message.

The hidden message can be decoded as follows. Let C ∈ R960×720 be a single channel of the image.
Each 4×4 block of the channel is used to decode one pixel of the underlying message M ∈ R240×180.
Consider a block Bij = C[4i : 4(i + 1), 4j : 4(j + 1)] which encodes the message pixel mij , and
denote the singular values of this block as σ1, σ2, σ3, σ4, sorted in descending order. The pixel value
corresponding to this block is given by

mij =

{
1, σ2 − σ3 > T

0, otherwise
(1)

where T is a threshold. That is, the difference between σ2 and σ3 encodes one ”bit” of information.
For this problem, set T = 0.004, and ensure that your image values are on the [0, 1] scale prior to
any calculation.

The final message can be reconstructed by adding the three binary message fragments together,
and should be a question that inspires your inner math pun enthusiast! If you wish, you can submit
a play-on-words response to the message, and the TFs will compile and share your responses with
the group! :)
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Exercise 2: Reconstructing a 3D object

In class, we discussed a procedure by which a 3D object can be reconstructed from 2D projections
of various rotations of the object. Here you will apply this method to reconstruct an unknown 3D
shape.

a) Download the provided file "recon.txt" which stores a matrix of 2T ×N entries corresponding
to the projected coordinates of a rotating object1. Specifically, each 2×N block corresponds to
the 2D coordinates of N = 34834 control points for a particular orientation, for T = 10 different
rotations. Let A be this data matrix, which has been pre-centered; compute the reduced SVD of
A and verify that it has effective rank of 3 by printing the first 5 singular values and comparing
their magnitude.

b) Assemble the factors of the rank-3 SVD of A: Û ∈ R2T×3, Σ̂ ∈ R3×3, V̂ T ∈ R3×N . Then,
consider a form for the motion matrix M = ÛB, where B ∈ R3×3. Taken in pairs, the first
two rows of M correspond to a transformation (projection + rotation) of the object coordinates
at t = 0, the next two at t = 1, and so on. In class, we discussed how the matrix B can be
derived to ensure each pair of rows corresponding to the same t is orthonormal, by solving a
least-squares problem that enforces the following three orthonormality conditions for each such
set of row pairs:

mT
2tm2t = (uT2tB)(BTu2t) = uT2tSu2t = 1

mT
2t+1m2t+1 = uT2t+1Su2t+1 = 1

mT
2tm2t+1 = uT2tSu2t+1 = 0

(2)

where mi and ui are the rows of M and Û , respectively, and t = 0, 1, 2, ..., T − 1. Set up a least
squares problem of 3T equations which solves for the 6 unique entries of the symmetric matrix
S.

Hint: It can be helpful to think of this system in the following way: For two vectors uTi =[
uxi uyi uzi

]
, uTj =

[
uxj uyj uzj

]
and symmetric matrix

S =



s11 s12 s13
s12 s22 s23
s13 s23 s33


 ,

rewrite

uTi Suj =
[
uxi uyi uzi

]


s11 s12 s13
s12 s22 s23
s13 s23 s33





uxj
uyj
uzj




1Since the data file is organized according to the structure of the complete measurement matrix A, it can be loaded
as an array using A = numpy.loadtxt(’recon.txt’) in Python, or A = readmatrix(’recon.txt’) in MATLAB.
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as

[
uxi u

x
j uxi u

y
j + uyi u

x
j uxi u

z
j + uzi u

x
j uyi u

y
j uyi u

z
j + uzi u

y
j uzi u

z
j

]


s11
s12
s13
s22
s23
s33


Following Eq. (2), you should have 3T such equations with corresponding right-hand sides. After
solving for the 6 unknowns, print out your 3× 3 matrix S.

c) Compute the eigendecomposition2 of S, S = QΛQT , then define B = QΛ1/2 so that BBT = S.
As noted in class, the matrix B is unique up to rotation. Apply the following rotation matrix

R =

0.7175 0.1907 0.6699
0.6799 0.0173 −0.7331
0.1513 −0.9815 0.1172

 (3)

to obtain an updated definition B = QΛ1/2R which also satisfies BBT = S, and construct the
motion and object matrices

M = ÛB = ÛQΛ1/2R

O = B−1Σ̂V̂ T = RTΛ−1/2QT Σ̂V̂ T
(4)

d) Visualize the control point coordinates (columns of O) in a 3D plot. Since the control points
form a dense point cloud, a good way to do this is to create a scatter plot of the points with a
small marker size and low opacity. What 3D object do you see?

2For symmetric matrices, eigenvectors and eigenvalues can be obtained using numpy.linalg.eigh(S) in Python,
or eig(S) in MATLAB.
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