
AM205: Take-home midterm exam (Fall 2019)

This exam was posted at 5 PM on November 7th. Answers are due at 5 PM on November 9th. Solutions
should be uploaded to Canvas.

For queries, contact the teaching staff using a private message on Piazza—do not post questions publicly.
Any clarifications will be posted on Piazza.

The exam is open book—any class notes, books, or online resources can be used. The exam must be completed
by yourself and no collaboration with classmates or others is allowed. The exam will be graded out of forty
points. Point values for each question are given in square brackets.

1. Fitting the solution to an ordinary differential equation (ODE) [8]. Consider the ODE for
the function u(t) given by

u′′ + (u′ − u) cos πt
2 =

18

∑
k=0

fke−(k−t)2
(1)

with initial conditions u(0) = α and u′(0) = β.

(a) For the case when (α, β) = (1, 0) and all the fk are zero, use a library function1 to
calculate the solution to Eq. 1, and plot u(t) over the range t ∈ [0, 40].

(b) Define the vector b ∈ R21 as b = ( f0, f1, . . . , f18, α, β) and let u(t; b) be the solution
corresponding to these parameters. A text file odedata.txt is provided that contains 80
pairs of values (tj, uj). Consider finding the solution u(t; b) that minimizes

S(b) =
79

∑
j=0

(u(tj; b)− uj)
2. (2)

Show that b is the solution to a linear least squares problem. Find b for the given data.2

Include the values of α, β, and f0 to four decimal places in your writeup. Plot the solution
u(t; b) for t ∈ [0, 40], and overlay the data points from the text file.

2. A Lissajous curve [8]. Figure 1(a) shows an example of a Lissajous curve, which is described
by the parametric function

x(t) = (x(t), y(t)) = (sin 3t, sin 4t) (3)

for t ∈ [0, 2π).

(a) Consider the enclosed blue region, which is magnified in Fig. 1(b) and is made of three
edges I1, I2, I3. Each vertex of this region corresponds to a pair of values (t, t′) where
x(t) = x(t′). Construct the function F : R2 → R2 as F(t, t′) = x(t) − x(t′). Write
your own Newton root-finding routine3 for F and use it to find the three pairs (t, t′)
corresponding to the three vertices in Fig. 1(b). You should report the values of t and t′

to eight decimal places of accuracy.

1In Python you could use odeint. In MATLAB you could use ode45.
2Here, you will need to evaluate the ODE at the time points t0, t1, . . . , t79, which are unevenly spaced. Both odeint

and ode45 can do this.
3You could base your routine on your solution to problem 1(c) on homework 2.
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(b) The area of the blue region is given by Ab = A1 + A2 + A3 where

Ak =
1
2

∫ te
k

ts
k

(x(t)y′(t)− y(t)x′(t))dt. (4)

Here ts
k and te

k are the starting and ending values of t for the edge Ik, respectively.
Calculate Ab to eight decimal places of accuracy by solving the integrals analytically,
writing your own quadrature routine, or using a library function.

(c) Use a similar approach to find the area Ay of the yellow region in Fig. 1(a), and hence
calculate the value of ( Ay

Ab
+ 1)2.

3. Poisson’s equation on a hexagon [12]. Consider a two-dimensional function u(x, y). Write
x = (x, y) and define six directions al = (cos πl

3 , sin πl
3 ) for l = 0, 1, 2, 3, 4, 5.

(a) Show that
−12u(x) + 4u(x + ha0) + 4u(x + ha2) + 4u(x + ha4)

3h2 (5)

is a first-order stencil for ∇2u, but that it is not second-order accurate.4

(b) Show that
−12u(x) + 2 ∑5

k=0 u(x + hak)

3h2 (6)

is a second-order stencil for ∇2u, but that it is not third-order accurate.

(c) Consider solving Poisson’s equation

∇2u = f (7)

on the hexagonal domain Ω with corners at a0, a1, a2, a3, a4, and a5. For N ∈N, define
a grid spacing as h = 1/N, and discretize the function as ui,j ≈ u(hia0 + hja2). The grid
indices (i, j) satisfy |i| ≤ N, |j| ≤ N, and |i− j| ≤ N. Figure 1(c) shows an example grid.

4Specifically, the errors should be O(h) for all functions u, but not O(h2) for all functions u.
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Figure 1: (a) A Lissajous curve shown in purple, with two enclosed regions marked in blue and yellow. (b) A close-up of
the blue enclosed region, showing the three edges to integrate over. (c) The hexagonal domain Ω is shown in gray. For
the example of N = 4, the interior grid points are shown in green and the boundary grid points are shown in blue. The
indices (i, j) at the six vertices of the hexagon are shown.
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Write a program to solve Poisson’s equation on this discretized grid, using the stencil
from part (b) to discretize the Laplacian. Use the method of manufactured solutions
with

uexact(x, y) = (x− x2 + y2)ex (8)

to determine a function f to use. Apply Dirichlet conditions of u = uexact on the
boundary of Ω. Solve the problem by formulating a linear system for the unknown
ui,j.5 For N = 5, plot uexact(x, 0) for x ∈ [−1, 1] and overlay the numerically computed
solution using the values ui,0 for i = −N, . . . , N.

(d) A measure of error is

E(N) =

√
1

N2 ∑
(i,j)

(uexact
i,j − ui,j)2 (9)

where the sum is taken over all interior grid points, and uexact
i,j is the value of the

exact solution at grid point (i, j). Calculate E(N) for N = 5, 10, 15 and show that it
approximately scales like 1/N2, consistent with a second-order method.

4. A quadrature rule using derivatives [12]. Let b, c ∈ (0, 1] and define the four cubic functions

u0(x) =
1
2
+

x(x2 − 3c2)

b(6c2 − 2b2)
, u1(x) = (x2 − b2)

(
x

6c2 − 2b2 −
1
4c

)
,

u2(x) = (x2 − b2)

(
x

6c2 − 2b2 +
1
4c

)
, u3(x) =

1
2
− x(x2 − 3c2)

b(6c2 − 2b2)
. (10)

These four functions satisfy special properties on the function values at ±b and derivatives at
±c as shown in Table 1.

(a) Consider a quadrature scheme to evaluate I[ f ] =
∫ 1
−1 f (x)dx for the special case where

it is possible to evaluate f (x) and f ′(x) exactly. By approximating the function as
f (x) ≈ f (−b)u0(x) + f ′(−c)u1(x) + f ′(c)u2(x) + f (b)u3(x) derive weights w0, w1, w2,
w3 to obtain a quadrature rule

Q[ f ] = w0 f (−b) + w1 f ′(−c) + w2 f ′(c) + w3 f (b). (11)

The weights may depend on b and c. The quadrature rule in Eq. 11 therefore requires
two evaluations of f and two evaluations of its derivative.

(b) Show that the quadrature rule in Eq. 11 integrates functions f (x) = xk exactly for
k = 0, 1, 2, 3, 5, 7.

(c) Find an equation for c in terms of b in order for Eq. 11 to integrate f (x) = x4 exactly.
Show that there is a valid solution for c only if b ∈ (0, blo] ∪ (bhi, 1], and determine blo
and bhi.

(d) Define B = b2. Show that in order for the quadrature rule to integrate both f (x) = x4

and f (x) = x6 exactly, B must be the root of a quartic equation, q(B) = 0. Plot q(B) over

5Two approaches for handling Dirichlet conditions were described in the lectures: (A) only solve for the ui,j at the
interior grid points and build the boundary conditions into the source term, or (B) solve for ui,j on the boundary grid
points too, and include lines in the linear system to enforce the boundary conditions. Here, you can use either approach.
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the range 0 < B ≤ 1 and show that there are two real roots. Find the roots using a scalar
root-finding routine to at least twelve decimal places of accuracy.6 Hence determine two
distinct pairs (b1, c1) and (b2, c2) so that the quadrature rule integrates monomials up to
x7 exactly.

(e) Consider the function and derivative

f (x) =
√

x sin(24π
√

x), f ′(x) = 12π cos(24π
√

x) + 1
2
√

x sin(24π
√

x). (12)

This function has an exact integral,

I[ f ] =
∫ 1

0
f (x)dx = − 1

12π
. (13)

Write a program that computes I[ f ] using composite quadrature with N equally spaced
intervals. Consider the three quadrature rules:

i. standard four-point Gauss quadrature,7

ii. the quadrature rule from Eq. 11 with (b1, c1),
iii. the quadrature rule from Eq. 11 with (b2, c2).8

For each rule, make a log–log plot of the magnitude of absolute error, |Q[ f ]− I[ f ]| as a
function of N, for N = 50, 75, 100, 125, . . . , 550. For each rule, fit the data to E(N) = αNβ

and report the values of α and β.

6You can use a library function, or write your own.
7See Mathworld and Wikipedia for the quadrature points and weights.
8If you were unable to derive the quadrature rule in part (d), then for partial credit you can alternatively compare to

four-point Gauss–Lobatto quadrature. (See Mathworld for details.)

Function ui(−b) u′i(−c) u′i(c) ui(b)
u0(x) 1 0 0 0
u1(x) 0 1 0 0
u2(x) 0 0 1 0
u3(x) 0 0 0 1

Table 1: Properties of the four cubics used for the special quadrature rule.
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