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ABSTRACT. There has been considerable work around computing images of
Galois representations coming from elliptic curves. This paper reports on
an algorithm to determine the image of the mod-3 Galois representation as-
sociated to an abelian surface over Q. Conjugacy class distribution of sub-
groups of GSp(4,F3) is a key ingredient. While this ingredient is feasible to
compute for GSp(4,F,) for any small prime ¢, the problem of distinguishing
Gassmann-equivalent subgroups is delicate. We accomplish it for £ = 3, using
a combination of techniques. The algorithm does not require knowledge of the
endomorphism ring.

1. INTRODUCTION

Given an elliptic curve F/Q, the problem of understanding the Galois action
on its /-torsion points for a prime ¢ is fundamental. This leads to the concrete
question of determining the image of the associated mod-¢ Galois representation
Pre: Gg — GL(2,F) upto conjugacy in GL(2,F,). There are efficient algorithms
[Sut16] accomplishing this task. Moreover, when E does not have complex multi-
plication, the works [RSZ22; RZ15] present algorithms to compute the ¢-adic Galois
image, and Zywina goes further and computes the full adelic Galois image [Zyw22].

A natural next step is to tackle this problem for an abelian surface A/Q. For any
prime ¢, let G, = GSp(4,Fy). The ¢-torsion subgroup A[/] is a 4-dimensional vector
space over Iy, having a non-degenerate alternating pairing — the Weil pairing. Thus
the Galois action gives rise to a mod-¢ Galois representation p :=p, , : Go — G-
Furthermore, the Galois action is equivariant with respect to the Weil pairing. So
the composition of the similitude character ygm : G¢ — IFZX with p is equal to
the mod-¢ cyclotomic character x,. Given A/Q and a prime ¢, it is desirable to
determine the mod-¢ Galois image p,4 ,(Gg) upto conjugacy inside G. We provide
a probablistic algorithm to completely accomplish this task when ¢ = 3. It works
for all abelian surfaces without any restriction on endomorphism type. Magma
code implementing the algorithm is available at the Github repository [Chi]. The
mod-3 Galois images data for genus 2 curves in LMFDB was computed using this
algorithm. We have also computed these images for a bigger dataset consisting of
487493 genus 2 curves with 5-smooth conductors.

Any representation p : Gg — G3 with Xsim © p = X3 is known to arise as the
mod-3 Galois representation of infinitely many abelian surfaces over Q [BCGP21].
This is proven by showing that the corresponding twist of the Siegel modular variety
A3(3), which may not be rational over Q [CC22], is nevertheless unirational over Q

2020 Mathematics Subject Classification. 11F80; 11G10.
Key words: Galois image, abelian surface, Gassmann equivalence

1



2 S. CHIDAMBARAM

via a map of degree at most 6. A consequence of this result is that any subgroup
of G3 that has an order-2 element g ¢ Sp(4,F3) arises as the mod-3 Galois image
of some abelian surface over Q. We note that the total number of subgroups of G3
upto conjugacy is 492, and 330 of them are not contained in Sp(4,F3), while 280
of these subgroups satisfy the condition from above. This leads to the following
question.

Question 1.1. Can we explicitly realize all the 280 possible subgroups of G3 as
mod-3 Galois images of some abelian surfaces over Q7

Our computations on the LMFDB curves and the 5-smooth curves have already
yielded 227 subgroups of G5 as mod-3 Galois images. The work [BF22| outlines a
method of explicitly constructing a genus 2 curve starting from the mod-3 Galois
representation p. Out of the remaining 53 subgroups, it seems feasible to use this
approach for the 26 subgroups of order less than 48.

2. ALGORITHMS

Suppose A is given as the Jacobian of a genus 2 curve C/Q : y?> = f(z) with
deg(f) =5 or 6. This section outlines the ingredients for an algorithm to compute
the mod-¢ Galois image of A.

2.1. ¢ = 2. The 2-torsion field of A is exactly the splitting field of f(z). So the
mod-2 Galois image can be computed as the Galois group of f(z). The latter is a
subgroup of Sg, and Sg is isomorphic to Go. But some care is needed since Sg has
an outer automorphism. We choose the right identification S¢ ~ G2 by considering
the conjugacy classes of order-48 subgroups of Sg. There are two: one of them has
orbits of size 2 and 4, while the other is transitive. The first one must be identified
with the order-48 subgroup of G2 having a fixed point, while the second one must
correspond to the other subgroup that does not have a fixed point. This is because
pairs of Weierstrass points on C' correspond to 2-torsion points on A.

2.2. £ = 3. When computing any Galois group, Chebotarev density theorem is a
very useful tool. Suppose it is known apriori that the Galois group is contained in
a given group GG. Then one computes the Frobenius conjugacy class for unrami-
fied primes p upto a chosen bound. This sampled frequency is compared against
the conjugacy class distributions of subgroups of G, and in an ideal scenario, this
probablistic algorithm determines the group.

We follow the probablistic approach outlined above by computing the conjugacy
class of the Frobenius matrix for the first 500 primes, and subsequently computing
it for more primes as needed. While this approach goes far, it cannot completely
determine the mod-3 Galois image because of the existence of non-conjugate sub-
groups of G giving rise to the same conjugacy class distribution. We call such
subgroups Gassmann-equivalent. The 280 possible subgroups of G give rise to 230
distinct conjugacy class distributions. These are 38 pairs, 3 triples and 2 quadruples
of Gassmann-equivalent subgroups.

We note that this phenomenon is already encountered in [Sut16] when comput-
ing the mod-¢ Galois images of elliptic curves. Concretely, the two non-conjugate
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of GL(2,F,) are Gassmann-equivalent. Such subgroups are distinguished in [Sut16]
using the degrees of the minimal number fields over which the elliptic curves acquire
rational /-torsion points.

Most of the Gassmann-equivalent subgroups we find are already non-conjugate
inside GL(4,F3). So the idea from [Sut16] is also expected to be very useful here. In
fact, most of these subgroups can be distinguished simply by computing the rational
3-torsion subgroup A[3](Q). We also compute A[3](Q(¢3)) and the maximum size
of 3-torsion defined over number fields of small degrees. This distinguishes all
remaining Gassmann-equivalent subgroups that are non-conjugate inside GL(4, F3).
Table 1 gives the number field degrees used to distinguish these subgroups. A key
ingredient for these calculations is the set of bilinear forms defining addition on the
Kummer surface = A/{%}, which were computed in [CF96]. We use them to
cut out the 3-torsion locus on K as explained in [CCG20]. Concretely, this is done
by writing 2P = —P in terms of the Kummer coordinates of an arbitrary point
P € A. Now we can compute small degree points on this locus. Alternatively, we
can use a 3-division polynomial to identify the number fields K of a specific degree
d contained in the 3-division field, and compute K-points on this locus. We use a
general 3-division polynomial given to us by David Roberts.

There are 5 pairs of subgroups that are both Gassmann-equivalent and GL(4, F3)-
conjugate: {3.3240.6, 3.3240.7}7 {3.6480 .13, 3.6480. 17}7 {3.6480.3, 3.6480. 16},
{3.6480.14, 3.6480.15}, {3.12960.5, 3.12960.11}. Since these groups are small
(order < 32), we distinguish them by literally constructing a symplectic basis of
AJ3] over the 3-division field K.

2.3. £ > 3. For any prime ¢ > 3, the probablistic approach of sampling Frobenius
matrices and comparing against the conjugacy class distributions of subgroups of
Gy is still available. But the problem of distinguishing Gassmann-equivalent sub-
groups gets considerably harder. Firstly, there are many more Gassmann-equivalent
subgroups. Secondly, distinguishing all of them requires computing much more in-
formation about A[¢], which becomes computationally challenging.

For example, suppose ¢ = 5. There are 1278 subgroups of G5 upto conjugacy,
such that the similitude character restricted to them is surjective. Out of these,
1125 possess an order 2 element with similitude —1. Since complex conjugation
is such an element, these are exactly the candidates for the mod-5 Galois image
of an abelian surface A/Q. They give rise to only 773 distinct conjugacy class
distributions. Hence many more Gassmann-equivalent subgroups show up than
for £ = 3. While most of them are not conjugate inside GL(4,F5), there are also
fairly big subgroups that are. Specifically, there is a pair of Gassmann-equivalent
GL(4,F5)-conjugate subgroups 5.48750.5, 5.48750.6 of order 768.

We believe that a lot of these difficulties can be overcome by taking endomor-
phism ring information into account. Endomorphisms constrain the Galois action,
thus there are fewer candidates for the Galois image. Furthermore, with a fixed
endomorphism ring, encountering an abelian surface with an unusually small Galois
image also becomes rare.

3. TOWARDS EXPLICITLY REALIZING ALL MOD-3 GALOIS IMAGES

As mentioned in the introduction, [BF22| yields in principle a way to explicitly
realize any of the 280 possible subgroups H of G5 as the Galois image of an abelian
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TABLE 1. Maximum dimension of subspace of F3 fixed by an

index-d subgroup of H, and by H N Sp(4, F3).
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surface over Q. Given such a subgroup, one first obtains a number field K properly
solving the embedding problem

Go
(3.1) P lXS

-

g

0 —— HNSp(4,F3) —— H —— Z/2 —— 0

i.e., p is surjective and K is the fixed field of ker(p). Since Gj is a split extension
of Z/2 by Sp(4,F3), this embedding problem is always solvable and such a num-
ber field K exists. Then the recipe in [BF22] lets us construct the corresponding
twisted Burkhardt quartic threefold B, and associate to rational points on B cer-
tain genus 2 curves. Finally, we make a suitable quadratic twist to get curves whose
Jacobians have mod-3 Galois image exactly equal to H. The following example was
constructed by following this recipe.

Example 1. Consider the subgroup H = 3.12960.9 which is isomorphic to Z/23.
We take K = Q(v/—3,v/—1,v/2). Then H is the mod-3 Galois image of the curve

y? = 404389000077015625z° + 905880526008390625x* — 38455544210869625002°
—589603999774174000022 — 21991402093946845002 — 176810805117548140
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