FEKETE POLYNOMIALS OF PRINCIPAL DIRICHLET CHARACTERS
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ABSTRACT. Fekete polynomials associated to quadratic Dirichlet characters have inter-
esting arithmetic properties, and have been studied in many works. In this paper, we
study a seemingly simpler yet rich variant: the Fekete polynomial F,(x) = /' _; xn(a)x"
associated to a principal Dirichlet character x;, of modulus n. We investigate the cyclo-
tomic factors of F, and conjecturally describe all of them. One interesting observation
from our computations is that the non-cyclotomic part f, of F,(x)/x seems to be always
irreducible. We study this factor closely in the special case that # is a product of two odd
primes, proving separability in specific cases, and studying its coefficients and special
values. Combining these theoretical results with computational evidence lets us identify
the Galois group of f,, for small 7, and raises precise questions in general.
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1. INTRODUCTION

Let x : (Z /n)* — C* be a Dirichlet character with modulus n > 1. Associated to x
is the Dirichlet L-function defined by

Lixs) = ix(ﬂ).

s
a=1 a

This infinite series is absolutely convergent when $(s) > 1. The function L(),s) has
a meromorphic continuation to the entire complex plane, with a simple pole at s = 1
in the case x is a principal character. Furthermore, L(),s) has the following integral
representation (see [23] Proposition 3.3]. The character y is assumed to be primitive in
[23], but it is not necessary and the proof goes through without this assumption)

L ML) = [ B R,

where I'(s) is the Gamma function and

While studying quadratic characters x = (5) of prime conductor p, Fekete made the
observation that if F,(x) has no real zeroes in the interval 0 < x < 1, then L(s, x)
has no real zeroes on (0, 0). In this sense, the study of F,(x) could shed light on the
existence of Siegel zeroes near s = 1. For this historical reason, the F,(x) are called
Fekete polynomials.

Fekete polynomials have a rich mathematical history. They appear in Gauss’s sixth
proof of the quadratic reciprocity law (see [20, Chapter 10, Section 3]). Various aspects
of Fekete polynomials have been studied over the years, including their extremal prop-
erties (see [3] 4]), Mahler measure (see [11,[19]), connections to oscillations of quadratic
L-functions (see [1]), and distribution of their complex roots ([9]).

In recent works ([23] 22]), the last named three authors have analyzed the arithmetic

properties of Fekete polynomials when x is a primitive quadratic Dirichlet character.
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These works have shown that Fekete polynomials contain valuable arithmetic infor-
mation, such as class number and orders of K-groups of certain quadratic fields. Fur-
thermore, extensive computational evidence suggests that F) (x)/x has exactly one irre-
ducible non-cyclotomic factor f,, and that the Galois group of fy is as large as possible,
as stated in [22] Conjecture 4.9, Conjecture 4.13] and [23, Conjecture 11.16].

In this article, we consider the story for principal Dirichlet characters. Already in this
seemingly simple situation, we notice some interesting phenomena akin to the primitive
quadratic case discussed above. Concretely, we consider x, : Z — C* defined by

0 if ged(a,n) >1

Xnld) =
#) 1 if ged(a,n) =1.

and let F,;(x) denote the associated Fekete polynomial Fy, (x). That is,

(1.2) Fa(x)= ) "
0<a<n-—1
ged(a,n)=1

Since ged(n — 1,n) = 1, the degree of F, is n — 1. In this article, we begin the study of
F,, focusing in particular on the determination and arithmetic of the factors of F,, both
cyclotomic and non-cyclotomic.

We observe that the non-cyclotomic part of F,(x)/x, which we denote by f,, seems
to be always irreducible. Similar to the case of quadratic characters investigated in
[23, 22]], the Galois group of f, is as large as possible subject to a condition on the dis-
criminant. We also notice that the coefficients of f, are relatively small. When n = 3p
for a prime p > 3, we prove in Theorem (4.2 that the coefficients of f3, belong to the set
{—2,-1,0,1,2}. This suggests that f, may have noteworthy extremal properties that
we intend to explore in the future. It is important to note that we approach this project
from a computational standpoint, meaning that we discovered many results in our arti-
cle by computing and analyzing a large dataset. The codes and data are available in the
GitHub repository [8].

We remark that the theory of Fekete polynomials is closely related to the construction
of certain Paley graphs. When x is a primitive quadratic Dirichlet character, this con-
nection is discussed in [21]. When x is a principal Dirichlet character, the corresponding
Paley graph is called a unitary Caley graph (see [2, 18]). These types of Paley graphs
have found applications in various fields such as coding and cryptography theory (see
[13 17]). We hope that this work sheds more light on further applications of Fekete
polynomials and Paley graphs.

The article is structured as follows. In Section[2} we present our main results concern-
ing the factors of F,. Firstly in Section 2.1, we show that restricting to squarefree n does

not miss any interesting phenomena. We then proceed to describe in Theorem
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a large source of cyclotomic factors of F, and prove in Theorem that all cyclo-
tomic factors are simple factors, with the exception of the 4-th cyclotomic polynomial
®,4(x) = x? + 1 which occurs with multiplicity 2 when 7 is even. We also make a con-
jecture relating to the full description of cyclotomic factors of F, (see Conjecture 2.1T).
Section 3| is devoted to the case where n = pgq for distinct odd primes p,q. We con-
jecturally determine all cyclotomic factors of Fy in this special case (see Theorem [3.2).
Based on this, we define the Fekete polynomial f, and its trace polynomial g,. We then
study some arithmetic properties of F, in characteristic p with the goal of showing that
fn is separable. In Section 4, we focus on the case n = 3p. We show in Theorem
that the coefficients of f3, lie in the set {—2,—1,0,1,2}. We also prove that f3, is sep-
arable, by first proving it in characteristic p. In Section |5/ we consider the case n = 5p,
once again establishing separability of f,;, although the proof is more involved. The last
two sections discuss computational techniques and results. Section [f] discusses algo-
rithms for checking irreducibility of f, and g, and Section [7] investigates their Galois
groups. Finally Appendix[A]discusses a tangential question of an analytic flavor, about
the proportion of complex zeroes of F, on the unit circle, using the approach of [9].

2. CYCLOTOMIC FACTORS OF F,, AND THEIR MULTIPLICITY

2.1. Reduction to the squarefree case. Letn be a positive integer and g the radical of n
which is defined as the product of the distinct prime divisors of n. Let X, and xy, be the
principal Dirichlet characters associated with n and ng as explained in the introduction.
For an integer a, we know that gcd(a,n) = 1 if and only if gcd(a, ng) = 1. Therefore,
by definition, we see that L()x,5) = L(Xn,,s)- By the integral representations of these
L-functions Eq. we conclude that for all s > 1

[ TR B B0 ),
0 0

t 1—tn t 1 —t"o
This suggests the following proposition.

Proposition 2.1. Let n be an integer and n the radical of n. Then we have the following equality

Fult) _ Fal®)
1—x" 1—xn

Proof. Since ny is the radical of n, we have ged(a,n) = 1 if and only if ged(a, ng) = 1.
Therefore, we have

Fﬂo(x) - Fy(x)

— kng _ a __ a __
1_an_Fno(x)Zx o= Y x= ) = O
k=0 1<a 1<a
ged(a,ng)=1 ged(a,n)=1

Corollary 2.2. Let f € Z[x] be a non-cyclotomic irreducible polynomial. Then f is a divisor of

F, if and only if f is a divisor of Fy,,. O
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Corollary 2.3. Suppose that n is an odd integer and ng is its radical. Then F,,(—1) = F,,(—1) =
0and F(~1) = Fj, (—1). O

2.2. Cyclotomic factors of F,. We let n be a positive squarefree integer here onwards,
thanks to Proposition To get started we calculate the Fekete polynomial F,(x) in a
few simple situations.

Example 2.4. Let p be a prime number. Then we have the factorisation of F,(x).

= 2 p_]‘ = —_—
(2.1) Fp(x) =x+x"+...4+x x——— de D4(x).
lp-1
a>1
Example 2.5. Let p be an odd prime. Then we have the following factorisation of F,(x).
Fop(x) = (x+ 2%+ xP72) 4+ (2P T2 4 2P 27T

xP~1 =142+ —q

=x(14+ x>+ + 2P 4+ 2P =«

(2.2) x2—1 xptl—1
=x ] ®ax) ] ®alx).
2<d|(p—1) d2(p+1)
dtp+1

While we were able to completely describe the cyclotomic factors of F,; in the two
examples above, this is quite delicate in general. Moreover, these examples are unrep-
resentative of the general situation where non-cyclotomic factors also show up. Us-
ing SageMath we computed the factorisation of the Fekete polynomial F,; as defined in
Eq. forall n < 10*. When n # p or 2p for any prime p, we observe that F,(x)/x has
many cyclotomic factors and exactly one irreducible non-cyclotomic factor. This striking
observation leads us to the study of the cyclotomic factors of F.

Our starting point in this endeavor is the result that if d|n then the d-th cyclotomic
polynomial ®; is not a factor of F,. This is a direct consequence of the theory of Ra-
manujan sums (see [15] for a detailed treatment) which is partially summarized in the
following proposition.

Proposition 2.6. Let n be a positive integer and d a divisor of n. Let k be a field such that d is
invertible in k. Suppose (; is a primitive d-th root of unity in k. Then

Here y denotes the Mobius function and we consider F,[x| as a polynomial over k[x] under the
canonical map Z.[x] — k|[x].

Proof. If char(k) = 0, by embedding the subfield Q({;) C k in C, we have

27Tia
= L en (),
1<a<n
ged(a,n)=1
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which is a Ramanujan sum (see [15] Section 5.6]). Hence by [15, Theorem 272], we have
E (g ) — u(d)p(n)
n\od o(d)

To deal with positive characteristics, we first note that the statement is entirely alge-
braic with all objects defined over the ring of integers Or = Z|[{] of the cyclotomic field
F = Q(Z,). Indeed, we have

Fu(x) € Zlx], (4€O0p pld)= Y 5€0r on)= Y 1eZ.

1<a<n 1<a<n
ged(a,n)=1 ged(a,n)=1

If char(k) = p, by considering reduction modulo a prime ideal of Of above p, we see
that the same formula should hold over k. O

Corollary 2.7. If d|n then F,({4) # 0. In other words, ® is not a factor of F;,. O

Hereafter we assume that d  n. Let d; = ged(d, n) so that dy # d, and let S be the set
{0 <a < d|ged(a,dy) = 1}. Note that if we identify the integer residues modulo d with
the set [d] = {0,1,...,d — 1}, then S C [d] is the preimage of the set (Z /d;)* under
the reduction map Z /d — Z /d;. Thus we have #S = %ﬁ)d. Consider the polynomial
Fs(x) = Y scs x°. The following lemma gives some useful information about Fs.

Lemma 2.8. With notation as above, we have Fs(x) = 11__;;1 F4,(x). Let m|d be a positive

integer, and { = (, be a primitive m-th root of unity. Then

0 zfmj(dl
%@){%mwmm
1

pom o il
Proof. Noting that the expression (1 — x%)Fs(x) is a telescopic sum, we get

(1—x")Fs(x) = (1—xN) Y Y W = (1 - xT)Ey (x).
(i,dr)=1

Since m|d we have 1 — ¢ = 0. If m t dy, then 1 — %1 # 0. So F5(g) = 0. If m|d,, then the
atx =(is dil' Further Proposition gives Fy, (¢) = %. a

We can now state a sufficient condition for the d-th cyclotomic polynomial ®; to be a

— x4

1
value of v

factor of F,,. Note that, in order to determine whether F,,({;) is zero or not, it is sufficient
to consider F,(x) (mod x¥ —1).

Proposition 2.9. Let n be a positive squarefree integer. Let d > 1 be an integer not dividing
n. Let dy = ged(d,n) and S = {1 < a < d|gcd(a,dy) = 1}. If the elements of {1 < a <
n| ged(a,n) = 1} when reduced modulo d, equidistribute among the elements of S, then the
d-th cyclotomic polynomial ®; divides F;,.

Proof. Let Fs(x) = Y ;g x° be the polynomial introduced earlier. If the equidistribution

condition holds, then by reducing modulo d the exponents of monomials in F,, we see

that F,(x) = cFs(x) (mod x? — 1) for some constant c. To be precise, ¢ = ¢, ; = %g) =
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%. So it is enough to show that Fs({;) = 0, which we get from Lemma [2.8| since

d > dj.

Remark 2.10. In the proof above, we saw that the equidistribution property implies
F, = cFs (mod x? —1). In fact they are equivalent. If F, = cFs + (x? — 1)G for some
G € Qlx], then for each s € S, we can sum the coefficients of the monomials x* with a =
s (mod d) occuring on each side. This gives us that #{1 < a < n|gcd(a,n) =1l,a =s
(mod d)} = c independent of s, yielding equidistribution.

It is interesting to ask if the converse of Proposition [2.9]is true. In all cases we have
computed, the converse holds. See Theorem for the cases where the converse is
proven to be true. This prompts us to make the conjecture.

Conjecture 2.11. Let n,d, d;, S be as in Proposition Then ®; divides F, if and only
if the elements of {1 < a < n|gcd(a,n) = 1} when reduced modulo d, equidistribute in

S. Equivalently, ®,; divides F, if and only if x? — 1 divides F,(x) — %Ps (x).

Remark 2.12. In Section[3|we give a complete description of the cyclotomic factors of F;
when n = pq is a product of two odd primes, contingent on Conjecture

Remark 2.13. If d = p is a prime not dividing 7, then it is straightforward to see that

Conjecture2.11|holds. This is because the only linear relation among {1, { pr ;2,, o, C Zfl }

is that they sum to 0.

We now write down a recursive formula for F,. This will be useful in obtaining a
neater description of F, in Proposition which will be crucial in describing certain
explicit cyclotomic factors of F,;, (Theorem [2.19) and their multiplicites (Theorem [2.29).

Proposition 2.14. Let p be a prime number such that gcd(p, n) = 1. Then we have the follow-

ing recursive formula
() _ Fa(x)  Fa(a?)
1—x""  1—x" 1—x"

Proof. We have

P”P(x) — 2 x4 = Z x4 — Z xP? — Fn(x) _ Fn(xp) )
1—x™ 1<a 1<a 1<a 1—x" 1—x"P ]
ged(a,np)=1 ged(a,n)=1 ged(a,n)=1

Corollary 2.15. Let n > 1 be a squarefree integer and d a positive integer not dividing n. If @
is a factor of Fy,, then ®y is also a factor of F, for every prime number p with ged(d, p) = 1.

Proof. If { is a primitive d-th root of unity, {? is also a primitive d-th root of unity. Hence
F.(C) = Fu(CP) = 0. Therefore, Proposition implies F,,({) = 0 as well. O

Corollary 2.16. Let n > 1 be a squarefree integer and d a positive integer not dividing n. Let
p, q be two distinct primes such that p = q (mod d). Then & is a factor of F,p if and only if

it is a factor of Fyg.
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Proof. Since p # g and p = q (mod d), we get that p { d. So d { np and we can evaluate

the formula in Proposition at 4. Since CZ = @Z, we deduce that F,,({4) = Fug(Za)-
[l

Using this recursive formula of Proposition we get the following description for
F, as a sum over divisors of n. This will used crucially in what follows.

Proposition 2.17. Let n > 1 be a squarefree integer. Then

2.3) Fal) 5 )

1—xn 1—xm’

m|n
Proof. We prove by induction on the number of prime factors of n. If n = g is prime then

Fp(x)  x4+x2+---+x7—x1 X

1—x1 1— x19 1—x 1—x”/_mZ 1—xm°

Now suppose that the statement is true for a squarefree integer n. Let p be a prime
number such that ged(p, n) = 1. We show that the statement holds true for np. Indeed,
by Proposition and the induction hypothesis we have

Fup(x) _ Fu(x) pm
1—x”P_1—x”_ x”P Z” 1—xm_2” 1—me

m m
=Y um) s+ ¥ ulpm) e = ¥ um

mn pm|pn m|np

i

One consequence of Proposition2.17]is a formula for F;,(—1). This will be useful later
in Section 3] to describe the value of the reduced Fekete polynomial f,(x) at x = —1.

Proposition 2.18. Let n > 1 be an integer and ny its radical. Then

1<k<n,gcd(kn)=1

ne(n) ifni
if n is even
P;Z = 1)1 = 2
(-1) Z (=1) M if nis odd.

2

Proof. Suppose n is even. Then

F-D= Y (D= ¥ k= ¥k + n-p="00

1<k<n 1<k<n 1<k<n/2
ged(kn)=1 ged(k,n)=1 ged(k,n)=1

Now suppose 7 is odd. By Corollary 2.3] we may assume that 7 is squarefree. Differen-
tiating Eq. (2.3), we get
—mx

F(x) =nx""1Y u(m (x”—l)zl,t(m)m.

m|n m|n

m—1




Hence
1
DY kOm) o Y plmym = p(n) ¥ uln/mym = S p(m)gn). O
We now utilize Proposition 2.17/and the inclusion-exclusion principle to catch a big
chunk of cyclotomic factors of F,.

Theorem 2.19. Let n be a positive squarefree integer. Suppose N > 1 is a divisor of n and T is
a partition of the set of all divisors of N into two-element subsets {ay, b1}, {a2, b2}, ..., {a;, b}
Let D = gcd,(a; + u(a;)u(b;)b;). Then &4 divides F, for every d|D such that d 1 n.

Proof. Let { be a primitive d-th root of unity. Since d { n, we can evaluate Eq. (2.3) at (.

p(m u(am)g™ | p(bm)g™
1_€n Z gm_ Z Z{ Cam + 1_cb,~m }

m|n m|(n/N)i

Let Iy be the number of i'sin {1,2,...,1} such that u(a;) = p(b;). In the case that I > 0,
without loss of generality, suppose that y(a;) = u(b;) for 1 <i <lpand p(a;) = —pu(b;)
for i > Iy. Note that this means

Iy )

22# =) (uai) + u(b)) = Y (ulai) + u(bi)) = }_ (k) =

i=1 i=1 kIN
For i > Iy, since d|(a; — b;) we have {% = ¢ and hence

plam)g | (b
1— Caim 1— gbim

For i < Iy, since d|(a; + b;) we have {% = {~% and hence

plam)C®™  p(bim)g"

= 0.

1—gom 1—gbm —plaim).
Putting things together, we get that
lo lO
1_@ — y o _gm = Y Y ulam)=— ¥ u(m) Y ula)=0.
min m|(n/N)i=1 m|(n/N) i=1
This proves that F,({) = 0, and hence ®; divides F,,. O

Remark 2.20. Theorem does not describe all cyclotomic factors of Fy. For instance,
when N = 105, the cyclotomic polynomial ®p4(x) = x8 — x* + 1 divides Fy, but this
cannot be seen through Theorem 2.19]

We will use the following special case of this theorem the most.

Corollary 2.21. Let r be a prime factor of n and suppose d is an integer dividing r — 1 such that
d 1 n. Then ®4 divides F,. O

For a prime number p, we also have a necessary condition for ®, to divide F,.
9



Proposition 2.22. Let p be a prime number such that p { n. If ®,, is a factor of F, then p|¢(n),
i.e., there exists a prime divisor r of n such that p|r — 1.

Proof. If @, is a factor of F, then F, = ®,Q for some Q € Z[x]|. Hence ¢(n) = F,(1) =
®p(1)Q(1) = pQ(1) and thus p | ¢(n).

Alternatively, by Remark we know that Conjecture holds in this case. So the
elements of {1 < a < n|gcd(a,n) = 1} when reduced modulo p, equidistribute in
S={0,1,...,p —1}. Therefore p = #S divides ¢(n). O

Combining Corollary and Proposition we have the following.

Corollary 2.23. Let p be a prime number. Then @, is a factor of Fy, if and only if p { n and there
exists a prime divisor r of n such that p|r — 1. O

We observe that all cyclotomic factors described by Theorem satisfy the equidis-
tribution condition mentioned in Proposition

Theorem 2.24. Let n,N, D be as in Theorem Suppose D { n. Let d = D and di =
ged(d, n). Then the elements of {1 < a < n | ged(a,n) = 1} when reduced modulo d,
equidistribute in S = {1 < a < d|gcd(a,d,) = 1}. Equivalently, we have that x* — 1 divides

F, —cFs = F, — c Y} x° for some constant c.
s€S

Proof. Let ¢ = ;og(l;‘lji and consider the polynomial W(x) = F,(x) — cFs(x). By Re-
mark it is enough to show that x? — 1 divides W(x).

Let m be any integer dividing d, and {,, be a primitive m-th root of unity. If m { n
then we know F,({;) = 0 by Theorem and Fs({;) = 0 by Lemma Hence

W(Cn) = 0. If m|n then m|d; = gcd(d,n), and we again deduce that W({,) = 0 by
Proposition 2.6land Lemma O

2.3. Multiplicity of cyclotomic factors. In this section, we determine the multiplicity
of cyclotomic factors of F,. To do so, we need to investigate the value F;,({;) whenever
F.(C4) = 0. By Corollary {4 is not a root of F, if d|n. Therefore, we can assume that
d t nin our investigation. By Proposition[2.17/we have

m _mxm—l

+(x"=1) ) V(M)T)z

(2™

X

(2.4) Fo(x) = "1y p(m) ——

m|n m|n

We introduce the following polynomial

Gul) = (" =17 ) 1) 1y
so that Eq. becomes
(2.5) x(x" —1)F,(x) = nx"F,(x) — Gn(x).

10



Expanding this out using the definition of F,;, we have the following explicit formula

Gu(x) = nx"Fy(x) — (X" —x)Ep(x) = Y (ax"+ (n —a)x"™7)
5
ged(an)=
2.6
=0 — Y (-t e = Y (- a)x+x)
1<a<n 1<a<n
ged(an)=1 ged(an)=1

Lemma 2.25. Let d be a positive integer and n a positive squarefree integer. Let { = (4 be a
primitive d-th root of unity.

(1) If n is even then (4 is a root of Gy,.

(2) Ifd > 2n then G,({) # O unlessn =2 and d = 4.

Proof. The first part follows immediately from Eq. and the fact that {§ +7,” = 0
for odd integers a. For the second part we first rewrite Eq. as follows

x"Gu(x) =), [(m—a)(x"+x7) +a(x" "+ 2]
1<a<?y
ged(a,n)=1
= ) (m=20)"+x+ Y alx®+x 2" x"N
1<a<y 1<a<y
ged(a,n)=1 ged(a,n)=1

Working over C, if we let {; = esz, then by Euler formula we have

—n . 27a m (n—2a)m
0;1"Gu(Cq) =2 1<Z<n (n —2a) cos (T) +4 1<Z<n a.cos <7> cos <T) )
Sasy 5053
gcd(a,n):l gcd(a,n):l

Sinced > 2nand 1 < a < 7, each term in the sum is non-negative and we get
. "Gu(C4) > 0. Further, if G,(Z;) = 0 then it must be the case that (1 —2) cos (&F) =0
and cos (%) cos <(”_dz)") = 0. This implies that d = 4 and n = 2. O

We remark that by Eq. (2.5), { = {, is simple root of F, if and only if F,({) = 0 and
Gn({) # 0. Using the definition of G, we also get the following recursive formula for
Gy analogous to the one for F,, described in Proposition If p { n, then

) = (A750) 6a(x) ~ 9622

To study the multiplicity of ®; as a factor of G,,, we will use a general proposition.

Proposition 2.26. Let G(x) = g((’;))

cients. Let d be a positive number and { = {4 a primitive d-th root of unity such that Q({) # 0.

where P(x), Q(x) are polynomials with rational coeffi-

Let p be a prime number such that p { d. Let G, (x) be the following rational function
Gp(x) = G(x) — pG(«F).

Then
mult; (G) = mult;, (Gp).
11



Proof. By induction, we can see that for each k > 0

@7 G(x)=GW ) NG ) 4 Y M ()G (),

0<h<k-1
where My, € Q[x]. In order to prove the above statement, we will show that for all
k>0,G(g) = - =G®() = 0ifand only if G,({) = --- = GY(¢) = 0.

Let us consider the base case k = 0. Suppose that G() = 0. Since ¢ and {7 are Galois-
conjugate and G is a rational function with rational coefficients, G({?) = 0 as well. We
conclude that G,({) = 0. Conversely, suppose that G,({) = 0, i.e., G({) = pG(ZF).
Since G, € Q(x), we have this equality for any primitive d-th root of unity. In particular
G(7) = pG(ZP) = p*G(Z"") = ... = p?@WG(Z). This means that G(Z) = 0.

Assume that the statement holds for k — 1. Let us show that it is true for k as well.
First, suppose that G({) = --- = G () = 0. By the induction hypothesis, we already
know that G,({) = --- = G]gk_l) () = 0. Since ¢ and {7 are Galois conjugate over Q, we
know that G (¢P) = 0for 0 < h < k as well. By Eq. , we conclude that G,E,k) () =0.
Conversely, assume that G,({) = -+ = G;(?k) ({) = 0. By the induction hypothesis, we
know that G({) = --- = G*®1(7) = 0. Let us show that G¥)(7) = 0. Because of
Galois conjugacy we again know that G({?) = --- = G*=1)(gP) = 0. Additionally,
since G;(,k) () =0, Eq. tells us that

GI(g) = pHigMr D6 ().

Since this equality holds for any primitive d-th root of unity, a similar argument as in
the base case lets us conclude that G (7) = 0. O

Corollary 2.27. Suppose that p { nd and d t n. Let { = (4 be a primitive d-th root of unity.
Then mult; (Gy,) = mult;(Gpp).

Proof. Consider the slightly modified function

= Gulx)

Gn(x) = 1= a2
Since d { np, { = {gisnotarootof x"? — 1. So mult; (G,) = mult;(G,) and mult; (Gy,p) =
mult;(Gyp). Furthermore we have Gyp(x) = Gu(x) — pG(xP). Applying Proposi-
tion m to Gy, gives the desired statement. O

When n = g is a prime number, we have

Gi() = (61 =12 | 2 = P | = e,

where

Note that Hy(x) = x% + 1 = ®4(x).



Lemma 2.28. The polynomial Hy(x 4 1) is an Eisenstein polynomial at the prime q. Conse-
quently, Hy(x) is irreducible. Moreover, if q is odd, then {, is not a root of Hy for any d, and
hence {4 is not a root of Gg.

Proof. Over IF; we have Hy(x) = (1 — x)2a-1), Additionally H,(1) = g% — q. This shows
that Hy(x + 1) is an Eisenstein polynomial at the prime 4.

Suppose on the contrary that , is a root of H,. Since ®;(x) and H,(x) are both irre-
ducible, we must have ®; = H;. In particular

g* —q = Hy(1) = D4(1).

If d = p* is a prime power (k > 1) then ®;(1) = p. In this case, we have p = ¢*> — g,
which implies that g|p and hence g = p = 2. If d is not a prime power then ®4(1) = 1.
But there is no prime g such that g> — g = 1. O

With these preparations, we can now describe the multiplicity of any cyclotomic fac-
tor @, of F,.

Theorem 2.29. Let n > 1 be a squarefree integer. Let d be a positive integer and { = (4 a
primitive d-th root of unity such that F,({) = 0. Then we have the following.

(1) If d # 4, then {; is a simple root of F,.
(2) Ifd = 4 and n is odd, then (; is a simple root of F;,.
(3) If d = 4 and n is even, then (; is a double root of F,,.

Proof. We will prove the first and second statements by showing the contrapositive.
Suppose that { = (; is a repeated root of F,. Then we know that 4 { n and that
F.(C) = Gu(¢) = 0. Let dy = ged(n,d). Let us write n = dyny where ged(nq,d) = 1.
Since n is a squarefree integer, this also implies that gcd(n1,d1d) = 1. Since G,({) =
Gy, (§) = 0, Corollary 2.27)implies that Gy, () = 0 as well. Since d > 2d; we conclude
by Lemma that d = 4 and d; = 2 meaning that n is even.

Whend = 4 and n is even, we know by Corollary2.27|that mult;, (G, ) = mult, (G,) =
1. Eq. then shows that F,({4) = F,,({4) = 0but F/({4) # 0. This proves that {; is a
double root of F,. O

Remark 2.30. It is not true that mult;, (F,) = 2 for all even squarefree integers n. For
instance, Example says that for odd primes p, F,({4) = 0 if and only if p = 1
(mod 4). Theorem only asserts mult;, (F;) = 2 on the condition that {4 is a root of
Fy. In the next section we will classify all n such that {4 is a root of F,.

2.4. Cyclotomic factors of F, with small degree. In this section, we give explicit de-
scriptions of the squarefree integers n such that ®; is a factor of F,, for each d < 7. The
cases d = 2,3,5,7 are already dealt with by Corollary We will show that the same

statement also holds for d = 4, 6.
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Remark 2.31. This statement fails for d = 8, with the smallest example coming from
n = 15. By Theorem we know that @y is a factor of F,;, but n has no prime factor
congruent to 1 (mod 8).

Fu(x)
1—xm:

The value F,({;) is well-defined as long as d { 1, and furthermore it is zero if and only if

In order to simplify our calculations, we consider the modified function F,(x) =

Fu(Z4) = 0. We also recall the recursive formula F,,(x) = F,(x) — F,(x?) for p { n from
Proposition which will be used repeatedly in this section.

We now consider the case d = 4. By Corollary if n has a prime factor p = 1
(mod 4) then F,({4) = 0. It turns out that the converse is true as well.

Proposition 2.32. Suppose that n = 2°p1p, ... p, wheres € {0,1} and p,. .., pr are distint
odd primes of the form 4k + 3. Then F,(Zy) = 2"~'¢y. In particular, F,({4) # 0.

Proof. Let us write { = (4 for simplicity. If s = 1 and m = pyp2... p, we get using the
recursive formula that

ﬁn(g) = ﬁm(g) - ﬁm(gz) = ﬁm(é) - Pm(_l) = ﬁm(g)/
since F,(—1) = 0 by Corollary So it is sufficient to prove the statement for odd n.
We will do this by induction on the number of prime factors of n.

When n = p is a prime of the form 4k + 3, we have F,({) = ﬁé(lfzfl) = [

Suppose that the formula is true when # is a product of r primes of the form 4k + 3.
Let us now suppose that n = pyp2...p,41. Let m = pr...p,41. By the induction
hypothesis, we know that F,,(7) = 2"~!¢. By Galois conjugation, we get that F,,({®) =

2173 = —27~17. Now applying the recursive formula gives us the desired statement.
Fa(Q) = Fn(Q) — Em(P") = Fu(Z) — ﬁm(gg) =2'C.
This finishes the proof by induction. O

For d = 6, Corollary tells us that if 6 { n and n has a prime factor p =1 (mod 6),
then F,({s) = 0. It again turns out that the converse is true. We first need a lemma.

Lemma 2.33. Suppose that n = p1pa ... py for distinct primes py, ..., pr of the form 3k + 2.
Then F,(Z3) = 2"~ 1(1+223)/3.

- _-1
Proof. When r = 1, direct calculation gives Fy, ({3) = : 1€p1 g3(11_g€33 ) — (14+223)/3. In
53

the general case, we let m = p, ... p, and use the recursive formula

Fa(83) = Fupy(33) = Fn(83) — Fn(88") = Fn(Z3) = Fu(23).
Now the induction hypothesis Fy,({3) = 2"72(1 + 2{3) /3 and Galois conjugacy implies
that £, (Z3) = 25~ (1 +283) — (1+283)) =271 (1 +283) /3. O

Proposition 2.34. F,({s) = 0 if and only if 6 1 n and there exists a prime divisor p of n such

that p =1 (mod 6).
14



Proof. The “if” part follows from Corollary So we focus on the “only if” part. By
Corollary 2.7/we know that if 6 | 1 then F,(Zs) # 0. So let us assume that 6 { n. Suppose
that n has no prime factor p = 1 (mod 6). We consider three cases according to whether
ged(n,6) =1,20r3.

In the first case, n = p1py ... pr for distinct primes p; =5 (mod 6), and we can show
by induction that F,(Zs) = 2"1(2Z¢ — 1) # 0.

In the second case, we write n = 2m = 2pip>...p, for distinct primes p; = 5
(mod 6). The recursive formula then tells us that

Fi(Zs) = Fu(s) —En(33) =271(226 — 1) — or-11 ‘|‘32§é 20,

where we have used the formula from the first case, and Lemma [2.33
In the last case, we write n = 3m = 3p1p,... p, for distinct primes p; = 5 (mod 6)

and get
Fi(Ge) = Fn(Zs) — Fu(G3) = Fn(Zs) — Fu(—1) = Fu(Zs) =27 '(20s — 1) #0.
We conclude that in all cases F, () # 0. This completes the proof. U

3. THE CASEn = pq

In this section, we study more closely the case where  is a product of two odd primes
p > q. The following proposition is a direct consequence of Theorem If we assume
that Conjecture holds, this proposition in fact captures all cyclotomic factors of Fy,.

Proposition 3.1. Let n be a product of two odd primes p > q. Suppose d > 1 and one of the
following holds:

(a) d divides g — 1;

(b) d divides p —1and d # g;

(c) d divides ged(qp +1,p +q). O
Then the d-th cyclotomic polynomial ®; divides F,.

Theorem 3.2. Assume Conjecture is true. Then Proposition |3.1|is a complete characteri-
zation of all cyclotomic factors of F,,, when n = pq is a product of two odd primes p > q.

Proof. We have

(xF = 1) (2T =D Fy(x) = (xF —1) Y (2P 2P —x' - xi”+q)
1<i<g—-1

(3.1) . . o
— XV — xP — x9PH0 P Z <x(q+1)r7+l — xp i xl) )

1<i<g-1
To evaluate a polynomial at a primitive d-th root of unity J,, it is enough to consider
its reduction modulo x? — 1. In particular, we may reduce the monomial exponents

modulo d.
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By Corollary 2.7 we know that d { n. Suppose d = die; with d; = ged(d,n) and
e; > 1. We have the following cases depending on whether d; is p,q or 1.
Case 1: Suppose d; = p. The equidistribution from Conjecture implies that #5 =

p(d1)er = @(p)ep divides p(n) = ¢(p)e(q). Hence e1|¢(q) and d|pp(q). Reducing
Eq. modulo xP?(1) — 1 without loss of generality, we get

) (x2p+i —2xPT 4 xi> =(@F-12 Y x=(xF-1)

1<i<g—-1 1<i<g-1

px(x171—1)
x—1

7

whose value at {; is clearly non-zero.
Case 2: Suppose d; = g. Conjecture 2.11]implies that #S = ¢(d;)e; divides ¢(n). Hence
e1le(p) and d|q¢(p). Reducing Eq. 3__1|> modulo x9?(P) — 1, we get

y (xp+q—1+z‘ Y N xi) = (xP Il Pl 1)X(x‘7 -1)

15724 x—1
x(x1 —1)2

= (xP71 -1
(x o

7

whose value at {; is zero if and only d|p — 1 and d # g.
Case 3: Suppose d; = 1. Conjecture implies that #S = e; = d divides ¢(n). Reduc-
ing Eq. modulo x?") — 1, we get

xPHI=1 _ P pt20-1 o yptq Z <x2p+q+i—1 _ Pl pti g xi)

1<i<g-1
S IE 3
= =
where 51 ={1<i<qg-1}U{p+q-Lp+qtUu{2p+q<i<2p+29—2}and 5 =
{p <i < p+2g9—1}. Note that Sy is a sequence of 2g consecutive integers. Therefore,
this polynomial evaluated at {; is zero if and only if S modulo 4 is equal to the same set
of consecutive residues modulo 4. This happens if and only if 4 divides p — 1,9 — 1, or
p +q. If d divides p + g, then d also divides pq + 1 because pg+1 = ¢(n) + (p+¢q). O

Let S, be the set of integers d described in Proposition 3.1, namely
(3.2)
Spn={d>1d#qd|p—-1}U{d>1,d|g—-1}u{d >1,d|ged(pg+1,p+q)}.

Definition 3.3. Suppose n = pq for odd primes p > 4. Let S, be as above. We define
the Fekete polynomial f,,(x) € Z[x] to be the polynomial such that

Fu(x) = fu(x) - x - H ®,(x)

des,

Proposition 3.4. Suppose n = pq for odd primes p > q. Let f, be the Fekete polynomial as

in Definition Let D1 = gcd(p— 1,9 — 1), Do = ged(pg+1,p +q), D3 = ged(pg +
16



Lp+qp—1)=ged(p—1,q+1), Dy =ged(pg+1,p+q,q—1) = ged(p+1,4 - 1).
Then f, is a reciprocal polynomial of even degree. More precisely,

deg(fu) = pi—p—q—1+D1+D3+Dy—Dy ifp#1 (modg)
) =
pg—p—2+ D1+ D3+ Dy— Dy ifp=1 (mod g).

Furthermore, we have

D1D3D .
55 fp#1 (modyg)
fn(l) = D2
qD1D3Dy ..
—p., fr=1 (modg),
2

f) =T @ax), gx)= [] Palx), h(x)= I D,(x).

dlg—1 d|p—1 d|ged(pg+1,p+q)
d#1 d£q dtg—1,dtp—1
dtg—1

Then we have F, (x) = xf(x)g(x)h(x) fu(x). Using the inclusion-exclusion principle, we
get the following formulas for f, g,/ in this decomposition:

-1
1—x11  E(x) L= ifp 1 (mod q)
f(X) = 1—x = qx 4 g(x> = {(11);?11)(1]()

1—x4

(<D (1 =) ifp=1 (mod gq),

(1 =P (1-x2)
hx) = A2y (1 =Dy’

Since each of the polynomials F,(x)/x, f, g, h are reciprocal, we deduce that f, is also

a reciprocal polynomial. The formula for deg(f,) can also be deduced easily from the
explicit descriptions of f, g, h given above.

It is also clear from this description that

o )5t ifp#1 (modq)
f1)=q-1, g(l){q_ ifp=1 (mod q),

2D
h(1) = D31§4.

Since F,(1) = (p — 1)(g — 1), we infer the value of f,(1).

Note that D; is even for 1 < i < 4, and hence g(—1),h(—1) # 0 whereas F,(—1) =
f(=1) = 0. Hence F,(-1) = (=1)f'(-1)g(=1)h(—=1)fs(—1). Thus, we calculate
F;(—1) and f'(—1) using Proposition2.18] and g(—1) and h(—1) using calculus, to infer

17



the value of f,(—1):

F-n = LI g < g en = T,

2
L p—1 N 2D,

0

Corollary 3.5. fy,(x) is not a product of cyclotomic polynomials. In particular, fp,(x) is not a
cyclotomic polynomial.

Proof. Suppose on the contrary that f,;(x) = [Ti_; ®m,(x), where1 < m; <my--- <m,
are positive integers. Since fy(1)fps(—1) # 0, we can assume that m; > 2. By [6,
Lemma 7], we have ®;,,(—1) > 0 forall 1 < i < r. Consequently f,;(—1) > 0. This
contradicts the above determination of fy5(—1). O

Definition 3.6. We define g, to be the trace polynomial of f,, i.e., it is the unique poly-
nomial such that g, (x + %) = x~de8(f)/2f, ().

Proposition 3.7. Suppose n = pq for odd primes p > q. Let f, be the Fekete polynomial
as in Definition and g, its trace polynomial as in Definition Assume disc(g,) (or
equivalently disc( fy)) is nonzero).

Ifp #1 (mod q), then up to squares, we have

{1 ifp,g=1 (mod 4)

disc(fn) =
1 otherwise.

Ifp =1 (mod q), then up to squares, we have

disc(fy) = {‘7 ifp=3 (mod4) andg=1 (mod 4)

—q otherwise.

Proof. Since f,, is a reciprocal polynomial,
disc(fu) = (=1)%8U/2£,(1) £ (—1) disc(gn)*.
Therefore Proposition 3.4 tells us that up to squares, we have

(~1)deslf/2(=1) ifp£1 (mod g)

disc(fu) = {(1)deg(fn)/2(q) ifp=1 (mod q).

Calculating deg( f;;) modulo 4, again using Proposition we obtain the stated result.
U

We now investigate roots of the Fekete polynomial Fp, in F,. The objective of this
study is to prove that f, is separable over Z. We will see later that, in some special
cases, this can be done by proving separability over IF,. We first recall the following

definition.
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Definition 3.8. Let f, g be two polynomials. The Wronskian W( f, g) of f and g is defined
by the formula W(f,g) = f'¢ — ¢'f.

Let g be a prime. We now introduce the polynomial u,(x) = W(s4(x), F;(x)) € Z[x]
-1
where s;(x) = x7 —1and F;(x) = ) x'. Then u, has the following explicit formula
i=1

(3.3) ug(x) = Y (g—i)x 4 Y i =@y (x)? —gxi L

1<i<g-1 1<i<g-1
Lemma 3.9. Over IF,, we have uy(x) = (x —1)%772 (mod g).

Proof. We have

x17t—1  xl—x

(g2 —1)(x—1) — (x7 —x)

Fy(x) =x F(x) =

x—1 x—1"' (x —1)2
Over IF, this becomes
1—x1
/ -2
Fq(x)—m——(x—l)q .

We also have that sg(x) = (x — 1)7 and s;(x) = 0 over [F;. Hence

ug(x) = sp(x)Fy(x) — F(x)sq(x) = (x — 1)2772  (mod q). O

Corollary 3.10. The polynomial ug is irreducible.
Proof. Let vy(x) = uq(x +1). Then vy(x) = x*172 (mod q) and v4(0) = uy(1) = q(q —

1). By Eisenstein’s criterion for irreducibility, we conclude that v, (and hence u,) is
irreducible. O

Proposition 3.11. Suppose n = pq for odd primes p > q. Let xo € F,, be a root of F,. Then
(a) multy,(F,) — 1 = multy ().
(b) Ifdisc(uy) #0 mod p, then multy, (F,) < 2.
(c) Suppose xg € Fp. Then multy, (F,;) — 1 = multy, (fn).

Proof. Using the recursive formula from Proposition we have

xP —1 p
x1—-1

and hence
Fu(x) = (x7 = )P Ry(x) = Fy(x)?  (mod p),
Fy(x) = F(x)(x7 = 1P~ — g7 Ry (x) (7 = 1)P7% (mod p)
—(x7—=1)P"2us(x)  (mod p).
(a) Proposition 2.6]says that F,({;) = —¢(p) = 1 (mod p), and F,(1) = ¢(n) =
(g—=1)(p—1) =1—-q #0 (mod p). Therefore, if xg € [F, is a zero of F;,, then

it is not a zero of x7 — 1. Hence the relation of F, and u, obtained above shows

that multy, (1;) = multy,(F,) — 1.
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(b) This is a straight-forward consequence of Part (a). If disc(u;) # 0 mod p,
then the reduction of u; modulo p is separable. Hence multy,(u;) < 1 and
multy, (F,) < 2.

(c) Since xp € [Fp, itis a (p — 1)-th root of unity. Since x is a zero of F,;, we know as
in Part (a) that it is not a g-th root of unity. So there exists some d dividing p — 1,
d # g, such that x is a root of the d-th cyclotomic polynomial ®;. Therefore by
Definition 3.3 we get that multy, (F,) — 1 = multy, (fn).

O

Remark 3.12. We note that irreducibility of the polynomial u, € Z[x] implies in partic-
ular that disc(u4) # 0. Therefore for primes p sufficiently large compared to g, we have
disc(ug) # 0 (mod p) and hence multy, (Fyy) < 2.

To further study separability of F,; over IF,, we introduce the following auxiliary poly-

nomials. Let
-1
a(x,y) = sq(x) — ytq(x) where s;(x) = x7 -1, t;(x) = Fy(x) = Z x!,
i—1

and let R;(y) be the resultant of u,(x) and a(x,y) with respect to the variable x. There
is a direct link between separability of F,; and the arithmetic of R.

Proposition 3.13. Suppose that F, has a repeated root xo € Fp,. Then Ry has a root y € F,.

Proof. By Proposition Part (a), multy,(u;) = mult, (F,) —1 > 1, ie., xo is a root
of us. We claim that xy is not a root of F;. Suppose on the contrary that it is a root
of F;. Then firstly it is a simple root because (x — 1)F,(x) = x(x7~! — 1) is separable
over FFp,. Since x is a repeated root of F,(x) = (x7 —1)P"1F;(x) — F;(x)?, and only a
simple root of Fq(x), we deduce that xp must be a root of X7 — 1. On the other hand,
since x9 # 0 and xo(xq_1 —1) = (xo — 1)F;(x0) = 0, we get that xg_l — 1. This forces
xo=x5—1- xo(x1"' = 1) + 1 = 1. But this is a contradiction because F, (1) = p(n) =
(p—1)(g—1) #0 (mod p).

Now 0 = Fy(x0) = (x} — 1)P71F,;(x0) — F;(x0)? implies that (x) — 1)P~! = F,(xo)P L.
Hence x) — 1 = uF,(xo) for some y € IF ;. Thus x is a root of the polynomial a(x, u) =
x1—1—uF,(x) € Fp[x]. In particular, a(x, i) and u,(x) have a common root. Therefore

resultant(u,(x),a(x, u)) = Ry(u) = 0. O

3.1. Further properties of the resultant R, (y). We record in this section a few interest-
ing properties of the resultant polynomial R;(y). We need the following lemma.

Y x'. Then
-1

Lemma 3.14. Let q be an odd prime, and s,(x) = x7 — 1 and t,(x)

(a) Res(sq(x),s5(x)) = q°.
(b) Res(ty(x), t(x)) = —(g —1)772.

q—1
i
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(c) Res(ty(x),s4(x)) =q—1.
Proof. (a) LetCx, k =1,...,q, be all the g-th roots of unity. Then

g \71
Res(s4(x) H 54(Ck) = (H gk) =q".
k=1
(b) Since (x — 1)t;(x) = x7 — x, we have
disc(x7 — x) = disc(x — 1)disc(ty(x)) Res(x — 1, t4(x))*.
Let(y, k=1,...,4—1,beall the (g — 1)-th roots of unity. Then

disc(x? — x) = (=1)9@-1/2Res(x9 — x,qx171 — 1)

-1

= (12 ) [Tl -1 = (g

Also, we have Res(x — 1,1,(x))? = t,(1)> = (9 — 1)>. Hence
disc(ty(x)) = —(=1)TT=D/2(g = 1)773,

-

»

and thus
Res(ty(x), t(x)) = (—1)T D=2/ 2disc(t,(x)) = — (g — 1)77°.
(c) Let {x, k =1,...,q, be all the g-th roots of unity, where {;, = 1. Then
q—1 1— g
—1 K—g—-1. O
),El -1 1

Proposition 3.15. Over IF,, the polynomial Ry(y) factors as Ry(y) = y*1—2

9 _
Res(s4(x) H tg(Ck) = (g —1) H ggk

k=1

Proof. Using the property that Res(AB, C) = Res(A, C) Res(B, C) and using Lemma
which says that u,(x) = (x — 1)%7~2 over F,, we have

Ry(y) = Res(a(x,y), ug(x)) = Res(a(x,y), (x = 1)17%) = (Res(a(x,y),x = 1))
=a(Ly) = (g- 1) Y12 =y (modg). O

Proposition 3.16. The polynomial R,(y) is an even polynomial of degree 2q — 2, i.e., it is a
polynomial in y?. It has leading coefficient —(q — 1)1=2 and constant coefficient (q — 1)q.

Proof. We first note that
a(1/x,y) =sq(1/x) —yty (1/x) = —x77 (s4(x) + yty(x)) .
and hence x7a (1/x,y) a(x,y) = (y*t,(x)* — s4(x)?) is a polynomial in the variables x, /2.

Letz1,2y,...,224—2 be the roots of u,. Since 1, is a reciprocal polynomial, we can assume
further that z;zp; 1 ; = 1. Thus we have

Ry(y) = Res(a(x,y),uq(x)) = [] a(zi,y) = [ ] (a(zi,y)a (1/zi,y))



which shows that R; is an even polynomial. The formula

2q-2 2q-2
Rq(y) = ]1 a(zi,y) = 11 (8q(2i) = ytq(zi))
2q-2

also shows that the leading coefficient of R, is [] t;(z;) = Res(t;(x),u4(x)), and the
i=1
292
constant coefficient of R, is H s4(zi) = Res(sy(x),uy(x)). We can compute them using

Lemma 3.14, We compute the leadmg coefficient as follows
Res(t;(x), uqg(x)) = Res(tq(x),sq(x)tq(x) — sq(x)tfi(x)) = Res(t;(x), —sq(x)t;(x))
= Res(t4(x),s4(x)) Res(tq(x),t;(x)) = —(g—1)7"2
Similarly, the constant coefficient of R, is (g — 1)g7. O
4. THE CASEn = 3p

In this section, we focus on the special case n = 3p for some prime p > 3. We note
that the set S5, described in Eq. (3.2) can be rewritten explicity.

({deN|d>1,d#3,d|p—1}U{8} ifp=1 mod 12
S5y = {deN|d>1d|p—-1}U{8} ifp=5 mod 12
{deN|d>1,d#3,d|p—1} ifp=7 mod 12
{deN|d>1,d|p—1} if p=11 mod 12.

Accordingly, we have the explicit description

F3p( x) = f3p tX H Dy(x

dess,
( fgp(x)x% if p=1,7,19 (mod 24)
“1 B fSp(x)x%q)g(X) if p=13 (mod 24)
) f3p(x)xxi_1+11q>8(x) ifp=5 (mod 24)
\fap(x)x% if p=11,17,23 (mod 24).

Proposition 4.1. Let p > 3 be a prime. Then the polynomial f3, has the explicit formula

(

X2PE2 p Pl P2 P x4+ 1 ifp=1,7,19 (mod 24)
x2PH2 4 x 2l oy H2 L xP x4 1

A1 ifp=13 (mod 24)
Fap(x) = 32042 4 201 2p¥2 4 ap x4 1 o5 mod 20
(24 x+1)(x*+1) P=
2p+2 4 4 2p+1 p+2 p 1
: i 2+x R ifp=11,17,23 (mod 24).
\ xc+x+1
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and
(2p+2 ifp=1,7,19 (mod 24)

2p—2 ifp=13 (mod 24)
2p—4 ifp=5 (mod 24)
(2p ifp=11,17,23 (mod 24).

degfg,p =

Proof. The statements follow from noting that
(33— 1)Fsp = 2312 4 2371 2P P — (2043 4 P13 4 2 4 )
= (xP — x)(x®P T2 p xPPTL L xPT2 L xP x4 1).
O

It is a classical theorem that for any distinct odd primes p, g, the coefficients of the
cyclotomic polynomial ®,; are in {0, —1,1} (see [5]). The smallest integer n such that
®,, has a coefficient not contained in {0, —1,1} is n = 105. Along these lines, we ob-
serve that the coefficients of f3, are quite small. In fact, for p < 1200, we verify using
SageMath that the coefficients of f3, are in the set { ~2, —1,0,1,2}. In fact this is true for
all p as the next theorem shows.

Theorem 4.2. Let p > 3 be a prime. The coefficients of f3, are in the set {—2,—1,0,1,2}.

Proof. Suppose thatp =1 (mod 3). If p =1,7,19 (mod 24), the statement is clear from
Proposition 4.1} If p = 13 (mod 24), say p = 13 + 24a for some a € N, then

6+12a
x2p+2_|_1 — (x4)7+12a +1= (x4 +1) Z (_1)kx4k
k=0
2+6a
2P+l +xp+2 — xp+2[(x4)3+6a + 1] — (x4 + 1) Z (_1)kx4k+15+24a
k=0
2+6a
xP 4+ x = x[(x4)3+6a +1] — (x4 +1) Z (_1)kx4k+1.
k=0
Hence
¢ k. .4k Ee k,.4k+4-154-24a Ee k., .4k+1
fap(x) = Y (D)™ + ) (-1« + ) (-1
k=0 k=0 k=0

which shows that all the coefficients of f3, are in {—1,0,1}.
Now suppose that p =2 (mod 3). Write p = 2 + 3a for some a € IN. Let

2a+1 2a a a—1
o(x) = Z (3R _ Z k2 4 Z 3k _ Z (k42
k=a+1 k=a+1 k=0 k=0
It is straightforward to check that
(x2 x4 1)g(x) — yba+6 +x6a+5 + xoa+4 + 30+2 Lx41

= P2 P P2 P+ 1L
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Now if p = 11,17,23 (mod 24), then Proposition [4.1|says that f3,(x) = g(x), and so all
the coefficients of f3, are in {—1,0,1}. The last remaining caseis p = 5 (mod 24). If we

2p
write ¢(x) = Y. byx*, then the coefficients by are given by
k=0

1 ifk=1 (mod3)andp+2<k<2p
—1 ifk=2 (mod3), k<2pandk#p

by =
1 ifk=0 (mod3)and0<k<p-—2

0 otherwise.

In particular we have by = by whenever k = k' (mod 3) and 0 < kK < p—1.
Proposition says that in this case we have f3,(x)(x* +1) = g(x). If we write
2p—4
fap(x) = ¥ a;x¥, then we get that the coefficients of ¢ and f3p are related by
k=0

ay if OSkS?)
bk: ak—i—ak_4 if 4§k§2p—4
Ak—4 if 2p—-3<k<2p.

For 24 < k < p — 1, using the recursive formula by = ay + a;_4 repeatedly, we have
A — Ag—24 = bg — bg—g + b—g — bg—12 + bx—16 — bx—20
= (bx — bx—12) — (bk—4 — bx—16) + (bx—g — bx_20) = 0.

showing that the sequence ag, a1, ..., 4, 1 is periodic with a period 24. It is straightfor-
ward to check that the sequence ag, a1, ..., a3 is

1,0,-1,1,-1,-1,2,-1,0,2,-2,0,1,-2,1,1,—-1,1,0,—1,0,0,0,0.
Hence a; € {-2,—-1,0,1,2} for 0 < k < p — 1. Since f3, is reciprocal, we know that
ay = a4 and soap € {—2,-1,0,1,2} forall0 < k <2p — 4. O

Corollary 4.3. Let daesy;, be the middle coefficient of fap. Then
2

0 ifp=1,7,11,17,19,23 (mod 24)
Aaegfs, = 4 1 ifp=5 (mod 24)
i -1 ifp=13 (mod 24).
U

Next, we study more properties of f3, in characteristic p. We start with the following
theorem which is an improved version of Proposition in the special case n = 3p.

Theorem 4.4. Let p > 3 be a prime. Let xo € F, be a root of Fs,,.

(1) The multiplicity of xq as a root of F3), is at most 2.
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(2) The multiplicity of xo as a root of F3, is 2 if and only if xo € F, and xq is a root of
uz(x) = x* +2x3 4+ 2x + 1.

Proof. We have disc(uz) = —1728 = —2% x 3% # 0 (mod p). So the first statement
follows from Proposition Part (b).

The ‘it” part of the second statement follows from Proposition Part (a). Now
we discuss the ‘only if” part. Suppose that the multiplicity of xo as a root of Fs), is 2.
Proposition Part (a) immediately implies that x( is a root of u3. So the only thing
left to show is that xg € IF).

As described in the proof of Proposition there exists y € IF, such that

a3(xo,u) =0, and R3(p) = resultant(as(x, 1), uz(x)) = —2u* +36u> +54 = 0.

The latter equation implies that 108 = (x> — 9)? and hence 3 is a square modulo p. Write
3 = ¢? for some ¢ € F,. We have

us(x) = (P +x+1)? =32 = (¥ + (14+)x+ 1) (2 +(1-c)x+1) € Fp[x].

Let b(x) € FFp[x] be the minimal polynomial of xo over IF,. Then b(x) is an irreducible
factor of both u3(x) and a3(x, ). In particular deg b(x) = 1 or 2.
If deg b(x) = 2, then b(x) = x? + (1 £ c)x + 1 is reciprocal. Hence the zeroes of b(x)

3 — ux? — ux — 1, the zeroes of a3(x, )

are xo and 1/x. Since b(x) divides az(x, u) = x
are xg,1/xo and B, for some B € F,. By Vieta’s formula, f = xo- (1/x) - B = 1. Hence
0 = a3(1, ) = —2pu, a contradiction since R3(0) = 54 # 0 € .

The above argument shows that deg b(x) = 1 and hence xy € F,,. O

Corollary 4.5. Let p > 3 be a prime. Then disc(F3p) = 0 (mod p) if and only if u(x) =
x* 4+ 2x3 + 2x + 1 has a root modulo p. In particular,

(a) if p = £5 (mod 12) then p { disc(Fzp),

(b) if p =11 (mod 12) then p | disc(F3;),

(c) if p=1 (mod 12) then p | disc(F3p) if and only if 12 is a quartic residue mod p.
Proof. The first statement follows immediately from Theorem In particular if p =
+5 (mod 12) then (%) = —1and hence uz(x) = (x*> + x +1)? — 3x? has no root in F,,.
Therefore disc(F3;) # 0 (mod p).

Now suppose p = £1 (mod 12). Then (%) = 1. Let ¢ € F, such that 3 = ¢%.

us(x) = (P +x+1)? =322 = (> + (1 +)x +1) (x> + (1 —c)x +1).
The discriminant of x> + (1 + ¢)x + 1is equal to (1 + ¢)?> — 4 = 2¢, and the discriminant

of x> + (1 —c)x + lisequal to (1 —c)? —4 = —2c.
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If p = 11 (mod 12) then ( — ) = —1. Hence either 2c or —2c is a square in IF,.

Therefore, either x> + (1 + ¢)x + 1 or x> 4+ (1 — ¢)x + 1 has a root in IF,. So Theorern

implies that F3,, has a double root in IF, and so p | disc(F3))
2c —2c

If p=1 (mod 12) then (?) = (7) By Theorem we get that p | disc(F3,) if
and only if there exists a € [F, such that > = 2c. Since ¢ = 3, this is true if and only if

there exists a € IF, such that a* =12,ie.,12isa quartic residue mod p. O

Corollary 4.6. Let xg € IFp,. Then x is a root of the Fekete polynomial f3, if and only if it is a
root of uz(x) = x* +2x3 +2x + 1.

Proof. Suppose xq € IF, is a root of u3(x). Then Theoremsays that x( is a double root
of F3,. By the explicit description of the cyclotomic factors of F3, given in Eq. (¢.1), it is

clear that x [] ®4(x) is separable over IF,. So we can deduce that xg is a root of fap-
dGSg,p

Conversely, suppose xo € IF, is a root of f3,. So it is also a root of F3,. We know
by Proposition 2.6 that F3,(1) = 2(p —1) = —2 # 0 € Fyand F,({3) = —(p - 1) =
1#£0¢€ Fy. This means that xg # 1. On the other hand, since xy € Fy,, we know that
x/~' = 1. Therefore by Eq. ib we see that xg has multiplicity at least 2 as a root of
F3p. Theorem {4.4{ then gives us that x is a root of u3(x). d

Corollary 4.7. The polynomial f3,, is separable over ¥, and hence also separable over Z. Con-
sequently, g3y is separable as well.

Proof. Suppose on the contrary that f3, is not separable over F,. Let xg € F, be a
root of f3, with multy,(f3p) > 2. Then multy,(F3,) > 2 and Theorem (4.4 says that

multy (F3,) = 2 and xq € IFp. This is absurd because x is also a root of x [T ®,(x) by
d€S3p

Eq. (4.1), but that makes multy, (F3,) > 3. O
We now write down explicitly the values f3,(1) and f3,(—1). These can be obtained
directly from Proposition [3.4, or computed using the explicit formula for f3, in Propo-
sition We then use this information to prove a fact about disc(f3,) that was first
discovered by experimental data. Note that disc(f3,) # 0 since f3; is separable.

Lemma 4.8. Let p > 3 be a prime. Then
(6 ifp=1,7,19 (mod 24)
3 ifp=13 (mod 24) -1 ifp=5,13 (mod 24)
fap(1) = p(=1) =
1
(2

ifp=5 (mod 24) —2  otherwise.

if p=11,17,23 (mod 24).

Proposition 4.9. Let p > 3 be a prime. If p = 1 (mod 3) then disc(f3,) < 0. If p = 2

(mod 3) then disc(f3,) is a nonzero perfect square.
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Proof. Since f3, is a reciprocal polynomial with g3, its trace polynomial, we have

deg

disc(fsp) = (—1) f3p( 1) f3p(1) disc(g3p)*.

Calculating using Lemma [4.8|and Proposition 4.1, we get

(=1)P*t1-(=2)-6-disc(gsp)® ifp=1,7,19 (mod 24)
(=1)P~1-(=1)-3-disc(gsp)® if p=13 (mod 24)
(=1)P72-(=1)-1-disc(gsp)*> ifp=5 (mod 24)
(=1)F-(=2)-2-

—12disc(g3y)*> ifp=1,7,19 (mod 24)

—3disc(gsp)?  ifp=13 (mod 24)

disc(g3p)? ifp=5 (mod 24)

|4 disc(g3p)? if p=11,17,23 (mod 24).

disc( fgp) =

disc(g3p)? if p=11,17,23 (mod 24)

5. THE CASEn = 5p

In this section, we provide some partial results for the case n = 5p where p is a prime
greater than 5. The goal is to prove the following analog of Theorem [4.4]

Theorem 5.1. Let p > 5 be a prime. Let xo € F, be a root of Fs),.

(a) The multiplicity of xo as a root of Fs is at most 2.
(b) The multiplicity of x as a root of Fsp is 2 if and only xo € Iy and us(xo) = 0.

Proof of Theorem[5.1| Part (a). By Proposition Part (b), if the discriminant of us5 is not
zero modulo p, we get the desired result. We compute that

disc(us) = —212.57 . 112,
When p = 11, we check directly that F5;, = F55 has no repeated root in Fy1. O

In this section, we use a,(x) for as(x, ) = (x> —1) — u(x + x*> + x° + x*). Using
SageMath, we see that the resultant of 4, (x) and us(x) is given by

Rs(p) = Res(ay(x), us(x)) = —(64u® — 400p°® — 500p* — 250004% — 12500).

Because a;(x) and u5(x) have a common root, their resultant must be 0. In other words,
we know that y € IF, is a root of R5(y). Using SageMath, we can see that we can rewrite
R5(y) in the following form

—Rs(y) = (8y* — 25y% + 125)% — 5(25” 4 75)°.

Lemma 5.2. Suppose that Fs,(x) has a repeated root xo € F,, then (%) =1
27



Proof. As explained above, the existence of a repeated root xg € F, implies that Rs(y)
has a root u € IF, where

—Rs(y) = (8y* — 25y + 125)% — 5(25¢° + 75)2.

If 2542 + 75 # 0, then we conclude that (%) = 1. Otherwise, we must have y? + 3 = 0.
Consequently

0= —Rs(u) = (8u* — 254> +125)% = 2¢ x 17.

Since p > 5, we conclude that p = 17. This is impossible because (]—5’) = —1, and
hence the equation #? + 3 = 0 has no solution in FF,, . O
Corollary 5.3. If (%) = —1 then Fsy, is separable over IF,. O

We now complete the proof of Theorem

Proof of Theorem [5.1] Part(2). Suppose xo € [, is a root of us(x). By Eq. (8.3), since we
know that u5(1) = q(q —1) # 0 € Fp and u5({s5) = —5(2 # 0 € I, for any primitive
5-th root of unity {5 € F,, we get that xJ # 0. On the other hand xp ~! = 1. Hence
F5,(x0) = 0. So Proposition Part (a) says that multy,(F5,) > 2. Combining with
Theorem [5.1] Part(a), we conclude that multy, (Fs,) = 2.

Conversely suppose that xg € F, is a double root of Fs,. By Lemma one has

(%) =1.Letc € F be such that ¢2 = 5. Then we have

us(x) = (1+ x4+ 22 + x> + x*)? — 522
(1+x+x2 4+ +x* —ex®)(1+x+ 22+ 23 + 2 + cx?).

Let m(x) be the minimal polynomial of xo over F,. Then m(x) is a common divisor
of us(x) and a,(x). Up to a choice of ¢, we can assume that m(x) is a divisor of

o(x) =1+ x4+ x>+ 23 +x* —cx?

By polynomial division, we see that a,(x) = (x — u — 1)v(x) + w(x), where w(x) =

cx3

— (¢4 cp)x* 4 p. Since xg is a common root of v(x) and a,(x), we get that xo is
a common root of v(x) and w(x). Hence degm < 2. Suppose that degm = 2 and

m(x) = x* + ax + b, for some a,b € Fy,.

Case 1: b = 1, i.e., m(x) is reciprocal. In this case, the roots of m(x) are xy and 1/x.
This implies that 1/ x is also a root of 4, (x). Hence

0= xgay(l/xo) =(1- xg) — u(xo + x% +x8 +x§).

From a,(xg) = 0, we see that xJ — 1 = pi(xo + x§ + x3 + x§) = 1 — x3. Hence x3 — 1 = 0.
Thus 0 = (x) —1) = (1+x0+ x5 + x5 + x3)(xo — 1) = cx3(xo — 1). This implies that

xo = 0 or 1, a contradiction.
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Case 2: b # 1, i.e., m(x) is not reciprocal. In this case, since v(x) is reciprocal of degree
4, one has

v(x) = %(x2 + ax + b)(1 + ax + bx?).

By comparing the corresponding coefficients, we obtain
1+a*>+0*

Q—Zﬂbzl andT—l—c.

Hence
a+ab=band1+a*>+ 1> =0b—bc.

Also, since m(x) = x> +ax + bis a divisor of w(x) = cx® — (c + cp)x? + u, one can write
ex® — (c+cep)x®*+u= (x> +ax+b)(cx —d) = cx® + (ac — d)x® + (bc — ad)x — bd,
for some d € IF,. By comparing the corresponding coefficients, we obtain that
ac—d=—c—cy, bc—ad=0, and —bd=p.

Hence

bc = ad = a(ac + ¢+ cu) = a*c +ac + acy.
Thus b = a® + a + ap. Also, we have

ap = —abd = —b’c.
Hence
b=a*+a— b
In summary, we obtain the following three relations
a+ab=0b (1), 1+a®>+b*=b—bc(2), b=a*+a—"b*(3).

From (2) and (3) we get

b4+a?b+0 =0 —bPc=0+b— (a*+a).
Hence

b —b0° =a*+a’b+a=ab+a=Dh.

(For the second and last equality, we use (1).) Since b # 0, we obtain that b> — b+ 1 = 0.
Now from (2), we have —bc = 1+ a% + b> — b = a%. Hence a* = b*c?> = 5b%. From (1),
we obtain b = a(1 + b). Hence b* = a*(1 + b)* = 5b*(1 + b)*. Thus

b* =5(1+b)* = 5(1 4 2b + b*)?> = 5(3b)% = 45b°.

We obtain that p | 44. Hence p = 11. But we can check directly that F5.11(x) has no
repeated root in IF,, a contradiction. O

Corollary 5.4. The polynomial fs, is separable over IF, and hence also separable over Z. Con-

sequently, gs, is separable as well.
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Remark 5.5. One may wonder if a similar statement as Theorem |5.1| holds for general
n = pq. It turns out that the answer is no. We provide some concrete counterexamples.

(1) When g = 7, p = 101, the polynomial x? 4 42x + 10 is an irreducible factor of Fy,
(and fp,) over IF,, with multiplicity equal to 2.

(2) When g = 11, p = 13, the polynomial x> + 9x + 10 is an irreducible factor of Fy,
(and fy,) over IF,, with multiplicity equal to 2.

(3) When g = 11, p = 61, the polynomial x? + 16x + 14 is an irreducible factor of Fy,
(and fp4) over IF,, with multiplicity equal to 2.

It would be interesting to investigate this problem further. For instance, can we get
upper bounds on the multiplicity of a repeated root xg € F, of F,(x)?

6. IRREDUCIBILITY OF f;

Checking irreducibility of a polynomial f(x) € Z[x] is computationally expensive
when deg(f) is large. A natural way to show irreducibility is by finding a prime
p 1 disc(f) such that the reduction f(x) mod p is irreducible over FF,. This strategy
fails if deg(f) = 2n is even and disc(f) is a perfect square: For every p 1 disc(f), there is
a Frobenius element Frob, in the symmetric group Sy, determining the Galois orbit de-
composition of the roots of f. If disc(f) is a perfect square, Frob, is an even permutation
and hence cannot be a 2n-cycle.

In this section, we will discuss some methods to computationally verify irreducibility
of the Fekete polynomial f, € Z[x] by exploiting the fact that it is reciprocal. These are
slight improvements of the criteria described in [7], and they all depend on irreducibility
of the trace polynomial g,, for which we turn to the method mentioned above.

We first make the following definition and state a key lemma from [7].

Definition 6.1. For a polynomial i of degree n, its reversal polynomial is defined by
hrev(x) = x"h(1/x).

Lemma 6.2. Let f be a monic reciprocal polynomial of degree 2n. Let g be the trace polynomial of
f. Suppose that g is irreducible. If f is reducible, then there exists a monic irreducible polynomial
h € Z[x] such that f(x) = £h(x)hyep(x). Furthermore, if f(1) > 0then f(x) = h(x)hyen(x).

Proof. See [7, Corollary 6] and the remark after it. O

Our first irreducibility criterion is Proposition [6.3] Together with Proposition 3.4} this
shows that whenever the degree of the Fekete polynomial f;,; is divisible by 4, it is
irreducible if and only if its trace polynomial g, is irreducible.

Proposition 6.3. Let f be a monic reciprocal polynomial of degree 4n. Let g be the trace poly-
nomial of f. Suppose that g is irreducible and f(1)f(—1) < 0. Then f is irreducible.
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Proof. Suppose f is reducible. Then by Lemma f(x) = £x*"h(x)h(L) for some h €
Z]x]. Consequently f(1)f(—1) = h(1)?h(—1)? > 0 which contradicts the hypothesis.
0J

Our second irreducibility criterion is Proposition 6.4} Together with Theorem [4.2} this
proves that for all primes p > 3, the Fekete polynomial f3, is irreducible if and only if
its trace polynomial g3, is irreducible.

Proposition 6.4. Let f = Yo", axxk be a monic reciprocal polynomial of degree 2n such that
f(1)f(—1) # 0. Let g be the trace polynomial of f. Suppose that g is irreducible and the middle
coefficient of f satisfies |a,| < 2. Then f is irreducible.

Proof. Suppose that f is reducible. Without loss of generality, we can assume f(1) > 0
and hence by Lemma f(x) = h(x)hgey(x) for some monic irreducible polynomial
h € Z[x]. Let h(x) = YI_,cxxk with ¢, = 1. Since f is monic, by comparing leading
coefficients, we deduce that ¢g = 1 as well. Further, we get the following expression for
the middle coefficient of f:

n
a, =Y ct.
k=0
Since |a,| < 2 and ¢, = ¢y = 1, we conclude that ¢y = 0 for 1 < k < n — 1 and thus
h(x) = x" + 1. Since f(—1) # 0, we deduce that n is even. So f = hhy.y is a factorisation

into reciprocal polynomials of even degree, which yields a non-trivial factorisation of g
(see [Z, Proposition 8]). This contradicts the hypothesis that g is irreducible. O

Remark 6.5. For p < 1000, we have also checked that the middle coefficient of f5p lies
in the set {—2,—1,0,1,2}. However the middle coefficient of f7.y3 is —3.

Our last irreducibility criterion is Proposition[6.6] This forms the basis of Algorithm|[6.7]

Proposition 6.6. Let f be a monic reciprocal polynomial of degree 2n. Let g be the trace poly-
nomial of f. Suppose that g is irreducible. Suppose also that there exists a prime number q
and a positive integer m such that the number of irreducible factors of degree m of the reduction
f € Fyx], counted with multiplicity, is an odd number. Then f is irreducible.

Proof. By Lemma if f is reducible then f(x) = =£h(x)hrey(x). So any irreducible
factor a(x) of f(x) divides either /i(x) or liey(x), and thus asey(x) is another irreducible
factor of f(x). Therefore, the degree of any irreducible factor of f(x) must arise an even
number of times. This contradicts the given hypothesis. So f must be irreducible. [

Algorithm 6.7 (Verifying irreducibility of a reciprocal polynomial f(x) of even degree).

Step 1. Compute the trace polynomial g(x).

Step 2. Find a prime number g; such that the reduction g(x) € g, [x] is irreducible.
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Step 3. Find a prime number g, such that the factorisation of f(x) € Fg,[x] has an odd
number of irreducible factors of some degree m (when counted with multiplicity)
i.e. satisfying the hypothesis of Proposition

Step 4. If Steps 2 and 3 terminate, return True.

Example 6.8. We give a concrete example to demonstrate this method. Let us consider
the Fekete polynomial fi5(x) = x® — x* + 23 — x% 4 1. Its trace polynomial is g15(x) =
x> — 4x + 1. We can check that the reduction g;5(x) € F3[x] is irreducible, so g15(x) is
irreducible over Z. Furthermore, the reduction f,5(x) € Fo[x] factors as:

fis(0) = (P +x+ 1)+ + 22 +x+1).

Since the degree 2 (and 4) irreducible factor appears only once in the factorisation, by
Proposition [6.6], the Fekete polynomial fi5(x) is irreducible.

Using Algorithm [6.7, we have verified irreducibility of the Fekete polynomial f,(x)
when 1 < 10%is a product of two distinct odd primes. For each n, our GitHub repository
[8] lists the corresponding prime pairs (41, 42). We are tempted to make the conjecture:

Conjecture 6.9. Let n = pg be a product of two distinct odd primes. Then the Fekete
polynomial f,, from Definition [3.3]is irreducible.

The polynomials 1 — x + x¥ — x?*=1 4 x%¥ agsociated to certain symmetric numeri-
cal semigroups were studied in [16]. In particular, besides determining the cyclotomic
factors, [16, Conjecture 6.6] predicts that these polynomials have a unique irreducible
non-cyclotomic factor. We observe that the Fekete polynomials F,; considered in this
paper do not come from numerical semigroups, but their factorisation exhibits an anal-

ogous picture, as described in Theorem [3.2] Definition 3.3|and Conjecture

7. GALOIS GROUPS OF f; AND g,

Let f be a polynomial over Q of degree m. The Galois group of f is the Galois group of
its splitting field, denoted Q(f), as an extension of Q. Using the permutation action on
the roots of f, it is naturally a subgroup of the symmetric group S;,. If f is irreducible,
then it is a transitive subgroup of S;,;. We recall the well-known result that a transitive
subgroup of S, containing a 2-cycle (transposition) and an (m — 1)-cycle is all of S,,.
Using this result, we have a criterion to verify that the Galois group of a polynomial of
degree m is the full symmetric group S;,. See [22, Propisition 4.10].

7.1. The Galois group of g,. It is known that the Galois group of a polynomial of de-
gree m is generically the full symmetric group S;,. This also seems to be the case for the
special family g, from Definition We use the technique mentioned above to verify

this for a range of values of n. We first demonstrate this technique using an example.
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Example 7.1. Letn = 3 x 7 = 21. Then
gn(x) = 28 + x7 — 8x6 — 7x° 4+ 20x* 4 14x% — 16x% — 6x + 2,

is a polynomial of degree m = 8. Let G = Gal(Q(gx)| Q). Using SageMath, we see that
gn is irreducible over FFs. This shows that G is a transitive subgroup of S;,. Over FFy9, g»
factors as the product of a linear factor and an irreducible factor of degree m — 1:

gn(x) = (x +8)(x” +12x° +10x° 4 8x* +13x> +5x2 + x +5) (mod 19).
This shows that G contains an (m — 1)-cycle. Finally, over [F7, we have the factorisation
gn(x) = (P +x+4) (P +4)(P+2x+1) (mod 7),

which contains exactly one irreducible factor of degree 2, and no other irreducible factor
of even degree. This shows that G contains a transposition. Therefore G = Sg.

Question 7.2. Let n = pg be a product of two distinct odd primes, g, be the polynomial
from Definition[3.6] and m = deg(gx). Is the Galois group of g, isomorphic to S,,?

While this question seems hard to tackle, we find extensive computational evidence.

Proposition 7.3. The answer to Question |7.2|is affirmative for all n < 10* such that n is a
product of two distinct odd primes p, q.

Proof. For each n, our GitHub repository [8] lists prime triples (41,42, 43), such that the
reduction of g, modulo g; has the desired factorization type as in Example O]

7.2. The Galois group of f,. Recall that the Fekete polynomials f,, from Definition
are reciprocal polynomials whose trace polynomial is g, (Definition 3.6). Let m denote
the degree of g,. Then we have the following commutative diagram where the vertical

maps are natural inclusions coming from the permutation action on roots.
1 — Gal(Q(fx)Q(gn)) — Gal(Q(fx)/ Q) — Gal(Q(gn)/ Q) — 1

(7.1) [ [ l\m

1 — (Z2/2)" ———— (Z /2) 1Sy, > Sm > 1

Thus the Galois group of f, is naturally a subgroup of the wreath product (Z /2) ! Sy,.
Note that this wreath product is the semidirect product (Z /2)™ % S,,, where S, acts by
permuting the coordinates. It can be seen as a subgroup of Sy, by [10, Section 2]. We
utilize [23] Propositions 11.8, 11.11] to determine the Galois group of f, for a range of
values of n. We first demonstrate their use with a couple of examples.

Example 7.4. Let n = 3 x 7 = 21. In Example[7.1} we showed that the Galois group of
gn is Sg. By Proposition 3.7 the discriminant of f, is not a perfect square. Further

fu(x) = (6% +12x 4+ 1) x (27 4 78x° 4+ 173x° + 18x* + 119x% 4 12942 + 107x + 9)

x (x7 +138x% +90x° 4 215x* 4 2x% 4 221x% 4+ 160x + 101)  (mod 227).
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This factorisation over [Fpy; contains exactly one irreducible factor of degree 2, and no
other irreducible factor of even degree. By [23, Proposition 11.11], we conclude that the
Galois group of f, is (Z /2)8 x Ss.

Example 7.5. Let n = 5 x 7 = 35. Then g, is a polynomial of degree 11
gn(x) = 21t — 112 +48x7 + 2% — 71x° — 5x* + 46x° + 4x% — 8x + 2.
As in Example the factorization of g, over [F,, with (q1,92,93) = (29,47,31) yields
that the Galois group of g, is S11. Over [F433, the polynomial f, factors as
fu(x) =(x+97) x (x +125) x (x* +41x +1) x (x* + 124x° + 295x2 + 124x + 1)

x (x7 4 190x° + 62x° + 191x* + 406x> + 37x* 4 393x + 313)

x (x7 4 289x® + 393x° + 76x* + 168x> + 50x% + 251x +350)  (mod 433),
with a unique irreducible factor each of degrees 2 and 4, and no other irreducible factor
of even degree. Remembering that now disc(f,) is a perfect square by Proposition

and using [23, Proposition 11.8], we conclude that the Galois group of f; is ker(X) x S11
where X : (Z / )11 — Z /2 is the summation map.

Thus we raise the following question, supported by extensive numerical evidence.

Question 7.6. Let n = pq be a product of two distinct odd primes, f, be the Fekete
polynomial from Definition 3.3} and 2m = deg( f,,). Are the following statements true?
(1) Suppose p = 1 (mod g), or p # 1 (mod gq) and p,q = 1 (mod 4). Then the
Galois group of f;, is (Z /2)™ % Sy,.
(2) Suppose we are in the remaining case, i.e., p Z 1 (mod q) and at least one of p
or g is not congruent to 1 (mod 4). Then the Galois group of f, is ker(X) x S,
where X : (Z /2)"™ — Z /2 is the summation map.

Proposition 7.7. The answer to Question |7.6|is affirmative for all n < 10* such that n is a
product of two distinct odd primes p, q.

Proof. By Proposition the trace polynomial g, has Galois group isomorphic to S;.
For each n, our GitHub repository [8] lists another prime g4, such that the factorisation
of f, modulo g4 yields the desired conclusion, using [23| Propositions 11.8, 11.11]. [

CODE AVAILABILITY

An open-source code repository for this work is available on GitHub [8]].
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APPENDIX A. ZEROS ON THE UNIT CIRCLE
p—1
The complex zeros of classical Fekete polynomials f,(x) = )} x(a)x® for quadratic
a=0

Dirichlet characters xy = (?) of prime conductor p were studied in [9]. It was shown in
[9] that at least half of the zeros of f, lie on the unit circle, and further that there exists
a constant 1/2 < kg < 1 such that the fraction of zeros of f, lying on the unit circle
converges to kg as p goes to infinity. In this section, we use the approach of [9] to an-
alyze complex zeros of the Fekete polynomials F, corresponding to principal Dirichlet
characters. We remark that since the coefficients of F,, are either O or 1, the Erdos-Turan
theorem implies that the roots of this polynomial are almost all clustered around the
unit circle and equidistributed in angle (see [12, Theorem 1] and [14, Theorem 1.3]). We
thank Professor Kannan Soundararajan for pointing this out to us.

Let H, : C\(0,00) — C be the function defined by H,(z) = z~"/?F,(z) where we
make a choice of the square root z!'/2. If z = ¢ we have

Hyu(z) = 7~ 1/2 Z 20— Z (Za—n/2 +Zn/2—a)
1<a<n—1 1<a<(n—-1)/2
ged(a,n)=1 ged(a,n)=1

= Y. 2cos(mt(2a—n)).
1<a<(n—-1)/2
ged(a,n)=1

LetC; = {z € C : |z| = 1} denote the unit circle in C. Thus H, defines a continuous real
valued function on C; \{1}. For k € Z, let d; denote n/ gcd(n, k). By Proposition|2.6} if
0<k<mnand(, = e27i/n we have
(=D*u(dr)p(n)

¢ (dr)
If k is such that gcd (1, k) = ged(n,k + 1) = 1, then H,, changes sign on the arc from ¥
to ¢ fﬁl. Therefore, H,, and hence F,, must have a zero on this arc.

Let ¢1 (1) denote the cardinality of the set {0 < a < n|ged(n,a) = ged(n,a+1) = 1}.
Then ¢ : N — IN is a multiplicative function by Chinese Remainder theorem, and
¢1(p") = p*(1 —2p~1). Thus we have the formula ¢; (1) = n Il (1 - %) In summary,
we have just proved the following.

(A1) Hn(dcz) = g;;nk/an(gﬁ) =

Proposition A.1. F, has at least ¢1(n) roots on the unit circle where
2
pr(n) =n]] (1 — —) .
pln P

If n = p or n = 2p where p is a prime number then all factors of F;, except x, are
cyclotomic polynomials as explained in Examples [2.4] and The case where 1 has
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exactly two odd prime factors is more interesting. Specifically, let us consider the fol-
lowing special case: we fix an odd prime q and consider n = pq for varying primes p.

Then ¢1(n) ~ <1 - %) n as p — oo. Therefore, the number of complex zeros of F, on

the unit circle grows at least as fast as kon in this limit, with kg = 1 — %. It would be
interesting to study this question for general n.
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