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Stein-Tomas restriction theorem

Theorem (Stein, Tomas)

Let Rf :7|Sn,1, then for every 1 < r < %
RFll 2sn-1y < Crlf[| Lr(mm)

and hence for every 2H1) < g < oo

IR*9l Larny < Cqllgll 2(s7-1)-
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Adjoint of the restriction operator

(n+1

@ For <g<

IR*GlLarry < Cqllgll2(sn-1)-

@ Can compute
Rg() = [ &g(e)da(e

@ Since integral is over |£|? = 1, we have
n
A(R'g)=R'g  where A=-% 0

(rescale for solutions to Au = \?u)
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Adjoint of the restriction operator

(n+1

@ For <g<

IR*GlLarry < Cqllgll2(sn-1)-
@ Can compute

Rg() = [ &g(e)da(e

@ Since integral is over |£|? = 1, we have
n
A(R'g)=R'g  where A=-% 0

(rescale for solutions to Au = \?u)
@ Formally, R* o F is a “singular" projection onto |£|? = 1
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Eigenfunctions on a compact manifold

@ Let (M, g) be a C*>, compact Riemannian manifold,
dim(M) > 2,0M =0

@ Let Ay be the positive Laplace-Beltrami operator,
Agu = div(Vgqu),

in coordinates,
1 y
NAgu = — E ———0y, (9"+\/det gy O u
g i detgk/ X< M )

@ Spectrum of Ay is discrete, there exists a sequence
{ex }72; of eigenfunctions forming an O.N. basis for L2(M)

Age)\l. = )\j?e,\j, A >0, oo
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Eigenfunctions on S”

@ For example, on S2, with spherical coordinates (6, ¢)

1 . 5
Agu = mag (sinf dpu) + Sin? 98¢u
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Eigenfunctions on S”

@ For example, on S2, with spherical coordinates (6, ¢)

1 . 5
Agu = mag (sinf dpu) + Sin? 98¢u

@ Spectrum of Ag on S" is well understood:

spec(y/Ag) = {Vk(k+n—1)~k:k=0,1,2,3,...}

and dimension of each eigenspace is

k+n-—2)!

(2k+n—1)(k!(n_1)! ~ k"1
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Stein-Tomas on S”

Theorem (Sogge ‘86)

Let P, be the orthogonal projection on the eigenspace
corresponding to k(k + n— 1), then

1Pt cagsny < Cak® DIl 2(sn)

Moreover, 4(q) is sharp in that it cannot be replaced by any
smaller exponent

Hence if e, is any L2 normalized eigenfunction
y

lexlliamy < CaX @ X = /k(k+n—1)
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3(q)

—1 —1
(ot 2tsity)

noj—
Q-
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Other Riemannian manifolds

@ Main problem: given (M, g) and an eigenspace
V) = {e)\ : Age)\ = )\26)\}
find (the best possible) upper bounds on

sup lexllamy, 2<qg<oo
e)\ev)\:HeA”LZ(M):‘I
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Other Riemannian manifolds

@ Main problem: given (M, g) and an eigenspace
V) = {e)\ : Age)\ = )\26)\}
find (the best possible) upper bounds on

sup lexllamy, 2<qg<oo
e)\ev)\:He/\”LZ(M)21

@ Main difficulty: for most (M, g), projection onto V, is
difficult to understand!
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Spectral clusters

@ Given A\ > 1, define

I'I)\f: <f, e)\.> e\,
J )

NEMAH]

@ Functions in the range of MM, are called “spectral clusters”,
using that ¥ — A2 = (; — A)(); + ) we have

1(8g = X)Mafll2qmy < A+ DIl 2(m)

e. (Ag — M), f = O()\), yields an approx. eigenfunction
@ But Age) = N2e, implies

Mye\, = ey
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Spectral clusters

@ Given A\ > 1, define

I'I)\f: <f, e)\.> e\,
J )

NEMAH]

@ Functions in the range of MM, are called “spectral clusters”,
using that ¥ — A2 = (; — A)(); + ) we have

1(8g = X)Mafll2qmy < A+ DIl 2(m)

e. (Ag — M), f = O()\), yields an approx. eigenfunction
@ But Age) = N2e, implies

Mye\, = ey

@ OnS", My = P, when A = \/k(k + n— 1) given clustering
of eigenvalues
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L9 bounds on spectral clusters

Theorem (Sogge ‘88)
If dim(M) = n>2and g € C*, then

1Ml aguy < CXDF]] 2

111 2(n+1
5(q) = {%1(2 7 il T

— n

nT - 37 i =g=0o0

Moreover, on any manifold there are families of spectral
clusters which show the exponent §(q) is sharp.
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If dim(M) = n>2and g € C*, then

1Ml aguy < CXDF]] 2

111 2(n+1
5(q) = {%1(2 7 il T

— n

nT - 37 i =g=0o0
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L9 bounds on spectral clusters

Theorem (Sogge ‘88)
If dim(M) = n>2and g € C*, then

1Ml aguy < CXDF]] 2

111 2(n+1
5(q) = {%1(2 7 il T
— n
nT - 37 i =g=0o0

Moreover, on any manifold there are families of spectral
clusters which show the exponent §(q) is sharp.

Consequently, if ey € Vi, [lexll 2y = 1

lexllzamy = O(A@)
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Spectral clusters and the wave kernel

@ In practice, can replace My by x\ = x(1/Ag — A),
x € S(R), supp(X) C (¢,2¢), x(0) =1

0= x(VBg - N = [ VAN ot
= / e cos(ty/Bg) X(1) dt + (/Dg + N)

£
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Spectral clusters and the wave kernel

@ In practice, can replace My by x\ = x(1/Ag — A),
x € S(R), supp(X) C (¢,2¢), x(0) =1

0= x(VBg - N = [ VAN ot
= / e cos(ty/Bg) X(1) dt + (/Dg + N)

@ Shows Schwartz kernel of x, is local, main contribution is
supported in € < dg(x, y) < 2¢
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Spectral clusters and the wave kernel

@ In practice, can replace My by x\ = x(1/Ag — A),
x € S(R), supp(X) C (¢,2¢), x(0) =1

0= x(VBg - N = [ VAN ot
= / e cos(ty/Bg) X(1) dt + (/Dg + N)

@ Shows Schwartz kernel of x, is local, main contribution is
supported in € < dg(x, y) < 2¢

@ The good: Opens up harmonic analysis toolbox, oscillatory
integral operator estimates
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Spectral clusters and the wave kernel

@ In practice, can replace My by x\ = x(1/Ag — A),
x € S(R), supp(X) C (¢,2¢), x(0) =1

0= x(VBg - N = [ VAN ot
= / e cos(ty/Bg) X(1) dt + (/Dg + N)

@ Shows Schwartz kernel of x, is local, main contribution is
supported in € < dg(x, y) < 2¢

@ The good: Opens up harmonic analysis toolbox, oscillatory
integral operator estimates

@ The bad: Ignores global behavior of the geodesic flow,
wave kernel
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Model operator on R”

@ Analog of x, on R": Fourier multiplier, symbol x(|¢| — )

of = / S x(I¢] — N F(€) de

@ Schwartz kernel is a convolution kernel given by:

/ < / grx=y)w da(w)) x(r—A)r"'ar
0 sn—1

e Term in parentheses: do(z) = |z~ "2 3. e*1Zla.(|z|),
setting z = r(x — y) = A(x — y), kernel is essentially

n—1 n—1 i
AT x—ymE Y e ay (A x — y))
+
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Examples saturating \°(@ growth, =22

Consider f, with f, the indicator of A, = A< <A+1}

Previous slide: |f,(x)| &~ A"~ (1 + Alx|)~"z", so for g > 2%

n—1 n— 3 n—
H?HL ~ </(1 Ay dx>" ~ AT
Allez (Vol(Ay))2

Qls
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Examples saturating \°(@ growth, 2 < g <

Consider gy with g\ a bump function on
1
MDo=An{g—elSA 2}

g» constant on the tube 7, = {|x'| < )\‘%, |Xn| <1}, get

19l e
1gxll.2

~ T2 N7 G
~ (Vol(Th)e 2 = A2
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Examples saturating \*(@) growth, g =

Digression:
Consider hy g with hy 9 a bump function adapted to

rA,GzA)\m{’é—en 59}

Forany 0 € [)\_%, 1],

n—1

[Axell 201
L n—1 ~ )\W

1hx6ll 2
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X on manifolds

@ More generally, on a compact manifold M, main
contribution of the Schwartz kernel is

N'T (dg(x.Y)) Zei“dg”)a A%, y)

with supp(a= (-, -)) C {e < dg(x, y) < 2¢}
@ In coordinates, dy(x, y) satisfies the n x n Carleson-Sjélin
condition, i.e. many of the salient features as |x — y|
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X on manifolds

@ Sogge: can find families of clusters £, g, on M with same
behavior as above

IA(X)] ~ A1 (1 4+ Ady(x, X))~ "2 nearxo € M

n—1_n
and hence [|[fx|[Lamy/[1xll 2y = A 2@
@ On S", these are zonal harmonics (exact eigenfunctions)
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X on manifolds

@ g,(x) concentrated in a A‘%—neighborhood of a geodesic
segment ~ of unit length

Taor2(y) = {x: dg(x,7) S A2}
As before, this gives

19l Lam)

1_1 n—1
||g>\HL2(M) ~ (Vol(Ty-1/2(7))) 2 = A2 (

@ On S", these are the sectoral harmonics
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Sectoral harmonics on S”

@ Mass of g, concentrated in a P neighborhood of the
equator
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Sectoral harmonics on S”

@ Equator is a stable elliptic orbit
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S is too special

No such elliptic orbits on the torus: e.g. image of lines with
irrational slope under the quotient map are dense

i

Image from J. Lee, Introduction to Smooth Manifolds
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S is too special

Main question for general (M, g): When can the O(\(9)
bounds be improved?

@ Zygmund: If Aey, = A\2ey on T? is L? normalized, then
lexllie(rey <1
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S is too special

Main question for general (M, g): When can the O(\(9)
bounds be improved?
@ Zygmund: If Aey, = A\2ey on T? is L? normalized, then
lexllie(rey <1
@ Bourgain, Bourgain-Demeter: improvements on exponent
lexllacrny S X719, o(q) < é(q)
@ Iwaniec-Sarnak: power improvements in arithmetic cases
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S is too special

Main question for general (M, g): When can the O(\(9)
bounds be improved?
@ Zygmund: If Aey, = A\2ey on T? is L? normalized, then
lellaerey <1
@ Bourgain, Bourgain-Demeter: improvements on exponent
lexllacrny S X719, o(q) < é(q)
@ Iwaniec-Sarnak: power improvements in arithmetic cases
@ Sogge-Zelditch: L> norms of normalized efcns are o()\"%)
if set of closed loops forms a set of measure zero on
cosphere bundle
@ Bérard, Hassell-Tacy: Further improvements for
nonpositively curved manifolds for (”“) <g<oo
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Avenue for improvements when 2 < g <

Theorem

Let IT denote the set of unit length geodesics on M. There
exists 2 < g < (”H) such that if £ > 0 is any positive number
and Agey = \? eA,

el oy < EXPDllexll Ty

+ CgAq(s(q)||e)\Hi2(M) sup </
yell

Ty—-172(7)

92
2
ex(2)[? dZ) ,

@ Sogge: dm(M)=2,q9=4
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Avenue for improvements when 2 < g <

Theorem

Let IT denote the set of unit length geodesics on M. There
exists 2 < g < (”H) such that if £ > 0 is any positive number
and Agey = \? eA,

el oy < EXPDllexll Ty

+ CgAq(s(q)||e)\Hi2(M) sup </
yell

Ty—-172(7)

92
2
ex(2)[? dZ) ,

@ Sogge: dm(M)=2,q9=4
o MDB-Sogge: dim(M) > 3, 2112 . g o 0t)
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Avenue for i -

Hence if [lexll 2y = 1,

a2
2
AP ey[|Toy) < € + C-sup (/ lex(2)[? dz)
YEIL \JT, —1/2(7)

This gives sufficient conditions to see that ||e, || a(m) = 0(X*():
Given € > 0 show that there exists A(¢) such that

sup lex(2)]2dz <e  forevery A > A(e)
YEIIJT, _1/2(7)
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Avenue for i -

Corollary

The following are equivalent for any subsequence of
L?-normalized eigenfunctions {ey, }72+:

limsup | sup ey, (2)Pdz | =0
k—o0 yeIl 7’)\_1/2(7)
Ik

limsup A, Py, Loy =0 for 2< g < 24D,
k—o00
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Snirelman, Zelditch, Colin de Verdiere Theorem

|

Consequence of Snirelman, Zelditch, Colin de Verdiere

Suppose the sectional curvatures of M are negative or more
generally, the geodesic flow is ergodic. The there exists a
density one subsequence of eigenvalues \; such that

Jim /|e (2)[Pdz — Vollj((AE/l))

for any Jordan measurable E.

@ cp. sectoral harmonics, if the distance from E to the
equator is positive then LHS tends to 0

Matthew D. Blair LP norms and Kakeya-Nikodym averages



Snirelman, Zelditch, Colin de Verdiere Theorem

Snirelman, Zelditch, Colin de Verdiére

Suppose the sectional curvatures of M are negative or more
generally, the geodesic flow is ergodic. The there exists a
density one subsequence of eigenvalues );, such that

ey, (2)[2dz — dz. Moreover, for a(x,¢) € C3°(S*M)

/ (pae,) (2er, @ oz~ [ a(x.€) xde
S*M

@ cp. sectoral harmonics, ]eAjk(z)\zdz tends to arclength
measure on the equator
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Nonpositive Curvature

Theorem (MDB-Sogge)

Suppose dim(M) > 3, (M, g) has everywhere nonpositive
sectional curvatures, and {ey,} is any orthonormal sequence

limsup | sup lex(2)Pdz | =0
J—o0 YEILIT _172(7)
)]

and hence

limsup A q)He)\H[_q(M =0 forany 2<qg< ”*1).

j—oo

@ Builds on results of Sogge-Zelditch (dim(M) = 2) and
Chen-Sogge (geodesic restrictions)
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Avenue for improvements when 2 < g <

Theorem

Let IT denote the set of unit length geodesics on M. There
exists 2 < g < (”H) such that if £ > 0 is any positive number
and Agey = \? eA,

el oy < EXPDllexll Ty

+ CgAq(s(q)||e)\Hi2(M) sup </
yell

Ty—-172(7)

92
2
ex(2)[? dZ) ,

@ Sogge: dm(M)=2,q9=4
o MDB-Sogge: dim(M) > 3, 212 o g o 0t)
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Avenue for i -

Corollary

The following are equivalent for any subsequence of
L?-normalized eigenfunctions {ey, }72+:

limsup | sup ey, (2)Pdz | =0
k—o0 yeIl 7’)\_1/2(7)
Ik

limsup A, Py, Loy =0 for 2< g < 24D,
k—o00
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Hormander’s theorem

Theorem (Hérmander)
Consider R, defined by

R\f(z) = /R ) e*EW)p(z, w)f(w) dw

where b € C(R" x R"), and ¢ € C* in a nbd. of supp(b)
satisfies

det (V§W¢(z, w)) — det (8§iv,,/¢(z, w)) £0.

Then ;
B fll 2y S A7 2||F|| 2wy
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Hormander’s theorem

Corollary (Hérmander)
Consider R, defined by

R\f(z) = / W p(z, w)f(w) dw

where b € C(R"” x R"), and ¢ € C* in a nbd. of supp(b)
satisfies det (V2,¢) # 0. Then for 2 < p < oo

HR)\f”Lp(Rn) S AP HfHLp’(Rn)

@ Result of interpolation with || Byf|| oo rny < [IFl] 1 (mny-
@ Taking ¢ = z - w, generalizes Plancherel/Hausdorff-Young
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Carleson-Sjélin integral operators

Now consider the mapping from functions in R"~" to R”,
b e CX(R" x R™1):

Syh(x,s) = / s b(x, s, y)h(y)dy. X,y € R scR
Rn—1

o(x, s, y) satisfies a Carleson-Sj6lin type condition:
@ Mixed Hessian V&, ¢(x, s, y) is invertible
e If 9 € S™is such that V (V4 5)¢,6) = 0, then

V2,(V(x,5)®,0) has eigenvalues of the same sign.
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Model phases

Equivalent: for fixed (xo, Sp), the following n — 1 dim’l
submanifold has positive curvatures

{d(x.5)0(X0, S0, ¥) : ¥ € supp(b(Xo, So,-)) } C Ty sy R

Examples:
@ Fourier extension phases for the paraboloid

1
o(x,8.y) =xy+5sly®

@ Fourier extension phases for the sphere

P(x,8,y)=x-y+s/1—yl?

(provided supp(b(x, s,-)) C B1(0))
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Distance phases

More examples:
Fix t and assume |t — s| =~ ¢ > 0, |[x — y| < € in supp(b)

@ Restricted Bochner-Riesz phases,

o(x.5.y) = \/(x —yR + (s 12 = |(x —y, s~ 1)
@ Restricted Riemannian distance functions,

¢(X7 S7y) = dg((X7 S)?(ya t))
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Carleson-Sjélin integral operators

After coordinate change, can assume

1
6(x,5,y) = x-y + 58lyP + O (x| + sl + (x| + IsDIyI?)

Theorem (Hérmander, Stein)

Suppose ¢ is a Carleson-Sjélin phase and for
(x,8) € R", y € R"1, define

Syh(x, s) = /

RN—1

e xSV p(x, s, y)h(y)dy.

Then for% < g < oo,

[SxhllLany S A~ 9]l 2mn-1y
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Proof of Sogge’s ), bounds

n—

IXafllamy S A z "HfHLZ(M)

@ Recall: Schwartz kernel of x, is supported in
{6 S dg(va) S 25}

2 (dg(x,y) T Y e a, \(x, y)
+

@ After a partition of unity, localize x so that |t — s| = ¢ and
|x — y| < ¢, can replace x)e) with A Sy

S\h(x,s) = / e**sNp(x, s, y)h(y)dy, X,y eR"™ ' seR
]R”*1

h(y) = f(y. t), some fixed t, and ¢(x, s, y) = dg((x, S), (¥, 1))
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Proof of Kakeya-Nikodym theorem

H e)\HLq(M) < EAqé(q) H € ||2’2(M)

gq=2
3
+C. 299(a) He>\HL2 Sup (/ ]eA(z)‘z dZ) ,
T, —172(7)

@ Using x,e\ = ey, want to estimate

lex% = / el = / aesl?lenl92

@ Left to control [ |(Sxh)?||ex|972, this time

h(y) = ex(y, 1)

Matthew D. Blair LP norms and Kakeya-Nikodym averages



Squaring S,h

@ Recall: want to estimate [ |(Syh)?||ex|9—2
@ Consider (S\h(x, s))? given by

/R . 1ei)\(qb(x,s,y)+¢(X,S7y/))bA(X’s,y)bA(X,S,y’)h(y)h(y,)dydy,
n X n

@ For N large, split integral into “diagonal”, “off-diagonal”
terms |y — y'| S NA"2, |y — y/| 2 NA~2
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Squaring S,h

@ Recall: want to estimate [ |(Syh)?||ex|9—2
@ Consider (S\h(x, s))? given by

/R . 1ei)\(qb(x,s,y)+¢(X,S7y/))bA(X’s,y)bA(X,S,y’)h(y)h(y,)dydy,
n—1yRN—

@ For N large, split integral into “diagonal”, “off-diagonal”
terms |y — y'| S NA"2, |y — y/| 2 NA~2

@ Diagonal term: Partition the y-support into cubes Q, with
sidelength )\‘15, can dominate by

N1 1Sy (h1g,)(x, 8)2
@ Later, we will see that off-diagonal term is better behaved
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On diagonal term

o lfwehad ¢ = x -y + 1s|y|?

/ POy 250P) (x5, y)10,(Y)A(y) dy x,y R seR
RrRn—1

@ Let yp=center of Q,,
1
337+ oY) = Mo bAy-yo) (k816400 3ol

@ Oscillations negligible when |x + syg| < A3, rapid outside

X = -8y,
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On diagonal term

@ Rapid oscillations outside the tube allows us to dominate

NS [ Isia ) Plese 2 <

q—2

2
N”_1)\qé(q)_(n_1)||h||§2(/w) sup (/ |e,\(Z)]2 dZ)
YEII \JT, —1/2(

@ Morally,

/ 1Sa(Mg,)Plexl? 2 ~ | Sx(Hg,) 2 / |92,
Ty —172(v(Qv))

so exploit gains from L' — L bounds and Hélder
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Off diagonal term

/ |, @AOSN ISy p, (x5, y)by(x, 5, ¥')h(y)h(y')dydy’
ly—y'IZNA"2
@ Call the contribution here By (h, h) and use Holder to
reduce to L? estimates
/ Ba(h, h)2lex|72 < | Ba(h, )| g llellfs

@ Main estimate: for some k > 0 and (”+2) <qg< 2(”+1)

| Bx(h, h)HLg < NRN2@=(=1)) )12,
so take ¢ ~ N~k
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Off diagonal term

Expect bilinear interactions to satisfy better estimates
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Off diagonal term

Expect bilinear interactions to satisfy better estimates

Tao-Vargas-Vega: Take a Whitney decomposition of

) :ly—yI=N2y = U axa,

co>2-i>NA"2 d(Q,Q )~2

Q. is a cube of sidelength 2~/
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Off diagonal term

Left to consider

B(1gh gy M(x.s) = [ eMksn sy Dy )by
v X

Refining the almost orthogonality arguments of
Tao-Vargas-Vega, S. Lee reduce matters to

1Bx(1 gy 1.1 M3 e
2(n+1)

ATl 1 j Bllizn-ty

Can check: Geometric series in j yields

A G Z 2/( 0D —(n-1)) < N—k)23(@)=(n-1)

]
1<j<log,(N—1X2)
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Off diagonal term

@ Bilinear bounds for restriction problem: Hérmander,
Tao-Vargas-Vega, Wolff, Tao

@ S. Lee: bilinear bounds for “variable-coefficient"
Carleson-Sjélin integrals above (n > 3)

@ MDB-Sogge: Adapt “c-removal" lemma of Tao-Vargas to
variable-coefficient setting, avoids losses in Lee’s bounds
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Nonpositive Curvature

Theorem (MDB-Sogge)

Suppose dim(M) > 3, (M, g) has everywhere nonpositive
sectional curvatures, and {ey,} is any orthonormal sequence

limsup | sup lex(2)Pdz | =0
J—o0 YEILIT _172(7)
)]

and hence

limsup A q)He)\H[_q(M =0 forany 2<qg< ”*1).

j—oo

@ Builds on results of Sogge-Zelditch (dim(M) = 2) and
Chen-Sogge (geodesic restrictions)
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Projecting onto smaller frequency windows

@ Consider a geodesic segment ~ of unit length, and claim
that given ¢ > 0, there exists A(¢)

/ e f<e  for) > AG)
T ~172(7)

JJ
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Projecting onto smaller frequency windows

@ Consider a geodesic segment ~ of unit length, and claim
that given ¢ > 0, there exists A(¢)

/ e f<e  for) > AG)
T ~172(7)

JJ

@ Let x € S be as above, this time consider for some T > 1

T =X(T(VAg =) = xxaté\=e\

(regularized projection onto \; € [A — +, A + 1))
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Projecting onto smaller frequency windows

@ Consider a geodesic segment ~ of unit length, and claim
that given ¢ > 0, there exists A(¢)

/ e f<e  for) > AG)
T ~172(7)

JJ

@ Let x € S be as above, this time consider for some T > 1

T =X(T(VAg =) = xxaté\=e\

(regularized projection onto \; € [A — +, A + 1))
@ Want to show there exists constants A and Ay such that

/ ot < (AT—% +ATA—%) 1120w
Ty—172(7)
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Applying TT*

@ Duality: suffices to show that if my 7 = x2(T(\/Ag — A))

I 7 liaqr, o < (CT 7+ G134 ) Wiz,

@ Up to negligible error

1T _
myr = T/Te’”\ cos(7v/Ag)x?(r/T)dr

@ Main differences:

e Can take supp(?) C (—1,1), but doesn’t vanish near
7 =0,
e Normalizing factor of 1/T
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Lifting to the universal cover

@ Cartan-Hadamard: Given x € M, exp, : M = R" — M is
a covering map, I is the group of deck transformations,

r={a:R"— R"|exp, oo = exp, }

@ Lifting g and x, y € M to the cover as g and x, y € R”,

cos( ) X,y) = Zcos( \/A»g> (%, (7))

ael
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Cosine transform on the cover

Main lemma (Sogge-Zelditch, Chen-Sogge, Sogge)

Up to acceptable error, for dg(X,2) < T

D as(\ T, %,2)et%%2) (1)
3E

@ Uses stationary phase, Hadamard parametrix for
cos (1/Ag)
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Oscillatory and non-oscillatory terms

@ Up to acceptable error, kernel of my 1 is thus

o en=l N2 L o
> lds(x (i) 2 ar(\, T, %, a(y)) et (xa()
acl,+

@ Can restrict attention to x, y € T, -1/2(7)
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Oscillatory and non-oscillatory terms

@ Up to acceptable error, kernel of my 1 is thus

o en=l N2 L o
> lds(x (i) 2 ar(\, T, %, a(y)) et (xa()
acl,+

@ Can restrict attention to x, y € T, -1/2(7)

@ ~ lifts to geodesic segment 7, have 2 cases:
e «a(%), 4 lie on the same geodesic: no oscillations, but only

O(T) terms and good control over (dj(X, a(}"/)))f%
o Otherwise, there are O(eCT) such terms, but oscillations are
nontrivial. Use Hérmander’s theorem to yield a gain of A4

@ End result

_1 -1
s 727, ooy < (CT 72+ CrAT8 ) flluzer,
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