
First, A Reference

Do these notes not make sense? Then you should probably read Modular Forms and Modular Curves by
Diamond and Im.

The Big Picture

Let GQ be the absolute Galois group of Q. We know that X0(N) is an algebraic curve over Q. The last time
we talked about a class of algebraic curves over Q, namely elliptic curves, we got a bunch of representations
GQ → GL2(Zl) from the action of GQ on the ln-division points of an elliptic curve E. X0(N) is not necessarily
a group, so we shouldn’t talk about ln-division points of X0(N), but its Jacobian J0(N) := JX0(N) is, and
we could get a representation on its division points.

This will turn out to be a very worthwhile thing to do. The representation ρ we get from the ln division
points of JX0(N) will decompose (after base-changing) into a bunch of 2-dimensional representations ρi.
For p a prime number we can look at the local representation ρi|p of ρi at p. If ρi is unramified at p

(which happens if p does not divide lN) then it makes sense to ask about what ρi|p does with the Frobenius
automorphism, the generator of GQp

/Ip. We will find that the trace of Frobenius of ρi|p is the pth Fourier
coefficient of fi, where the fi is a basis of eigenforms for the Hecke algebra acting on S2(N).

But as of now we don’t even know that JX0(N) is algebraic so we can’t do any of this yet.

Jacobians

What is the Jacobian anyway? X0(N) and JX0(N) are in fact varieties over Q, but for now let’s only worry
about their C-valued points, and think of them as complex manifolds.

Let Y be a complex manifold. Let σ : ∆1 → Y be a 1-simplex of Y . Let Γ(Y,Ω) be the (C vector space)
of global holomorphic differential 1-forms on Y . σ gives us an evaluation map Γ(Y,Ω) → C sending ω to∫

σ
ω, so we have a map from the group of 1-chains C1(Y, Z) → Γ(Y,Ω)∨ where ∨ denotes dual as a complex

vector space. In fact this gives a well defined map H1(Y, Z) → Γ(Y,Ω)∨. The image of H1(Y, Z) is a lattice
in Γ(Y,Ω)∨, so the quotient is some complex manifold, which we name JY .

Definition. The “Jacobian” JY of Y is the quotient of Γ(Y,Ω)∨ by H1(Y, Z) as described above.

Definition. If we fix a base point y0 of Y we can define the “Abel map” Y → JY by sending

y → (ω →
∫ y

y0

ω ∈ Γ(Y,Ω)∨

This integral is well defined modulo the lattice.

There are a lot of other definitions of Jacobian out there. Some people define the Jacobian as the
moduli space of topologically trivial holomorphic line bundles on Y . Other people define it as the quotient
H1(Y,OY )/H1(Y, Z). Here OY is the sheaf of holomorphic functions on Y , and the map H1(Y, Z) ↪→
H1(Y,OY ) comes from the exponential exact sequence

0 → Z → OX → O∗
X → 0

In our situation Y is an algebraic curve over Q, and we get yet another construction of JY which gives JY

the structure of a variety over Q. Write Div Y for the space of divisors on Y , i.e. the space of formal sums
of points of Y , and write Div0 Y for the ones of degree 0. The Abel map extends uniquely to a surjective
map of abelian groups Div Y → JY , and we can then restrict that map to a map Div0 Y → Γ(Y,Ω)∨. The
kernel of this map is the principal divisors P (Y ), so we can rewrite JY = (Div0 Y )/P (Y ), at least as a set.
In this guise the Abel map looks like y → y − y0 + P (Y ).

1



(Div0 Y )/P (Y ) has the structure of a variety over Q. This is not actually obvious, since it is not clear
how to give DivY the structure of a variety, and quotients of varieties are not in general varieties. But as it
turns out, (Div0 Y )/P (Y ) parametrizes (algebraic) line bundles on Y . So we can think of JY as the moduli
space of algebraic line bundles, which has an algebraic structure. For all the details, see Steve Kleiman’s
expository article The Picard Scheme.

Hecke Operators

One as-yet undefined component of the “big picture” summary above was the algebra of Hecke operators.
From now on fix the level N .

Definition.
Let

∆m =
{(

a b

0 d

)
∈ M2,2(Z)|ad = m, d > 0, 0 ≤ b < d, (a, b, d) = 1

}
Let f be a cusp form of weight k, level N and nebentypus ε. We define the mth “Hecke operator” Tm by

Tmf = m
k
2−1

∑
α∈∆m

f |[α]k

Recall that f |[α]k is the function z → (cz + d)−kf(α · z).

Exercise 0.1. If the q-expansion of f at ∞ is f =
∑

n anqn then Tmf =
∑

n bnqn where

bn =
∑

d|(m,n)

ε(d)dk−1amn/d2

in particular, Tmf ∈ Sk(N, ε).

From the exercise we see that Tm is a linear endomorphism of Sk(N, ε).

Definition. If f ∈ Sk(N, ε) is an eigenvector for all the Tm’s then we call it a “cuspidal eigenform”.

Exercise 0.2. If Tmf = λmf then am = λma1. (We call f “normalized” if a1 = 1, so that λn = an).

Exercise 0.3. The operators Tm commute with each other.

Definition. The “Hecke algebra” Tk,N,ε is the (commutative) ring generated by the Hecke operators. Note
that if f =

∑
n anqn is a cuspidal eigenform then the map Tm → am induces a character T → C, called an

“eigencharacter”.

The Hecke algebra acts tautologically on Sk(N, ε) but it also acts on X0(N) via the formula

Tm[z] =
∑

α∈∆m

[αz]

It therefore acts on Div0 X0(N), hence on JX0(N).

Definition. Let Sk(N, Z) ⊂ Sk(N) denote the forms f such that the q-expansion of f at ∞ has integral
coefficients. For any ring A, let Sk(N,A) = Sk(N, Z)⊗Z A.

The first exercise of this section shows that T acts on Sk(N, Z) if ε is trivial. We’ll assume that from
now on.
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Claim: Sk(N, C) = Sk(N), i.e. Sk(N) has a C-basis in Sk(N, Z). Assuming this claim, T injects into
EndSk(N ; Z). The latter is finitely generated as a Z-module, so T is as well. In particular the image of T
in C under any character is contained in a number field.

Claim: Let f ∈ Sk(N ; Z). We get a map T → Z by sending Tm to the first Fourier coefficient a1 of
Tmf . This gives us a map Sk(N ; Z) → hom(T , Z). The claim is that this map is a bijection. By tensoring
with A, this implies Sk(N ;A) ∼= hom(T , A). We won’t use this for a while though.

Representations Coming from JX0(N)

In the “big picture” we said that JX0(N) would give us some 2-dimensional representations of GQ over some
reasonable extensions of Ql. We are finally ready to make good.

Theorem 0.4. Let f =
∑

n anqn be an (N, k, ε) cuspidal eigenform. Let λ 6= 0 be a prime ideal of Of .
Letting Kλ be the λ-adic completion of Of and (l) = λ ∩ Z, there exists a unique continuous representation
ρ : GQ → GL2(Kλ) such that if p does not divide lN then ρp(Ip) is trivial, and ρp(Frobp) has trace ap and
determinant ε(p)pk−1.

Proof. (Sketch) Since JX0(N) is a torus of dimension 2g, where g is the genus of X0(N), its l-torsion points
are isomorphic as a group to (Z/ln)2g. GQ acts on JX0(N) so it acts on the ln torsion points. In fact
these actions are compatible, so we get a representation GQ → GL2g(Zl). Meanwhile, T acts on JX0(N)
so we similarly get an action of T on Z2g

l . If we base change to Ql, we get an action of T on Q2g
l . This

lets us define a T ⊗Z Ql-module structure on Q2g
l . Q2g

l turns out to be a free rank-2 module over T ⊗Z Ql.
Writing Q2g

l
∼= (T ⊗Z Ql)⊕2, we can think of the Galois representation we had a moment ago as a map

GQ → GL2(T ⊗Ql). Note that up until now we have not used f at all.
f induces an eigencharacter θ : T → Of ↪→ C, which induces maps

πλ : T ⊗Ql → Of ⊗Ql =
∏

λ′∩Z=(l)

K ′
λ → Kλ

This means we can map GL2(T ⊗ Ql) → GL2(Kλ). Precomposing with our representation of GQ we get a
map GQ → GL2(Kλ). This is the desired representation.
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