
Notes for March 5, 2013

Recall for a cuspidal eigenform f of type (k,N, ε), λ a prime ideal of Of such that Kλ = Frac((Of )λ)
and λ∩Z = lZ , we obtained a modular Galois representation ρ : GQ → GL2(Kλ) which is unramified
at p - lN and

Trρ(Frobp) = ap(f)

det ρ(Frobp) = ε(p)pk−1

In fact ρ stabilizes a lattice so we can conjugate it to ρ : GQ → GL2((Of )λ).
Today we will study Galois representations associated to elliptic curves over Q. We will see what kind
of representations they produce, and what ”nice” means in the following diagram:

{ modular representations } ⊆ {nice representations }

⊂

{elliptic representations }

1 Semistable representations over finite fields

Let F be a finite field of characteristic l > 2, V be a 2 dimensional F− vector space. Suppose GQ acts
continuously on V. We have following diagram:

GQ
ρ

// GL2(F )

GQp

OO

ρp

::vvvvvvvvv

where ρp is the local data associated to ρ. Recall ρp : GQp → GL2(F ) corresponds to an étale group
scheme over Qp.

Definition 1.1 (1) For prime l,

(i) Call ρ good at l if this group scheme comes from base change of a finite flat group scheme
over Zl and det ρ|Il = χ|Il where χ is the cyclotomic character.

(ii) Call ρ ordinary at l if the restriction ρ|Il can be conjugated to matrices of form

(
χ|Il ∗
0 1

)
.

(iii) Call ρ semistable at l if ρ is good or ordinary at l.

(2) For prime p 6= l,

(i) Call ρ good at p if ρ is unramified at p, that is, ρ(Ip) = {1}.
(ii) Call ρ semistable at p if ρ(Ip) is unipotent, which is equivalent to that all its eigenvalues

are 1.

(3) Call ρ semistable if it’s semistable at all primes.
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2 Serre invariants

Given ρ as above, we want to say it’s modular. In particular, we need to define integers N(ρ) and k(ρ)
and a map ε(ρ) : (Z/N(ρ))∗ → C∗ such that there is a cuspidal eigenform f of type (N(ρ), k(ρ), ε(ρ))
with corresponding commutative diagram:

GQ //

ρ
%%KKKKKKKKKK GL2((Of )λ)

modulo maximal ideal
��

GL2(F )

Of course one need some assumptions to make this happen. We assume ρ is odd (that is, det ρ(C.C.) =
−1, where C.C. stands for complex conjugation), and ρ is absolutely irreducible (that is, V ⊗F F has
no proper GQ invariant subspaces)

Conjecture 2.1 (Strong Serre Conjecture) There is a cuspidal eigenform f of weight k(ρ), level N(ρ),
nebentypus ε(ρ) whose associated residual representation is ρ.

Conjecture 2.2 (Weak Serre Conjecture) There exists a cuspidal form whose associated residual
representation is ρ.

Remark 2.3 Ribet et al showed that (Weak Serre Conjecture) implies (Strong Serre conjecture). It’s
related to Ribet’s level lowering technique. Strong Serre Conjecture is now proved.

Now we explicitly construct N(ρ), k(ρ) and ε(ρ).
Consider ρp : GQp → GL2(F ) for p 6= l. Let gi denote the image under this map of Gi the i-th
ramification subgroup. One has to use the so called upper numbering technique to define the inverse
limit in definition of higher ramification groups. Let Vi be the subspace of V fixed by gi, and then
define

n(p, ρp) =

∞∑
i=0

dim(V/Vi)

|g0/gi|

An amazing fact about this quantity is that it’s actually an integer.

Example 1

n(p, ρp) = 0⇐⇒ V0 = V ⇐⇒ ρp(G0) = 1 that is, it’s unramified at p

Example 2

n(p, ρp) = dim(V/V0)⇐⇒ V1 = V ⇐⇒ ρp(G1) = 1 that is, it’s tamely ramified at p

Definition 2.4 N(ρ) =
∏
p 6=l

pn(p,ρp)

Remark 2.5 ρ ramified at finitely many primes implies the product is well defined.

The map det(ρ) : GQ → F ∗ has abelian image. By Class Field Theory it factors through Gal(Q(ξm)/Q),
as every abelian extension is a subfield of a cyclotomic extension. Morever, m = l ·N(ρ). Thus we get

(Z/N(ρ))∗ ↪→ (Z/l)∗ × (Z/N(ρ))∗ ' Gal(Q(ξm)/Q)→ F ∗ ↪→ C∗
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The composition of above maps yields ε : (Z/N(ρ))∗ → C∗.
The last thing to be defined is the weight. Recall det(ρ(Frobp)) = ε(p)pk−1, χ(Frobp) = p. Reduce
mod l, we expect det(ρ) = ε · χk−1. This will decide weight k up to a multiple of l − 1 = |F ∗l |, as
χl−1 ≡ 1.
To decide the exact weight, recall ρ(G1) = 1, so ρ|Il factors through Il/G1:

Il
ρ|Il //

!!CC
CC

CC
CC

C GL2(F )

Il/G1

::ttttttttt

Here Il/G1 is cyclic of order prime to l, which means one can diagonalize it ( possibly after extending

to quadratic extension) as ρ|Il ∼
(
φ 0
0 φ′

)
for φ, φ′ : Il → F ∗. Recall when determining the structure

of Il/G1, we had a bunch of so called fundamental characters. The way to write φ, φ′ in terms of them
yields k(ρ).

Theorem 2.6 ρ is semistable ⇐⇒ N(ρ) is square free, ε(ρ) is trivial and k(ρ) is 2 or l + 1.

3 Fontaine-Mazur Conjecture

Suppose R is a complete local Noetherian ring with finite residual field of characteristic l. R is a Zl−
algebra, and we still denote composition GQ

χ
// Z∗l // R∗ by χ.

Let ρ : GQ → GL2(R) be a continuous homomorphism, let V = R2 be the space of this representation.

Definition 3.1 (1) If |R| < ∞, call ρ good at l if the corresponding étale group scheme over Ql

comes from a finite flat group scheme over Zl and det(ρ|Il) = χ|Il

(2) For general R, call ρ good at l if for every closed ideal I of finite index in R, the composition

GQ
ρ

// GL2(R) // GL2(R/I) is good at l.

(3) Call ρ ordinary at l if there is a short exact sequence

0→ V −1 → V → V 0 → 1

of free R− modules stable under GQ such that Il acts trivially on V 0 and by χ on V −1 (essentially

ρ|Il ∼
(
χ|Il ∗
0 1

)
).

(4) Call ρ semistable at l if it is good or ordinary at l.

Conjecture 3.2 (Fontaine-Mazur Conjecture) Let O be the valuation ring of a finite extension K
of Ql, and ρ : GQ → GL2(O) be a continuous, absolutely irreducible homomorphism, unramified
away from finitely many primes and semistable at l. Then there exists a cuspidal eigenform f whose
associated Galois representation is ρ.
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4 Reduction of elliptic curves

In this section we will introduce semistable elliptic curves, show their corresponding Galois represen-
tations are semistable and that Frey curves are semistable. First we have a Weierstrass model for any
elliptic curve E over Q:

y2 + a1xy + a3y = x3 + a2x
2 + a4x+ a6

By completing squares and cubes we can change variables and rewrite the above equation as:

y2 = x3 − 27C4x− 54C6

Its determinant is given by ∆ =
C3

4−C2
6

1728

Definition 4.1 Call E has good reduction over Qp if there exists a Weierstrass model for E with
ai ∈ Zp, such that, when reduced mod p it defines an elliptic curve over Fp.

Example 3 y2 = x3 − 64 seems to have a bad reduction mod 2, but it is isomorphic to y2 = x3 − 1
after a change of variable. By definition, it has good reduction at 2.

From now on we focus on Frey elliptic curves y2 = x(x − A)(x − B) where A,B,C = −B − A are
relatively prime. For (FLT)l, A = al, B = bl, C = cl.
One can calculate ∆ = 16(ABC)2. So if p - 2ABC, E has good reduction. For the (FLT)l situation,
one may assume A ≡ −1( mod 4), B ≡ 0( mod 32), and factor 2 can be absorbed into B. Make
following change of variables x 7→ 4x, y 7→ 8y + 4x, one will get another model for the Frey curve

y2 + xy = x3 +
B −A− 1

4
x2 − AB

16
x (*)

For this model, one can calculate ∆ = 2−8(ABC)2 and C4 = A2 + AB + B2. It’s not difficult to see
that C4 is prime to ∆, or equivalently, for any p | ABC, vp(C4) = 0. As a result of this:

Claim 4.2 (*) is a minimal Weierstrass model. (or simply put, ∆ is as small as possible)

Actually we have criteria: a Weierstrass model is a minimal model if vp(∆) < 12 for any p. Al-
ternatively if vp(C4) < 4 or vp(C6) < 6 then it is minimal. Then the claim is clear by previous
observation.
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