AN APPLICATION OF JOHN ELLIPSOIDS TO THE SZEGO KERNEL ON
UNBOUNDED CONVEX DOMAINS

SOLEDAD BENGURIA!

ABSTRACT. We use convex geometry tools, in particular John ellipsoids, to obtain a size estimate for
the Szegd kernel on the boundary of a class of unbounded convex domains in C". Given a polynomial
b:R™ — R satisfying a certain growth condition, we consider domains of the type Q, = {z € C"*! :
Im[zn41] > b(Re[z1],...,Relza]) }.

1. INTRODUCTION

The study of the behavior of Szeg6 kernels near the boundary of domains has been of great interest
in the field of several complex variables during the past few decades. In this work we obtain a size
estimate for the Szeg6 kernel on the boundary of a class of unbounded domains in C™. Our approach
to this problem is the use of classical convex analysis techniques, and in particular an application of
John ellipsoids.

1.1. Background. Given a strictly convex polynomial b : R®™ — R, consider the domain
Qb = {(217 s 7zn+1) € (Cn+1 : Im[szrl] > b(R‘e[zl]v s 7Re[an}‘
For unbounded domains of this type, it is convenient to define the Szegd projection as in [15].

We can identify the boundary 0, with C™ x R so that a point (z,¢f) € C™ x R corresponds to
(z,t+ ib(Re[z1], ..., Re[zn])) € Q.

Let O(€) be the set of holomorphic functions in . Given F' € O(€) and € > 0, set

F.(z,t) = F(z,t + ib(Re[z1], ..., Re[zy]) + i€).
The Hardy space H?({)) is defined as

HE(Q) = {F € O(Y) : sup/ |Fe(z,t)?dzdt = ||F|j32 < oo} . (1)

e>0 JC* xR
Let p(z1,...,2n+1) = b(Re[z1],...,Relzy]) — Im[2,,41] be a defining function for the domain, i.e.,
O = {z € C"" : p(z) < 0} where p € C*°(C"*1) is such that Vp # 0 when p = 0. A Cauchy-

Riemann operator is an operator of the form L = E;Lill aj%. We say that L is tangential if in

addition L(p) = 0.

For a class of convex polynomials b : R™ — R satisfying a certain growth condition, we will define
the Szegd projection IT : L2(9Q) — H?(%) to be the orthogonal projection from L?(9€2,) to the
closed subspace of functions f € L?(9€) that are annihilated in the sense of distributions by all

1991 Mathematics Subject Classification. 32A25 primary; 30C40 secondary.
Key words and phrases. Szeg6 kernel; John ellipsoids; unbounded convex domains.
1



2 BENGURIA

tangential Cauchy-Riemann operators on 0€),. For a thorough discussion on why such a map is
well-defined, refer to Appendix B on [28]. It can be shown that the Szegl projection is given by
integration against a kernel. That is,

i) = . S(z.w) f(w)do(w)

where do is an appropriate measure on 0, (defined below, just before the statement of the Main
Theorem). Here, S(z,w), is called the Szegé kernel and is the object we study.

The growth condition that we will impose on the polynomials b on this paper is the following.

Definition 1.1. Let my,...,m, be positive integers. We will say that a polynomial p : R — R s
of combined degree (my,...,m,) if it is of the form

p(®) =) cox®,

where the exponents of its pure terms of highest order are 2my, ..., 2m, respectively and each index
a=(ay,...,qp) satisfies
aq Qn
1) — +... <1
( ) 2ma + + 2my, ’
(2) S I if and only if there exists some j such that a; = 2m;.
2ma 2my,

Example 1.2. The polynomial p(x1,z2) = o3 + x122 + 2303 + 21 + 25 is of combined degree (2,3).
However, the polynomial p(x1,2) = 22 + x122 + 2323 + 21 + 2§ is not a polynomial of combined
degree.

Throughout the rest of this work we will assume that

Q= {(21,...,2041) € C" : Im[z,41] > b(Re[z1], ..., Re[z,])},

where b : R” — R is a strictly convex polynomial of combined degree (my,...,m,). We will also
identify 9, with R™ x R™ x R. That is, given (z, z,11) € C"*!, we write z = « + iy, and denote a
point on 0 by using the notation (x,y,t), where t = Re[z,+1]. As is [15], and to avoid degeneracy
issues due to the unboundedness of the domain, we take Lebesgue measure do = dxdydt as the
measure on the boundary.

We obtain the following size estimate for the Szegd kernel on the boundary of €, :

Main Theorem. Let (x,y,t) and (x’,y’,t') be any two points in d. Define b(v) = b ('v + %‘”I) —

Vb (252) 0 —b (252 s 6(x,2') = bla) +b(a') — 2b (252 ) ; and w = (' =)+ Vb (252 - (v ~ v).
Then

C

S (2, y,1); (@, 9/ )] <
{v bv) < /8 +bly ) + w2}

\/52+5(y—y’)2+w2

- (2)
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Here the constant C' depends on the exponents {m1,..., my} and the dimension of the space, but is
otherwise independent of the choice of b and of the two given points.

Remark 1.3. The condition that b is of combined degree is sufficient to ensure the existence of esti-
mates as above. However, similar results could probably be obtained under weaker assumptions (e.g.,
a finite-type assumption). The methods we use in this work, though, rely heavily on the combined
degree hypothesis. New methods would have to be developed to generalize this result. In particular,
the proof of Claims 4.3 and 4.5 would need to be adapted. The result of these claims (especially of
the first one) are used repeatedly throughout the paper. The fact that b is a polynomial function also
plays an important role throughout this work (see, e.g., Claims 4.8, 4.11, and 5.4).

For bounded domains 2 the Szeg6 kernel has been extensively studied. Among others, the works
by Gindikin [13], Fefferman [8], Boutet de Monvel and Sjostrand [4], Phong and Stein [29], Boas
[2, 3], Christ [7], Fefferman, Kohn, Machedon [9], Machedon [22], McNeal and Stein [24], Lanzani
and Stein [20] [21], and Krantz [18] [19], have given great insight on the behavior of the Szegé kernel
and the Szegd projection. Much less is known about the Szeg6 kernel on unbounded domains €.
Rather than broad general results, only particular domains have been studied in the latter case.

When studying the Szeg6 kernels for unbounded domains, domains of the type Q = {(z, z,+1) €
C™ x C : Im[zp41] > ¢(2)} for different choices of functions ¢ have been of particular interest. In
fact, when n = 1 the Szegd projection and kernel on such domains have been extensively studied. For
example, Greiner and Stein [14] obtain a closed formula for the Szegd kernel for ¢(z) = |z|?*, k € N.
The singularities of the Szegd kernel have been studied by Haslinger [16] when ¢(z) = |Re[z]|%,
a > 3; by Carracino [6] for a particular choice of a non-convex ¢; by Gilliam and Halfpap [11], [12]
when ¢ is a non-convex even degree polynomial with positive leading coefficient; and by Halfpap,
Nagel and Wainger [15], who consider, among others, functions such that ¢(z) = exp(—|z|~%), a > 0,
for |z| small and ¢(z) = 2z?™ for |z| large. Nagel [25] studies the Szegé kernel on the boundary of
domains of the kind 2 = {z € C? : Im[z2] > ¢(Re[z1])}, where ¢ is a subharmonic, non-harmonic
polynomial with the property that A¢(z) = A¢(x + iy) is independent of y. He shows that in this
case the Szegd kernel is bounded by |B|™!, where |B| is the volume of a certain non-isotropic ball.
Nagel’s result was later generalized by Nagel, Rosay, Stein and Wainger [26] [27] to domains where ¢
is a subharmonic, non-harmonic polynomial in C. Furthermore, they obtain similar estimates for the
derivatives of the Szego kernel, and use these to obtain LP bounds for the Szegd projection. See also
[22] for a related problem. More recently, Peterson [28] considered domains where ¢ is a smooth,
subharmonic, nonharmonic function and 02 satisfies a uniform finite-type hypothesis of order m.

Less progress has been made in the case n > 1. See, however, [10], and the references therein. In
[10], Franciscs and Hanges take ¢(z,&) = ||z||? + ||¢||*P for z € C", £ € C™, n >0, m >1and p a
positive integer, and obtain a closed formula for the Szegé kernel.

It was the goal of obtaining similar results to those of Nagel [25], but for n > 1, that led me to
work on the problem at hand. One of the main difficulties of the problem in several dimensions stems
from the fact that the polynomial b we consider can exhibit different growth rates along different
directions. This is where the John ellipsoids come into play, allowing one to introduce a rescaling
that takes care of this issue.
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In [30], Raich and Tinker study a similar problem. They consider domains Q = {(z,w) € CxC" :
Im[w] =

a = (ai,...,ap) € R". They obtain a bound for the Szegd kernel and its derivatives in terms of the
volume of a ball defined by a certain pseudometric, as well as an explicit formula for the Szeg6 kernel

when p(z) = 22

P(Relz])}, where P = (aip,...,app) with p : R — R a convex polynomial, a, = 1, and

1.2. Methods. Except for the setup of the problem, which is outlined in Section 2, all the methods
we use are classical convex analysis techniques. In fact, an application of John ellipsoids is the key
ingredient in the proof of the Main Theorem.

In Section 2 we derive an integral formula for the Szeg6 kernel. Our estimates all follow from a
study of this integral expression, given by

e2mn[x+z' —i(y' —y)]

/ At [n-v—b(v)T] dv

S((z,y,t); (2,9, 1)) = *2”“’(””'”“*‘)*”/ 2l / dn | dr.  (3)
0

In Sections 3 and 4 we build the tools that we use in the proof of the Main Theorem, which is
presented in Section 5. We devote Section 3 to a study of the coefficients of convex polynomials in
several variables. In the one-variable case it was shown in [5] that the absolute value of the coefficients
of a convex polynomial with no constant or linear terms can be bounded, up to a constant that
depends only on the degree of the polynomial, by the value of the polynomial at 1. It is not possible
to obtain such a bound in more variables, since the polynomial might be growing in some directions
but not along others. However, we show that the absolute value of the coefficients can be bounded
by the average of the polynomial over a circle of arbitrary positive radius, up to a constant that only
depends on the degree of the polynomial and the chosen radius. In Section 4 we use this result to
prove a technical lemma that will be key in dealing with the denominator integral of equation (3).

In Section 5 we present the proof of the Main Theorem. The proof is, at its core, an application
of John ellipsoids. We introduce a change of variables in the integral expression for the Szeg6 kernel
comprised of factors defined by the length of the axes of the unique maximal inscribed ellipsoid
associated to a symmetrization of the convex body R = {'v : Th(v) < 1} . The construction of these
factors is presented in Section 5.1, and it is from the product of these factors (which appear in the
denominator as the Jacobian of the change of variables), that the volume expression in the estimate
given in equation (2) is obtained.

So as to make the computations simpler, we have split the proof of the Main Theorem into the
proof of three separate bounds. The first bound, in terms of §, is given in Section 5.2.1; the second
bound, in terms of g(y — '), is presented in Section 5.2.2; and the bound in terms of w is given in
Section 5.2.3. These bounds are then combined to yield the estimate of the Main Theorem in Section
5.2.4.

Geometric tools, such as the ones we employ in this paper, have often been used in the study of
the Szegd kernel. For example, similar geometric ideas are used by McNeal and Stein [24] to obtain
a bound for the Szeg6 kernel S(z,w) for smoothly bounded convex domains €2 of finite type in C™
in terms of the smallest tent in 9 containing z and w (see also [23]). That is, they show that for
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smoothly bounded convex domains of finite type in C™, there exists a constant C so that for all
z,w € O x Q\ {diagonal in 9Q},

C
T(z,7)I°
Here T'(z,v) = Py(7(2))N€; the projection 7 : U — 99 is a smooth map such that if b € 9Q, 7(b) = b
and 771(b) is a smooth curve, transversally intersecting 99 at b; and v = |r(2)| +|r(w)|+inf{e > 0 :
w € T(z,€)}. The geometric constructions used in [23] and [24] are based on the length of the sides
of a certain polydisc, as opposed to the lengths of the axes of an ellipsoid. The use of John ellipsoids,

15(z,w)| <

however, seems more natural for the domains we consider. In fact, one of the key components of our
proof is the use of universal bounds for the coefficient of convex polynomials in terms of the average
of the polynomials over circles of arbitrary positive radius (as described above, and in more detail in
Section 3). Thus, it makes sense to consider ellipsoids (which can be rescaled into spheres), rather
than polydiscs. The particular tools we employ (i.e, the approximation by John ellipsoids) have not
been used before in this context and provide a new approach to the problem.

2. PRELIMINARIES

In this section we derive an integral formula for the Szegd kernel for the domains under consider-
ation. We follow the analogous derivation for the one-dimensional case found in [25].

Proposition 2.1. The Szegd kernel on the boundary of domains of the type Q, = {z € C"*l .
Im[zn41] > b(Re[z1],...,Re[z,])} where b : R™ — R is a convexr polynomial of combined degree is
given by

e2mn[z+x' —i(y’ —y)]

/ 4dr[n-v—b(v)T] dv

S((:c, v, t), (33,, y/’ t/)) _ —27r7'[b(iv’)+b (z)+i(t'—1)] / d,’,l dT, (4)
0

where (x,y,t) and (2',y’,t') are any two points on OQ.

Proof. Let
p(215- s Znt1) =b(Re[z1], ..., Re[zn]) — Tm[2y,41]
b (z1 +Z +zn> _ Zntl — Zngl ()
N 2 9 2i

be a defining function for our domain. The Szegé projection is the orthogonal projection II :
L2(0%) — H?(0Q). Tt can be shown (see, e.g., [15], [1]), that H?(9) as defined in equation
(1) is equivalent to the space

{f € L>(0%) : Z(f) = 0 as a distribution, for all Z € T%1(9¢,)}.
We begin by finding a base for the tangential Cauchy-Riemann operators. We can let

_ 0 0
Z:=2 + Ai(z1, ... 2 i=1,....n.
J (6 (zla y 2 )8Zn+1> J n
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For these operators to be tangential they must satisfy Z;(p) = 0. Thus,

— 0 b 0
Zi=2|— —i— i=1,...
J <6ZJ Za.ﬁlf] (m)azn+l> J ) y T

are a basis for the space of tangential Cauchy-Riemann operators for our domain in C"*!. We can
identify 00, with C™ x R via the diffeomorphism

(21,20, 1) €EC" X R > (21, .., 2n,t +ib(Re[z1], ..., Relz,])) € 0.

Our operators Z; are operators in C™*!. The pushforward of these operators to C" x R is

— 0 0 ob 0
Z' = — ) _— _ .
J Ox; T <8yj Ox; () 815) (6)

Lemma 2.2. Given x € R", n € R", and 7 € R, let

M[g](m> n, 7-) = e—27r[n~m—b(m)7‘]g(m’ n, 7'),

and define the partial Fourier transform

Fiilwy.7) = femn) = [ 00 @,y 0 dy .

Rn+1

Then

M LAR*™ dgdndr) — LH(R e o=@l g dy dr )
is an isometry for f € L*(R*"*! dxdndr), and
9

71— —1ag-1
Zilf)=F Mg

MF[f] j=1,...n.
Proof. It is easy to check that M is an isometry in this weighted L? space. Also,
Zi[N1 =27 ()

_ / 2y mtr) <af(w’"’7) —2mn; fla,m, 7) + ab(%)me(ﬂ:ﬁJ)) dndr

Bt 8xj 8.1‘j
_ / 627ri(y-n+t7)627r[nmb(m)7‘]£ (6727T[’r]'m7b($)T]f(w7 n, T)) dndr
Rn+1 J
—Fim L vy,
8acj

0

Since F and M are isometries, instead of projecting onto the null space of the tangential Cauchy-
Riemann operators we can project onto the closed subspace of functions in L%(R?"+!, gdmlnz—b(x)7]
dx dn dr) which are a.e. constant in x.

More precisely, as in [25], let
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/647T[77-a:7b(w)‘r] de < OO} )

R

Y= {(n,f) e R*t!

Then, because of the growth hypothesis on b,

Y ={(n,7) e R |7 >0}

This follows from the fact that b is positive and grows at least quadratically in all directions.

Let ﬁ,w be the projection of L2(R", e ®=b®)7] dz) onto the constants if (n,7) € %, and let
fL,W = 0 otherwise. Then, if (n,7) € X,

We define the projection

ﬁ L2 (RQn—s—l’ e47r['17'm—b(:n)7']dm dn dT) - LQ(R2TL+1, e47r[77.1:—b(m)7']dm dn dT)

Mg(x,n,7) = My (g9.0) (@),

where g, - () = g(x,m, 7). Then II[f] = F LM HMIMF[f] is the projection from L2(R21, da dy dt)
onto the null space of the tangential Cauchy-Riemann operators. Thus, if f € L?(R?"*! dz dydt),
the Szegé projection is given by

[ f)(x, y,t) = F ' MTIMF[f] (2, y.t) = / &'y t)S(=,y,t); (2, t))da’ dy’ dt,
R2n+1

where the Szegd kernel is given by

, e2mn[x+x’ —i(y' —y)]
S((z,y,t); (2,9, 1)) = _2’”[ @) rbla) e )] dn | dr.
0 / 47r[77 v—b(v)T] dv

This finishes the proof of Proposition 2.1.
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3. COEFFICIENTS OF CONVEX POLYNOMIALS OF SEVERAL VARIABLES

In this section we obtain bounds for the absolute value of the coefficients of convex polynomials
of several variables with no constant or linear terms.

Theorem 3.1. Let (M) = {(a1,...,an) € N* : 2 < |a|] < M}. Let S(M) be the set of convex
polynomials of the form g(v) = ZaeF(M) cqV®. Then for any fized a > 0, there exists a positive
constant C(M,a) that depends only on M and the constant a such that if g € S(M),

> leal <COMLa) [ glo)do 7)

ael(M) ol=a

Remark 3.2. This is a generalization of the result in one variable by Bruna, Nagel and Wainger in
[5] (Lemma 2.1).

Proof. Let a > 0 be a fixed positive constant and let |I'(M)| denote the cardinality of the set of
indices T'(M). We identify the space S(M) with a cone in RTM)I via the identification

g(v) = Z ca¥® € S(M) < (c1,- .-, r(an)) € RITADOL
a€cl’' (M)
where ¢; corresponds to the coefficient ¢, for the j element o in T'(M), under some fixed but
arbitrary ordering of I'(M).

Let

Yu={gv)= Z cqv® € S(M) : Z lca| = 1}. (8)

a€l (M) a€l(M)

We claim that ¥, is a compact subset of the cone S(M). In fact, let {cp}nen in R be a
sequence of tuples associated to a sequence of polynomials {g,}nen in 3ps. Since {cp}nen is a
sequence contained in the compact set By = {(c1,- ., ¢rar)) € RITOI Yi<j<rny el =1}, it
has a convergent subsequence {cp, }n,en . Let ¢ be the limit of this subsequence, and let g be the
polynomial associated to this tuple. We claim that ¢ is an element of ¥ ,;. In fact, the identification
preserves the degree of the polynomial and the fact that there are no constant or linear terms. Also,
since ¢ is an element of By, it satisfies that > ;< ;<rar) lcj| = 1. Thus, is suffices to show that
q is convex. This follows easily, since given any polynomial ¢,, associated to an element of the
convergent subsequence {cp, }n,en, we have that ¢, (ax + (1 — a)y) < ag,(x) + (1 — a)gn,(y) for
all 0 < a <1 and for all points &,y in R™. Thus, and since gy, (ax + (1 — a)y) = q(az + (1 — a)y);
agn, () = ag(x); and (1 — a)gn, (y) = (1 — a)q(y), the convexity of ¢ follows immediately.

Let
1

@i(g) = — [ glo)do
Wn(a) lo|=a
where wy,(a) is the surface area of the sphere of radius a in R and

()= Y. leal:

acl’ (M)

Notice that these functions are continuous on S(M), and that ®;7(g) =1 on Xjy.
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We claim that ®;(g) is strictly positive on X,/. In fact, since g is convex, g(0) = 0 and Vg(0) = 0
it follows that g is nonnegative. Moreover, on X ;s at least one of the coefficients of ¢ must be different
from zero, so g can not be the zero polynomial. Thus g must be positive almost everywhere. In
particular, the average over the circle of radius a must be strictly positive.

Therefore, and since ®;(g) is continuous as a function of g, it attains a minimum in 3, and this
minimum is strictly positive. Thus, and since ®;7(g) = 1 on Xy, there exists a constant C' > 0 such
that for any g € ¥y,

®r(g9) > C =CPr(g).
That is,

1
| s@)de = Coulg) =C 3 eal
wn(a) Jio|=a a€lT(M)

as desired.

Consider now a polynomial g(v) = > ,cr) Cav® € S(M), but which is not necessarily in 3.
Then let h(v) = > er(ar) bav® where

Co
- E,BEF(M) |cal
so that 3> cr(ar [ba] =1 and h(v) € Xy It follows from the previous case that

ba

@l
h(o)do > C.
Wn(a) lo|=a ( )
That is,
! / 90 s
wn(a) Jio|=a ZBGF |cs]

This gives the desired inequality.
O

Corollary 3.3. Let g(v) = >, cav® be a convex polynomial such that g(0) = 0 and Vg(0) = 0.
Suppose there exist two positive constants A and B such that

{v:lv[<A}CS{v:g(v) <1} C{v: |v| < B} (9)
Then there exists a constant C that depends only on A and the degree of g such that

el <C. (10)

Moreover, for any point € = (x1,...,x,) on the sphere of radius A, there exist constants C; > 0,
Csy > 0 that depend only on A, B and the degree of g such that

g(a:) > C1 > CQZ |Ca|. (11)

(67

Remark 3.4. The bound given by equation (10) can be obtained using just the left containment, i.e,
the ezistence of a constant A > 0 such that {v : |[v|] < A} C {v : g(v) < 1}. The second bound,
however, requires the existence of both an inner and an outer ball.
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Proof. The first result follows immediately from the previous claim. In fact, we showed that

Z lcal < C g(o)do.
« lo]=A

But by (9) we have that g(c) <1 for all o such that |o| = A. The result follows.

Observe that the bound g(x) > C2>",, |ca| Will be an immediate consequence of the above bound
on the coefficients once we show that g(x) > C;.

The proof of equation (11) requires the use of Lemma 2.1 of [5]. The lemma states that given a
convex polynomial of one variable of degree M of the form

M .
p(t)=> a;t’
=2

there exists a constant Cjs > 0 that depends only on M such that

M M
Cu Y _lajlt?! <p(t) <> la|t! vt >0. (12)
j=2 j=2

In particular, this result implies that for any A > 1 and ¢t > 0,

At) < AN <A (7 < ——p(t). 13
p( )_jZJaJ > sz’aJ’ _CMP() (13)

Given a point @ on the sphere of radius A centered at the origin, we will let

p(t) = g(tx).
Notice that this defines a convex polynomial of one variable for which the bounds in equation (12)
apply. Takingt =1and A = % (where A and B are the radius of the inner and outer ball respectively)
in equation (13), we have that

p(1) = %\\jp (i) :

That is,

o) = Our o (2. (11

Since |z| = A, then %:c’ = B. Because g (%) > 1 by assumption, it follows that g(x) > CMg—?é.

This completes the proof of Corollary 3.3.
O

Remark 3.5. Notice that the convexity of g implies that

g(a:) > Cl > CQZ ’Coz’~

[e%

for any point & such that |x| > A.
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4. DECAY OF 6(n)

In this section we study the decay of a function 6(n), which we will presently define. The decay
properties obtained for §(n), stated in Lemma 4.1, will be used in the next section to study the decay
of the denominator integral in the integral formula for the Szegd kernel derived in Proposition 2.1.

Lemma 4.1. Let

g(v) = Z CaV” (15)

acl’
be a strictly convex polynomial in R™ such that
i) 9(0) = 0;
it) Vg(0) = 0;
iii) there exists a constant 0 < A < 1 such that {v : |[v| < A} C{v : g(v) <1} C{v : |v] < 1};
and
iv) there exist positive integers mq, ..., my such that the combined degree of g is

(m1,...,my) (refer to definition on page 2).

Then
-1
0(n) = [ / e =9®) dv]

Rn
is a Schwartz function. Moreover, its decay depends only on the constant A and the exponents
{ml, ey mn}

Remark 4.2. Notice that under these assumptions, the coefficients of the polynomial g(v) = > cr ca¥”
satisfy Y aer |ca| < C, where C' depends only on the constant A, on the degree of the polynomial and
on the dimension of the space. This was shown in Corollary 3.3 on page 9.

Let [ = e"?=9() dy. We will show that I grows at an exponential rate. We can write
R

[ = ehtwo) [ h(@)=h(v0) gy, (16)
Rn

where h(v) = - v — g(v) and vg is the point where h(v) attains its maximum (notice that n =
Vg(vg)). Notice that from the growth condition of g, and from the fact that g is positive, it follows
that h is bounded above, and therefore attains a maximum. The convexity hypothesis further ensures
that h is strictly concave, and therefore that the maximum, vg, is unique.

Notice that h(vg) = L(n) = sup,{m-v —g(v)} is the Legendre Transform of g. We will show
that the dominant term, e"(vo) grows at an exponential rate in 1. This term will provide the desired
decay for I~!. We will then show that [ eMv)=h(vo) 4y does not decrease too fast, that is, that it does
not annul the growth of the dominant term.
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4.1. The dominant term. We begin by studying the growth of the term e"(0) = ¢L(") We show
that e grows exponentially as a function of 7. Moreover, we claim that the growth is independent
of the choice of g, but rather depends only on the constant A, on the combined degree of g and on
the dimension of the space. More precisely, we show that there exist positive constants C, C which
depend only on the combined degree of g, the dimension of the space and the constant A, such that

L( ) ~ 2my 2mn
e\ >exp |C | m |21 + .. 4 |ny 2T ) = C . (17)

We begin by showing that the polynomial g is dominated, independently of its coefficients, by its
pure terms of highest order.

Claim 4.3. If g(v) is as in the statement of Lemma 4.1, then there exists a constant C > 0 that
depends only on the constant A, on the combined degree of the polynomial and on the dimension of
the space such that

g(v) < CA+ 0™ 4. 4 2mn),

Proof. Let
r(v) = o™ 4 .. 4 02,

Notice that for any v € R”,

ol < p(v) T 2 (18)

Also, since g > 0,

&_}r..._ﬁ’_o‘in
9(v) = [g(@)] < D lcal [ o[ < leal |r(v)Fma T T2 (19)
acl acl’
Moreover, recall that since g is of combined degree (mj,...,m,), any index «a € I' satisfies that
(05] (7%
— 4 ... <1.
2m1 + + 2mn -
Hence,
T(v)ﬁ+"'+£’lfnﬂ <1+r(v). (20)
Thus, and since Y |cq| < C, it follows from equations (19) and (20) that
acl’
g9(v) < leal(l +7(v)) < C(L+7(v)).
aecl’
This finishes the proof of Claim 4.3
O

Since this estimate does not depend on the coefficients of g, it is now easy to obtain a lower bound
for h(vp) in terms of 1 which does not depend on the choice of g.
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Claim 4.4. The Legendre Transform of g(v) where v € R"™ is large for large values of |m|. More
precisely,

~ o _2mn__
£n) > € (I3 4 7T ) — €,

where C and C are positive constants that depend only on the constant A, on the combined degree of
g and on the dimension of the space.

Proof. 1t follows from the previous claim that
L(n) =sup {n-v —g(v)}
>sup{n-v—C —Clv[*™ — ... = Clv,|*™}

= — C +sup {movr — Clot ™} + ... + sup {nu0, — Clog |}
v1 Un
But given w € R, the Legendre Transform of %\ka is §|77|%, where

B — 321:—11 (Qk _ 1) .
2k

Thus,

~ 2mL _2mp
L(n)>C (|771|2ml1 +...+ |nn|2mn1> —-C,

—1

~ =1 =1
where C' = min {Bfml_1 (2"“71) oo, B! (%)} , and B; = C2m,;.

2m1

O

This finishes the proof that the dominant term, eZ(" grows at an exponential rate in 1, indepen-
dently of the coefficients of g. More precisely, we have shown that

I - 2mq 2mp
eHM > exp {C <m|2m11 +oot |nn|2m”‘1> B C] ‘ (21)
4.2. A polynomial bound for the remaining terms. It suffices now to show that
J = (W) =h(vo) [,
]Rn

is not too small to obtain the desired decay for I~!. Recall that

J = el (v=v0)+9(v0)—=9(v) g,
Rn
In order to estimate this integral, we will use the fact that if f : R™ — R is a convex function such
that f(0) =0 and Vf(0) = 0 then (see Appendix)

/ e ) dw ~ |[{w : f(w) <1}

Since n = Vg(vg), and making the change of variables w = v — vg, we can write
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J = e~ f(w) dw,
Rn
where

f(w) = =Vyg(vo) - w — g(vo) + g(vo + w). (22)
Clearly f(0) =0 and Vf(0) = 0. Also, since g is convex, so is f. Thus,

J~{w: flw) <1} (23)
That is,

I= / 10=00) gy o 00| {a ; f(w) < 1}]. (24)

Our goal is to show that as || grows, the volume given in equation (23) decreases slower than
the rate of growth we obtained for e"(*0). We begin by obtaining an upper bound for f that is
independent of the choice of g, but rather depends only on its combined degree, on the dimension
of the space and on the constant A (where the constant A is from assumption (i) of Lemma 4.1).
To do so we will write f as an integral in terms of the quadratic form associated to the Hessian of
g. In Claim 4.5 we obtain an upper bound for this quadratic form in terms of a polynomial that is
independent of the coefficients of g. In Claim 4.6 we use this estimate to obtain the desired bound

for f.
Claim 4.5. There is a constant C' depending only on the combined degree of g so that

> gij(v)wiw; < C(1+7(v)) |w]?,
ij=1
0%g

where r(v) = 0™ + ...+ 02" and gij(v) = ;0 ).
i0Vj

Proof. Let L be the Hessian matrix of g so that w™ Lw = Z?J:l gijw;wj. Since L is symmetric, it has
n linearly independent eigenvectors. Let u;, ¢ = 1,...,n be the eigenvectors of L, and \;, i =1,...,n
be the corresponding eigenvalues. Since g is convex, the matrix L is positive semi-definite, so its
eigenvalues are non-negative.

Let P =Tr(L)I, where Tr(L) = A1 + ...+ A, is the trace of the matrix L and [ is the identity
matrix. Let Q = P— L. We claim that @) is positive semi-definite, and hence that L < P as quadratic
forms. In fact, notice that fori =1,...,n

Qu; = Pu; — Lu; = Tr(L)u; — \ju; = (Tr(L) — \) u; = Z Ajus.

1<j<n
J#
Thus, for i = 1,...,n, u; is an eigenvector of ), with eigenvalue
1<j<n

J#
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Thus, since () is a symmetric matrix whose eigenvalues are non-negative, () is positive semi-definite.
Hence, since wT Lw < wT P w, it follows that

n
0< Y gij(wwiw; < (Jg11()]| + ... + |gnn(v)]) [w]*.
ij=1

Notice that each gj;(v) is a polynomial of the form ZEEvﬂ where the indexes 5 satisfy

8
1

Dy Ly

2mq 2my, m;

In particular, this implies that

B1 4.4 Bn
r(v)2m T e < 1 4 p(v).

Moreover, since for any v € R” we have that v/ - .- v < r(v)¥1 " T2 it follows that

955 (@)1 < D 1El [ v | < 3 [l (14 7(v)).
B B

Since - ,er |cal < C, the sum 351 c5 is also bounded by a constant that does not depend on the
choice of g, but rather on the combined degree of g. Then, and by the previous inequality, we have
that

911 (V)] + . + [gnn(v)| < C(1 +7(v)),
where C' depends only on the combined degree of g. That is,

> gij(wywiw; < C(1+r(v))|wl?.
ij=1

O

Using this result it is now possible to obtain an upper bound for f which is independent of the
choice of g. We do so in the following claim.

Claim 4.6. If
r(v) = vi™ .. 4 v2mn

and

f(w) = =Vg(vo) - w — g(vo) + g(vo + w)
then,

fw) S Jwl*(1 +r(vo) + r(w)),
where the constant depends only on the constant A, the combined degree of g and the dimension of
the space.
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Proof. We begin by rewriting f as an integral in terms of the quadratic form associated to the

Hessian, so that we can apply our previous estimate. Integrating by parts, we can write

1 n
(w0 + 1) — g(v0) = Vg(vo) - w+ [ 3 gi5(v0 + twyuiuny(1— 1) dt
ij=1
It follows that

1 n
fw) = /0 S g1y (vo + tw)wiw; (1 — t)dt. (25)
ij=1
In particular, by convexity of g we have that f > 0.

We can now use the bound for the Hessian obtained in Claim 4.5. It follows that
! 2
Flw) < / (1 4 r(vo + tw))|w|>(1 — t) dt. (26)
0

Using convexity, it is easy to show that r7(u +v) < max{2?™=1 . 22ma=1[r(y) + r(v)]. Applying
this inequality to r(ve + tw), and since 0 < ¢ < 1, we have that

7(vo +tw) S r(vo) + r(tw) < r(ve) + r(w).

Hence, it follows from equation (26) that

fw) S lw*(1+7(vo) + r(w)).
n

In the next three claims we show that there is a polynomial P and a constant C' depending only
on the degrees {mi,...,my} so that

{w : flw) <1} < C1+P(nl)*.

In Claim 4.7 we show that |[{w : f(w) < 1}|7! is bounded by a polynomial in terms of 7(vg), and in
Claim 4.8 we compare the sizes of |vg| and |n|. In Claim 4.9 we conclude that r(vg) grows at most
at a polynomial rate in |n].

Claim 4.7. If f(w) < |w|?(1 4 7(vo) + r(w)), then

[{w: f(w) <1} Z (1+r(vo)) 3.

Proof. Let C be such that f(w) < C|w|*(1 + r(vo) + r(w)) and let

T(w) = Clw|*(1 +r(vo) + r(w)).
Then,

H{w : f(w) <1} > [{w : T(w) < 1}].
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Let ¥ = {u : T(u) = 1} and let m = min{ |u| : v € ¥}. Choose wr such that T(wr) = 1 and
|wr| = m. Then the set [{w : T'(w) < 1}| is bounded from below by the volume of the ball of radius
|wr|. That is,

{w : T(w) <1} > Cofwr[",

where C), = NE

Let a = 1+ r(vg). Our goal is to show that |wrp|" = o~ 2. If |wrp|? > se=, then |wrp|" 2 a3,
desired. Otherwise, we have that |wr|? < ﬁ Since 1 = T(wr) = Clwr|?(1 + r(ve) + r(wr)) it
follows that

1
a|wT|2 + |'wT|2r('wT) = Yok
But since |wr|? < ﬁ, it follows that
1
Yol < |wr|*r(wr). (27)

Also, since a > 1, we have that |wr|? < % Thus, w%j < % for every 1 < j < n. Hence,

ror) < (25" +or ()™

Using this in equation (27) we have that

o<l ((se) =+ () )
2c =T\ o0 20 '

Thus, and since a > 1, it follows that

Q| >

\wT|2 > A >

1 1 mi 1 mp\ —1 | . .
where A = 5= ( (36 +--+ (56 is a strictly positive constant.

Therefore,

{w: f(w) <1} 2 [wr|" Z a7,
This finishes the proof of Claim 4.7.

Claim 4.8. There exist positive constants 81 and Bo such that

lvo| < Biln| + Be.

The constants depend only on mq, ..., my, and the dimension of the space.

In the proof of Claim 4.8, we use Lemma 2.2 of [5]. For the reader’s convenience, we state the

Lemma below.
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Lemma 2.2 (Bruna - Nagel - Wainger). Let C(m,T) denote the space of polynomials

Pt)=>a;t!
§=0
which satisfy:
(a) The degree of P is no bigger than m;
(b) P(0) =ay=0; P'(0) =a; = 0;
(¢) P is convex for 0 <t <T.
Then there is a constant Cy,, independent of T, so that if P € C(m,T), P(t) = >, a;jt’, then

m
P(t) > Cn 3 a1~
j=2
for 0 <t <T. In particular,

P'(t) > Cpt™ ! Z |aj] if 0<t<1, and
= (28)

m
P'(t) > Cpt Y |ay] if 1<t<T.
j=2

Proof of Claim 4.8. The statement is trivial if |vg| < 1, so we will assume that |vg| > 1. Let G(t) =
g (“’—0) . Then

[vol

@ ® =99 (1) (et

Thus, since Vg(0) = 0 by hypothesis, G'(0) = Vg(0) - ( Yo ) = 0. Also, notice that since g is convex,

[vol

so is G. Hence, and since G is a polynomial, G'(t) > 0 if ¢ > 0. By Cauchy-Schwarz,

corslmn (i)

[vo
Evaluating at t = |vg| we have that |G'(|ve|)| < |Vg(vo)| = |n|. But since |vg| > 0, it follows that

G ([vol) = |G'(Jvo])| < Inl- (29)
It suffices now to obtain a polynomial lower bound for G'(|vg|) in terms of |vg|. To do so, we use
Lemma 2.2 of [5].

Notice that G(t) is a convex polynomial of one variable such that G(0) = G’(0) = 0, so we can
use the aforementioned result. Write

G(t) = a;t.
j=2

Since we are considering |vg| > 1, it follows from equations (29) and (28) that

[vol > laj| < G'(Jwo]) < [nl. (30)
j=2
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It suffices now to obtain a lower bound for 377", |a;|, which must be independent of the choice of g.
To do so, we use assumption (iii) of Lemma 4.1, namely, the fact that

{o:gw) <1} C v o] <1).
In particular, if |v| = 1, it must follow that g(v) > 1. Thus, evaluating at ¢ = 1, it follows that

G =g () =1

|vol
But G(1) = 3"y a; < 3775 |aj|. Using this bound on equation (30) yields |vo| < [n]. This finishes
the proof of Claim 4.8.
(|

Claim 4.9. For p € R, (1+7(vo)P)? is at most of polynomial growth in |n).
Proof. The proof is trivial. In fact, since [vg| < B1|n|+ Bz, it is clear that r(vg) = vg™ +...+vg™ <
|vo[*™ + ... + |vg|?™" is bounded from above by a polynomial in |n|.

O

It follows from these claims that there exists a polynomial P(|n|), which does not depend on the
choice of g, such that

2my 2mp n
o) = 17 S exp | ~C (m[ ™5 +.o+ oo 707 )| (14 P2

This finishes the proof that #(n) decays at an exponential rate. Moreover, this decay is independent
of the coefficients of the polynomial g that defines it. We must now show that the same is true of
all the derivatives of 0(n).

4.3. Decay of the derivatives. The derivatives of 6(n) consist of sums of terms of the form

Qr

(o). i i a1 (o) i i
C [fRn eM=g(©)yit Lyt dv} UR" eM=9@)yitr .yl gy

[ fn €70=9() do)
where i11,...,%n,01,...,0,,d € Nand a1 + ... +a, + 1 = d. We show that each of these terms
decays rapidly, and that the decay depends only on the coefficients of g.

, (31)

Remark 4.10. The fact that a1 +...+a, —d < 0 is crucial. As before (equation (16)), we can factor

h(vo UO))alerJraﬁd = ¢ N(vo),

out a term €"(¥0) for each of these integrals. That is, we will factor out (eh(

This term will provide the desired decay.

In order to understand the decay of the derivatives of #(n) we need to study integrals of the form
/ eIy i o,
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nv—g(v) i1 g
/n e vyt do

Claim 4.11.
< ") Hy[|vo],

where

\v0| Z Z ( ) ( )|,U0|11+...+ins
$1=0 $n=0 Sn
< (Hw : fw) <131+ [vo*?) +© )

© is a constant that depends only on the combined degree of g and the dimension of the space;
$=81+ -+ sp; and B =4max{mq,...,my}.

Proof. As before (equation (16)), we can write
I= /n eIyl yin gy = eh(vo) /n ) =hwo) it yin gy, (32)
where h(v) =n-v — g(v) and v is the point where h(v) attains its maximum; and

J = / eh(v)—h(vo)vll'l ... U;iln dv = /R (wy + UOl)il o (wy + Uon)ine—f(w) dw,
where f(w) = g(vo + w) — g(vo) — Vg(vo) - w as in equation (22). Writing
~ 1 in il Z 11— S1 in—Sn S1 gn f(w)
J:ZZ 51 5 fU01 UO’I’L /nwl d

s1=0 Sn=0

it follows that

|J‘ < Z Z ( > ( >|’U |11+ Ain—(s1+.. +sn)/ ‘w|sl+...+sneff(w) duw.

s1=0 Sn=0

Let s=s1+ --+s,and J, = / |w|3€_f(w) dw. Write
Rn

Js :/ |w|se=F d'w—l—/ lw|*e™ ) dw = J,, + J,. (33)
{weRn : |w|<1} weR” : jw|>1}
Then
T, < / e @) g ~ [{w : flw) < 1}]. (34)
R’!L
Given vg, we can estimate the size of Jg, by splitting the integral into the two following regions:
T, = / |7 ®) dus + / lw|*e @) du, (35)
|w|>1 |w|>1
w|<X[vo|” |w|>X|vo|”
for some large constant A yet to be determined and B = 4 max{my,...,m,}. Then
lw|*e ™) dw < AS\UOPB/ e 7 W) dw ~ N |wo|*B{w : f(w) < 11 (36)
]Rn

|w|>1
|w|<AJvo|”
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In order to estimate / lw|*e ™) dw, we will find a lower bound in this region
{w: [w[>1,[w|>Xvo| P}
for f(w) in terms of |w|? and we will then bound the integral by a constant. Since f > 0,

f(w) = g(vo +w)| —[g(vo)| = [Vg(vo) - wl. (37)

We will show that g(ve + w) is bounded from below by a constant multiple of |w]|?. Tt will then
suffice to show that the remaining terms in the above expression can be dominated by this bound.

Let

P =g (),

|[vo + w|
where t € R. Then F(t) is a convex polynomial in one variable, such that F(0) = F’(0) = 0. We will
write

M .
Ft)=> ajt’.
j=2

Notice that in the region we are considering, and since B > 1, we have that

lw|B 1 1
lvo +w| > |w| — |vo| > |w| - —F— > |w|[ {1 - — | >1— —. (38)
A\B \B
In particular, if A > 28, then |vg +w| > 1/2. But it follows from Lemma 2.1 of [5] (refer to equation
(12) on page 10), that there exists a constant Cps > 0 that depends only on the degree of F' such

that

M
g(vo +w) = F(|jvo +wl|) > Carlvo +wl* Y ayl.
j=2
Furthermore, we claim that Zj]\ig laj| > 1 so that g(vo + w) > Cprlve + w|?. In fact, since by
hypothesis {v : g(v) <1} C{wv : |v| < 1}, it follows that

Vo +w
F(1) = — | > 1.
v g(l'voer\)_

M M . . NG B
Therefore, ;75 a;| > 32529 a; = F(1) > 1. Also, by equation (38), it follows that for A > (\/571) ,

Cu|wl?
-

We would now like to obtain an upper bound for |g(vg)|. Recall that by Claim 4.3, for any v € R"
we have that g(v) < C(1 + r(v)). Thus, and since max{2my,...,2m,} = B/2 < B,

1 2
g(vo +w) > Chslvn + wl? > Cirlw]? (1 - /\1) > (39)
B

l9(vo)| < C(A+ |[vg*™ + ... 4 Jvo|*™) < C(1 4 n+nlve|?) < C (1 +n+ n])\w\) .
Thus, for A > €2 it follows that
&Y
2 C 2
Ig(vo)!§0<1+n+7;+n‘;ﬂ’)§C(1+n+7;)+Méw’. (40)
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It now suffices to obtain an upper bound for |[Vg(vg) - w|. Notice that for each 1 < j < n, the j*
entry of Vg is a polynomial whose exponents satisfy

2&1 2an aq o, 1
— L <]l]-——<1.
B + + B _2m1+ +2mn_ 2m;

That is, a1 + ... + a, < 5. Thus, we can bound each entry of [Vg(vo)| by a constant multiple of

1+ |v0|§. The coeflicients of each of these entries are multiples of the coefficients of g, where the
factors depend only on the degree of g. Thus, since > cr |ca| < C, there exists a constant C; that
depends only on C' and the degree of g such that

IVg(vo)| < Ci(1 + |vo|?).

Hence, in the region under consideration we have

It follows that

1 3
v w| < |V <o (14w —C [l
IVg(vo) - w| < [Vg(vo)||lw| < Cy | 1+ v lw| = Cy | |w| + A

Since |w| < &|w|? + A? for any constant A > 0, and since ]w\% < |w|? + 1, we have that

1 lw|> 1
w| <Oy [ Sw+ A2+ ).
IVg(vo) - w| < Cy (A\w] + A+ 3 + /\é>

2
Then for A > 4% and A > (19)" it follows that

1 Cu|wl?
|Vg('v0) . 'lU| < Cl (A2 + )\1) + ]\/[guﬂ (41)
2
Therefore, by equations (39),(40) and (41), and taking
o d (V2 8Cn (1601>2
V2—1) "Cu’'\ Cy
it follows that
Cu Cu Cu Cy|wl|?
> 2( M M =M\ o ML
flw) 2w (-0~ ) - p = ML, (12)

where F is a constant that depends on the combined degree of g and the dimension of the space, but
is otherwise independent.

Recall that our goal is to obtain an upper bound for

I, = / Jw|*e (") dw.

|w|>1
|w|>\vo|B

Using the lower bound for f(w) obtained in equation(42) we have that
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~

Ls [ e
Jw|>1
lw|>Avol®
Since C)s is a strictly positive constant, the above integral converges. This finishes the proof of
Claim 4.11.
O

It follows from equation (24) and Claim 4.11 that the derivatives of 6(n) are bounded from above
by a sum of terms of the form

Hlvol]"!
o) {w : f(w) < 1T

Moreover, by Claim 4.11 these terms can be bounded by terms of the form

q(Jvol)
eh®o)|{w : f(w) < 1}H*’
where ¢ : R — R is a polynomial, and k € [1,d|NZ. By Claim 4.8 it follows that ¢(|vg|) is bounded by
a polynomial in |n|. Furthermore, by Claim 4.7, {w : f(w) < 1}|7% < (1 + r('vo))%n. By Claim 4.9
this latter bound is at most Of polynomial growth in |n|. Thus, the derivatives of (n) are bounded by
sums of terms of the form e~ G(|n|), where § grows at a polynomial rate. Finally, by equation (21)
e~ Mv0) decays at an exponential rate in |n|. This finishes the proof that the derivatives of #(n) decay

exponentially. Thus, 0 is a Schwartz function. Moreover, it follows from the previous computations
that its decay is independent of the coefficients of g.

5. BOUNDS FOR THE SZEGO KERNEL

In this section we present the proof of our main result. With €2, defined as before, let (x,y,t) and
(x’,y’,t') be any two points in 9€2,. Define

’ ’ /
b(v):b(v—i-m—'_m)—Vb(aj_'_m)‘v—b(m—km); (43)
2 2 2
’/
5(m,a') = b(m) + b(z') — 2b (“3 L ) : (44)
and
/
w—(t’—t)—i—Vb(w;w)-(y'—y). (45)
We obtain the following estimate for the Szegé kernel associated to the domain €y :
C
S (. 1); (&, 9, 1)] < - = -
\/52+b (y —vy')? +w? { D b(v) < \/52+b(yy’)2+w2}
Here the constant C' depends on the exponents {mj,...,m,} and the dimension of the space, but is

independent of the two given points.
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Remark 5.1. Here, b is a strictly convez polynomial of the same combined degree as b, but with
b(0) = 0, and Vb(0) = 0. Notice that we can write b(v) = f(v) — L(v), where f(v) =b ('v + %)
and L is the tangent hyperplane to f at v = 0.

Remark 5.2. Since b is strictly convez, é(x,x") > 0.

We obtain this bound by estimating the integral expression for the Szeg6 kernel obtained in
Proposition 2.1. That is, we study

27r [z+x’—i
Sy ) @ 1) = [ b e Ty | a
0 / 4w [n-v—b(v)T] dv

The proof is in essence an application of John ellipsoids. Recall that by John [17], given a symmetric
convex compact region, there exists a maximal inscribed ellipsoid € in that region (centered at the
center of symmetry) such that /n & contains the region, where n is the dimension of the space and
v/n€ is the dilation of € relative to its center of symmetry. The key step of our proof consists in
introducing factors pi(x,x’,7), ..., un(x,x’, 7) via a change of variable so that

m"'#n%‘{v . B(v)gl} )

-
These factors are chosen to be the length of the axes of the John ellipsoid associated to a symmetriza-

tion of the convex region {v : b(w) < %} . We explain this construction in the following subsection.

5.1. Construction of the factors p; ..., pu,. Let

R:{v : E(’u)gl}.

-
Notice that since b is convex, so is b, and the region R is convex. In order to be able to use John’s
bounds, we need to show that the set R is also compact. We do so in the following claim.

Claim 5.3. For any M > 0, the set {v : b(v) < M} is compact.

Proof. Notice that since b is convex, b(0) = 0, and Vb(0) = 0, then b > 0 (and b is not the zero
polynomial).

Suppose towards a contradiction that the set {v : b(v) < M} is unbounded. Then, by compactness
of the unit ball, there exists a 2 € R” such that Ve > 0, b(cz) < M. In particular, since b(0) = 0 and
b is convex, Ve > 0, b(cz) = 0. For & = (z1,...,x,) as above, define w(t) =t - (z1,...,2,). Then
since b(cx) = 0 for all ¢ > 0, it follows that b(w(t)) = 0.

On the other hand, since b is of combined degree, its highest order terms corresponds to pure
terms. Thus, the highest degree terms of b(w(t)) are of the form ¢, (tz;)?™
words, the highest degree terms have coeflicients of the form cax?mi, for some ¢’s. The coeflicients
ca of the highest degree pure terms of b are positive, since B(O, ..., 0,tx;,0,...,0) takes positive
values. Therefore, the sum of the coefficients caQOl

, for some ¢’s. In other

of the highest degree terms of b o w are also
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positive. Thus, b o w is not the zero polynomial. This yields the desired contradiction. It follows
that {v : b(v) < M} is bounded, and therefore compact.
O

Recall that by construction 5(0) = 0, so the region R contains the origin. We would now like to
show that there exists an ellipsoid € centered at the origin such that

¢ C RCC¢,

for some independent positive constant C. The existence of such an ellipsoid would follow immediately
by John if the region were symmetric (with the origin as center of symmetry). However, we have
made no symmetry assumptions on our domain. Nevertheless, we can show the following:

Claim 5.4. Let L be any line through the origin. This line L will intersect R in two points. Let
dy be the shortest distance along L from the origin to the boundary of R, and let da be the largest
distance. Then there exist constants m, M depending only on the degree of the polynomial b such
that

d
o<m§d—2§M<+oo.
1

Proof. Let h(v) = 7b(v). Along the line L, the polynomial h(wv) is a polynomial of one variable which
we will call Az (t). This polynomial satisfies hr(0) = b’ (0) = 0. Write

N
hL(t) = Z Cjtj.
Jj=2

Then there exists some 2 < k < N, and |cg| # 0, such that

N
hi(di) <Y lejld] < (N = 1)|exdf.
=2

On the other hand, it follows from Lemma 2.1 on [5] that there exists a constant 0 < Cy < 1 such
that

N
hi(da) > Cn Y lej|ds.
j=2
For k as above, it follows that

N
Cnlerlds < Cn Y lejldy < hi(da).
j=2
Moreover, hr(dy) = hr(d2) = 1, since d; and dz where chosen as the distances where L intersects
the boundary of the region R = {v : h(v) < 1}. Thus,

Cnleplds < hp(dg) =1 = hp(dy) < (N —1)|cg|db.

Therefore,
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d (N—4>i
di — Cn
On the other hand, since d; is the shortest distance along L from R to the origin and ds is the

1

largest, it follows that d; < da. Choosing M = maxa<p<n {(]\Cf;vl) k} and m = 1 it follows that

do
< =< M.
m < 4 = M
This finishes the proof of Claim 5.4.
O

We have shown that even though the region R is not symmetric, the ratio between rays passing
through the origin is bounded by universal constants that only depend on the degree of b. In the
following lemma we will show that this is enough to guarantee the existence of an ellipsoid centered
at the origin contained in R and such that a dilation by a universal constant contains R.

Lemma 5.5. Let R = {'v : b(v) < %} and R = {x : —x € R}. Let € be the mazimal inscribed
ellipsoid in the region RN R. Then

¢ C RC Myn€

where M is as in Claim 5.4, and n is the dimension of the space.

Proof. By definition, the set R N R is symmetric about the origin. Moreover, since R and R are
compact and convex, their intersection is also compact and convex. It follows from John that there
exists an ellipsoid & centered at the origin such that

¢ C RNRC ne.

It is clear that ¢ C R. We would like to show that there is a dilation of & which contains R. Let
@ be any point in R. Then, if —x € R, it follows by definition that z € \/n€. Now suppose that
—x ¢ R. Let L be the line that goes through the origin and x. Using the notation of the previous
claim, we have that |z| < do. Given M as in Claim 5.4, let p = 5. Then | — pz| < pdy < pMd; = d;.
But since d; is the minimum distance from the boundary of R to the origin along line L, it follows
that —px € R. Thus, given any point € R the point —ﬁw is also contained in R. It follows that

¢ C RC Mn¢.
This finishes the proof of Lemma 5.5.

It follows from the previous lemma that

VOK@)%‘{v: Hv)g/i}. (46)

Let p1, ..., pun be the lengths of the semi-axes of \/nM €, indexed so that iy > pe > ... > p,. Then,
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e~ {5 5w) < 1. (47)

In equations (46) and (47), the constant depends only on the combined degree of b and the dimension
of the space.

5.2. Proof of the Main Theorem. We are now ready to present the proof of the Main Theorem.
For the reader’s convenience, we have divided the proof into three subsections, corresponding to a
bound in terms of §, a bound in terms of b(y —y’) and a bound in terms of w. We finish by combining
all three bounds to obtain the estimate stated in the Main Theorem. It will be convenient in the
course of the proof of all three bounds to rearrange the terms of the integral expression for the Szegd
kernel obtained in Theorem 2.1 as follows:

Making the change of variables v — v + § + %, to get rid of the term 2™ (@+2) in the original
expression obtained for the Szeg6 kernel given by

e2mn x4z’ —i(y’ —y)]

S((z,y,t); (=, ¢, 1) = ‘2’”“ DHb@)+iE -] dn | dr
0 / 47r[77'v b(v)T] dv

it follows that

o0 2min-(y—y’
S = / o 2m7lb(a’)+b(@) it/ )] / A
7 |nv—7b| v+ LT
0 R"/ 64 [77 b( T )] dv

We will modify the denominator integral so as to change it into an integral of the form [f(n)]~!,
where 0 is the function studied in Lemma 4.1. In particular, the exponent of the denominator integral
must be of the form n - v — g(v), where ¢(0) = 0 and Vg(0) = 0. We make the change of variables
77%17+Vb(%‘"‘3/)7 so that

z' @x z 271'2
S:/ o= 2mTlb(@)+b(@)+i(t ~t)] 4””’( ) QWTV” 2 ) (y—y / m(y-y') dndr.
0 / wn-v—7b(v)] dv

where b(v) is as in equation (43) and the term b (m) has been added so that b(0) = 0. With
d(z,z’) and w be as in equations (44) and (45), it follows that

e2min-(y—y’)
S = —27r7'5 —27r7'2w dn dr. (48)
0 / 47r[77 v—7b(v)] dv

Notice that since b is strictly convex, 7b is also strictly convex. Moreover, if b is of combined
degree (mq,...,my), so is 7b. Thus, 7b is a strictly convex polynomial satisfying conditions (i), (ii)
and (iv) of Lemma 4.1. It remains to renormalize 7b so that it also satisfies condition (iii).

With pi, ..., 4y chosen as in equation (47), let

9(v) = 7b(pv). (49)
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Here, pv = [p1v1 pave ... pnvn]’. Notice that since & C {'v : 7'5('0) < 1} C /nME€ and letting
= (y/nM)~! condition (iii) of Lemma 4.1 is satisfied.

By making the change of variables v — pv so as to introduce the factors pi,...,u, in the
denominator integral of equation (48), as well as the change of variables n — g we have that

/OO —27r7'6 —271'7'111}/ 27”" )
S = dn dr. (50)
0 / 47r['l7 v—7b(uv)] dv

5.2.1. The bound in terms of 9.

Proposition 5.6. Let (x,y,t) and (x’,y’,t") be any two points in O,. Then,

R ,

d{v : b(v) < 0}|?
where the constant may depend on the combined degree of b and the dimension of the space, but is
independent of the two given points.

S (=, y,1); (2", y',1))

Proof. Tt follows from equation (50) that

—271'76
IS < dn dr.
0 R"/ 47r[17 v—7b(uv)] dv

But since p1 - - - i, & H’U : E(U) < %} )

> —27r7'6
|S|5/0 H //mnv Tb;w)]dvdndT' 5D

By Lemma 4.1 the reciprocal of the denominator mtegral is Schwartz, and the decay is independent
of the coefficients of g. In particular, the decay does not depend on 7, and [. 8(n) dn converges.
Hence,

it follows that

18] < / T e dr.
o< )

We can write

& 2776 i 00 T6=20+1 o278 i
/0 Hv . l;(v) < %}‘2 ! _j:z:oo T6=27 H'v : B(U) < %}’2 i

Thus,

I —oi+15—1 . i
o 6—27r2J T=27 o0 2]6—27T23
SIS > s dr= ) -
T= - = v -

j=—o0 Hv tb(v) < 5P
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In order to get rid of the dependence on j of Hv : b(v) < 2]"11 H we can write

6_27r2j2j 6—27r2j2j
CEEDY § + Y ~ ;- (52)
o< O b(v) < d}[? 0<j<o0 5‘{'0 D b(v) < %H
But for 7 > 0 we have that (see Claim 6.1 in the Appendix)
{v : b(v) <8} < 20D Ly : b(w) < o
v:bv) < < : = 5 (|-
It follows that
1 ol 2 o 2n(j4+1)+)
1S < = e 2T 4 e T 7.
5{v : b(v) < d}|? —oogj<0 0<;OO
Since both sums converge, we obtain the desired estimate.
O

5.2.2. The bound in terms of by — y').
Proposition 5.7. Let (x,y,t) and (z’,y’,t') be any two points in Q. Then

1
by —y')[{v : b(v) <bly —y')}?

where the constant may depend on the combined degree of b and the dimension of the space, but is
independent of the two given points.

1S ((,y.1); (2,4, 1)) <

Proof. We had shown in equation (50) on page 28 that

& —2#75 —27r‘rzw 27”" )
S = dndr.
0 / dm[nv— Tb (pv)] dv
Thus, and since § > 0,

27rm )
S| </ / dn | dr.
; / Al o—rb(uv)] gy

But by Lemma 4.1, the reciprocal of the denominator integral is Schwartz. Moreover, its decay is

independent of 7 and the coefficients of b. The same is true of its Fourier transform, 6. We can write

00 1 . )
|S|§/ . 29(” y)‘dr
0 K- Uy 1

And as in the previous bound, we can write
(Y-
0 < >‘ dr.
m

|S|5/OO -
0 Hv:b(v)ﬁ%}‘2

Let v = y — y’. We can split the interval of integration into dyadic intervals in the following way:
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> 1 5 y—y’>‘ & e 1
/0 ’{v:g(v)§%}2 9( w ) j;oo 2 (b)) 1 \{vrg(v)éi}z

b 1
But since in each interval ﬂ < —, It follows that
7’

2J+1

2 (b))~ 1

E DY N

—00<j <024 (b()) !

241 ()
1 ~
+ E o(2)| ar.
Q = p
0<j<00 /21 (7)) {v  B(v) < }

b
{U b(v) < 2512}

As in the previous bound, for j < 0 we have that

and for j > 0,

<220 [fo B <) }|

Hence,

271 (b(4)) !
: 2/ d <7>‘ ar
4 .7 7 e 7!
—00<j<0 H'U : b(’v) < b(")’) ’ 27 (b(y))~ 1t

E=Y
22n(]+1 27+t (b('}’) "Y
+ Z Hv ~ ‘ / “>‘ dr.

0<j<o0 (b(7))~

For the first sum it suffices to bound |0| by a universal constant. It follows that

2J+1

) Z
—oo§<;<0 Hv : g ’ / ’ M)‘ ar
291 (b))~
<
- —oozS;<0 H S ‘ /2J(b (M)~
1

= Y - —

—0ey<0 b(7) Hv : E(U) <

5 [{o + 300) <5}

We would like to obtain a similar bound for the second sum, with j > 0. The main obstacle is
obtaining decay in j to counteract the growth of the term 22"U+1) | thus ensuring the convergence of

the series. We will show that
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291 (b()) L
A C
/ 0G| < iy
- J

2 (b))~ H ()
for any positive constant K, and a positive constant C} which depends only on K, on the combined

degree of b, and on the dimension of the space.

Since 6 is Schwartz,

40 B
o+ \p( )|

for any polynomial p : R® — R and positive constants C' and N. Here, the constant D > 0 depends

on C, N, and p. In this interval, 2/ < 7b(v) so it suffices to show that there exists some polynomial

p and constant C' such that 7b(vy) < C + ‘p (%)‘ . In fact, it would follow that for any N > 0,

(N D D
()= [ 7T

so that

00 92n(j+1) / - ) D2i92n(i+1) .
S etz har O S e o

For sufficiently large IV, the series converges, and we would obtain the desired estimate.

In order to find a polynomial p and positive constant C' such that 7'5(’)’) <C+ ‘ P (%) , let s = %
and write the above requirement as 7b(ps) < C + |p (s) |. By construction of the factors 1, ..., jin

the polynomial 7b(ps) satisfies all the hypothesis of Lemma 4.1. In particular, Claim 4.3 on page
12 holds. Thus, there exists a constant C', which depends only on the combined degree of b and on
the dimension of the space, such that

Th(ps) < C(1+ 2™ 4 ...+ s2mn).
This finishes the proof of Proposition 5.7.

5.2.3. The bound in terms of w.
Proposition 5.8. Let (x,y,t) and (z’',y’,t") be any two points in Iy,. Then,

1
[l {v : b(v) < |w]}?’

where the constant may depend on the combined degree of b and the dimension of the space, but is
independent of the two given points.

5 (2,9, (&, ', 1) S

The derivation of this last bound is rather long and technical. Before giving all the technical
details, however, we shall begin by briefly outlining the main ideas behind the proof. It follows from
equation (48) on page 27 that
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s= [Mep@ydr s [ e TR) dr. (53)
0 .

[ul

where for convenience we have set © = 27w, and

2min-(y—y’)
F(r) =2 / € _ dn. (54)
RTL

e47r[71~v—7'b('v)} dv

R®
The integral for 0 < 7 < %' in equation (53) yields the desired estimate by using similar techniques
as those detailed in the proof of the previous two bounds. Thus, the main difficulty lies in estimating
the integral for = Tul < 7 < 0o. In particular, we must show that the integral converges. To do so, we
will take advantage of the oscillation of the term e~*“7. Integrating the latter by parts N times, for
an arbitrary positive integer IV, we obtain formally an equation of the form

We then show that after introducing the factors p as in the two previous bounds, every derivative
of F(1) yields a factor of 1 times a bounded function, so that

‘/ |u|N 7') dr

Finally, using Claim 6.1 (see Appendix), we show that this last integral is bounded by an expression

/ ’u’2n 2n
ru\N\{v () <} g,

yielding the desired estimate for large enough values of N.

1 /°° 1 1 p 1 /oo 1 1 p
~ = dT = - —=dT
|U|N ﬁ M%"'U% TN |u|N . H,v . E(U) < %})2 TN

]

of the form

Before presenting a rigorous proof of Proposition 5.8, we discuss three technical results that will
be used in the course of the proof. In Claim 5.9 we obtain an upper bound for [;°e~®7F(r)dr in
terms of the (N + 1)t derivative of F. The method we use is analogous to integration by parts, but
does not yield boundary terms, making the computation slightly simpler (see, e.g., Proposition Xjg
on p. 14 [31]). In Claim 5.10 we compute the N** derivative of F. In Claim 5.11 we show that, after
introducing the factors p, the N** derivative of F is dominated by ~ times a bounded function.

Claim 5.9. Lett € R and

1) = /O it B () dr,

where F € C*(R) and F € L'(R). Then given N € N there exist positive coefficients c1,...,cnyi1,
such that
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Ran Mo, g
10123 o | [Metr (e W) ar
— 0
S, (55)
+ ON+1 /7, e_m/olt‘ "'/O‘t| F(N+1)(T+ S1+ ...+ SN+1)dsy - -dsyg1dT|.
Tel
Proof. We can write
() = / " =7 B (r) dr + / e T E(r)dr = S+ L. (56)
0 s
[t]

Introducing a factor of €582 "7 we can split L as follows:

L :% / e "TF(r)dr —/ eisgn(t)”e_i”F(T) dT}

t [t]

% /:O e T (T)dr — /:O efit(T*ﬁ)F(T) dT]

t|

/ e_itTF(T) dr —/ e R (7‘+ |7Tt|) dT] )
= 0

[t]

3

I

B!
—~ N
\]

+

|7r7|) - F(T)} + F(1), we have that

L = % (— /01rI e TR (T) dT—/OOO e T [F <T+ :’) —F(T)} dT) .

Using this last expression in equation (56), it follows that

I(t) = % ( /0 fi e TR (r)dr — /O it [F (T + (;) - F(T)} d7> .

Now let Fy(7) = F (1 + &) — F(7) and let I (t) = [(° e ™" Fi(7) dr. Then, by the same argument,
1 0
it follows that

Writing F (T + |7tTT)

T

Ii(t) = % ( /0 e TR (1) dr — /0 it {Fl (7’ + (;) - Fl(T)} dT> .

After N times of repeating this process, we have that

e T () dr — /Ooo e T [FN (T + ’;) — FN(T)] dT) ,

Letting
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for 1 <j < N —1, it follows that

10) = 5[50 - 5 [s10 - 3 [8:0 - = S 1510 - ] ]|

That is,

DA e ()N e
I(t):gs(t)—l—zw/o e Fk(r)dr—i—w/o e~ Py (7) dr.
k=1

Notice that after expanding and rearranging terms, we can write for 1 <k < N

A= S () [+ D) < (5]

=0 J

It follows that

o\
k=1 j=0
N 1 ust
(=) NN (T (J+Dr g
t 2 | [l (e 1 ) <T+m)]‘”

J=1lk=j
N-1 N ;am
k—1 (—1)] Tt _tr J
+-0k21<3>2’““/0 eZF( +)d
J=0 k=j+
- J
+ / eV <7‘—|— ) dr
= 9N+1 (] — 1) 0 ’t’
N i o . N+1 )
(=D (N [11 Jm (=1 i
+ Z VT | /0 e TR 7‘+m dT+W/W e " Fyny(7) dr.
Jj=0 Tel

Letting
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_ 1
9 + Z 2k+1 2N+1’

N N
k—1\ 1 E—1\ 1 N 1 N 1
_ L _ for 1< J<N—1;
K Ej(ﬁ—l)%l +Z< j )2 " (f—l) e <J>2N+1 >
N+2
CN = W, and
1
EN+1 = 5N
it follows that
N—+1 L . 0o
[ —itT 4 —itT
|I(t)| < Z Cj /Ot it F( +l|7t|> dr +W A (& it FN+1(T)dT . (57)
J=0

It is worth noting that the exact form of the coefficients ¢ for 1 < k < N is irrelevant. The only
fact that will be needed is that they exist and are positive.

It suffices now to show that

\t| \t\
Fnia(r / . FN+1)(7‘+81+ .+ SN41)dsy - dSnya,

where

(58)
N i
— N+J< )/ltF’(T+s—|— )ds
J=0 i) Jo 2]
Using the identity
ny (n-—1 + n—1
k] \ k k—1)
it follows that for any integer M > 0 and for any function h,
M M—1
(M . i (M—-1 . .
(—1)M+]< .)h(J) = (—1)M+]+1< : ) [h(j +1) = h(j)]. (59)
j=0 J j=0 J
Let h(j) = i7" F’ (7’ +s5+ ﬁ) ds and M = N. Notice that we can write
h(j+1)— /t/tF”<T+Sl+82+H>d81d82. (60)

It follows from equations (58), (59) and (60) that
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N—

Fnia(r Z N+]+1< )/lt /lt‘ F” <T+81+82+ D ‘> ds1 dss.

Repeating this process N — 1 times, where the i*" time we choose

/‘” T ) (T+51 +ot s+ |t|> dsi... dsi

and M = N — i, we obtain

[t] |\
Fnia(r /t 1 p@v+D) (T+s14+...+Sy41) dsy -+ dSN41-

This finishes the proof of Claim 5.9.

Claim 5.10. The N** derivative of

e2min-(y—y’)
7_ 727”'5 dTI
/ 471'[7] v—7b(v)] dv
consists of sums of terms of the form

C(ro)N ke [ e2minW=v) f) (1, ) - - fr(7,m)
™ e (7 m)

dn,

where

fs(m,m) = [/(Tg(v))se4“[’7‘”_75(v)] dv] :

Rn
d

A(r.m) = { [etmtrrrielay

]Rn
aty... 05, k,deN; 0<kE<N;a1+...+ar=d—1; and a; +2a2+ ...+ kax = k.

Proof. We will begin by showing by induction that the k" derivative of

e2min (y—y’) J
/ 4dr[n-v— Tb’l})]d,v L

consists of sums of terms of the form

ag

e2min (y—y’) [ Z(v)e4ﬂ[n'v—T5(v)l d'v} . [ E(v)ke47r[n~v—T5(v)] dv
]Rn

- d
/ e47r[n~v—7b(v)] dU:|

where a1 + ...+ ar =d—1; and a1 + 2as + ... + kap = k.

R

dm,

Rn
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Notice that J’(7) is of this form, with a; = 1, and d = 2. Suppose J*)(7) is of this form. We will
show that J*+1)(7) is of this form. Let

gs(T) = {/5(1})564“["'”_T5(”)] dv] )
Rn

d
Then ar [J (k) (T)} consists of sums of terms of the form

-
2win-(y—y') g, . . . d .
c e a1 gs—ldr(gs)gs-i-l gk d’? (63)
]Rn ’y
or
2rin- (=) g, ... gL
c e 912 gde(W) dn, (64)
R i

with « as in equation (62). But

d as—1
——(9s) = —4mas

B(U)s+1€47r[n-v—75(v)] dv
dr

R

9

B(U)se4w [n-v—7b(v)] d’U:|

R
and

d

CT(’Y) = —4Wd7L;1/ E(U)e47r[n-v—75(v)] dv.
T n

Thus, a generic term of the form given in equation (63) is given by

2rin-(y—y') 4. . ..

e

C/ g1 gk
Rn v

Let hj = g; for j # 5,5+ 1; hy =

~ = -1 - -
b(,v)se47r[n-v—7b(v)] d’v:| { b(v)s+le47r[n~v—7b(v)} dv| dn. (65)
Rn

Rn

~ = as
b(v)SeM[”'”_Tb(”” dv] , where as = as — 1; and hgy1 =

R
~ = As+1
[ b(v)sHietrimv=rb)] dv] , where as11 = as4+1 + 1. Then equation (65) can be written as
Rn

2min-(y—y' ) p. ...
C/ ¢ - P dm.
Rn v

For this term to have the desired form, the exponents must satisfy a; + ... + as—1 + ds + Gsy1 +
asy2+...+ap=d—1,and a1 +...+(s—1)as—1+sas+ (s+ 1)asr1+ (s+2)assa+...+ ka = k+1.
The former holds, since by inductive hypothesis a1 + ... + as—1 + @5 + Q541 + G542 + ... + ap =
a1+...+as—1+as+1+...4ap=a1+...+ar =d— 1. The latter also holds, since by inductive
hypothesis, a1 + ...+ (s — 1)as—1 + sas + (s + D)ass1 + (s + 2)as42 + ... + kar = a1 + ... + (s —
Das—1+sas—s+(s+1)ast1+s+1+(s+2)asyo+...+kag=a1+...+kap +1 =k + 1.

In the same way, a generic term of the form given in equation (64) is given by
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2 w=v')g, ... g, / B(w)erro=TH@)] gy
C R™ dn. (66)
R’I’L

- d+1
[ / Al v—rb()] g,

- - ay
b(v)eM["'”_Tb(”)] dv} , where a; = a1 + 1 so that equation

Let hj = g; for j # 1, and h; =

(66) can be written as

R

2rin(y—y' ), ... b

€ 1 k

C - ) dn.
R" / e47r[77-v77'b(v)} dv

For this term to have the desired form, the exponents must satisfy a1 + a2 + ... + ar = d, and

a1 + 2a3 + ...+ kar = k + 1. The former holds, since by inductive hypothesis, a3 + as + ... +

ar = a1+ ...+ ap+1 = (d—1)+ 1 = d. The latter also holds, since by inductive hypothesis
61+2a2+...+kak:a1+2a2—|—...+kak+1:k+1.

It follows that for any k € N, the k' derivative of .J(7) consists of sums of terms of the form
B(U)€47r[n-v—75(v)] d’U:| “ . |: g(v)k’€47r[17.v—'rl~2(’u)] dv o
R”

e2min (y—y’)
c ~ d
/Rn / Al v—rb()] dv}

where a1 +...+ar =d—1; and a1 + 2a2 + ... + kap = k.

Rn

dnm,

Finally, since F(7) = e~2".J(7), the N** derivative of F is given by

FM(7) = g: (i) (6_2”‘5> (=) JHE) (7).
k=0
")

But 6727”'6 (N— — 06N7k67271"r6

terms of the form

. Thus, the N** derivative of F' consists of sums of multiples of

k

/ E(,U)emr[nm—rl;(v)} dv] a1 N / E(v)ke4”["'”—75(v)} o a

e2min (y—y’)
6N—k6—27r75
~ d
- [ / cArlno—rb(v)] gy,

where a1+ ... +tar =d—1and a1 +2as + ...+ kap = k.

dn,

Finally, writing for 1 < s <k,

[ /E(U)Se4ﬂ[n'v_76(v)] dU] _ ja |: /(TE(U))S€4W[77'U_TB(1})] d’U] ’
T S
R"l

Rn
yields the desired expression. This finishes the proof of Claim 5.10.
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Claim 5.11. Let

2mi-(y—y') pp 0
_ o e m 7-7 e f 7-7
Al () = (76N he2r / e T g, (67)
R’VL

where

fi(rm) = [ [ byt dv] ;
R®
d

/ Al o—7b(u)] g
R®

a1, a0k, k,d e N;O<k<N;a1+...+a,=d—1; and a1 + 2as + ...+ kar = k. Then there
exists a constant C that depends only on N, k, the combined degree of b and the dimension of the
space such that

Y (r,m) =

AN k(M) < C.
Remark 5.12. Notice that pu is a function of T.

Proof. Tt is easy to check that (76)V~%e~277 is bounded. Thus, it suffices to show that

fr(r,m) - fi(r,m)
/Rn (T, M) n

is bounded. We will begin by studying the properties of the f#(7,mn) defined above. By Claim 4.3
on page 12 there exists a universal constant such that

Th(pw) < C(1+02™ 4. 4 2™,

n

Thus, we must study the behavior of integrals of the form

Lo= [ pu@)em= do,
R™

for polynomials ps : R — RT with non-negative coefficients and g(v) = 7b(puwv). As usual (see, e.g.,

equation (16) on page 11), we can write

L. = ehvo) / )=o), (1) gy,

where h(v) = n - v — g(v) and vg is the point where h(v) attains its maximum. Making the change
of variables v = w + vy, it follows that

LS e eh(vo) / e_f(w)ps(w + ’UO) dw’

where f(w) = g(vo +w) — g(vo) — Vg(ve) - w. Since the coefficients of p are non-negative, it follows
that

ps(wi + vot, - .., Wy + von) < ps(Jw| + |vol, ..., |w|+ |vel).
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This last polynomial is now a polynomial of just one variable, and after expanding and regrouping
all the terms, it consists of sums of terms of the form |w|’s|vg|® for indices is and j. Hence, there
exist positive coefficients ¢;, j, such that

Ly < eP(vo) Z Ci57j5|v0|is/ |w‘jseff(w) dw.
]Rn

iS?jS
Let Jj, = / |w]’s e~ () daw. This integral is identical to the one studied in equation (33) in Claim
Rn
4.11 on page 20. Thus,

Jio SHw = flw) < 11+ |vol*P) + 6,

where © is a constant that depends only on myq,...,m, and the dimension of the space; and B =
4max{myi,...,my}. It follows that

Lo £ 00 Y ei,fwol [[fw ¢ f(aw) <1} (1 + foof?) + 6]
is,Js

That is,

Ly S ") [[{w : f(w) < 1} s(Jvol) + ¥s(Jvol) ],
for some polynomials ¢s : R — RT, 95 : R — RT.

On the other hand, by equation (24)

/ AT v=TH ] gy s P 0) £ ¢ fw) < 1},
RTL
Therefore, there exist some polynomials ¢; : R — R* such that

/ Firam) - i) " 5/ [eh(vo)]ar+ +ax (Zaﬁ- Tk fw : f(w) < 1}|jqj(|v0|)) in
R™ R™

V(T m) [e"vo]d{w : f(w) < 1}

Buta; +...+a,=d—1, so

i) L rm) o) [ S -
/Rn i Zm,n’ﬁ U dnS/Rne A )(jzo’{“’ : flw) < 1} dqﬂvo\)) dn.

Moreover, by Claim 4.7,

n

{w: f(w) <1} 2 (1+r(vo))” 2.

where r(v) = v}™ + ...+ v2™ . Thus, and since j — d < 0,

ff(ﬂ??)fﬁ(ﬂn) < efh(vo) ! , w '
/Rvn ’}//’4(7" 17) d’f’ ~ /ﬂ;ﬂ jz:o(1+ (’UO)) QJ(|’UO|) d77

By Claims 4.9 and 4.8, Z 5(1+7(vo)) H ¢;(Jvo]) is at most of polynomial growth in |7|. On the

other hand, by equation (21), e~"(¥0) decays exponentially in |n|. Hence,
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ﬁhm%“ﬁﬁmun
- (T, M)
is bounded. This finishes the proof of Claim 5.11.

Corollary 5.13. Let

onrs e2min (y—y’)
=e T dnm. (68)
/ 47r[nv Th(v)] dv
Then F € LY(R).

Proof. Making the change of variables nn — g and v — pwv, we have that

—27r75 27”* (y—y )
F - dn. 69
) o / eArinv=rb(u)] g, (%9

Taking k = N =0, and d = 1, it follows from the proof of Claim 5.11 that

o2 (y=y)
d
/ eArinv=rh(u)] g,

is bounded. Thus, and by equation (47), it follows that

6—271'7'6

{o 5wy < L)

If 7 <1, then |F(7)| is bounded. If 7 > 1, it follows from Claim 6.1 (see Appendix) that

[F(T) <

e—27r767_2n

- va : b(v) < 1}

2

which decays exponentially as 7 — oo.

We are now ready to present the proof of Proposition 5.8.

Proof. We had shown in equation (48) on page 27 that

S:/ e T F (1) dr,
0

where u = 27w, and

orrs e2min (y—y’)
(1) =e"“7 dn. (70)
/ 47r[17v Th(v ]dv

Then by Corollary 5.13 and Claim 5.9 it follows that
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P Wl g
S > o [[TeE (+) ar
=0 0 |ul
1 o —uT |%‘ |%‘ (N+1)
+2N+1 /,r ¢ / /0 F (T+s1+...4+5n41) dsy -+~ dsyyrdT|.
Tul

We will begin by obtaining the desired bound for the terms of the form

Tl ;
Ii(u) = / e T (r + |J;T|> dr.
0

We can write
us

ful ; Tul ) e2min-(y—y’)
11| < F (T—i— ﬂ)’ dr = 2 (r i dn| dr.
0 |u| 0 / 4dr[n-v— T-‘rm) (v)] dv

Making the change of variables s = 7 4 % as well as n — ﬁ and v — pwv, we have that

(J+1)Tr

—271'58
L) < dnds.
11 ()] L‘ /R”/ edrnv— sb( (1)) oy

[ul

By Lemma 4.1,

dn
/ wn-v—sb(uv)] gy,

converges. Also, by convexity of b, 6 > 0. Thus,

G .
()] S s ds.
’ i i
By the choice of the factors u, it follows that
G+Dm
Jul 1
Wl | L
CEICRE RS
But since we are considering 7 < (U H) then
G .
u T
|1 (u)| S - — " 5 dr = — " 5
£ e b <iin)]  m{v b < i)

Moreover, since u = 27w, the desired bound follows immediately for j = 0 and j = 1. For j > 1, it
follows from Claim 6.1 (see Appendix) that
~ 2|wl H
v b(v) < :
{ v (j+1)

{50 < )] < U2
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Hence,

(G +1)* '
ol [{o : 5v) < ful}|

Since the sum over j is finite, it follows that

[7i(w)] S

1
51 < :
|w| ‘{v : g(v) < \w[}’
+ oN+1 /w e_iw/olul .../0'“' FVY (T+s14+...4+5SNy1) dsp -+ dsny1dT|.
Tul

We must now bound the term

< . Tul Tul
|/ e_“”/ll--- lIF(N+1)(T—|—81+...+5N+1)d51-~dsN+1dT.
o 0

As previously discussed, the (N 4 1) derivative of F(7) consists of sums of terms of the form

C(ro)NH1ke=2mmd [ 2min W) fy (7, m) - - fio(7, )
T - (mm)
as d
where fs(T,m) = [ /(Tfl;(v))seh[”'””g(”)] dv] sy(r,m) = /64”[""’775(”)] dv] jat, ..., agk,de

R™ R™
N;O<k<N+1l;a1+...+ar,=d—1; and a; + 2a2 + ...+ kar = k. These terms can be written

as O~ WHD AN, &(7), where

2min-(y—y’) .
Ani1x(T) = (7.5)N+1k627m3/ e fl((: TI)) fr(T,m) an.
Rn f)/ 7"7

Thus, we must study integrals of the form

e T T
JZ/;. WA AN+1k(T+51+ +SN+1) dSl"'dSN+1dT.

[ul
With g1, ..., @y, chosen as in equation (47) on page 27 we can make the changes of variable n — %
and v — pwv. We obtain an integral of the form

R S ful
J = N+1( : d+1/ AN+1k(T+31+ .4+ SN41) dsy -- - dsyydT,

[ul

where now

2m'g-(yfy’)f{i( n)- - ]/;

Ay 1) = (7o) VH1 ke 2mS / :
R

is as in Claim 5.11. Thus, |AR (1) < C. It follows that
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g [t
~ sl ’u‘N+1TN+1(/~L1 Tt Nn)d—H

ul

Also, a1 + ...+ ap = d— 1. Thus,

1 o 1
JI < dr.
1 IUIN“/r TNF (g - - - )2

[ul

Since u = 27w, and by choice of w, it follows that

2w

1 * 1
II= ‘w’NH/ll FN+1 H'v : 5(’0) < %}‘2 o

Notice that on the interval under consideration, (2|w|7)~! < 1. Using Claim 6.1, it follows that

{v - b(v) < i}‘ = {v - b(v) < 22"5"7} > (2]11)1\7)” HU : b(v) < 2|w\H

Thus, and since Hv - b(v) < Q\wl}‘ > Hv : b(w) < \w[}‘ It follows that

~ 1 1 ~
: < —( > : < .
{o < 500 < 2} 2 g o 7o) < |
Taking N > 2n + 1, we have that
2n o0 2n 0o
1
|ﬂshﬁﬂ/ = g dr - RS
Wl w1 o B(w) < Jul}] ¥ +1=20 |{o : B(v) < Ju]}| o
That is,
1
RADS

It follows from equation (71) that

This finishes the proof of our third and last bound.

5.2.4. Conclusion. We have shown that

S (. y,t); (', 9/, t))| < min{A, B,C},

where

A= = ! ;
3|{v : b(v) < 6} 2
1
by —y"){v : b(v) < by —y)}?’
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and

1
C= = 5
jw] {v : b(v) < |w[}]
Thus, to conclude the proof of the Main Theorem, it suffices to show that

1
min{A4, B,C} < 5

52 +b(y — y')? + w? {'v L b(v) < \/62+g(y—y’)2+w2}

Without loss of generality, suppose that § < g(y —vy’) < |wl|. Then,

ERPRY
w] — \/52 +h(y — y')2 + w?

and

{v  b(w) < /82 + by — )2 +w2} c v : b(v) < V3Jul}-
But by Claim 6.1,

{o : 5w) < VBl < (VB [{v : B(w) < Jul}]".

Therefore,

1

S| =
w] {v : b(v) < [w[}?

(\/§)2n+1 (73)
5
{'v : b(v) < \/52 +b(y —y')? +w2}

Vo2 by — )2 + w2

This finishes the proof of the Main Theorem.

6. APPENDIX

We have included in this appendix two technical claims for convex functions that are used repeat-
edly throughout the paper.

Claim 6.1. Let f: R™ — R be a convex function such that f(0) = 0. Given z > 0, let
Ay ={weR" : f(w) <z}
Then for any constant 0 < A < 1, vol(Axz) > A"vol(Az).
Proof. By convexity of f, for any vectors w and w in R", and any constant 0 < A <1,
fOw + (1= Nu) < Af(w) + (1= A)f(u).

In particular, taking w = 0, and since by hypothesis f(0) = 0, it follows that f(Aw) < Af(w). Thus,
if w e Ay, then f(Aw) < Af(w) < Az. That is, A - Ay C Ay,. It follows that

vol(Axz) = vol(A - Ag) = AN'wol(Ay).
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Claim 6.2. If f : R" — R is a convex function such that f(0) =0 and V f(0) =0 then

I:/ e W dw ~ [{w : f(w) <1}

Proof. Without loss of generality we can assume f # 0. Notice that under these hypothesis f(v) >
0 Vv € R™. A lower bound for I can be easily obtained, since

[ aw> | 1) gy > L |{w + flw) <1},
n {w: f(w)<1} €

To obtain an upper bound we can write

() gy — / F) gy S
(& w (& w
/Rn fw: f(w)<1) ;

/ e ) da, (74)
{w:j<f(w)<j+1}

But

/ e T W dw < e |{w : fw) <j+1}
{w:j<f(w)<j+1}

But by Claim 6.1, and taking A = j% and x = j + 1, it follows that

{w : flw) <j+1} <G +1D)"{w : f(w) <1}
Hence, by equation (74), we have that

oo
I<{w: flw) <1 (14> e(G+1)"
j=1
Since the sum converges we get the desired upper bound.
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