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Abstract?

A function of two variables F'(x,y) is universal if for every function
G(z,y) there exists functions h(z) and k(y) such that

G(z,y) = F(h(z), k(y))
for all z, y. Sierpinski showed that assuming the Continuum Hypothesis
there exists a Borel function F(z,y) which is universal. Assuming Mar-
tin’s Axiom there is a universal function of Baire class 2. A universal
function cannot be of Baire class 1. Here we show that it is consistent
that for each @ with 2 < o < w; there is a universal function of class
a but none of class 8 < a. We show that it is consistent with ZFC
that there is no universal function (Borel or not) on the reals, and we
show that it is consistent that there is a universal function but no Borel
universal function. We also prove some results concerning higher-arity
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Pniversal Functions

universal functions. For example, the existence of an F' such that for
every G there are hq, ho, hy such that for all z,y, 2

G(m,y,z) = F(hl(x>7h2(y)7h3(z))

is equivalent to the existence of a binary universal F', however the
existence of an F' such that for every G there are hq, ho, hy such that
for all z,y, 2

G(.T,y,2> = F(hl(xvy)v hg(l’,Z), h3<y72))

follows from a binary universal F' but is strictly weaker.

1. INTRODUCTION
A function F': X x X — X is said to be universal if for any
G: X xX—=>X
there is g : X — X such that for all z,y € X

G(r,y) = F(g(x),9(v)).

In the Scottish book (problem 132, see Mauldin [15]) Sierpinski asked
if there always is a Borel function which is universal, when X is the real
line. He had shown that there is a Borel universal function assuming
the Continuum Hypothesis (Sierpiriski [29]). This notion of universal
function is also studied in Rado [21] (see Theorem 6 there).

Remark 1.1. Without loss of generality we may use different func-
tions on the x and y coordinates, i.e., G(x,y) = F(go(z), g1(y)) in the
definition of universal function F. To see this suppose we are given F*
such that for every G we may find go, g1 with G(z,y) = F*(g0(2), 91(y))
for all x,y. Then we can construct a universal F' which uses only a
single g. Take a bijection, i.e., a pairing function, between X x X and
X, which write as: (xq,x1) — (xg,x1). Define

F((xo, 1), (Yo, y1)) = F* (20, 1)
Given any go, g1 define g(u) = (go(u), g1(u)) and note that

F(g(),9(y)) = F*(go(x), 91(y))

for every x,y.

In the case X = 2% there is a pairing function which is a homeomor-
phism and hence the Borel complexity of F' and F* are the same. For
abstract universal F a pairing function exists for any infinite X. For
finite sets X, universal functions exist if and only if | X| < 1.
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Remark 1.2. The definition of universal function is not changed by
requiring the function g to be injective, as, given a function m: X — X
for which |77 (x)| = | X| for all x € X, we can replace a given F(z,y)
in the original sense with F(mw(x),7(y)).

The notion of universal function naturally generalizes to functions of
the form f: X xY — Z, as follows.

Definition 1.3. Given sets X,Y and Z, a function F : X XY — Z
1s universal if for each function

G: XxY—~Z7

there exist functions h : X — X and k:'Y — Y such that for all
(z,y) € X XY,

G(x,y) = F(h(x), k(y))-
We record a few simple observations about functions of this type.

Remark 1.4. If f: X xY — Z is unwersal, Z' C Z and zy € 7',
then the function f': X xY — Z' defined by setting

f(z,y) = { flx,y) if fle,y) € 2

20 otherwise
18 also universal.

The following observation shows that the existence of a universal
function from 2% x 2¢ to 2“ is equivalent to the existence of a universal
function from 2% x 2“ — 2, even when one asks for a universal function
in a particular complexity class. Similarly, for all infinite sets X and
Y, and any n € w, the existence of a universal function from X x Y to
Z implies the existence of a universal function from X x Y to Z™.

Proposition 1.5. If k is a cardinal, f: X XY — Z is a universal
function, | X*| = |X| and |Y"| = |Y|, then there is a universal function
F: X xY —=Z".

Proof
Fix bijections 7: X* — X and v: Y* — Y. For each (z,y) € X XY,
let F(z,y) be

(f(m (@) (e), v (y)(a)) s o < K).

To see that F'is universal, fix G: X x Y — Z". For each a < k, define
ga: X XY — Z by setting g.(x,y) = G(z,y)(c). By the universality
of f, there exist functions hy: X — X and k,: Y — Y (o < k) such
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that for all @ < k and all (z,y) € X XY, go(x,y) = f(ha(x), ka(y)).
Define H: X — X and K: Y — Y by setting

H(z) =7({ho(x) : a0 < KY)
and K(y) = v({ka(y) : @ < k)). Then for all (z,y) € X x Y,
F(H(z), K(y)) = (f(ha(2),ka(y)) : & < K) = (galz,y) : @ < K) =

G(x,y).
QED

In Section 2 we show that the existence of a Borel universal function
is equivalent under a weak cardinality assumption to the statement that
every subset of the plane is in the o-algebra generated by the abstract
rectangles. We also show that a universal function cannot be of Baire
class 1.

In Section 3 we prove some results concerning Martin’s axiom and
universal functions. We show that although MA implies that there is
a universal function of Baire class 2 it is consistent to have M Ay, hold
but no analytic universal functions.

In Section 4 we consider universal functions of special kinds, for
example, F'(z,y) = k(x 4+ y). We also discuss special versions due to
Todorcevic and Davies.

In Section 5 we consider abstract universal functions, i.e., those de-
fined on a cardinal x with no notion of definability, Borel or otherwise.
We show that if 2<% = k, then they exist. We also show that it is
consistent that none exist for k = 2%, and we construct some weak
abstract versions of universal functions from the assumption MAy,.

In Section 6 we take up the problem of universal functions of higher
arity. We show that there is a natural hierarchy of such notions and
we show that this hierarchy is strictly descending.

In Section 7 we compare the notion of universal function with the
notional of universality from model theory.

1.1. Cardinal characteristics. The following definitions show up at
various points in this paper. We let ¢ denote the cardinality of the
continuum, i.e., 2%. The cardinal p is the psuedo-intersection number,
the smallest cardinality of a collection of infinite subsets of w having the
finite intersection property (i.e., all finite subcollections have nonempty
intersection) but no pseudo-intersection (i.e., no infinite subset of w is
contained mod-finite in each member of the collection). Equivalently,
it is the smallest cardinal for which Martin’s Axiom for o-centered
posets fails. This equivalence is due to Bell [1]; for the proof see also
Weiss [33]. The tower number t is smallest cardinality of a collection
of infinite subsets of w linearly-ordered by mod-finite containment but
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having no pseudo-intersection. Evidently, p < t, but a recent result of
Malliaris and Shelah [14] shows that p = t (in light of this fact, the
hypotheses of Propositions 6.16 and 7.14 are each equivalent to p = ¢).
The cardinal b is the smallest cardinality of a set X C w® such that
for every f: w — w there exist a ¢ € X with {n € w | g(n) > f(n)}
infinite. See pages 426-427 of [2] for a proof that t < b.

The cardinal q is the smallest cardinality of a set X C 2% which is not
a (Q-set, i.e., for which there exists a set Y C X such that ZNX #Y,
for every G set Z C 2. The inequality p < q can be proved in ZFC.
This is due to Silver; see Section 5 of [20]. The cardinal characteristic
ap is defined to be the least cardinal x such that there exist an almost
disjoint family {z, : @ < Kk} (i.e., each z, is an infinite subset of w, and
for each distinct pair o, f < K, x4 Nz is finite) and a set A C k such
that for no y C w does it hold for all & < k that o € A if and only if
y N x, is infinite. Standard arguments show that p < ap < q.

For any cardinal x, MA, implies that p > k, which means that
Martin’s Axiom implies that p = b = ap = q = ¢. See [2] for more on
cardinal characteristics of the continuum.

2. BOREL UNIVERSAL FUNCTIONS
Definition 2.1. We let R denote the family of abstract rectangles,
R={Ax B : A BC2}.

Definition 2.2. Fora < w;, Z°(R) and II%(R) are inductively defined
by:
e 30(R) =TI(R) = the set of finite boolean combinations of sets
from R,

e 39(R) is the set of countable unions of sets from

., (R) = |J TH(R),
B<a

and
e II2(R) is the set of countable intersections of sets from XY (R).

Definition 2.3. A Borel function F : 2¥ x 2* — 2% is at the a-level if
for any n € w the set {(u,v) : F(u,v)(n) =1} is XY.

We write “a function of level o for “a function which is at the a-th
level”. A Borel function at level « is in Baire class «, but the converse
does not hold. In the context of 2¥, a function is of Baire class « if the
preimage of every clopen set is A, ;. For more on the classical theory
of Baire class «a, see Kechris [8], p. 190.
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Proposition 2.4. A universal function cannot be of Baire class 1.

Proof

Suppose toward a contradiction that F': 2¥ x 2¥ — 2¥ is a universal
function of Baire class 1. Let {h¢}ee. enumerate all functions with
domain a countable subset of 2 and range dense in itself. Let {re}ee,
enumerate all of 2. For each { € ¢, partition the domain of h¢ into
A¢ and Bg such that he[As] = he[Be]. Let G : (2)° — 2¥ be any
function such that for each & € ¢ and r € 2%, G(re,7) = 1 if r € A
and G(re,r) =0if r € Be.

Now suppose that h : 2¥ — 2% witnesses the universality of F' with
respect to the function G. The range of h must be uncountable; oth-
erwise there would be a countable collection {{C;, D;} : i < w} of
partitions of 2¢ such that for each £ € ¢ there exists an ¢ € w such
that he[C; Ndom(he)] = he[D; Ndom(he)], and it not hard to build a
counterexample to this. Hence, there is { such that he C h, and for all
e Ag U Bg, G(’I"g,?") = F(h(’l"g), hg(T’))

If f is the function defined by setting f(y) = F(h(re),y), then f
must be Baire class 1 and, in particular, letting C' = h¢[A¢] (which is

equal to h¢[Bg]), it follows that f | C' is Baire class 1. However,
f(he(r)) = F(h(re), he(r)) = G(re,r) = 1 for 7 € Ag.

Similarly f(he(r)) = 0 for r € Be. This is impossible for any Baire
class 1 function on the perfect set C.

QED

Theorem 2.5. [f 2<¢ = ¢, then the following are equivalent.

(1) There is a Borel function F : 2 x 2 — 2% which is universal.
(2) Every subset of the plane 2 x 2* is in the o-algebra generated
by the abstract rectangles, R.
Furthermore, for any ordinal a, P(2¥ x 2¢) = E%(R) if and only if
there is a universal function from 2% x 2% to 2* at the a-level.

Proof

(1) — (2).
Suppose that there is a Borel universal F' : 29 x 2% — 2. Let A C 2% x 2%
be arbitrary and suppose that g : 2 — 2 has the property that

Vo,y (z,y) €A Flg(x),9(y)) = 1.

Let B be the Borel set F~[{1}]. Then for all (z,y) € 29x2%, (x,y) € A
if and only if (¢(z),g(y)) € B.
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The set B is generated by countable unions and intersections from
sets of the form C' x D, for C, D clopen subsets 2“. Define h on 2% x 2¢
by setting h(z,y) = (g(x), g(y)), and note that

h™[C'x D] = g7'[C] x g~ '[D]

for all sets C; D C 2. Since preimages pass over countable unions
and intersections, for each a < wy, the h-preimage of each X? set is in
30(R). In particular, if @ < w; is such that B is X9, then A = h™![B]
is 30(R).

(2) — (1).
We show first that there exists an X C 2 of cardinality ¢ which has
the property that every Y C X of cardinality strictly smaller than ¢
is Borel relative to X, i.e., is the intersection of a Borel set with X.
The following argument is modeled after the one in Bing, Bledsoe, and
Mauldin [3]. Let A C ¢ x ¢ be such that for every B € [¢]<° there exists
a 0 < ¢ such that

B=A; =% {y<c¢: (6,7) € A}.

This is possible, as 2<¢ = ¢. Fix a < w; such that A is in $2(R), and
fix a sequence (B, : n € w) of subsets of ¢ such that A is generated in
a many steps from the sets

{B, X By, : n,m < w}.

Let f : ¢ — 2¥ be the Marczewski characteristic function for the se-
quence (B, :n < w), i.e.,

rom={ 7§ty

Define the function f2: ¢x¢ — 2% %2 by setting f2(«, 8) = (f(a), f(B)).
Each set of the form B, x B,, is the f2-preimage of the clopen set

{re2|nez}x{xe2|meua}.

Again using the fact that preimages pass over countable unions and
intersections, we can find a 3? set Z C 2% x 2% whose f2-preimage is
A.

Let X = f]c|. Let us check that X has the required property. Let YV’
be a subset of X of cardinality less than ¢, and let B be a subset of ¢
of cardinality less than ¢ such that Y = f[B]. Then Y will be a section
of Z, intersected with X, i.e.,

Y:f[A(;}:{(ZE,y)GZ|CL’:f((5),y€X},
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where § < ¢ is such that B = A;. It follows then that Y is X2 relative
to X.

Now let U C 2% 2% be a universal 3 set. Define G : 2¥ x2¥ — 2 by
setting G(z,y)(n) = 1 < (z,,y) € U, where z RS (Tp :n <w) € (29)
is a homeomorphism. Let k: ¢ — X be a bijection.

Let f1: ¢ x ¢ — 2¥ be an arbitrary function with the property that
if v <0 < ¢, then fi(6,7) = 0 (the identically zero map). We claim
that there exists a function hy: ¢ — 2% such that

f1(6,7) = G(h1(7), k(9)) for all (6,7) € ¢ x c.

To see this, note that for each n < w and each v < ¢ the set
Y, =% {k(0) : fu(6,7)(n) =1}

is a subset of X of cardinality less that ¢, so there exists a y, € 2¢
such that Y, = X NU,,. Let hi(y) = y be chosen such that the
homeomorphism & sends y to the sequence (y, : n < w).

By an analogous argument, if fy : ¢ X ¢ — 2 is an arbitrary map
with the property that ¢ > v > & implies f»(6,7) = 0, then there exists
a functions hs : ¢ — 2% such that

f2(0,7) = G(ha(d), k(7)) for all (8,7) € ¢ x ¢.

Now define F': 2 x 2¥ — 2¥ by letting (z,y) be a pairing function
(a homeomorphism) from 2¢ x 2¢ to 2* and setting

F((z1,91), (T2, y2)) = max(G(zq, 21), G(y1, y2)),

where max : 2 x 2¥ — 2% is the pointwise maximum, i.e., max(u,v) =
w, where w(n) is the maximum of u(n) and v(n) for each n < w. Then

F({z1,41), (x2,92))(n) = lifand only if 1 € {G(z9,21)(n), G(y1,92)(n)}.
We show that F'is universal. Given an arbitrary f : ¢ x ¢ — 2¥ we
can find f; and f5 as above so that

f(& 7) = max(fl(é, 7)7 f2(57 7))

for all (6,v) € ¢ x ¢. For each 0,7 < ¢, set [1(5) = (k(5), h2(0)) a
(1) = (ha(7), k(7). Then, for all 6, < ¢, £(8,7) = F((5), (7).

Also, F'is at the a-level, i.e., for any n the set
{(u,v) + F(u,v)(n) =1}
is in 39,

QED
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Remark 2.6. By Proposition 1.5, part (1) of Theorem 2.5 is equivalent
to the alternate version where the range of F' is 2 instead of 2“. This
variation allows for an alternate, possibly simpler, proof of the reverse
direction of Theorem 2.5.

Corollary 2.7. For each o with 2 < o < wy there is a c.c.c. forcing
extension in which there is a uniwversal function of level o but none of
level B < «. There is a c.c.c. forcing extension in which there is a
universal function but no Borel universal function.

Proof

The first part follows from the corresponding results about the o-
algebra of abstract rectangles, see Miller [17], Theorems 37 and 52
(¢=¢ = ¢ in the models from these theorems). For the second, the exis-
tence of an abstract universal function follows from ¢<¢ = ¢ by Theorem
5.1, and this holds in many models in which not every subset of the
plane is in the o-algebra generated by the abstract rectangles. For ex-
ample, Kunen in his Ph.D. thesis [9] showed this is true after a finite
support iteration of Cohen forcing of length wy over a model of GCH.
QED

Remark 2.8. Theorem 4.8 and Proposition 6.16 each show that if
p = ¢, then there is a universal function at level 2.

Question 2.9. Suppose that there is a universal function of Baire class
a. Then is there a universal function of level a?

The techniques of Miller [18] can be used to produce models with
an analytic universal function (that is, a universal function which is
analytic), but no Borel universal function.

3. UNIVERSAL FUNCTIONS AND MARTIN’S AXIOM

Proposition 6.16 below shows that if Martin’s Axiom holds then there
are universal functions on the reals of Baire class 2. Here we show that
the axiom MAy, (the restriction of MA to collections of X; many dense
sets) is not strong enough for this result.

The following lemma will be our tool for showing that a given func-
tion is not universal.

Lemma 3.1. Let F': 2¥ x 2¥ — 2¥ be a function, and suppose that
there exist S, ., C 2* (y,z € 2¥) such that
(1) each S, . is a subset of 2¥ containing {y, z} and closed under
F;
(2) no S, . contains 2*;
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(3) for each function h: 2¥ — 2“ there exist y,z € 2¥ such that
{h(y), h(2)} € Sy.:.

Then F' is not universal.

Proof

Let G: 2¥ x 2¢ — 2¥ be such that each value G(y,z) is an ele-
ment of 2¢ \ S, .. Then for each h: 2¥ — 2¥ it is possible to find
reals y and z such that {h(y),h(z)} C S,.. Since S, . is closed un-
der F, F(h(y),h(z)) € S,.. Since G(y,z) ¢ S,., it follows that
F(h(y),h(2)) # G(y, z), so F is not universal.

QED

Combined with Lemma 3.1, Theorem 3.3 below shows that if there is
a model of set theory then there is a model of set theory in which there
is no analytic universal function on the reals. First we note a general
combinatorial fact, which is a generalization of one of Sierpinski’s char-
acterizations of the failure of the Continuum Hypothesis (see [30]). In
our first application of the lemma, § will be w; in the second it will be
an arbitrary uncountable cardinal. We let P,(\) denote the collection
of subsets of A\ of cardinality less than .

Lemma 3.2. Suppose that § and k are cardinals with k > 61, and let
f: kX K = K be injective. Then for each function H: k — Ps+(k)
there exist o < §7 and B € k such that f(«, 5) € H(a) U H(B).

Proof

Choose 8 € k such that, for all & < 0", f(«, 5) ¢ H(«). Now choose
a < 0" such that f(«,8) & H(B).

QED

The proofs of following theorems apply to any class of functions with
the property that for each F' in the class there exists a set of ordinals
x of cardinality less than x with the property that every inner model
with  as a member is closed under F'.

Theorem 3.3. Suppose that k > wy is a cardinal of uncountable cofi-
nality. Then there is no analytic universal function on 2“ in any model
obtained by forcing with a finite support product of kK many nontrivial
c.c.c. partial orders.

Proof
Let P, be a c.c.c. partial order for each a € k and suppose that

GgHIP’a
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is generic over V. Since infinite finite-support products of nontrivial
partial orders add reals, by grouping together products of countably
many P,’s we may assume that each P, adds a real. We work in V[G].
Let F': 2% x 2“ — 2“ be analytic, and let x € 2* be a code for F.

For each § € k, let G denote the restriction of G to Haen\{ﬁ} P,.
Since ], Pa is c.c.c., each real is in V[G}] for all but countably
many $ € k. Fix X C 2¢ with |X| = &, and let f: X x X — &k
be injective with the property that {z,y, 2} C V[G;i(w)] for each pair
(y,2) € X x X. Define S, , C 2¢ for each y, z € 2 by setting

Sy = 27N VI[Gey)]

whenever (y,z) € X x X, and letting S, . = {y, 2} otherwise. Then
item (1) of Lemma 3.1 clearly holds, and item (2) follows from the fact
that each P, adds a real.

To see that (3) holds, fix a function h: 2¥ — 2“. Applying the
c.c.c. of [[,c.Pa we can find a function H: X — Py, (k) such that,
for each y € X, h(y) € VIG | [l.en(y) Pol- Applying Lemma 3.2, we
can find y,z € X such that f(y,z) & H(y) U H(z), which means that
{h(y), h(2)} C S,

QED

Theorem 3.4. Suppose that X and k are uncountable cardinals such
that A\t < k, kK = Kk and K has uncountable cofinality. Then there is
a c.c.c. forcing extension in which ¢ = k, MA, holds and there is no
analytic universal function.

Proof

Let P be a finite support product of c.c.c. partial orders P, (o < k),
such that each P, has cardinality at most A and adds a real. Let G C P
be a V-generic filter, and, for each X C &, let Gx be the restriction of
G to [],cx Pa. For each a < &, let G, denote G\ (q}, and let a, be an
element of (2* N V[G]) \ V[GL].

Working in V[G], let Q be the direct limit of a finite support iteration
(Qa, R,:a< k) of c.c.c. partial orders on A, such that Q forces MA,.
For each X C k, let Qx be the subiteration of Q consisting of those
R,’s which depend only on [,y Pa (as opposed to all of P) and the
initial segment of Qx before stage .. Since PxQ is in V', each Qx is in
V[Gx] and regularly embeds into Q. Furthermore, each R, (and each
countable set of Ra’s) is part of Qx for some X C k of cardinality .

Let K be V[G]-generic filter for Q, and for each X C k&, let Kx be
the restriction of K to Qx. For each a € k, let K}, denote K\ {a}-
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Then every element of 2¢ in V[G|[K] is in V[Gx]|[K x| for some X C k
of cardinality A. By mutual genericity, no a, is in V[G}][K}].

Now suppose that F' is an analytic function in V[G|[K], coded by
some z € 2¥. Fix X C k of cardinality A such that x is in V[Gx|[Kx].
Let

it{aq:a €k} = {ay K\ X}
be an injection such that {a,, aﬁ} C VIGy.. aﬁ)][ Z.*(aa’aﬁ)] for all o, 5 €
k. Let Sy. = 2°NV[Gy, ]KF, )], for each pair (y,2) € {aa : o € K},
and let S, , = {y, z} for all other pairs (y, z) from 2¥ x 2¥. Then items
(1) and (2) of Lemma 3.1 are clearly satisfied.

Fix a function h: 2¥ — 2%, For each a € k, we have a set H(a) C &
of size A, containing X, such that h(a) is in V[Gg )] Ku@)] By
Lemma 3.2, there are o and (3 in x such that i(a,, ag) is not equal to
a-, for any v € H(a)U H(S3). It follows that {h(aa), h(ag)} C Sag.as-
Then item (3) of Lemma 3.1 is satisfied, showing that F' is not universal
in V[G][K].

QED

4. UNIVERSAL FUNCTIONS OF SPECIAL KINDS

Elementary functions in the calculus of two variables can be obtained
from addition, the elementary functions of one variable and closing
under composition. For example, zy = 1((z+y)? — 2 —y?). We might
ask if there could be a universal function which uses addition.

Proposition 4.1. Suppose that U : 2 x 2¥ — 2“ is a universal func-
tion. Then there is a universal function F(x,y) = k(x + y), where
k . 2% — 2“ has the same Borel complexity as U and x + y refers to
pointwise addition in 2.

Proof

Given any u € 2 let ug be u shifted onto the even coordinates, i.e,
up(2n) = u(n) and up(2n + 1) = 0. Similarly for v € 2¥ let v; be v
shifted onto the odd coordinates. Note that (u,v) is easily recovered
from ug 4+ v;. Hence we can define k by k(w) = U(u,v) where w =
ug + v1. Then, given H : 2¥ x 2¥ — 2% there is g : 2 — 2% such
that H(u,v) = U(g(u),g(v)). Let go(x) = (9(x))o and gi(x) = (9(x))1.

g(v
Then H(u,v) = U(g(u), g(v)) = k((g(w))o+ (9(v))1) = F(go(u), 91(v))-
Now apply Remark 1.1.

QED

Proposition 4.3 gives a generalization of the result above which ap-
plies, for example, to any Borel subgroup of a Polish group or even a
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Borel subsemigroup of a Polish cancellation® semigroup. First we prove
a general result about Borel binary operations. We say that a binary
operation * on a set B is separately one-to-one if for every z,y, z € B,
ifrxy=x*xzory*xxr=zx%xthen y=z.

Lemma 4.2. Suppose that % is a Borel binary operation on an un-
countable Borel B C 2¥, and that * is separately one-to-one. Then
there exist perfect subsets Py, P, of B such that % is one-to-one and
continuous on P, X P,.

Proof

Let Q C B be a perfect set. Let M be the transitive collapse of a
countable elementary substructure X of H(c¢*) which contains reals
coding @ and (B, *). Let T' C 2<“ be the tree whose infinite branches
are the elements of (). Forcing with 7' is equivalent to forcing with the
poset 2<¢. It is well-known (see [4], where it is credited to Folklore)
that there is a countable partial order forcing a perfect set P C () with
the property that every finite sequence of distinct elements (z1, ..., z,)
of P is T"-generic. Let P be such a generic set over M, and let P; and
P, be any pair of disjoint perfect subsets of P.

To see that * is continuous on P; x P, suppose that (z1 % x9)[n =
s. Then there must be m such that (x;[m,xsm) forces in T? that
(g1 * go)In = s where g; and g are the generic reals added by T?. Tt
follows that (2 * z4)[n = s for all (2}, x%) in P, x P, which agree with
(21, z2) up to m.

To see that * is one-to-one on P; X P,, suppose that

2 =@y % Ty = X} * T,

Since P; and P, are disjoint and x is separately one-to-one, either
(x1,22) and (2, x}) are the same pair or all four reals are distinct. If
all four are distinct, then ((z1, 2), (2], })) is T? x T*-generic over M.
A well-known lemma on product forcing (see page 13 of Solovay [31])
gives that in this case,

M[ﬂ?l,l’g] N M[:Ullaxé] = M7

so z € M. Then there exists an n € w such that (z1[n,zs[n) forces in
T? that g, * go = 2. Since P, is perfect, there exists a y € P, \ {2} for
which y[n = zo[n. This contradicts our assumption that * is separately
one-to-one.

QED

3A semigroup is a cancelation semigroup if it satisfies that for all a, b and ¢, if
ac = bc then a = b.



Uhiversal Functions

Proposition 4.3. Suppose that U : 2 x 2¥ — 2“ is a universal func-
tion, and (B, x) consists of an uncountable Borel set with a Borel binary
operation * on B which is separately one-to-one. Then there exists a
function F' : B — 2% such that for each g : ¢ X ¢ — 2 there exist h, k
mapping ¢ to B with

g(a, B) = F(h(a) x k(B)) foralla,p € ¢

Furthermore, if U is Borel then F' can be taken to have the same Borel
rank as U.

Proof

Fix P, and P; as in the conclusion of Lemma 4.2. Let R be the range of
the binary operation *, so that % : P, X P, — R is a homeomorphism.
Let fi, fo be the continuous functions with domain R such that f;(x
y) =z and fy(xxy) = y. Since P, and P, are each homeomorphic to 2%
we may assume without loss of generality that U : P, x P, — 2“. Define
F: B — 2% by setting F(z) = U(fi1(2), fa(2)) if z € R and F(z) =0
otherwise. Then F(zxy) = U(x,y) for each (z,y) € P, x P,. To verify
that F' is universal, fix an arbitrary function g : ¢ x ¢ — 2¥. Since U
is universal there are h : ¢ — P; and k : ¢ — P, such that g(«, 5) =
U(h(a), k(B)) for all o, B € ¢. Then F(h(a) *xk(5)) = U(h(a),k(B)) =
g(a, B) for all such a, S.

QED

The following proposition shows that functions which are universal
with respect to symmetric functions can have a simpler form.

Proposition 4.4. Suppose that F : 2 x 2¥ — 2“ is a universal func-
tion. Then there exists a function f : 2% — 2“ such that for each sym-
metric function H : 2% x 2¥ — 2% there exists a function g : 2¥ — 2%
such that H(x,y) = f(g(x) + g(y)) for every two distinct x,y € 2“.
Furthermore if F' is Borel, then f can be taken to be Borel.

Proof

Let P, C w for s € 2<% partition w into infinite sets. Given s € 2<%,
we say that y : Py — 2 codes z : w — 2 if y(a,) = x(n) where
ag < a; < as < ... is the increasing listing of P;.

Define ¢: 2¥ — 2 by letting ¢(x) be such that ¢(z)[ Py, codes x
for every n < w and ¢(z)[P; is identically 0 for any s which is not an
initial segment of x.

Notice that it is possible to recover u and v from ¢g(u) + ¢(v) as long
as neither v nor v is the constant 0 function. To see this let

Y={se€2%:3ne P, (q(u) + q(v))(n) # 0}.
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Suppose that u(m) # v(m) and recall that neither u nor v is identically
zero. Then for every s € ¥ of length greater than m, exactly one of
the following must hold:

e ¢(v)| Py is identically zero and (q(u) + q(v))[Ps codes u;
e g(u)|Ps is identically zero and (q(u) + q(v))[Ps codes v.
In other words, for sufficiently large values of s the uncoding of

(q(u) 4+ q(v)) P

will take on only one of two possible values and these two values will
be v and v.

Using this, f(w) is defined as follows. If there are distinct, non-zero,
u and v such that w = ¢(u) + ¢(v) then these are unique. In this case
define f(w) = F(u,v) where u < v (for the sake of avoiding arbitrary
choices in the definition). Otherwise, define f(w) to be the constant 0
function. If F'is Borel, then f can be defined in a Borel way, although
its rank might increase.

To see that this definition works, let a symmetric function

H:2Y x2¥ — 2%
be given. By assumption there exists h such that

H(z,y) = F(h(z), h(y))
for all z,y € 2. Without loss of generality we may assume that h is
one-to-one and h(z) is not equal to the constant 0 function for any x.
To see this, note that we may replace any h with h(x) = (17, h(x))

and then alter F' so that it ignores the first coordinate of h(x); that is,
define

Fo({ug, u1), (v, v1)) = F(ug,v).

Now let g = g oh. Then f(g(x) +g(y)) = fla(h(z)) + a(h(y)))
and keep in mind that h(z) and h(y) are non-zero and distinct. Hence
flq(h(z)) +q(h(y))) = F(h(x),h(y)) = H(z,y) as required. Note that
the symmetry of H allowed the arbitrary choice of ordering of v and v
in the definition of f.

QED

The proof of the following result is similar to Mansfield and Rao’s
proof [12, 13, 23| that the universal analytic set in the plane is not in
the o-algebra generated by rectangles with measurable sides. See also
Miller [19].

Proposition 4.5. There does not exist a Borel function

F 29 x2v = 2%



Uhiversal Functions

such that for every Borel G : 2¥ x 2% — 2% there exist functions h and
k from 2“ to 2“ such that k is Borel and

G(z,y) = F(h(z), k(y))
for all z,y € 2%.

Proof
Let F': 2¥ x 2¥ — 2¥ be a Baire class « function, let U C 2¥ x 2¢
be a universal 39| set and let G be the characteristic function of U.
Suppose that h and k are functions from 2“ to 2* such that k is Borel
and

Glx,y) = F(h(x), k(y))
for all x,y € 2¥. Let P C 2“ be a perfect set on which £ is continuous,
and fix g so that U,, C P and U,, isnot A? ;. If we define ¢ : P — 2¥
by setting q(y) = F(h(zo),k(y)), then then ¢ is Baire class a and
U, = ¢ (1), giving a contradiction.
QED

Remark 4.6. The second author has recently shown that consistently
the Borel subsets of the plane are not in contained any bounded level of
the o-algebra generated by the abstract rectangles. The proof of Theo-
rem 2.5 shows that in this situation, there does not exist a Borel func-
tion
F .29 x2v = 2¢

such that for every Borel H : 2¥ x 2¥ — 2% there exist functions g and
h from 2¢ to 2“ such that

H(z,y) = F(g(x), h(y))
for all x,y € 2¥. The proof is a modification of arguments in [17].

The following type of universal function was introduced by Stevo
Todorcevic.

Definition 4.7. Given a cardinal k and k € w, a sequence of continu-
ous functions
F,: ()" = 2% (n < w)

1s k limit-universal if for each X C 2% of cardinality at most k and each
function G: X* — 2% there exists an injective function h: X — 2% such
that for all xq,...,x, € X,

Glar,....a) = lim Fy(h(ay),..., h(z)).
Theorem 4.8 (Todorcevic [32]). For each k € w, there exists a p
limit-universal sequence of functions Fy,: (2°)* — 29, forn < w.



Universal Functions 17

Remark 4.9. In the model from Theorem 3.3, p = Ny and ¢ = N3.

Recall that a function F': 2¥ x 2¥ — 2“ being of level 2 means that
for every n € w the set {(z,y) : F(x,y)(n) =1} is F,. The following
proposition shows that the existence of a ¢ limit-universal sequence of
functions is equivalent to the existence of a level 2 universal function.

Proposition 4.10. For any cardinal k the following are equivalent:

(1) There exists continuous functions F,, : 2¥ x 2¥ — 2¥ (n < w)
with the property that for each function G : k X Kk — 2% there exists a
function h : k — 2“ such that

Gla, ) = lim Fy(h(a),h(3))

for all a, 8 € K.

(2) There exists a level 2 function F : 2% x 2% — 2% with the property
that for each function G : kK X k — 2% there exists a function h : k — 2%
such that

for all a, B € k.

Proof

(1) = (2). Given the sequence of continuous functions F), : 2 x 2% —
2 (n < w) define F' : 2 x 2¥ — 2¥ by setting F(x,y)(k) = 1 if and
only if F,,(z,y)(k) = 1 for all but finitely many n < w.

(2) — (1). Using a continuous pairing function (-, -) on 2% x 2*; define
for each k € w the pair of (nondisjoint) F, subsets of 2*, P? and P/,
by setting
(<U’07 U1>, <U07U1>) c P]z
if and only if F'(u;,v;)(k) = 1. By the reduction property for F, sets,
for each k € w there exist disjoint F, sets @Y, @} with Q) C P and
QLUQ; = PYU PL. Write each Q) as an increasing sequence of closed
sets Q). = U,ew Chn- For each n,k € w, Y, and C, are disjoint
closed sets, so there exists a clopen set Dy, with CY, C Dy, and C} ,
disjoint from Dy, ,,. ’ 7
Define the continuous map F,: 2% x 2% — 2% by setting

Fo.(u,v)(k) =1

if and only if (u,v) € Dg,. Now we verify that this works. Given
G: kX Kk — 2¢ let Gy be G and define Gy: k X kK — 2% by setting
Gi(a,B)(n) = 1 — Go(a, B)(n) (that is, we switch 0 and 1 on every
coordinate of the output). Let hg and hy be the results of applying (2)
to Gy and G, respectively. We have then that for every £ € w and all
a, B < Kk,
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G(a, 5)(k) = 1 implies

F(ho(a). ho(8))(K) = 1 and F(hs (@), h(8))(k) = 0
G(a, B)(k) = 0 implies

Fhala), ho(8))(K) = 0 and F(h(a), ha(8)) (k) = 1

Define h: 2 — 2¥ by setting h(y) = (ho(7), h1(7)). Then for all
a, < k and all £ € w the following hold.
o If G(a, B)(k) = 1, then (h(a), h(B)) € P\ Py so (h(a), h(B)) €
QY and F,((h(a),h(B)))(k) =1 for all but finitely many n.
o If G(a, B) (k) = 0, then (h(e), h(B)) € P\ Py so (h(e), h(8B)) €
Qs and F.((h(a),h(B)))(k) = 0 for all but finitely many n.
QED

Davies [6] showed that the Continuum Hypothesis is equivalent to
the assertion that the function
=D nbhn

nw

has the following universal property: for every H : R x R — R there
are functions f,, g, for n < w such that

T y) = an(x)gn(y)

n<w

for all x,y € R. Moreover, the functions f, and g, (n < w) can be
taken so that the sum ) _  fn(2)g,(y) has only finitely many nonzero
terms. If this requirement is relaxed to ordinary convergence of the infi-
nite sum, then the function F'(Z, %) = >, _, Tn¥yx is still universal under
the assumption p = ¢ (Shelah [27]). However, it is not universal after
adding Ny many Cohen reals with finite support ([27]). These consid-
erations suggest the following context for studying universal functions.
Let (B,-) be a Banach algebra and 1) € B*. The linear functional
can be said to be r-universal if for every f : kK X kK — R there are
h:k — B and g: k — B such that f(«,3) =¥ (h(a) - g(8)). This will

be examined elsewhere.

5. ABSTRACT UNIVERSAL FUNCTIONS

This section considers the question of universal functions without
regard to any definability properties. The notion of universal function
naturally generalizes to functions of the form F : a x g — 7.

Theorem 5.1. If o and k are cardinals such that a<" = k, then there
1s a universal function from k X Kk to «.
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Proof

Let F be the set of functions f: k — « for which {y < s | f(v) # 0}
is a bounded subset of k. Then |F| = a~* = k. Define U: (kxF)* = «
by setting

A(B) i p <~
U 9 ) ) = 3
(v, f1), (B, f2)) { f(y) ify<p
By Remark 1.1, it is enough to show that for each g: Kk X Kk — «
there exist h: k — (k X F) and k: kK — (k X F) such that

U(h(v),k(8)) = g9(v,B)

for all 7,8 in k. Fix g: Kk X kK — a. Define h: kK — (k X F) by setting

h(v) = (v, f1,4), where fi,: x = o is such that fi,(8) is g(v, ) for
all B < v and 0 for all 8 > 7. Define k: Kk — (k x F) by setting

k(B) = (B, fa3), where fo3: Kk — « is such that fo3(y) is g(v, ) for
all v < g and 0 for all v > .
Now fix 7, 8 in k. If v > f, then U(h(v),k(B)) = f1,(B8) = g(7, B).

If v < B, then U(h(7), k(8)) = fa,5(7) = g(7, B)-
QED

It follows from Theorem 5.1 that if K< = k, then there is a universal
function U : k X kK — k. So, for example, there is a universal function
from w X w to w. If K<* = Kk, then k must be a regular cardinal.
Theorem 5.1 implies that if « is strong limit cardinal, then for every
a < k there is a universal function from s X k to a. However we don’t
know the answer to the following question:

Question 5.2. If k is a singular strong limit cardinal, does there exist
a universal function from k X Kk to K¢

Proposition 5.3. Suppose that k is a singular strong limit cardinal
and that o < k. Then there is a universal function U : k X a — Kk if
and only if « is less than the cofinality of k.

Proof

Let 7 be the cofinality of k. If & < 7, then there are only x many maps
from « into k, so U just needs to list all of them as a cross section
Us(-) =U(B,-) for < k.

If a > 7, we can diagonalize against any U by eventually avoiding
the range of any cross section. To see this suppose U : kK X a — K is
any map. Let ks for 0 < 7 be increasing and cofinal in k. Construct a
map d : T — k so that

d(d) € k\{U(B,7) : B <ks v<al.
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The map f : k X T — k defined by f(5,9) = d(J) witnesses that U is
not universal.

QED

The following proposition, which also applies to singular cardinals,
shows that a negative answer to Question 5.2 for k = N, must use
maps with domain at least wy; x w. Its proof is similar to the proof of
Theorem 5.1.

Proposition 5.4. For each infinite cardinal K there exists a function
U: Kk Xk — K such that for each G : w X w — K there exists a function

h:w — Kk such that G(n,m) = U(h(n),h(m)) for alln,m € w.

Proof
Let

F=A{F:w—k :Y¥°nF(n) =0}
Define U : (w x F)? — k by

o £ = ) 2

Given any G define h(n) = (n, F},,) where F,, € F has the property that
F,(m) = G(n,m) whenever m < n. Define k(m) = (m, F},) where
F! € F has the property that F,,(n) = G(n,m) whenever n < m.
Then

e for any n < m U(h(n),k(m)) = F! (n) = G(n,m) and

e for any n > m U(h(n),k(m)) = F,(m) = G(n,m).
As usual we may encode distinct h, k into a single map.

QED

The following theorem shows that it is relatively consistent with ZFC
that there is no universal function F': ¢ X ¢ — 2. Given sets X, Y and
a cardinal k, the partial order Fn(X,Y, k) consists of partial functions
from X to Y of cardinality less than s, ordered by inclusion.

Theorem 5.5. If ¢ = X; and 2% = Ry, then the partial order
Fn(ws, 2,w;) X Fn(ws, 2,w)

forces that ¢ = Ny and that there is no F': wy X wy — 2 with the property
that for every f : woxXwy — 2 there exists g1 : wo — wo and g : w1 — Wy
such that f(a, B) = F(g1(a), g2(B)) for every a < wy and f < wy.

Proof
Suppose that ¢ = N; and 2" = V,. Force with Fn(ws,2,w;) fol-
lowed by Fn(ws,2,w). Let G be Fn(ws,2,w;)-generic over V and H
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be Fn(ws, 2, w)-generic over V[G]|. We will show there is no such F' as
above in the model V[G][H].

By standard arguments® involving iteration and product forcing we
may regard V[G][H] as being obtained by forcing with Fn(ws, 2, w;)"
over the ground model V[H]. Of course, in V[H] the poset Fn(ws, 2,w;)"
is not countably closed but it still must have the ws-cc. Hence for
any F' @ we X wg — 2 in V[G|[H] we may find 7 < ws such that
F e VIH][G]Y].

Use G above v to define f:wy X w; — 2, i.e.,

fle,B) =G(y+wi-a+p).
Suppose towards a contradiction that in V[G][H] there were functions
g1 0wy — wy and gy © wy — wy such that f(a,B) = F(g1(a), g2(6))
for every @ < wy and S < w;. Using the ws-chain condition of
Fn(ws,2,w;) X Fn(wsy, 2,w), there would be an I C ws in V' of size
wy such that go € V[H][G[(y U I)]. Choose ay < wy so that yU I is
disjoint from
D={yv4+w-ap+p8 : B <w}

It easy to see by a density argument that the function G[D is not
in V[H][G[(y U I)]. But this is a contradiction, since G[D is easily
defined from the function f(ao,-), f(ao,5) = F(g1(x),g2(8)) for all
B, and F, g are in V[H][G[(yUI)].

QED

Question 5.6. Is it consistent with 2<° > ¢ to have a universal function
F 29 x2v — 297 What about a Borel F'?

The two following propositions illustrate two cases where a universal
function with range x can be lifted to one with range x*.

Proposition 5.7. For any infinite cardinal k, there is a universal
F:rtxrt = kT
if and only if there is a universal function G : kT X kT — K.

Proof

The forward direction follows from Remark 1.4. For the reverse direc-
tion, suppose that we are given a universal G : kT x kT — k. For each
a < kT let by: kK — a be a bijection. Define F' : k¥ x k¥ — kT by
setting

Flewened G = (G 1020

4Kunen[10] p.253, Solovay [31] p.10
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where (a,b,c) represents a bijection between an infinite set and its
triples, or, equivalently, (a, b, ¢) is defined to be ({(a,b),c). To see that
F is universal, fix a function f : kT x k™ — k*. Let j : kT — KT
be such that f(«, ) < j(max(a,)) for all a, 8 < k. Define f* :
kT x kT — Kk by setting f*(a, ) = &, where £ < & is such that
f(a,B8) = bjimax(a,8)(§).- As G is universal, there exists a function
h: k™ — k™ such that

f*(a, B) = G(h(a), h(B))
for all o, 8 < k™. This means that for all o, 5 < k™,
fa, ) = bjmax(a,0) (G(h(a), h(B))).
It follows that for all o, 8 < k™,

[, B) = F({a, h(), j(@)), (B,h(B),7(5))).
QED

Proposition 5.8. For any pair of infinite cardinals k > X\, there is a

universal function from k x X to X if and only if there is one from kX A
to AT,

Proof
Again, the reverse direction follows from Remark 1.4. For the forward
direction, let F' : kK X A — X be a universal function and fix bijections
Ja 1 A = «, for each « in the interval [\, AT). Construct F’ with the
property that for each pair o € K, € A" there exists a v < k such
that I = jgo I, ie.,

F'(v,0) = jsg(F(a,9)) for all § < \.
Now we verify that F” is universal. Let f': k x A — A" be arbitrary.
For each a < &k, let

ta = A+ sup{f(a,0)+1 : 6 <A}

Define f into A by f(e,d) = j,*(f'(c,0)). Since F is universal there
exist g, h with

F(g(a), h(d)) = f(a,8) = j. . (f'(a, )

for all (a,0) € kK x A. By our definition of F’ we may construct ¢’ so

that
F'(g' (@), h(6)) = jun (F(g(), h(6)))
for all («,0) € k x A\. Then we are done, since
Ju(F(g(e), h(9))) = f'(e, )
for all (o,6) € kK X A
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QED

The following theorem connects the existence of universal functions
on k X k with finite range to the existence of universal graphs.

Theorem 5.9. For any infinite cardinal k the following are equivalent:

(1) For each n € N there is a universal function from k X k to n.

(2) For some n € N with n > 2 there is a universal function from
KX K ton.

(3) There is a symmetric, irreflezive function from k X Kk to 2
uniwersal for all symmetric, irreflezive functions from k X k
to 2; in other words, there is a symmetric, irreflezive func-
tion U : Kk X k — 2 such that for any symmetric, irrefiex-
we function f : Kk X k — 2 there is h : k — Kk such that
f(&.m) = U(h(€), h(n)) for all € and 7.

(4) There is a universal graph on k; in other words, there is a graph
G whose vertex set is k such that for any other graph G* with
vertex set k there is a graph embedding of G* into G.

Proof

Statement (1) clearly implies statement (2); (2) implies (1) by Remark
1.4 and Proposition 1.5 (with finite exponent). To get from (2) to (3),
given a universal function U : k X kK — n, define

| 1 if a# f and either U(a, ) =1 or U(B,a) =1
Via, B) _{ 0 otherwise

Then V' is universal in the sense of (3).

Statements (3) and (4) are equivalent since the characteristic function

of a graph is symmetric and irreflexive and Remark 1.2 is still in effect.
It remains only to show that one of (3) and (4) implies one of (1)

and (2). We give a proof of (1) from (3). Fix n € w with n > 2, and

let U : k — [k]|" be a bijection. If U : k X Kk — 2 is a function universal

for symmetric functions, define U* : k X k — n by letting U*(a, B) be

max U(¢, -1
e > U n)
ne¥(B)

if this quantity is nonnegative, and 0 otherwise. To see that U* is
universal for functions from x X k to n, fix F': kK X k — n. Let {E¢ }ees
be a partition of x into sets of size n. We construct a symmetric
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function F* from k X k to 2 so that for each o, f € K

F = * —1.
(0, f) = | max > F"(&n) | —1
nekp

We can realize F'* as the characteristic function of a graph. For each
a € K, let o denote min(F,). Construct the graph on each of the
pairwise disjoint pieces £, x Ez by connecting o* to F'(«, 5)+1 elements
of Ej including * and connecting 8* to exactly F(8,«) + 1 elements
of E,. The “plus one” is so that the two minimum elements can always
be connected.

Let g : kK — Kk be one-to-one (see Remark 1.2) such that

Ulg(a),9(B)) = F*(a, B)

for all o, 8 in k. Define H : k — r by setting each H(§) = U 'g[E].
Then for each «, f in k,

which, as g is one-to-one, is equal to (maxecy(p,] Zneg[Eﬁ U(,n)) —

Since this last term is nonnegative, it is equal to U*(H («), H(/3)).
QED

Question 5.10. Does the existence of a uniwversal F' : wy X wy — 2
imply that there is a universal function G : wy X wy — w?

The rest of this section concerns universal functions on w; X wj.

Remark 5.11. Shelah [24, 25, 26] proved that it is consistent with
¢ > Ny that there is a uniwversal graph on wy. By Theorem 5.9, in his
model there are universal functions from wy X wy to n for each n < w.

Shelah’s result was generalized in Mekler ([16], Theorem 2). In Mek-

ler’s terminology, a 3-amalgamation class K is a class of models of a
universal theory in a relational language which satisfies the following
amalgamation property: if {M, : a € P~(3)} are structures in K for
which M, N M, = M,q, for all a,b € P~(3), then there is an M € K
such that M, C M for each a € P~(3), where P~(3) denotes the set
P3)\ {3}
Theorem 5.12 (Mekler [16]). If2% = Ny, then there is a c.c.c. partial
order forcing that that ¢ = Ny and that for every 3-amalgamation class
K having only countably many finite models up to isomorphism, there
1s a model M in K of cardinality Ny such that every model in K of
cardinality Ny is isomorphic to a substructure of M.
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The following theorem is a corollary of Mekler’s result.

Theorem 5.13. It is consistent that 2% > X, and there is a universal
function from wy; X wy to wy.

Proof

By Proposition 5.7 it is enough to find a universal function from w; X wq
to w. Let L be the language with countably many binary predicate
symbols R, (z,y). Let T be the theory with countably many axioms:

Va,y (Ru(r,y) = ~Rn(z,9))

for each n # m. Note that T has only countably many finite models
up to isomorphism and is axiomatized by universal sentences.

To verify that the class of models of T satisfies the amalgamation
property of 3-amalgamation classes, note that if M, (a € P~(3)) are
models of T such that M, N M, = Mgy, for all a,b € P~(3), then
U{M,:aeP-3)}ET.

Suppose now that (wy, { R, }n<w) is a universal model of T'. Define a
function U : w? — w by

Ula, B) = { 0 ifVn R, («, )

Now given any g : w? — w define RY(«, ) if and only if g(a, 3) = n.
The structure (wy, {RY},<.) is a model of T. An embedding of this
structure into our universal model gives a map h : w; — w; such that
g(a, B) = U(h(a), h(B)) for all a, B < wy.

QED

We take up the question of model-theoretic universality in section 7.
Next we consider the problem of universal functions on w; assuming
Martin’s Axiom.

Theorem 5.14. Assume MA,,. Then there exists F' : wy X w — wy
which is universal.

Proof
By Proposition 5.8 we need only produce a universal F': w; Xw — w.
Standard arguments show that there exists a family h, : w — w for
a < wy of independent functions, i.e., for any n, ay < as < -+ < @, <
wp and s: {1,...,n} — w there are infinitely many k£ < w such that

ha, (k) = 5(1)
ha, (k) = 5(2)
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ha, (k) = s(n).

Define H : wy X w — w by H(a,n) = ha(n). We show that H is
universal mod finite, in sense which will be made clear. Given any
f w1 X w — w define the following poset P. A condition p = (s, F)
is a pair such that s € w<“ is one-to-one and F' € [w;]<“. We define
p < q if and only if

(1) 54 C $p,

(2) F, C F,, and

(3) fla,n) = ha(sy(n)) for every a € F, and n € dom(s,)\dom(s,).
The poset P is c.c.c., and in fact o-centered, since any two conditions
with the same s are compatible. Since the family {h, : @ < w;} is
independent, for any p € P there are extensions of p with arbitrarily
long s part. It follows from MA,, that there exists h : w — w with
the property that for every a < w; for all but finitely many n that
fla,n) = ha(h(n)).

To get a universal map F': w; X w — w, simply take any F' with the
property that for every a < w; and any b’ =* h, (equal mod finite)
there is 5 such that F(8,n) = h'/(n) for every n. Since the function h
is one-to-one, it easy to find k : w; — w; such that F(k(«a),h(n)) =
f(a,n) for all & and n.

QED

Theorem 5.17 below shows that the existence of a universal function
for wy does not follow from Martin’s Axiom. First we have the following
lemmas, the first of which follows from a simple modification of the
Sierpinski partition sending pairs of reals to some rational between.

Lemma 5.15. There exists S : [w1]* — w such that

e for all uncountable X C wy and j € w there is an uncountable
Z C X such that S(p) > j for all p € [Z]?

o for all £ the restriction of the mapping n — S({&,n}) to € is
one-to-one.

Proof

Let {r¢}ecw, enumerate any uncountable set of reals and let Q =
{¢n}new- Any function S : [w1]*> — w satisfying gs(, falls between
re and 7, will satisfy the first requirement because, given j and X
there is a C-minimal interval J with endpoints in {¢;, ¢s,...¢;} such
that Z = J N X is uncountable. It is immediate that S(p) > j for
all p € [Z]2. Any easy inductive argument then yields an S satisfying
both requirements.

QED
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Lemma 5.16. For each r € 2¥, let G,: w; X w; — w be defined by
setting G (n,€) = r(S{n,&})). Fiz U : wy X wy — w, and let H € 2¥
be Hechler generic over a model V' containing U. Then, in V[H], any
partial order P such that

Lk “3h:wi — wi)(Vn)(VE #n) U(h(n), h(§)) = Gu(n,&)”
contains an uncountable antichain.

Proof
Let h be a name such that

Likp “(Vn)(VE # ) U(h(n), h(€)) = Gu(n,§)"

For each £ € wy, choose a condition (¢, F¢) in Hechler forcing H, a
name pg for an element of P and an ordinal a; such that

((te, Fe),pe) IFae “h(E) = a¢”.
Let t : n — w be such that there is an uncountable set X C w; such
that t¢ = ¢ for all £ € X. Let Z C X be uncountable such that
S(w) > n for all w € [Z]2.
For each £ € w; let D¢ be the partial function from w to w with
domain {S({{,n}) : n < &} defined by setting

De(S({€.m})) = Ulag, ay) + 1.

This is well defined by the one-to-one property of S. By extending
the second coordinate of (t¢, Fy) = (¢, F¢) it may be assumed that
Fe(4) > De(j) for all j € dom(Dg) Ndom(Fg). Now if £ and 1 belong
to Z and n < £ then ((t, F¢),pe) and ((¢, F},), p,) are incompatible.

To see this suppose that a condition ((s, F'),p) were stronger than
both ((t, F¢),pe) and ((t, F},),p,). By extending (s, F'), it may be
assumed that S({{,n}) € dom(s). Since {{,n} C Z, each value
S({&,n}) > n, so S({&,n}) € dom(s) \ dom(t). Hence, ((s, F),p) as an

element of H x IP forces the following

s(S({E,m})) = Fe(SHE n}) = De(SHE n})) > Ulag, ay)
= U(h(&),h(n)) = Gu(&n) = H(S{E,n})) = s(S{& n}))

yielding a contradiction. Since H has the c.c.c. it follows that P does
not.

QED

Lemma 5.16 implies the following.

Theorem 5.17. In the standard model of MA obtained by forcing over
a model of GCH with a finite support iteration of length ws of c.c.c.
posets, there is no universal function from wy X wy to w.
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5.1. Property R. We conclude this section by connecting the exis-
tence of universal functions from w; X w; to w with the existence of
certain functions on pairs from wy.

Definition 5.18. A function ®: [w;]?* — w has Property R if
o whenever k € w and {{ag,be} : € € wi} is a family of disjoint
pairs from wy with each ag < be, there are distinct & and n such
that ®({ag, ay}) > ©({be,by}) > k;
e for each £ € wy and k € w there are only finitely many n € &
such that ®({&,n}) = k.

Functions with similar properties appear in Theorem 6 of [28].

Given a sequence (0, : @ < w; \w) such that each o, is an infinite set
of pairwise disjoint pairs from «, one can recursively define a function
®: [w]> — w with the property that for each n < wy,

o for all distinct ¢, p < n, ®({¢,n}) # ®({p,n});
o for all ( € [w,7n), all @ € [w,(] and all k € w, there exist § < 7

such that {d,7} € o, and ®({9,(}) = ®({v,n}) > k.

It follows that if <& holds, and is exemplified by (o, : @ < w; \ w), then
functions with Property R exist. It can be verified in a straightfor-
ward manner that functions with Property R are preserved by forcing
by partial orders satisfying Knaster’s condition (i.e., for which every
uncountable set of conditions has an uncountable pairwise compatible
subset). The existence of a function with Property R is then consistent
with the statement b > N;.

Proposition 5.19. If b > R, and there exists a function ®: [w]*> — w
with Property R then there is no universal function from wy X wy to w.

Proof
Let U : wi X w; — w be given. Define F; : w — w for each { < w; by
setting F¢(m) to be the largest member of the finite set

{UEn) +1[n<&A2({&n}) =m}uU{0}.
Let F' : w — w be a non-decreasing function such that F' >* F¢ for
all £&. Define G : w; X w; — w by setting G(&,n) = F(P({E,n})).
Fixing an injection h: w; — wy, we will find £ and 7 in w; such that
G(£,m) # U(h(E), h(n)).

Let Z € [wi]™ be such that h(§) > & for all € € Z. Choose k and
X € [Z]* such that F(j) > Fie(j) for all € € X and j > k. Since
h(§) > ¢ for all £ € X it is possible to choose £ > 1 in X such that
h(€) > h(n) and k < ®({h(€),h(n)}) < P({&, n}). It follows that

G(&n) = F(®({& n})) = F(Q({A(&), h(n)})),
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and that

F(@({h(§), h(m)})) = Fuie) (PH{A(E), h(n)}) > U(h(E), h(n)),

contradicting that h is an embedding.
QED

The argument of Proposition 5.19 shows that if b > N; and Property
R holds then there are no universal functions from w; X w; — w, but it
does not rule out the existence of a universal functions from w; X w; —
2. The following result of Saharon Shelah addresses this question.

Definition 5.20. A graph (V| E) is said to be universal (for Xy) if
given any graph (U, F) such that |U| = ¥y there is a function ® : U —
V' such that {x,y} € F if and only if {®(x),®(y)} € E. The function

D will be called an embedding in this case.

Theorem 5.21 (Shelah). Assuming the following two hypotheses:

(1) For every F C [w']* there exist two functions f and g in F
such that {& € wy | f(§) = g(&)} is stationary.
(2) There exist fe for every limit ordinal & € wy such that
o fe:w — & is increasing and cofinal in &
e for every club C C wy there is a club X such that for each
¢ € X there is some n such that fe(k) € C for all k > n.

there is no universal graph on wy.

Proof

Suppose that U is a universal graph on w;. For any r : w — 2 define
the graph G, to consist of all edges {&,n} such that there exists n € w
such that r(n) = 1 and f,(n) < § < f,(n +1). Since U is universal
there exist embeddings h, : w; — wy of G, into U.

Now let A C 2* be any set of size 2% consisting of reals any two of
which differ on an infinite set. The first hypothesis yields r and s in A
such that that F = {€ € wy | h,(§) = hs(€) } is stationary. Then let C'
be any club such that if & and 8 are in C' and « € 3 then EN[a, ) # (.

The second hypothesis then yields £ € E and n € w such hat f¢(k) €
C for all k > n. Choose k > n such that r(k) =1 # s(k) and let n € E
be such that fe(k) <n < fe(k+1). Then {n,£} is an edge of G, but
not of G contradicting that hs(n) = h,(n) and hs(§) = h.(§).

Corollary 5.22. It is consistent with MA that there is no universal
graph on wy.

Proof
Begin with model of ¢ and GCH and force with ccc partial order P
of cardinality N, to obtain a model of MA and 2% = R,. The second
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hypothesis of Theorem 5.21 is true because it holds in the ground model
satisfying ¢ and clubs in the forcing extension contain clubs in the
ground model. .

To see that the first hypothesis is true, let {f,},c., be P-names for
functions from w; to w;. For each p1 € wy choose a function w,, : w; —
wy and conditions p, ¢ € P such that

Pug H_IP’ “fu(f) = wu(g)”

for all £ € wy. For each pair pu # 0 let Cuﬁ be a P-name for a club such
that 1 IFp “(V€ € C 79)f'ﬂ(§) + fg(f)”. Because P is ccc there is a club
D, in the ground model such that 1 IFp “D,, 5 C Cmg”.

First let F C w4 be of cardinality N4 such that there is a function
w such that w, = w for all 4 € E. Since the ground model satisfies
N, — [¥y]f, it follows that there is an uncountable set B C E and
a club D such that D,y = D for {u,0} € [B]>. Let 6 € D. Then
since [P is ccc there are distinct g and 6 in B such that there is p € P
such that p < p,s and p < pps. This contradicts that 6 € D and

plFp “w(€) = wu(€) = f.(&) # fol€) = we(&) = w(€)".

Remark 5.23. Justin Moore has shown that under the Proper Forc-
ing Axiom there are no functions with property R — his argument is
included in the appendiz to this article. Justin Moore and Stevo Todor-
cevic have independently indicated to the authors that the existence of
a function with Property R follows from the assumption that b = Ny.

6. HIGHER DIMENSIONAL UNIVERSAL FUNCTIONS

Definition 6.1. Given k € w and sets X; (i < k) and Z, a function
F: [l Xi = Z is universal if for each function G: [[,_, Xi = Z
there exist functions h;: X; — X; (i < k) such that

G(Z‘Q, Ce ,ZEk_l) = F(hg(.ﬁﬁo), ey hk—l(xk—l))
for all (zo, ..., vp—1) € [[;cp Xi-

As in Remark 1.1, in the case where the X;’s are all the same set X,
the existence of a universal function is not changed by requiring that
the functions h; are all the same.

Given a set X and a k € w, we call a universal function F': X* — X
a k-dimensional universal function on X. The following proposition
shows that the existence of a 2-dimensional universal function on an
infinite set X is equivalent to the existence of a k-dimensional universal
function, for any £ > 1. Note however that the Baire complexity of
F(F(z,y), z) can be higher than that of F.

i<k
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Proposition 6.2. Let X, Y be sets such that | X x Y| =|X|. If
F: XxY =X

is a universal function, then the function F': X xY xY — X defined
by setting F'(x,y,z) = F(F(z,y), 2) is a universal function.

Proof

Fix functions my: X — X and m;: X — Y such that the function
m: X — X x Y defined by setting 7(z) = (mo(z),m(z)) is a bijec-
tion. Given G: X XY x Y — X, define Gy: X XY — X by setting
Go(z, 2) = G(mo(x), m(x), z). By the universality of F' there exist func-
tions g: X — X and h: Y — Y such that Go(u, z) = F(g(u), h(z)) for
all (u,z) € X x Y. Again by the universality of F' there are functions
go: X — X and ¢g;: Y — Y such that

9(m " (@,y)) = Flgo(2), 91())
for all (z,y) € X x Y. Then for all (z,y,2) € X xY x Y,

G(x,y,2) = Go(r ' (z,y),2) = Flg(r ' (2,9)), h(2)),

which is equal to F'(F(go(z), g1(v)), h(2)).
QED

One may also consider universal functions F' where the parameter-
izing functions take in more than one variable, for example, a function
F: X3 — Y such that for all G: X3 — Y there exist functions g, h
and k from X? to X such that G(z,y,2) = F(g(z,y), h(y, 2), k(x, 2))
for all z,y,z in X. A 3-dimensional universal function is universal in
this sense, since g, h and k can be chosen to each depend on only one
variable. However, we do not know if a universal function in this sense
implies the existence of a 3-dimensional universal function.

The reader will easily be able to imagine many variants. For example,

o G(z,y,2) = F(g(x,y), hly, 2));
o G(x1, 22,23, 74) = F(g1(21,22), g2(22, 73), g3(23, ¥4), ga(x4, 71));
where we have omitted quantifiers for clarity. These two variants are

each equivalent to the existence of 2-dimensional universal function.
To see this in the first example put y = 0 and get

G(z,z) = F(g(z,0),h(0,2)).

In the second example put x5 = 4 = 0 and get

G(ZL’l,ﬁg) = F(91($170):92(0a$3)»93($370)794(()’951))-
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More generally, suppose that F' and the z;’s have the property that for
every G there are g,’s such that for all 7

G(f) - F(gl(fl)’ te 7971(571))

Suppose that there are two variables x and y from Z which do not
simultaneously belong to any 7). Then we get a universal 2-dimensional
function simply by setting all of the other variables equal to zero.

For the rest of this section we will often leave implicit the domains
of our universal functions, for notional ease. When we talk of the com-
plexity of universal functions, however, the underlying domain space is
taken to be 2%.

Definition 6.3. Given n € w\ {0,1}, an (n,2)-dimensional universal

function is an -ary function F such that for every n-ary function

n
2
G there is a binary function h with

G(x1, @, ..., xn) = F((M(x;,xj) 1 1 <i<j<n))
for all xi,x5,...,x,.

Proposition 6.4. If there is a (3,2)-dimensional universal function,
then for every n > 3 there is a (n,2)-dimensional universal function
F. Conversely, if there is a (n + 1,2)-dimensional universal function
for some n > 3, then there is an (n,2)-dimensional universal function.

Proof
Suppose that F' is a (3,2)-dimensional universal function and F’ is
an (n,2)-dimensional universal function, for some n > 3. Given an

(n+1)-ary function G(xy,...,Z,41), for each fixed w we get a function
ho(z1, ..., T,) with

G(z1,...,xp,w) = F'({hy(xi, ;) 1 1 <i<j<n))

for all zy,...,x,. Now, considering h(yi, y2,ys) = hy, (Y1, y2) we get a
function k(s,t) with h(y1, y2,y3) = F((k(yi,y;) : 1 <i < j <3)) for all
Y1, Yo, y3. Then, for all zq,...,xp1, G(21, ..., 2pp1) =

F'((F(k(xi,x5), k(xi, ng1), k(2j, Tp41)) 1 1 < i< j <m)).

From this one gets an (n + 1, s)-dimensional universal function, with &
playing the role of h in the definition.

For the converse, suppose that F'is an (n+1, 2)-dimensional universal
function. Consider F' as a function of variables p; ; (1 <7 < j <n+1),
and, fixing a tripling function (-, -,-), let uy, us and uz be functions so



Universal Functions 33

that u;({xy1, 9, 23)) = x; for all z1, 29,23 and i € {1,2,3}. Let K be
the function which takes in a sequence
(gij:1<i<j<n)

and returns the sequence
for which p; ; is

[ ] ul(qi’j) lf] S n;

[ ] u2(Qi,i+1) if 1 <n and j =n-+ ]_,

® u3(qn_1,) ifi=nand j=n+1.
Define F’ by setting

Fl({gij:1<i<j<n))=F(EK({g;:1<i<j<n))).
Given an n-ary function G, there exists a binary function A with
for all xy,...,2,11. Fix a domain element w, and define a function A’
by setting b'(z,y) = (h(z,y), Az, w), h(y, w)). Then
Gz, ... xy) = F'((K (2, 2;) : 1 <i < j<n))

for all x1,...,x,.

QED

Next we state a generalization of these ideas.

Definition 6.5. Let X be a set, and n an element of w. Suppose
that ¥ C P({0,1,2,...,n — 1}) = P(n) (the power set of n). We let
U(X,n, ) be the assertion that there exists a function F : X¥ — X
such that for every G : X™ — X there are hg : X9 — X for Q € &
such that

Gz, 21, Zn-1) = F ((ho((z; : j € @) - Q € 1))
forall xg,..., 2,1 € X.
Propositions 6.2 and 6.4 can be generalized as follows. The proofs of

the first two parts of Proposition 6.6 are similar to the corresponding
proofs from Proposition 6.4.

Proposition 6.6. For any infinite set X and any positive integer n,
(1) UX,n+1,[n+1]") implies Vm > n U(X, m,[m|");
(2) 3m >n U(X,m,[m|") implies U(X,n+ 1,[n + 1]");
(3) U(X,n+1,[n+ 1]") implies U(X,n + 2, [n + 2]"T1).
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Proof

For the first part, we follow the proof of the first part of Proposition
6.4, inducting on m. Fix m > n, and suppose that Fy witnesses the
statement U(X,n+1, [n+1]") and F; witnesses U (X, m, [m]™). Given
G: X™! — X, we can find for each w € X functions h§) (Q € [m]")
such that, for all xg,...,x,_1 € X,

G(zo,. .., Tmer,w) = Fy ((h§((z; : j € Q)) : Q € [m]")) .

Furthermore, there are functions kg (R € [n + 1]™) such that (abusing
notation slightly on the left side of the equality)

he ((wi 2i < n)) = Fo((kr({z; :i € R)) : R € [n+1]"))

for all xg,...,x, € X. The functions kg witness in this instance then
that the function Fy ((Fo((yr : R € [QU{m}|")) : Q € [m]")) witnesses
UX,m+1,[m+1]").

For the second part, we follow the proof of the second part of Propo-
sition 6.4. Suppose that F' witnesses U(X,m,[m]"). Fix a bijection
7o X" — X and let pr (R € [m]™) be the functions from X to X
such that 77'(z) = (pr(z) : R € [m|"). Let H: [m|™ — [n + 1]" be
such that RN (n+ 1) C H(R) for all R € [m|". Let K be the function
which takes in a sequence

(o : Q€ n+1]")
from X and returns the sequence
(Pr(ynr) : R € [m]").
Define F': X(+1") 5 X by setting
F'({yq: Qen+1]") = F(K((yq : Q@ € [n+1]"))).

To see that this works, fix G: X" — X. Since F witnesses U(X, m, [m]"),
there exist functions hz: X — X (R € [m]") such that

for all xg,...,x,-1 € X. Fix w € X. For each Q € [n + 1]7, let
kg: X? — X be defined by setting ko((z; : i € Q)) to be
7((hg({t; ;i € R)) : R € [m|")),

where each t; is z; if ¢« € @), and w otherwise. To check that the
functions k¢ witness that F” is as desired, it suffices to see that for all
20y Tm_1 in X for which z; =w for alli € {n+1,...,m — 1}, and
all R € [m]", hg((x; : i € R)) is equal to pr(kur)((z; : i € H(R)))).
Now, pr(kur)((x; 11 € H(R)))) is hr({t; : i € R)), where each t; is x;
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if i € H(R) and w otherwise. Since RN (n+1) C H(R), (t; :i € R) =
(x; :i € R), as desired.

For the third part, we follow (loosely) the proof of Proposition 6.2.
Suppose that F witnesses U (X, n+1, [n+1]"). Let F/: X([n+2"™) _ x
be such that

F'({zg: Q€ n+2"")) = F((yr : R € [n+1]")),

where each yr = zpu{n41y. Fix functions mp: X — X and 72 X — X
such that the function 7: X — X x X defined by setting

m(x) = (mo(z), m(z))
is a bijection. Given G': X"*? — X define Gy: X" — X by setting
Go(zo, ... xn) = G(xg, ..., Tpo1,70(Tn), T (Ty)).
By the universality of F' there exist functions hp (R € [n + 1]") such
that
Go(zo, ..., xn) = F((hg({x; i € R)) : R € [n+1]"))

for all xg,...,x, from X. Let k,,1 be any function from X" to X,
and let k,uqn413: X" — X be such that

knu{n+1}<l’0, RN ,iCn) = hn<£lj’0, RN ,LCnfl)

for all z, ..., z, from X. For each Q € [n+2]"*! containing {n,n+1},
let kg: X" — X be the function defined by setting

kq(xo, ... xn) = honmt1)(To, - - - Tnes, 7 N Tno1, 7).
Then for all xq, ..., T4,
G(%O, c. ,xn+1) = Go(.ilfo, ey Ip—1, Wﬁl(xn, In+1)),

which is equal to F((hr({y; : y € R)) : R € [n+ 1]")), where y; = z;
for all i < n, and y,, = 7 (x,, T11). Furthermore,
F((hg({y; :i € R)): R € [n+1]™))

is equal to

F'((ko((zi 11 € Q) : Q € [n+2]"")),
as hp((y; : i € R)) = kpopnry({(z; + @ € RU{n + 1})) for each
R e n+1]"
QED

In the following definition, n is the arity of the inside parameter
functions. The arity of the universal function is less important.

Definition 6.7. For any infinite set X, and any n € w, we define
U(X,n) to be any of the equivalent propositions U (X, m,[m|™) for m
inw\ (n+1).
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Proposition 6.8 and Theorem 6.9 show that the U(k,n)’s are the only
generalized multi-dimensional universal functions properties. Clause
(3) of Proposition 6.6 says that U(k,n) implies U(k,n + 1) and we will
show in Corollary 6.13 that none of these implications can be reversed.

Proposition 6.8. Let X be an infinite X, n € w\ 2, and X, g, ¥
subsets of P(n).

(1) If X9 C 34, then U(X,n, o) implies U(X,n,¥q).

(2) If Qo C Q1 € X, then U(X,n,X) is equivalent to

U(X,n,2U{Qo}).

(3) Suppose that 33 is closed under taking subsets, every element of
n is in some element of 3, and n = {0,1,2,...,n— 1} ¢ X.
Let m+1 be the size of the smallest subset of n not in . Then
U(X,n,%) is equivalent to U(X, m).

Proof
(1) This follows from the fact that the F* which works for ¥, also
works for 3, by ignoring the values of hg for @ € X, \ 3.

(2) One direction follows from part (1). For the other suppose that
F: X®HQb 5 X witnesses U(X,n, XU {Qo}). Let m: X — X x X
be a bijection, and let mp: X — X and m: X — X be such that
m(x) = (mo(z), m(z)) for all x € X. Define F': X* — X by setting
F'({(zg:Q € X)) tobe F({yp: R € XU{Qo})), where yg, = mo(zq,),
Yo, = m(xg,) and ygp = zg if R € {Qo, @1}. Fix G: X" — X, and let
hr (R € ¥ U{Qo}) be as in the definition of U(X,n, ¥ U {Qp}). For
each Q € X\ {Q1}, let hiy = hq. Let hg, be such that

(57 € Q) = mlhay ({2 5 € Qo)) hay (a5 € Q1))
for all @, ..., 7,1 from X. Then hy, (Q € ¥) are as desired.

(3) First suppose that U(X,n, ) holds. Choose R C {0,1,...n—1}
not in ¥ with |R| = m + 1. By the choice of m all subsets of R of size
m are in .. By restricting to the case where z; = 0 for i ¢ R, we see
that U(X, m, [m]™"!) holds.

Now assume that U(k,m) holds. Then U(k,n,[n]™) holds. Since
[n]™ C 3, part (1) implies that U(k,n, %) holds.

QED

Proposition 6.8 gives the following. The first two statements in the
theorem are trivial.

Theorem 6.9. For any n € w, any infinite cardinal k and any % C
P(n), if
Uz #n={012...,n-1}
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then U(k,n,X) fails. If n € 3, then U(k,n,X) holds. If neither of
these is true, then by the Proposition 6.8 there exists m with U(k,n, %)
equivalent to U(k, m).

The following fact will be used in the proof of Proposition 6.11.
Recall that a linear preorder on a set X is a binary relation < on X
which is reflexive, transitive and total (i.e., for all x,y € X, at least
one of z < y and y < z holds). Every linear preorder is a superset of
a linear order.

Proposition 6.10. Let k be an infinite cardinal and let m < n be
integers, with m > 2. Suppose that Fy: k"™ — k has the property
that for each G: k™ — k there exist hg: k% — k (Q € [n]™) such that

G(yo, - yn1) = F((ho({zi: 1 € @) - @ € [n]™))
for all nondecreasing (yo, - .., Yn—1) € ™. Then U(k,n,[n]™) holds.

Proof

Let xk, m and n be as given. As in Remark 1.1, we may assume that Fj
has the property that for each G: k™ — & there exists a single function
h: k9 — Kk such that

G(Yo, - - yn1) = F((h((zi 1 i € @) : Q € [n]™))
for all nondecreasing (yo, ..., yn_1) € K.
Let P be the set of all permutations of n. Let m: k — &% be a
bijection, and let F' = 7 o F. Then for each G: k™ — k% there exist
an h: kK% — & such that

G(Yo, - yn1) = F((h((zi - i € Q) : Q € [n]™))
for all nondecreasing (yo, ..., yn—1) € K.

Let L be the set of all linear preorders on members of [n|™. Let
r: L Xk — k be a bijection. Let e be a function taking linear preorders
on n to linear orders contained in them.

Let F'*: k("™ — k be the function which takes in a sequence

(r(lg, ag) : @ € [n]™),
where each [lg is a linear preorder on () and each «g is in &, and

returns a value in s defined as follows. If (J{lg : @ € [n]™} is not a
linear preorder, then let [ take any value in k. Otherwise, let

L=e((J{lo: Qe ™)),

and let s: n — n be the function that takes each ¢ € n to its l-rank.
For each ) € [n]™, let By be a,-1)g. Finally, let

F*({(r(lg,aq) : Q € [n]™)) = F({Bq : Q € [n]™))(s™").
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Let us see that this F* works. Fix a function G*: k™ — k. Let
G: k" — k¥ be the function defined by letting

G(y(h s 7yn—1) - <G*(yp(0)7 s 7yp(n71)) 'p € P>
Let h: k9 — k be such that

G(Yo, - yn1) = F((M((yi : 1 € Q)) : @ € [n]™))

for all nondecreasing (yo,...,yn—1) € £". For each @ € [n]™, define
hi: k9 — K by setting b, ((z; - i € Q)) to be

r(lo((zi 1i € Q)),h((zi 1 i € Q))),
where g is the linear order on @) induced by (z; : i € Q) and (z; : i € Q)
lists {z; : i € @} in nondecreasing order.

Now each (xo,...,Tn-1) € K" 18 (Yp(0): - - - » Ypn—1)) for some p € P
and a unique nondecreasing (Yo, - . . , Yn_1) in £™. Furthermore, p can be
taken to be s7!, where | = e(|J{lg : @ € [n]|™}), each lg is the linear
order on @ given by {z; : i € Q} and s is the function taking each
element of n to its [l-rank. Then G*(xg, ..., Zn-1) = G(Yo,- -, Yn-1)(p),
which is

F((h((yi 2 i € Q) : Q € [n]™))(p).
Finally, each (y; : i € Q) = (z; : i € s7[Q)]), so that

F((h({y: - i€ Q) : Q € [n]"))(p)

equals

Fr({(r(lo((zi i € @), h(zi -1 € Q) : Q € [n]™))
(where (z; i € Q) is (x; : ¢ € Q) listed in increasing order), which is
equal to
Fr((hg((zi:i € @) : Q € [n]™)).
QED

Since |w<¥| = w, U(w, 1) follows from Theorem 5.1. The following
proposition allows us to propagate this fact, showing for instance that
U(wp,n + 1) holds for every n € w.

Proposition 6.11. For any infinite cardinal k, and anyn € w, U(k,n)
implies U(kT,n+ 1)

Proof
Let ¥ = {aU{n+1} :a € [n+1]"}. Applying Proposition 6.10, and
the idea behind the first part of Proposition 6.8, it suffices to produce
a function
F:(kM)* = k"
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n—+2

such that for every G: (k1)""? — kT there exist
(

Hgy: (k7)™ = kT(Q € )
for which G(&o,...,&u1) = F({(Hg({§ =i € Q) : Q € X)) for all

nondecreasing sequences (&, ..., &, 1) from k.

Suppose that f : x"*1") — x witnesses U(k,n + 1,[n + 1]*). For
each a € [k, k"), let B,: a — Kk be a bijection. Let r: k x k™ — k™ be
a bijection.

Let F' be a function which takes in a sequence (r(ag, 8g) : @ € X)
and returns a value in k" as follows. If 8¢ is not the same value for
all @, then F' returns any value. Otherwise, letting 5 be this constant
value, and letting vz be agygn41y for each R € [n+ 1], F returns the
value

Bi'(f((yr: R € [n+1]"))).
Let us check that this definition works. Suppose we are given

G: (k)" = kT,
For each § < k™, let k(8) be sup(G[(d + 1)"*?]) + 1. For each § < s
there exist h%: k" — k (R € [n + 1]") such that
F(h%((Bsii(ay) :i € R)) : R € [n+1]")) = By)(Glaw, - . -, an, )

for all ay, ..., a, <9.

For each Q € ¥, let Hg: (k7)™ — k™ be defined as follows. Given
(G; -1 € Q) from k¥, if (1 < ¢ for some i € @, then let Ho((¢ :
i € ())) take any value in k™. Otherwise, let Ho((¢; : 7 € Q)) take the
value r(aq, k(Cut1)), where

ag = hGt o (Beo(G) 11 € QN (n+1))).

Now let &, ..., 41 be a nondecreasing sequence from «*. Then
G(&o, - --,&nr1) 1s equal to

B,;énm(f«hﬁg“(<B€n+1+1<5i) i€ R):Ren+1")).

Then we are done, since, as written above, each v is aryfn41y, Which

iS h%+1<<B£n+1+1<€i) ) S R>)
QED

The partial order Fn(X,Y, k) was defined before Theorem 5.5. For
any n € w and any infinite cardinal x, the partial order Fn(x™, 2, Ng)
is forcing-equivalent to the partial order which adds a subset of x by
finite conditions.

Proposition 6.12. Suppose that n € w\ {0} and that v < k are cardi-
nals with R, < ~y. Then U(vy,n) fails after forcing with Fn(s"™, 2, Xy).
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Proof
Let G C Fn(k""! 2, Ry) be a V-generic filter, and fix a function
FiAmtl 5y

in V[G]. Since Fn(k""! 2,Ry) is c.c.c., we may fix an ) < x such that F
is in V[G | n"*!]. Supposing toward a contradiction that F witnesses
U(y,n+1,[n+ 1]") in V[G], there exist functions

hie (I w)—=y G<n+1)
Je(m+1)\{i}
such that for all (ag,...,an) € [, wi, Glao,...,n + ap) is equal
to

F(ho(aa,...,an), hi(ag, ag, .. cyan), oy hp(Qo, ooy a1)).

Again applying the fact that Fn(k"1, 2,R) is c.c.c., there exists a
6, < w, such that h, € V[G{™] where G1"} is the restriction of G
to those members of k™! whose last element is not n + §,. For each

i <mn,let hi{”} be the function on [];c, ry w; defined by setting

hgn}(@o, e O, Oy - aan—l)
to be
hi(Oéo, ey O 1,01y O 1, 7] + 5n)
Applying the c.c.c. of Fn(x"™!,2,R) again, we can find a §, 1 < w, 1

such that, letting G{"~1™ be the restriction of G to those members

1 {n}

of x whose last two elements are not d,_; and n + d,, h,

V[G=1m]. For each i < n, let hi" "™ be the function on
I o«
je(n=D\{i}
defined by setting

{n—l,n}
h; (s -y Qi1 Qig1, ooy Qpp)

to be

hi(a0> sy Q1 Qg 1, - - On—2, 5n715 n+ 5n)
Continuing in this fashion, we can find (81, ...,0,-1) € w1 X ... X wy_1
such that,

e letting G11"} be the restriction of G to those elements of &
whose last n elements are not dy,...,0,_1,n7+ J,, and

77777

n+1

whose value at n is h;(n, 01, ..., 01,041, -+, On_1,1 + Opn),
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G(n,d1,...,0,_1,n + 6,) is Cohen-generic over V[G{}"}]. However,
as ho(d1,...,0n_1,7+ d,) is a fixed member of wy, our assumptions on
F and hy, ..., h, give that ¢ is an element of V[G{!m].

QED

Putting together Propositions 6.11 and 6.12, we have the following.

Corollary 6.13. Let v < k be cardinals, with X, < ~. After forcing
to add a subset of k by finite conditions, we have that

U(wn,n + 1) + 2U(wp,n) + =U(y,n),
for all positive n € w.

If we start with a model M; of GCH and force with the set of count-
able partial functions from x = R into 2, then in the resulting model
M, we have CH so U(wy, 1) holds by Theorem 5.1. Proposition 6.11
then gives U(wy,,n) for all positive n € w. By an argument similar to
Proposition 6.12 but raised up one cardinal, we have =U(w,,,n — 1) for
n > 2. If we then add x = w3 Cohen reals to M, to get Mjs, then
we will have in M3 that |2¢| = w3 and —U(ws, 2) by the argument of
Proposition 6.12 lifted by one cardinal. By Proposition 6.11, U(ws,4)
is true in ZFC. This leaves open the question of whether U(ws, 3) holds
in Mg.

Definition 6.14. For Borel universal functions of higher dimensions,
we let U(Borel, ¥, n) and U(Borel,n) denote the versions of Definition
6.5 and 6.7 where X is 2¥ and F' is required to be Borel.

The following proposition follows from the proofs of part (3) of
Propositions 6.6 and 6.8, using the fact that the composition of Borel
functions is Borel, and the fact that there exist continuous pairing and
unpairing functions. The reader interested in constructing a complete
proof will also have to verify that the universal functions constructed
in Propositions 6.2 and 6.4 are Borel assuming the functions in the
hypothesis are, thus yielding the same conclusion for Proposition 6.6
and 6.8.

Proposition 6.15. The following hold for any n € w.
(1) U(Borel,n) implies U(Borel,n + 1)
(2) U(Borel,¥,n) is equivalent to U(Borel,m) for m + 1 the size
of the smallest subset of n not in the downward closure of X.
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We can further refine U(Borel, n) in the special case that our uni-
versal function F' is a level o Borel function. The composition of level
a-functions is not necessarily level a, i.e., F(F(x,y), z) need be at the
level o just because F'is. Hence it is not immediately obvious that the
binary case of the next proposition implies the n-ary case. The proof
here is similar to that of Rao [22]. Recall from Subsection 1.1 that
the hypothesis of the proposition is implied by Martin’s Axiom. The
hypotheses on cardinal characteristics in Proposition 6.16 (and Propo-
sition 7.14) are used only to get a set of reals of cardinality ¢ which is
wellordered by a Borel relation.

Proposition 6.16. Suppose that t = q = ¢. Then for every n > 1
there is a level 2 Borel function F : (2¥)" — 2% which is universal, i.e.,
such that for every G : (2¥)" — 2% there exist h; : 2¥ — 2¥ (1 <i<mn)
such that for every x in (2¥)"

G(x1,...,x,) = F(hi(z1), ..., ha(zy))

Proof

By Proposition 1.5 and the remarks before, it suffices to find an F,
set H C (2¥)" such that for each A C ¢ there exists an h: ¢ — 2
such that for all (ag,...,a,_1) € ¢, (ag,...,an_1) € A if and only if
(h(O‘O)a R h(an—l)) €H.

Let F' C (2¥)"™! be an F, set with the property that for every F, set
K C (2¥)" there exists x € 2¥ with K = F,, i.e., the set of (y1,...,yn)
in (2¥)" with (z,y1,...,Yn-1) € F.

Define the binary relation <* on 2* by setting x <* y if

v {1\ y {1

is finite. Let g : ¢ — 2“ be an injection such that for each pair o,
from ¢, a < fif and only if g(a) <* g(f). The existence of such a
function follows from the statement t = .

For each 8 < ¢, let Dg be the set of (ap,...,a,—1) € ¢ such that
max{ag,...,a,—1} < 8. Since q = ¢, every set X C 2¢ with |X| < ¢
is a @)-set (see Subsection 1.1). Thus given A C ¢", there exists a
function k : ¢ — 2“ with the property that for each 8 < ¢ and every
(g, ...,an_1) in Dg, (o, ..., 0,—1) € A if and only if

(k(B), g(a), ..., g(an_1)) € F.

Let (-,-) be the pairing function on 2¢ such that (z,y)(2n) = x(n)
and (z,y)(2n + 1) = y(n), for each n € w. Now let H be the set of
((z0,Y0)s - - - (Tn—1,Yn-1)) € (2*)" such that, for some ¢ < n, z; <* z;
for all 7 <n, and (y;, zo,...,2n_1) € F. Then H is F,.
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Given A C ¢", for each a < ¢, let h(a) be (g(a), k()), where k is as
above with respect to A.
QED

7. MODEL-THEORETIC UNIVERSALITY

In this section we consider the relationship between the existence
of abstract universal functions and the existence of universal models.
The key difference is that if one were to consider a universal function
as the model of some theory, then embedding would require embedding
the range as well as the domain of the function. This is different than
the notion of universality being considered here since the values in the
range remain fixed. Nevertheless, there is insight to be gained from the
model theoretic perspective. It is well known that saturated models are
universal in the sense of elementary substructures and that saturated
models of cardinality x exist if k<* = k, see Chapter 5 of Chang and
Keisler [5], for instance.

Definition 7.1. For any cardinal k let L, be the first order language
consisting of a single binary function symbol ® and constant symbols
{cy}rex for distinct constants. Let T, be the L,.-theory consisting of the
sentences ¢y # cg for v # B and the sentences ®(c,,cg) = ¢y for all

v, B.

There is some overlap between the following proposition and Theo-
rem o.1.

Proposition 7.2. If T, has a model of cardinality k which is universal
in the model theoretic sense, then there is a universal function F' :
KX K— K.

Proof

Let (X, ®,cq)a<x be a universal T, model of cardinality x, and let
C = {cs : @ < k}. Universality implies that Y = X \ C has cardinality
k. Let {d, : @ < k) enumerate Y. Define F : k> — k by setting
F(a,B) to be the unique 7 such that ®(d,,ds) = c,, if one exists,
and 0 otherwise. Given an arbitrary f : kK X Kk — K, construct a 7,
model ({by : @ < K} UC, @y, ch)acr where {b, : a < k} is disjoint
from C' and ®;(b,,bs) = ¢, if and only if f(«, ) = . Since a model
theoretic embedding fixes the constant symbols, we get an h showing
that f(a, 8) = F(h(a), h(pB)) for all o, 5 € k.

QED
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In this section we will use the term Sierpinski universal for the notion
of universal function which is the subject of this paper, to distinguish
it from model theoretic universality.

Definition 7.3. A function U : k X kK — k is Sierpinski universal if for
every f : kK X kK — Kk there exists h : kK — Kk such that for all o, B € K,

fa, ) = U(h(a), h(B)).

Definition 7.4. A function U : k X Kk — K is model theoretically
universal if for every f . k X kK — Kk there exists h : kK — Kk one-to-one
such that for all o, B € K,

h(f (e, B)) = U(h(e), h(P3)).

In other words, a function U: kK X kK — k is model theoretically
universal if and only if every structure (X, f) where f : X? — X and
| X| = k is isomorphic to a substructure of (x,U).

We define a common weakening of these notions, as follows.

Definition 7.5. A function U : k X kK — Kk is weakly universal if for
every f 1 Kk X Kk — K there exist h : k — k and k : Kk — Kk one-to-one
such that for all a, 5 € K,

k(f(a, B)) = U(h(e), h(B))-

Remark 7.6. The existence of a weakly universal function on k X K
is not changed if we allow the codomains of U and k to be any set of
cardinality k.

Remark 7.7. Model theoretically universal functions are weakly uni-
versal with h = k, and Sierpinski universal functions are weakly uni-
versal with k the identity function. implies weakly universal. For maps
into 2 (or binary relations) all three notions are equivalent.

Question 7.8. Is the existence of a model theoretically universal func-
tion from kX k to k equivalent to the existence of a Sierpiniski universal
one? Does the existence of either one imply the existence of the other?

Proposition 7.9. If k is a singular strong limit cardinal then there is
a model theoretically universal function from k X k to k.

Proof

Let 7 be the cofinality of k, and let (k, : @ < 7) be an increasing
sequence of cardinals cofinal in k. Let G be the set of functions g from
K X K to k such that gk, X ko] C K, for each o < 7. For any function
[ K X kK = K, there exist a bijection h: kK — k and a function g € G

such that for all 5,0 < k, h(f(B,0)) = g(h(B),h(0)) (that is, (k, f)
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is isomorphic to (k, g) via h). This follows from the fact that we can
write K as a continuous increasing union of a sequence of sets X, each
closed under f and having size k.

It suffices then to find a U: k X k — k which is model theoretically
universal with respect to functions in G. Since k is a strong limit
cardinal, we can recursively build U so that for each o < v and each
function f: ko X Ko — Ko there exist Xy C k and a bijection hy: ko —
Xy such that h(f(8,9)) = U(h(B), h(9) for all 5,0 in k,. Furthermore,
we can build U so that for all @ < o/ < v and all f: ky X Kot — Ko
such that flke X Kol € Kay Pfinaxne = by | Ka-

Then for each g € G, U{Pgiraxra : @7} is the desired function h
witnessing that U is model theoretically universal with respect to g.
QED

Question 7.10. Suppose that k = N, is a strong limit cardinal. For
each a < k we have a Sierpinski universal U : k* — o universal for all
maps of the same type, by Theorem 5.1. By Proposition 5.4 we have
a map U : k* — k which is Sierpiriski universal for all maps of the
form G : w? — k. By Proposition 7.9 we have U : k* — k which is
model-theoretically universal for all maps of the same type. Is there a
Sierpinski universal U : kK X kK — Kk for maps of type G : w X w; — K?

Let &4 be the theory in the language of a single 4-ary relation A that is
an equivalence relation between the first two and last two coordinates.
In other words, it has the following axioms:

e A(a,b,c,d) — A(e,d,a,b)

o A(a,b,a,b)

o Aa,b,c,d) & A(c,d,e, f) — A(a,b,e, f)
The transitivity condition on A implies that £; does not have the 3-
amalgamation property, so Mekler’s argument of [16] (see Theorem
5.12) can not be applied to produce a universal model for this theory
of cardinality N; along with 2% > ®;. Nevertheless, the following
observation highlights the connection between Sierpinski universality
and model theoretic universality.

Proposition 7.11. There is a universal model for £, of cardinality k if
and only if there is a function U : k X kK — k which is weakly universal.

Proof

Let (k, A) be a universal model of &;. Let E be the equivalence rela-
tion on k X k induced by A and let { E¢ }¢c,, enumerate the equivalence
classes of E. Define U : k X k — k X 2 by setting U(a, ) = (&,0) if
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and only if (o, ) € E¢. We will show that U is weakly universal (using
Remark 7.6).

Given g: k X k — K let G be the 4-ary relation defined by letting
G(a, 8, 6,7) hold if and only if g(«, B) = g(d,7). It is clear that G satis-
fies the axioms of £, hence there exists an injective h : kK — K such that
G(«, 8,9,7) holds if and only if A(h(a),h(B),h(d),h(y)) does. It fol-
lows that g(a, 5) = g(9,7) if and only if U(h(«), h(5)) = U(h(9), h(7)).
Then any injection k: k — k x 2 such that k(g(«a, 8)) = U(h(a), h(B))
for all o, 8 < k is as desired.

The converse is proved by running the preceding argument back-
wards — given a Sierpinski universal function U : k X k — K satisfying
the hypothesis, define A(«, 3,7,6) to hold precisely when U(a, f) =
U(v,0).

QED

The next three propositions concern Borel universal functions.

Proposition 7.12. There exists a Borel U : 2¥ x 2 — 2¥ which s
model theoretically universal with respect to all F : wy X w3 — wy.

Proof
We first describe U. We use some Borel encoding of the structures
below for which the exact details are not important.

Suppose that we are given a,b € 2“. There are four cases:

Case 1. a codes a pair (n, z), and b codes a pair (m, x), where n,m € w
and z € 2 codes a tuple (f, B, <, (cx : k € B)), where f is a function
from w X w to w, B is subset of w, < is a linear order on w and each ¢
is in 2¢;

Case 2. Case 1 fails and a codes a pair (n,z), where n € w, z € 2¥
and z codes a tuple (f, B, <,{(cx : k € B)) as in Case 1, with b = ¢,
for some m € B;

Case 3. Cases 1 and 2 fail, and b codes a pair (m,x), where m € w,
x € 2¥ and x codes a tuple (f, B, <,{cx : k € B)) as in Case 1, with
a = ¢, for some n € B;

Case 4. none of the previous cases hold.

In the first three cases, if f(n,m) = k and k € B, then we let
U(a,b) = ¢, otherwise we let it be (a code for) (k,z). In the fourth
case we let U(a,b) = 0.

Now we verify that this works. Given F' : w; X w; — wq, let C be
a closed unbounded subset of the countable limit ordinals, such that
Fla x o] C a, for each a € C. We recursively define h: w; — wy by
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assuming that we have h [ « as desired, for some o € C'U {0}, and
defining ~ | min(C'\ (a + 1)). Fix such an «, and let ot denote the
least member of C' above a. Let j : w — a™ be a bijection. Define
f:wxw— w by setting f(n,m) =1 (F(j(n),j(m)), and the binary
relation < on w by setting n < m if and only if j(n) < j(m). Let
B = j7'[a], and, for each k € B, let ¢, = a;). Let € 2* be a code
for the tuple (f, B, <,{c : k € B)). For each € [a,a™), let h(B) be
(a code for) the pair (j7'(8), ).

Now suppose that we are given 3,7 < wy. Fix a € CU{0} such that
max(f5,7) is in [, min(C' \ (a + 1))), and let ™ = min(C' \ (o + 1))
as above. If {8,7} C [o,a™), then the pair (h(53), (7)) is in Case 1
above. If § = max(8,v) and v < «, then (h(5),h(y)) is in Case 2,
and if v = max(f,v) and 8 < a, then (h(B), k(7)) is in Case 3. In any

case, U(h(pB), h(v)) will be h(F(B,7)).
QED

Remark 7.13. The second author has recently shown that the version
of Proposition 7.12 with wy in place of wy can consistently hold. More-
over, he has shown the following: if there is a Borel Sierpinski universal
function and 2<¢ = ¢, then there is a Borel map H : 2 x 2 — 2% such
that for every cardinal k < ¢, and for every function G: Kk X k — K,
there exist x,, (o < k) in the Cantor space such that for all a, B,y < woy
G(o, B) = v if and only if H(z,xp) = x,. Whether this can hold for

Kk = ¢ 1s still open, as far as we know.

Given an ordinal v, say that a function f: v x v weakly pushes down
if f(o, ) < max(a, B) for all o, 5 < 7.

Proposition 7.14. If t = ap = ¢, then there is a Borel function U :
2¥ x 2% — 2¥ such that for every f : ¢ X ¢ = ¢ which weakly pushes
down, there exists a one-to-one h : ¢ — 2¥ such that h(f(«,B)) =
U(h(a), h(B)) for all o, B < c.

Proof
Assuming ap = ¢, by the standard almost-disjoint forcing technique
there exists a Borel function F' : 2 x 2“ — 2% such that for every
function ¢g : X — 2¢ with X C 2 and |X| < ¢, there exists y € 2¥
with g(z) = F(xz,y) for all z € X (see Lemma 3.7, of [7], for instance).
As in the proof of Proposition 6.16, since t = ¢ we may fix an injection
h : ¢ — 2% such that for each pair «,f from ¢, a < (8 if and only if
h(a) <* h(B).
Now given any f : ¢ X ¢ — ¢ which pushes down, recursively choose
To € 2¥ so that 4 = (Yo, 2a, h(), t,) where
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(1) tq is (0, T(a,a)) if fla,a) < o and (1,1) otherwise;
(2) for all 8 < a,

o if f(a,B) < a, then F(xg,2.) = (0, 2Zf(0,8));
o if f(ﬁa Oé) < a, then F('rﬁaya) = <07xf(ﬂ a)>;
o if f(a,B) = a, then F(xg,2,) = (1,1);
o if f(f,a) =a, then F(z5,y,) = (1,1).
Let mp and m; be such that x = (my(z),m (z)) for all x € 2¥. Using

this we may define the Borel function U by setting U(x,z’), where
xr = <y7 Z, S, t> and Yy = (y/, Z,, 5/,t/> to be

m(F(z,y)) if s <* ¢ and mo(F(z,y')) = 0;
m(F (2, 2)) if s <* s and m(F (2, 2)) = 0;
' if s <* ¢ and mo(F(x,y)) = 1;

zif s <* ¢ and m(F (2, 2)) = 1;

xif v = 2" and 7o(F(z,z)) = 1;

t otherwise.

One can now verify that f(«, 8) = v if and only if U(z,,25) = =,
for all a, 3, < ¢ by considering the cases a < 3, 5 < a, and a = f3.
QED

The identity function satisfies the analogous notion of Sierpinski uni-
versality for unary maps. The corresponding result for model theoretic
universality appear to be more difficult.

Proposition 7.15. Define w: 2 — 2% by setting w(x) = y if and only
if Yn y(n) = x(2n). Then 7 is a model theoretically universal for all
maps f:¢c—c.

Proof

Any function g: X — X from a set X to itself induces a partition
{Q(z) : x € X} of X, where each Q(x) is the smallest subset of X
closed under g-images and g-preimages with z as a member. We will
refer to the sets Q(x) as g-components. For each x € X, the pre-image
tree of x (according to g) is the tree of height at most w whose root
is x, and for which the immediate successors of each node y are the
members of ¢ '[{y}]. Let T,(x) denote the set of nodes of this tree.
A g-component () either contains a unique cycle of length n, for some
positive n € w, or it contains none. In the former case, () consists of
the union of the sets T,(x), for each member x of the cycle, and we
say that the component has type n. In the latter case, for each z in @,
Q =U{T,(¢'(x)) : © € w}, and we say that the component has type w.
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Fix a function f: ¢ — ¢. We seek a function h: ¢ — 2“ such that
h(f(a)) = w(h(a) for all @ € ¢. Since the m-preimage of each sin-
gleton from 2“ has size continuum, the analysis of the previous para-
graph shows that it suffices to prove that there are continuum many
m-components of type n, for each positive n € w, and continuum many
m-components of type w, as then the components of f can be embedded
into distinct m-components.

For each z € 2% and all i,n € w, 7"(x)(i) = z(2"(i)). Given a
positive n € w, z is then part of a cycle of length n if x(2"i) = x(i) for
all i € w. There are continuum many such x, as the values (i) can
be chosen freely for each odd i« € w. Since each component of type n
contains exactly n such z’s, there are continuum many 7-components
of type n.

On the other hand, one can build by recursion an increasing sequence
of natural numbers (p; : i < w) and a collection of sequences t, € 2P|
for each o € 2<% such that for each pair n,m € w there exists an i € w
such that for each pair o,0’ € 2, if either n # m or o # ¢’ then there
exists j € w such that 2"j,2™j < p; and t,(2™j) # t,(2"7). Then the
sets (U{tyip; 1 @ <w} (y € 2¥) are members of distinct m-components of
type w.

QED

Finally, we indicate another possible distinction between Sierpinski
universal functions and model theoretically universal ones. Let us say
that a function f : kK X Kk — K is Sierpiniski universal for regressive
functions if for every function g : kK X kK — k such that g(«,5) <
max(a, §) for all a, 8 (other than a = 5 = 0) there exists h : Kk — K
such that f(h(«a),h(B)) = g(a, p) for all a, § in k.

Proposition 7.16. If k is reqular, then every f: k X Kk — k which s
Sierpinski universal for regressive functions is Sierpinski universal.

Proof

Let f: k X Kk = k be Sierpinski universal for regressive functions and
fix g: k Xk & k. Let j : Kk = k be an increasing function such that
9(&,m) < j(a) for all (§,1) € (a+ 1), and let

. g(574&),5(n)) if £ and n are in the range of j
9" (&mn) = .
0 otherwise.

Since g*(a, B) is either 0 or equal to g(j (), 771(8)) < max(a, 3) and
f is weakly Sierpinski universal there exists an h : Kk — x such that

f(h(a), h(B)) = g"(ev, B) for all &, B in k. Then f(h(j(e)), h(j(B))) =
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g (j(a),j(B)) = g(a, B) for all a, in K, so h o j is the required em-
bedding.
QED

Question 7.17. Is Proposition 7.16 is true for the analogous notion
of model theoretically universal for regressive functions?

In the proof of Proposition 7.16, the given function g was embedded
into the regressive function ¢g*. Note however that if g : K X Kk — K is
such that g(a, f) < max(c, 8) for all «, § (aside from aw = § = 0), then
no substructure of (k,g) is isomorphic to the positive integers under
addition. To see this, suppose toward a contradiction that 7 : w — &
is one-to-one and Vn,m,k > 0

n+m =k iff g(n(n),7(m)) = w(k)
then
m(2n) = 7(n+n) = g(w(n),7(n)) < m(n)

and therefore (7(2") : n < w) is an infinite descending sequence of
ordinals.

8. APPENDIX

We conclude this section with an argument, due to Justin Moore,
which shows that under the Proper Forcing Axiom there are no func-
tions with property R.> We begin by introducing some notation.

Given a function @: [w;]? — w, a finite set F' C wy and k € w, we let
Bi(®, F') denote the set

{few | VaeF) d({a,B}) > k}.

Lemma 8.1. Suppose that ®: [wi]?> — w is a function with Property
R. Then for each k € w there exists an o < wy such that for each finite
F Cwy either FNa # 0 or Bi(®, F) is uncountable.

Proof

Otherwise, there exist infinitely many pairwise disjoint F' for which
By (®, F') is countable. Then there exist € w; and an infinite pairwise
disjoint family of finite sets F' for which F' C § and § ¢ By(®, F'). This
yields infinitely many £ € § such that ®({3,£}) < k contradicting that
® satisfies Property R.

SWe thank Alan Dow for discussions clarifying this argument.



Universal Functions 51

QED

Applying Lemma 8.1, we can find for any function ® with Property
R a minimal ordinal o(®) with the property that for any & € w and
any finite F' C wy either F' N «a(P) # 0 or B(P, F') is uncountable.

Given a function ®: [w;]? — w with Property R let P(®) be the
partial order consisting of pairs (A, M) such that:

e A is a finite set of pairs from w; \ a(®), and for all distinct
a,b € A, a C min(b) or b C min(a);

e M is a finite €-chain of elementary submodels of H(X3), each
having ® as a member.

e For all a € A, there is 9 € M such that [ Nal = 1.

e For all a € A and b € A such that a C min(b), there is M € M
such that a C M and b N M = 0.

e For all distinct a, b from A,

¢ ({min(a), min(b)}) < &({max(a), max(b)}).

The ordering on P(®) is : (A, M) < (B,N)if BC A, N C M and, for
all M e N and all a € A, if | Na| =1, then a € B.

The partial order P(®) adds an uncountable set of pairs from w;
witnessing the failure of Property R for ®.

Claim 8.2. Given any (A, M) € P(®) and £ € w, there exists a con-
dition (A', M") < (A, M) such that (|JA") \ € # 0.

Proof

By adding a model to the top of M if necessary, we may assume that
there is M € M such that A € 9 and & < w; NIM. Let v be any
element of w; greater than w; NN, and extend M to M’ by adding an
elementary submodel 9 on top with v < wy NI, Let k > ¢({a, f})
for all distinct «, 5 from (|JA) U {~v}. Then Bi(®,(JA) U {y}) is
uncountable since ((JA)U{y}) Na(P) =0. Let § € Be(P,[JA) \ M.
Then (AU {{v,d}}, M) € P(®).

Claim 8.3. P(®) is proper.

Proof

Let (A, M) € P(®) and (A, M) € M < H(k) for some uncountable .
Since MNH (Ny) < H(Ny) it suffices to show that (A, MU{IMNH (N)})
is P(®)-generic for M. To see this, let D € M be a dense subset of P(P)
and suppose that (B, N) € D is such that (B,N) < (A4, M U {9}).
Since there is no a € A with |[aN9| = 1, by the definition of the order
on P(®) , there is also no b € B with [b NI = 1. Let {by,...,b;}
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enumerate (|J B) \ 9 in such a way that min(b;) increases with ¢, and
for each i € {1, Ce ,j}, let 62i+1 = mln(bl) and 62i+2 = max(bi).

Let S be the set of increasing sequences of ordinals (71, ..., 7y2;) such
that

(1) 7 is greater than every member of | J(B N M);

(2) letting 7: UB — (UB NM)) U {y,...,72,} be an order-
preserving bijection, ®({ay,as}) = ®({n(aq),7(az)}) for all
a; < ag from | B;

(3) for some N’ containing 9 N N,

(BNIM) U {{12i+1,12i42} 1 i € j}, N')
is an element of D.

Notice that while the Condition 2 mentions an object outside 91, this
object is finite and so the condition can be described by a first order
formula in 9t N H(Ny). Since the theory H(X3) can be coded by a real
in transitive models, the existence of N’ posited in Condition 3 can
also be described in M N H(N,).

As a consequence, if Ty is defined to be the tree consisting of all initial
segments of members of S, then, since Ty € H(Ry), Ty € M and T} is an
element of every model of N containing MMNH (Xy). Since (f1,...,05;) €
S, and since each [, is separated by elementary submodels in N from
Bai+2, To can be thinned (in 9) to a tree 71, still containing (fy, . .., 5;),
such that every node of 77 on an odd level (where the least level is the
1st level) has uncountably many immediate successors. Finally, still in
M, thin T} to a tree T, still of height j, such that each node of T on
an even level has infinitely many immediate successors.

We wish to pick a sequence (71,...,72;) from T such that, for some
N’ containing N, (B U {{V2i+1,V2i42} : @ € j}, N') is a condition.
We pick the ~;’s recursively, picking any available ordinal when i is
odd. When 1 is even, we need to pick 7; so that, for each b € B\ M
O({y;—1, min(b)}) < ®({v;, max(b)}). Since B is finite, and we have
infinitely many possibilities for ~;, we can meet this condition, using
the finite-to-one property of ®.
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