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The hierarchy of wi-Borel sets
Arnold W. Miller!
Abstract

We consider the w;-Borel subsets of the reals in models of ZFC.
This is the smallest family of sets containing the open subsets of
the 2“ and closed under w; intersections and w; unions. We show
that Martin’s Axiom implies that the hierarchy of wi-Borel sets
has length ws. We prove that in the Cohen real model the length
of this hierarchy is at least w; but no more than w; + 1.

Some authors have considered w;-Borel sets in other spaces, w;® Mek-
ler and Vaananen [10] and or completely metrizable spaces of uncountable
density, Willmott [21]. But in this paper we only consider the space 2“.

Define the levels of the wi-Borel hierarchy of subsets of 2¢ as follows:
1. 3§ = II = clopen subsets of 2%
2. 3% = {Upeu, 45 = (Ag: f <wi) € (ITL,)'}
3. TG = {Upew, A8 = (Ap: B <wi) € (B2,)'}
4. 112, = s My 32, =Usen 25
The length of this hierarchy is the smallest o > 1 such that
IT, =37

It is easy to show that if @ < w and every w;-Borel set is ITZ ,, then IT; = 3%
for some < a, i.e., bounded hierarchies must have a top class (see Miller
[11] Proposition 4 p.235).
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inviting me to the special year in Logic 2006-07 during which most of this work was done.
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The classes II and X7 are the ordinary closed sets and open sets, respec-
tively, so the length of the hierarchy of w;-Borel sets is at least 2.

Assuming the continuum hypothesis, IT§ = 35 = P(2¢), so CH implies
the order of the hierarchy is 2. It also known to be consistent that

I, = X% = P(2¥) and IT; # 53

see Steprans [20]. In Stepran’s model, the continuum is ®,,. Carlson [5]
showed that if every subset of 2* is w;-Borel, then the cofinality of the con-
tinuum must be w;. Stepran’s model was used earlier by Bukovsky [3] and
latter by Miller-Prikry [13].

The following is an open question from Brendle, Larson, and Todorcevic
[4].

Question 1 s it consistent with the negation of the continuum hypothesis
that II; = 3337

Steprans noted that it would be too much to ask for
-CH + II; =X} ="P(2%)

since a 3} set, i.e., an wy union of closed sets, of size greater than w; would
have to contain a perfect subset, hence ~C'H implies a Bernstein set cannot
be 3. It is also known that ITj # 33 in the iterated Sacks model, see
Ciesielski and Pawlikowski [6].

Theorem 2 (MA,, ) I} # 3% for every o < wy.

We prove this using the following two lemmas. A well-known consequence
of MA,,, is that every subset () C 2% of size w; is a Q-set, i.e., for every subset
X C @ there is a Gs set G C 2¥ with GN Q = X (see Fleissner and Miller

[7])-

Lemma 3 Suppose there exists a Q)-set of size wy. Then there exists an onto
map F : 2% — 291 such for every subbasic clopen set C C 2“1 the set F~(C)
1s either G or F,.

Proof
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Fix Q@ = {uq € 2 : a < w} a Qset. Let G C 2% x 2 be a universal
Gy set, i.e., GG is G5 and for every Ggs set H C 2“ there exists x € 2¢ with
G, = H. Define F as follows, given z € 2 let

F(z)(a) =1iff u, € G,
If C' is a subbasic clopen set, then for some v and i =0 or ¢ = 1
Coi=4{p €2 : pla) =1}.

Then for i =1
FHCu1) = {7 : uy € G}

which is a G5 set. Since C,, ¢ is the complement of C,, ; we have that F~(C, )
is an F,-set

Finally, we note that since () is a Q-set, i.e., every subset is a relative Gs,
it follows that F' is onto.
QED

The next Lemma is true without any additional assumptions beyond ZFC.
Its proof is a generalization of Lebesgue’s 1905 proof (see Kechris [9] p.168)
for the standard Borel hierarchy.

Lemma 4 For any o with 0 < oo < wy there exists a X7, set U C 29 x 2¢
which s universal for 37 subsets of 2¥, i.e., for any Q@ C 2“ which is X},
there exists p € 2% with U, = Q. Similarly, there is a universal IT7, set.

Proof
The proof is by induction on a. Note that the complement of a universal X7,
set is a universal I} -set.

For o = 1, X7 is just the open sets. There is a universal open set
V C2¥ x 2% Put

U={(p,x)e2 x2 : (plw,z) eV}

For a such that 2 < o < wo proceed as follows. Let (6 < a: f < wy)
have the property that for every v < a there are w; many dg > ~y. It follows
that for every 37, set @ C 2 there is (Qp € IIj @ § <w;) with

Q=J es

B<w1
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By induction, there are Ug C 2! x 2¢ universal H:;ﬁ sets. Let a : wy Xw; — wy
be a bijection. For each § define

g1 2% X 2 = 21 x 2% (p,x) — (¢, 7)
where ¢(a) = p(a(f, «)). Put

U= "(Us)

B<wi

then U will be a universal X7 set.
QED
Now we prove Theorem 2. Suppose for contradiction, that every w;-Borel
set is 37 for some fixed o < wy. Let U C 2% x 2% be a universal 37 and
define
V={(z,y) €2°x2¥ : (F(z),y) e U}.

Then V' is an wy-Borel set (although not necessarily at the 3¥) because the
preimage of any clopen box C' x D is w;-Borel by Lemma 3. Define

D={x:(z,2) ¢V}

But then D is w;-Borel but not 7. We see this by the usual diagonal
argument that if D = U,, then since F' is onto there would be xz € 2% such
that F'(z) = p but then

reDiff (F(x),z)¢ Uit x ¢ U, iff x ¢ D.
QED

Remark 5 Note that in the proof V. C 2¥ x 2% is a X3, -set, since the
preimage of a clopen set under F is AY. Hence for levels o > w the set 'V is
a X7 set which is universal for 37 sets.

Remark 6 Our result easily generalizes to show that MA implies that for
any k a cardinal with w < k < |2%| the k-Borel hierarchy has length k*. This
implies that for any k1 < ko there are ko-Borel sets which are not rk,-Borel.?
It is also true for the Cohen real model that for w < Ky < ko < |2¥| that there
are ko-Borel sets which are not k1-Borel.

2Since ko-Borel sets at level /@f or higher cannot be k1-Borel.
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Question 7 Suppose MA and the continuum, ¢ = |2¥|, is a weakly inacces-
sible cardinal. What is the length® of the hierarchy of (< ¢)-Borel sets?

Theorem 8 In the Cohen real model every wy-Borel set is X7, | and there

is a X7, set which is not in 3% .

Proof

We state the lower bound separately as Theorem 9.

We will use Steel forcing with tagged trees (Steel [18]) similarly to its use
in Stern [19]. Stern proved that assuming MA,,, an w; union of XY sets which
is Borel, must be 3°. Since Steel forcing is countable, he only really needed
MA (ctble). Similar results are proved in Solecki [16] Cor 2.3 and Becker and
Dougherty [2] Thm 2. These authors do not consider w;-Borel sets but are
interested only in wi-unions of ordinary Borel sets.

M A, (ctble) stands for Martin’s axiom for countable posets. It says that
for any countable poset and w;-family of dense sets there is a filter meeting
all the dense sets in the family. It is equivalent to saying that the real line
cannot be covered by w; nowhere dense sets, see for example, Bartoszynski
and Judah [1] p. 138. It holds in any generic extension obtained with a finite
support ccc iteration of cofinality at least ws.

Theorem 9 Suppose M A,, (ctble) holds. Then for any o < wy there is an
ordinary Borel set which is not X7,.

Proof
We use Steel forcing with tagged trees* similarly to the way it is described
in Harrington [8].

For any countable ordinal « define Q(«) to be the following countable
poset. Elements of Q(a) have the form (¢, k) where ¢ is a finite subtree of
w<¥ and h : t - aU{oo} is called a tagging. The ordering on a U {oco} is
0o < oo and 8 < oo for each ordinal 5 along with the usual ordering on pairs
of ordinals from «. A tagging h is a rank function which means it satisfies:
if 0,7 € t and o is a strict initial segment of 7, then h(c) > k(7).

The ordering on Q(«) is p < ¢ (p extends q) iff

1. t, Ct, and

3The argument of Theorem 9 shows that it is at least w;.
4Sami [15] gives a proof of Harrington’s Theorem which does not use Steel forcing.
®We differ from [8] by not requiring that h(()) = oc.
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2. hy C h,.

Note that nodes tagged with oo can always be extended and tagged with oco
or any element of a. ©
Now suppose that G is Q(«) generic over M. Define

1. T=Tg={0 : 3(t,h) € G o €t}

2. H=Hg :Tg — aU{oco} by H(o0) = h(o) for any h such that there
exists (¢,h) € G with o € t.

It is easily seen by a density argument that H is a rank function on the
tree T' where the symbol oo gets attached to the nodes of T" which can be
extended to an infinite branch.

Define p(8) for 8 < a and p € Q(«a) by p(8) = (¢, hg) where p = (¢, h)
and
h(s) ifh(s) <w-p

00 otherwise

hs(s) = {

Lemma 10 (Retagging Lemma) Suppose p1,ps € Q(a) and f+ 1 < « and
pi(B+1) = po(B+1). Then for every g1 < py there is g < po such that

0 (8) = ¢(5)-

Proof
Let p; = (t, h;) for i = 1,2 and suppose ¢; = (¢, f1). We define g3 = (¢, f2)
as follows. Put fo [ t = hy. Fix N < w greater than the height of ¢'. For
each o € t'\t let 7 C o be the longest initial segment of ¢ which is in ¢.

Case 1. If hy(7) < w(B + 1), then by assumption, hy(7) = hi(7) and we
can define fo(0) = fi(0).

Case 2. hy(7) > w(B + 1), then by assumption, he(7) > w(f + 1).

(a) If hy(o) < wp, then we put he(o) = hy(0).

(b) Otherwise wf < hy(o) and we put ho(c) = wf+ (N —|o]|). Note that
in this case when we look at ¢;(8) these o will be retagged with oo.
QED

Fix a < wy and let T be the usual Q(«)-name for the generic tree Tg:

T ={(p,8) : s €t, where p = (t,, h,) € Q(a)}.

The following is the main property of Steel forcing. We identify P(w<*)
with 2¢.

6Harrington [8] makes the additional requirement that the top node, (), be tagged with
00, but this is unnecessary and makes our proof clumsy, as in Miller [14] Lemma 4.4.
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Lemma 11 Suppose p,q € Q(a), 1+ 6 < a, p(1 + 8) = q(1 + B), and
B C P(w<) is I} set coded in the ground model.” Then

pWT € B iffqIFT € B.

Proof
This is proved by induction on .

For 8 = 0 we take for IT} basic clopen subsets of P(w<*). This means
that for some pair Fy, F; of disjoint finite subsets of w<“ that

B={XCw™ : FbC X and F;NX =0}.

So the statement X € B is a finite conjunction of statements of the form
o € X or 0 ¢ X. But note that:

l.plke e Tiff 0 = (), 0 € t,, or 7 € t, and hy,(7) > 0 where 7 is the
initial segment of o of length exactly one less than o.

2. plko ¢ T iff there exists 7 C o with 7 € ¢, and h,(7) < |o| — |7].

Both of these are preserved when we look at p(1). Hence if p(1) = ¢(1)
then
plFT € Biff qIFT € B.

For § > 0 suppose that B is II},, and coded in the ground model.
Working in the ground model let B = (1, ~B, where® each B, is IT% 4.
And suppose for contradiction that p, IFT" € B but p; does not force this.
Then there exists a ¢; < p; and a < w; such that

¢ VT € B,.

And suppose that B, is Il where v < 8. Since 1 +vy+1 < 1+ 3, by
the retagging lemma we may find ¢ < po with ¢;(1 + ) = ¢(1 + 7). By

inductive hypothesis
q2 =T € Ba

"There are many ways to code Borel (or more generally x-Borel) sets. Solovay [17]
p-25 gives a clear definition of coding and absoluteness which is similar to what we use in
the proof of Lemma 4. Harrington [8] Definition 2.5 and Steel [18] code using infinitary
propositional logic. We like to use well-founded trees as in Lemma 12.

8We use ~B to denote the complement of B.
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which contradicts that
po IFT € B O ~B,.

QED

Suppose for contradiction that in the Cohen real model there is an oy < w;
such that every wi-Borel set is I}, . It well-known that for every countable
ordinal « the set

WE, ={T Cw¥:T is a well-founded tree of rank o}

is an (ordinary) Borel set.” Consequently it must be a IT ,-set. Fix a count-
able @ > o - w. Take a sufficiently large!® regular cardinal x and let H,
be the sets whose transitive closure has cardinality less than x. Take N to
be an elementary substructure of V,; of cardinality w; which contains a + 1.
Then N will contain a code for B the IIj set WF,. Let M be the transi-
tive collapse of N and consider forcing over M with Q(a + 1). Since we are
assuming MA (ctbl), for any p € Q(a+ 1) there is a G Q(a + 1)-generic over
the ground model M with p € G. So take such a G with Hg(()) = a. Then
T¢ is a well-founded tree of rank « and so T; € W F,,. By absoluteness

M[G] ): T € B
and so there must be a p € GG such that
plFT € B.

But consider ¢ = p(a). Note that h,(()) = oo. Consequently, for any G’
which is Q(a + 1)-generic over M with ¢ € G’, the tree T/ is not even
well-founded and hence

M[GETe ¢ B.

But this means that
qIFT ¢ B
which contradicts Lemma 11.
QED
Next we prove an upper bound on the w;-Borel hierarchy in the Cohen
real model. Our argument uses some ideas employed by Carlson [5].

9The exact Borel class is computed in Stern [19] and Miller [12].
9For example x = 3.
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Lemma 12 In the Cohen real model for any w,-Borel set B there exists wy
ordinary Borel sets, (Bg : f < wi), such that B is their limit:

B= 8= UBs

a<wi f>a a<wi f>a

Proof

Let B be coded by a well-founded tree T" C wf“” with basic clopen sets
(sy € 2<¥ : 0 € T*) where T* are the terminal nodes (or leaf nodes) of the
tree T. Then T, (s, : 0 € T*) codes B as follows. Define

B(o)=[ss] ={x€2¥ : s, Cx}
for 0 € T*. Then for nonterminal nodes of T define
B(o) = ﬂ{wB((jA(o&) ra<w;p and 0" (o) € T'}.

Finally, put B = B(()).

Fix such a T for B and for any o < w; define B, inductively just as above
but for the countable tree T'N a<¥.

We will show that for some closed unbounded set C' C w; that B is the
wi-limit of (Bg : B € C).

By the Cohen real model we mean an model obtained by forcing with
Fn(ws, 2), the finite partial maps from wy into 2, over a model of ZFC+GCH.
By standard arguments using the countable chain condition and product
Lemma, we may without loss of generality assume that our code for B,
T, (s, : 0 € T*), is in the ground model M a model of ZFC+GCH. For any
r € M[G]N2¥ (where G is Fn(ws, 2)-generic over M there is an H € M[G]
which is Fn(w, 2)-generic over M and x € M[H].

Since the ground model M satisfies CH, there is a set of canonical names,
CN, for elements of 2* in the extension M |[H| has size w;.

Working in the ground model M construct an continuous chain (N, :
a < wq) of countable elementary submodels of H,,, with the code for B,
T,(sy:0€T*),in Ny, N, X Ng and N, € N for o < 8 < w;. Note that it
is automatically the case that every canonical name is in some N,.

Now take for our club C' the set

C={wi NN, : a<w}.
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Suppose that * = 7% where 7 € N, and H is Fn(w,2)-generic over
M. Let M, be the transitive collapse of N,. By standard arguments H is
Fn(w, 2)-generic over M,. Note that ordinal § = Nnw; is the wy of M, i.e.,

Ma ): 0= w1.
Let p € Fn(w, 2) be such that either
M,EplkreB

or

M, Eplrr € ~B.

Assume the former. Note that BMelHl=B; N M[H]. And since it is forced it
must be that z = 77 € B;.
For every 8 > a the model N elementary superstructure of N, and hence
that
Mg ): plkTr € B

and for the same reason x € By where ¢’ is the wy of Mp.
QED

Remark 13 Lemma 12 easily generalizes to the wq-Borel hierarchy giving
that every wo-Borel set is the ws limit of wy-Borel sets, and since each of
them is at level wy + 1, we get an upperbound of wy 4+ 2 for the length of the
wsy-Borel hierarchy.

Remark 14 Lemma 12 is also true in the random real model.

Remark 15 In Steprans [20] the hierarchy on the wy-Borel sets is defined by
letting the bottom level, Hgl = Zgl, be the family of all ordinary Borel sets.
Lemma 12 shows that every wy-Borel set in the Cohen real model is 115" and
hence X5'. It is easy to see that in this model there are ¥\ sets which are
not kal, for example, any nonmeager subset of 2¥ of size wy.

Remark 16 In Miller [11] Theorem 34 and 54, it is shown consistent for
any countable ordinal oy > 2 to have separable metric space X such that
every subset of X is Borel and the Borel hierarchy on X has length exactly
ap. It is easy to show that if the set X C 2“ has cardinality at least wo
that for each B < aqy the generic H% sets produced are not 3 relative to X.
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Hence these spaces have order ag in the relativized wy-Borel hierarchy. If we
replace the use of almost disjoint forcing in Steprans model [20] Definition 2,
by Hgo -forcing from Miller [11] p. 236, then we get a model of ZFC in which
every subset of 2% is wy-Borel and the wy-Borel hierarchy has length at least
ap but no more than ag + 1. Similarly if we change the Steprans model by
using 112 -forcing in the o model, then in the resulting model every subset of
2“ 158 wy-Borel and the wy-Borel hierarchy has length at least wy but no more
than wy + 1.

Question 17 s possible to have a model of ZFC in which the wy-Borel hi-
erarchy has length a where wy +2 < a < wy?
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Remark (added Jan 2014)

If P(2¥) = wy-Borel, then for some o < wy P(2¥) = X%. Suppose not
and let P, for a < wy be pairwise disjoint homeomorphic copies of 2¥. For
each v let A, C P, be such that A, ¢ X%. Then A =%/ ], _, A, is not
wi-Borel.



