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Abstract
We say that Z is an irredundant family if no element of 7 is a
subset mod finite of a union of finitely many other elements of Z. We
will show that the minimum size of a maximal irredundant family

is consistently bigger than both ? and u, this answers a question of
Donald Monk.

Let §,,, be the minimal cardinality of a maximal irredundant ideal gen-
erator, i.e., an infinite family B C [w]¥ such that no element of B is a subset
mod finite of a union of finitely many other elements of B and B is maximal
with respect to this property, i.e., for any X € [w]¥ \ B, it cannot be added
to B and still be irredundant. This means that there is F' € [B]“ such that
either X C* |JF or thereis B € B\ F with B C* X UJ F. This concept
also occurs in Monk [I2] where the terminology “ideal independent” is used
instead of “irredundant generator”. We will compare s,,,,, with the ultrafilter
number and the dominating number, for the definition and basic properties
of the usual cardinal invariants see Blass [3].

In May 2013 at a conference at the Ben-Gurion University of the Negev
Donald Monk [I1] asked if s,,,, was equal to u (this question was communi-
cated to Arnold Miller by Juris Steprans). The next proposition answers this
question negatively. In the rational perfect set model 9 = wy and u = wy, see
Miller [9] and Blass-Shelah [2].

Proposition 1 max {0, t} < s,

Proof
Given a maximal irredundant family Z, it is easy to see that the following
family of sets is a reaping family:



(ANUF:Fe[I]<“*ANAcT\F}

It remains to prove that 0 < s,,,,. Assume otherwise that s,,,, < 0, and
let A be a witness for this. Note that w =* |J.A, so we can assume that
indeed the equality holds. Let {A, : n € w} C A such that its union is
w. Define Cy = Ay and Cy1qy = A1 \ U<, Ai. For each F' € [A]< and
Be A\ (FU{A; i <w}), define a function as follows:

vpp(n) =min{k cw: (35 >n)(C; N BN k\UF #0)}

Since the family A is irredundant, the functions ¢ g are always well defined.
Let hg be an increasing function not dominated by

{opp : FelA™, Be A\ (FU{A4;:i<w})}.

Define D,, = C,, \ ho(n). Now for each F' € [A]<¥, whenever it is possible,
define a function as follows:

gr(n) =min{k € w: (3j = n)(D;Nk\ | JF # 0)}

This is defined for n, otherwise

U D =@\ i) €| JF

jzn jzn

But then for some j > n such that A; ¢ F' we would have

A ¢ JAuJF

i<j

which contradicts irreducibility.

Let hy > hg be an increasing function not dominated by any totally
defined ¢ for F' € [A]=¥ and such that C,, N [ho(n), hi(n)) is nonempty for
all n.

Let

Y = [J(Cun [ho(n = J Dunha(n

new new

Let’s see that AU {Y} is an irredundant family.

Claim 1. For all F € [A]<“, Y ¢*|JF.
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If the function ¢ is not defined, then Y N (J F' is finite. Otherwise, by
the definition of the function @p, if p(n) < hy(n), then for some j > n we
have D; N@gp(n) \ U F # 0, which implies

0#D;nhi(n)\| JF S D;niu()\| JFCY.

Since this happens for infinitely j and the family {D, : j € w} is disjoint, we
are done.

Claim 2. For any F € [A]<*\ {0} and B € A\ F, we have B Z* Y UJF.
If B = A, for some n this is clear. Otherwise, by the definition of ¢p g
and the choice of hg, we have that if o g(n) < ho(n), then for some j > n,

0 # C;nBNnersm\|JF < C;nBNho(i)\|JF

If me C;NBNh(j)\UF, thenm ¢ Y UJ F. Since this happens infinitely
many times, we are done.

QED
We will now show some results related to irredundant families.

Proposition 2 If 7 is an ideal generated by a strictly ascending mod finite
sequence A, C w for a < wy, then I is not generated by an irredundant
family.

Proof

SoZ ={B : Ja<w B C" A,}. Suppose B C 7 generates Z. For each
a choose F, C B finite with A, C* UF,. Suppose F, for a € v is a delta
system for v uncountable. We may find o < 3 in v with UF,, C* Ag. Since
Az C* UFp, for any B € (F, \ F3), B C* UFj but this implies that B is
redundant.

QED

Although many ideals can be generated by an irredundant family, this is
not the case for the prime ideals.

Proposition 3 A non-principal prime ideal T on w cannot be irredundantly
generated.



Proof

Suppose B is an irredundant generator of Z. Let {4, : n < w} C B be
distinct. By adding at most one thing to each A, we may suppose U,«,A,
is w. Let

B = U(AQn \ UicanA;) and C' = U(A2n+1 \ Uicant14s)

and note these are complementary sets. If B € Z then for some finite F' C B
we have B C* UF. But this means Ay, C* |J F'UJ,_,,, Ai which contradicts
irredundancy for n large enough so that Ay, ¢ F. Similarly if C' € Z.

QED

We will now show that s,,,, can be smaller than the continuum, in fact
this holds in the side by side countable support Sacks model.

Proposition 4 In the side by side countable support Sacks model there is a
maximal irredundant generator of size wy. In this model the continuum can
be made arbitrarily large but S, =Uu =0 = wy.

Proof
We are forcing with the countable support product of k-many Sacks posets
for any k over a model of CH.

To get an irredundant generator which remains maximal after forcing, we
need only work with the w-product of Sacks forcing P = S¥.

By Laver’s combinatorial generalization of the Halpern-Lauchli Theorem
[7] for any P-name 7 for a subset of w and p € P we may obtain ¢ < p and
Z € [w]“ such that either

glF“Z Crorql-ZnNT=0."

As Laver points out one may use this to build a descending mod finite
sequence Z, € [w]* for @ < w; in the ground model with the property that
they generate a Ramsey ultrafilter in the extension.

Lemma 5 Given (Y, € [w]¥ : n < w) pairwise disjoint in the ground model,
7 a P-name for a subset of w, and p € P, there are W,, € [Y,]¥ and ¢ < p
such that

qIEn (W, C71orW,n7T=0).".



Proof

Let (fn, : w — Y,)n be a sequence of bijections in the ground model and
define 7, = f,1(7). Let G be generic with p € G. By properness of P in the
generic extension for some o < w

Vn (Zo C* 7% or Z, N7 =% ()

Using the well-known fact that this forcing is w”-bounding (in Shelah’s termi-

nology) or weakly distributive (in Namba’s terminology) we may find f € w*
in the ground model and take W,, = f,,(Z,) \ f(n) so that

W, € 7% or W, n 7% = 0 for all n.

Finally we take ¢ < p to do the required forcing.
QED

Working in the ground model let (pq, 7o) for a < w; list with uncountable
repetitions all pairs (p, 7) for p € P and 7 a canonical P-name for a subset of
w. Construct an increasing family of irredundant countable families Z,, for
a < wi.

At stage « given Z,, = {A,, : n < w}.

Put B, = (A, \ Ui« 4;) and construct Y,, € [B,]* so that Y,, are infinite
pairwise disjoint, B,, \ Y, is infinite, and Y;, N A is finite for k # n.

By applying the Lemma we may obtain (W,, € [Y,]¥ : n < w) and g < p,
such that

ql-Yn (W, C 14 0r W, NT7e =10).".

Take W = Up<,(B, \ W,,) and let Z,11 = Z, U {W}. It is not hard to
see that this family is indeed irredundant. We claim that 7 is forced by ¢ to
never be added to our irredundant family. Let G be generic with ¢ € G.

If for some n, W,, C 7¢, then W U ¢ covers B, and hence 7¢, W, A; for
1 < n cover A,.

If for all n W,, N 7¢ = 0, then 7¢ C W since the B, partition w, and so
the pair is redundant.

Hence Z = |, <, Lo Will be a maximal irredundant family in the ground
model which remains a maximal irredundant family in the generic extension.

QED

Recall the following definition by Vojtas [15]



Definition 6 We say (A, B, —) is an invariant if,
1. - CAxB.

2. For every a € A there is b € B such that a — b.

3. There is no b € B such that a — b for all a € A.

We say that D C B is dominating if for every a € A there is a d € D
such that @ — d, so 3) means that B is dominating and 4) that no sin-
gleton is dominating. Given an invariant (A, B, —) we define it’s evalua-
tion by (A, B,—) =min{|D|: D C B and D is dominating}. An invariant
(A, B,—) is called Borel if A, B and — are Borel subsets of a polish space.
Most of the usual (but not all) invariants are actually Borel invariants. In
[13] for any Borel invariant (A, B,—), a guessing principle ¢ (A, B, —) is
defined and it is proved that it implies (A, B, =) < w; and it holds in most
of the natural models where this inequality holds. For our applications in

this note, we need to work in a slightly more general framework than the one
in [13].

Definition 7 We say an invariant (A, B,—) is an L (R)-invariant if A, B
and — are subsets of Polish spaces and all three of them belong to L (R).

Following [13] we define the following guessing principle for any L(R)-
invariant (A, B, —).

Definition 8 <>L(R) (A, 137 —))

For every C : 2<“ — A such that C' | 2* € L (R) for all « < wy there is
a g:wy — B such that for every R € 2" the set {a| C' (R | o) = g ()} is
stationary.

Exactly as in the Borel case, Qpm) (A4, B,—) implies (A, B, =) < ws.
Given two L (R)-invariants A = (A_,A;,p—) and B=(B_,B;,5—) we
define the sequential composition A;B = (A_ xBor(Bf*), Ay x By, —) where
Bor(Bf*) denotes the set of codes of all Borel functions from A, to B_ and
(a_, f) = (ag,by) if a_p — ay and f(a_)y — bi. It is easy to see that A; B
is an L (R)-invariant and in [3] it is proved that (A;B) = maz {(A), (B)}.

As usual we will write 9 instead of (w*,w®,<*) and v, instead of the
invariant (([w]”)*,[w]”,is o-reaped).



Proposition 9 Q) (ts;0) implies sy, = wi.

Proof

We need to define a function F into [w]* x (w*®)” such that for all a € w; ,
F ] aisin L(R). For each a < wy, let e, : w — « be an enumeration of « in
L(R). By a suitable coding, we can assume that the domain of F' is the set

U Wl x (W)

acwl
Given (A,Z) € [w]“ x (w*)* proceed as follows. If Z is not an irredundant
family, define F(A,Z) = (w, ), where e(X) for X € [w]* is the enumeration
of X. Otherwise, define BZ = Ieotn) \ Uicp Lea(s)- For each n, let 7Z C BZ
be an infinite subset such that for all 8 # e,(n), ZX N I is finite , and let
¢z, be a recursive enumeration of ZZ . Then define A,, = 90;1 [Zg NA]. Now

define a function f, 7 : [w]* — w* as follows: if X € [w]” reaps A, for all n,
then define

faz(X)(n) =min{k €w: X\ kC A,V (X\k)NA, =10}

Otherwise define f, 7(X) to be the identity function. Finally, the value of F
in (A,7) is given by F(A,Z) = ((A, : n € w), f47)- Let g :wi — [w]* be
a QL) (te; 0)-guessing sequence for . We can assume that for all o the set
A, in g(a) = (Aa, he) is coinfinite. Recursively define an irredundant family
as follows:

1) Start with a partition of w into infinitely many infinite sets 7, = (I, :
n e w).

2) Suppose we have defined Z,, = (Ig : B < a). Now define I, as follows:

Lo = |J B2\ 2 [Aa \ ha(n)

necw

Let faH be the family (I : 8 < «). Finally, let Z = (I, : @ € w;) be the
family obtained by the above recursion. Let’s see that Z is a witness for §,,,,.

Claim 1. 7 is an irredundant family. We proceed by induction of a €
wy. Clearly Z,, is irredundant. Assume fa is irredundant. Then fa+1 is
irredundant:

1Z,I: C BZ should be found in a recursive way and should depend only on 7
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a)

b)

For all H € [a]<¥, I, ¢* |JH. Let n € w be such that H is contained
in {ea(0),...,ealn)}, so UH C U<, BX~. By the definition of I,,
I\ U<, B is infinite.

For all 8 € a\ H, I ¢* I, UJH. Let n be such that 3 = e,(n).
By the choice of ZZ* we have that for any v € o\ {8}, ZZ« N L, is
finite, so in particular, ZL‘* NJ H is finite. Also by the construction of
]a, BIO‘ NI, N [Aa \ ha(n)] is finite. This both facts together give

¢ [Ag\ ha(n)]\ 1o UL H is infinite. Since ¢ [Aq\ ha(n)]\I.UJ H C
I3\ I, U H, we are done.

Claim 2. 7 is maximal. Pick any X € [w]¥. If g guesses (X, (I, :
a € wy)) in 7, then we have that A, o-reaps (X, : n € w) and h., almost
dominates the function [ = fxz (A,). There are two cases:

i)

ii)

QED

There are infinitely many n € w such that A C* X,,. Pick n such that
I(n) < hy(n). Then A, \ hy(n) C X, so gpn Ay \ hy(n)] c X nBL.
Then by the definition of I,, BY' C 1 U [Ay\ hy(n)] C I, U X,
which implies I, ) € X U ] U U,

z<n )

For almost all n € w A, € w\ X,,. Then for almost all n, cpn [A,\
h(n)] C Z2\ X, so for almost all n, X N ZZ” C I, and for finitely
many n, A, C* X,, so on'[A, \ hy(n)] C* ZZN X C B, N X, which

implies B, \ X C* B, \ ¢n” [A, \ hy(n)] C I,. Putting all this together
we have that X C* I, U Uigk B;, for some k € w.

The following result was proved by Hiroaki Minami [10] for Borel invari-
ants, however, the proof for L (R)-invariants is the same.

Proposition 10 Let <IP’a, Qa |a < w1> a finite support iteration of ccc forc-

ings and (A, B,—) be an L (R) -invariant with the following property: For
all « < wy there isb € BNV [Gay1] such that a — b for alla € ANV [G,].
Then Py, IF “Orm) (A, B, =) "

With the previous proposition we can conclude the following:



Corollary 11 There is a finite support iteration of ccc forcings of length wy
such that P, I+ “Sppm = wy 7.

Proof
Define P, @a for o < wy as follows. Let P, IF “(@a =M (Z/{Q) *H” where U,

is the name of any ultrafilter, M (Ua) is its Mathias forcing and H is Hechler

forcing. Using the previous proposition, it is easy to show that ¢rr) (ts;)
holds in P,,, and then s,,,, is equal to w; in the extension.
QED

In [13] it is shown that for any Borel invariant (A, B, —), most countable
support iterations of proper forcings that force (A, B, —) < w; will also force
O (A, B,—). This is also true for L (R)-invariants and will be proved in [5].

Proposition 12 Let (Q, | a € we) be a sequence of Borel proper partial
orders where each Q, is forcing equivalent to o (2)" x Qn and let P, be
the countable support iteration of this sequence. If (A, B,—) is an L (R)-
invariant and P,,I-* (A, B, =) < w} then P, IF “Orw) (4, B,—)".

With the previous propositions we can conclude the following,

Corollary 13 There is a model where s, < non (M), hence $,,, < i.

Proof

Do a countable support iteration of fat tree forcings (see [16], section 4.4.3)
over a model of CH. It can be proved that this forcings preserve Ramsey
ultrafilters, so in the final model we have t, = w;. These forcings are also
w“-bounding, so in the generic extension we have 0 = w;. This implies that
& L) (te;0) holds in the generic extension, and then s,,,, = w; in this model.
Since this forcings add eventually different reals then non(M) = w, holds.
Since i > cof(M) ([1]), we are done.

QED

By the previous results it might be conjecture that s,,,, = maz {0,t,}
(note this equality holds in all the Cohen, random, Hechler, Sacks, Laver,
Mathias and Miller models) but we will now show this is not the case. Let
be a measurable cardinal and U/ be a k complete ultrafilter. Given a partial
order P we denote by P* /U its ultrapower and for every f : kK — P we denote
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by [f] its equivalence class mod U. For some background about forcing with
ultrapowers see [4]. It follows by the Los theorem that if P is ccc then P* /U
is also ccc and P regularly embeds in its ultrapower. The next lemma shows
that big irredundant families are destroyed when taking ultrapowers and the
proof is very similar to the lemma 4 of [4], so we skip the proof.

Lemma 14 Let P be ccc and A be a P-name for an wrredundant family of
size at least k. Then P* /U forces A is not mazimal.

With the previous lemma it is possible to show the following,

Proposition 15 Assume V = GCH, k is a measurable cardinal and U is
a k-complete ultrafilter. Then there is P+ ,.++ a ccc partial order such that
Pn+n++ “_ “Hx—i_ =0= T, =u < Smm = €= K++ ”'

Proof

The partial order P+ ++ is the forcing constructed in [4] theorem 1 that
forces u < a. We construct a matrix iteration (P,5 | o < k*, 8 < k*T) where
(Pyo | @ < KkT) is a finite support iteration of Laver forcings based on some
ultrafilters, Pogy1 = IPh5/U and some “ amalgamated limit” is taken at limit
stages. We refer to [4] for details. In that paper it is shown that

Pt IF kT =0=t,=u<a=c=x"""

and following the proof of P+, ++ IF “a = k™7 and using the previous lemma
it is possible to show that P+ .+ IF “§,m = 717,
QED

However we do not know the answer to the following questions,
Question 16 Isu <s,,,"
Question 17 Is s,,,, <i?

We would like to remark that in [14] Shelah built a model of i < u so in
that model one of the questions has a negative answer, but we do not know
which one.

Acknowledgments. The first and the second authors would like to thank
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