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A family of # of open subsets of the real line is called an w-cover of a set X iff every finite
subset of X is contained in an element of #. A set of reals X is a y-set iff for every w-cover §
of X there exists (D,: n <w)e #“ such that

X<sU N D,

n m>n

In this paper we show that assuming Martin’s axiom there is a y-set X of cardinality the continuum.
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y-set Martin’s axiom
w-cover Fréchet space

In the papers of Gerlits—Nagy [4] and McCoy [6] a study is made of properties
of a space X which imply or are equivalent to other properties of the space C(X)
(i.e. space of continuous real-valued functions on X with the topology of pointwise
convergence). A family # of open subsets of X is an w-cover of X iff every finite
subset of X is contained in an element of $. A space X has the y-property iff for
every w-cover # of X there exists a sequence (D,: n <w)e #“ such that

Xc<UJ M D.
In McCoy [6] and Gerlits-Nagy [4] it is shown that C(X) is Fréchet iff X has the
y-property. (Actually a gap in the proof of McCoy [6], Theorem 1 was found by
Galvin and a correct proof was found by Gerlits.)

A space X is a Fréchet space if whenever x& A < X, there exists a sequence in
A which converges to x.

The main result of this paper is:

Theorem 1. Assuming Martin’s axiom, there exists a y-set of reals X of cardinality
the continuum.
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Some set theoretic hypothesis is necessary since Gerlits—Nagy [4] show that y-sets
have Rothberger’s property C” (and hence have strong measure zero). A set of
reals X has property C" iff for every sequence (#": n <w) of open covers of X
there exists D, € ¢, such that

XeclJ D,
They also note that the y-property implies “always of first category™. It is not hard
to see that the continuous image of a y-set is a y-set. Therefore we have the
following corollary.

Corollary. Assuming MA, there is a set of reals X of cardinality the continuum such
that every continuous image of X has property C" and is always of the first category.

This answers a question of Sierpiniski {7].

It is not hard to see that “‘every subspace of the real line of cardinality less than
¢ has property y” is equivalent to the statement: “if A< P(w),|A|< ¢, and [Ag| =
for every finite Ao< A, then there is a set X e[w]” such that X — Y is finite for all
Y € A”. What we show is in fact that if every subspace of the real line of cardinality
< ¢ has property v, then some subspace of the real line of cardinality ¢ has property
v. This was pointed out to us by Alan D. Taylor.

Theorem 1 was also proved (independently) by Ryszard Frankiewicz.

To prove Theorem 1 we will need the following Lemma.

Lemma 1.1. (MA) Suppose X is a set of reals of cardinality less than the continuum.
Then X is a y-set.

Proof. This is due to Gerlits-Nagy [4]. [

We work in Cantor space 2“ which is the countably infinite product of the two
point discrete space. In fact, identify 2“ with P(w) (the set of all subsets of
w={0,1,2,...}) via characteristic functions. Let [w]™* be the set of finite subsets
of w. For Y € w define Y*={X c w| Y\X is finite} and let [ Y]* be the set of infinite
subsets of Y.

Lemma 1.2. Suppose X €[w]” and $ is an open w-cover of [w]~“. Then there exists
(D, n<w)e ¥ and Y €[ X]"” such that

Y*<U M D,.

n m>n

Proof. Construct an increasing sequence (k,: n<w) from X and a sequence
(D,: n<w)from ¢ such that foreach nand A< w if An(k,, k,.;) =0then Ae D,
((kuy kner) ={l€ w: k, <I< k,1}). To see that this can be done suppose that we
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already have (D,, D,, ..., D,_,) and (k, ks,..., k,). Let Q={q;: i <2*"'} be all
elements of [w]™ contained in k,+ 1. Since # is an w-cover of [w]=“ there exists
D, € # which covers Q. Now since D, is open there is.some k,., € X such that for
allge Q

-~ 1

0y A - fq o~ I 1~ N
W ANK, 1 TGN K1 JE g

In

{A

This does the construction. We claim that Y ={k,: n < w} has the required proper-
ties. To see this suppose Z— Y < k,.. But then for all m> n: Z~ (ky, km+y) =90 and
hence Ze D,. O

Now we prove Theorem 1.

Proof of Theorem 1. Let #, for a <c be all of the countable families of open sets.
Note that any open w-cover can be refined to a countable open w-cover consisting
of clopen sets. Construct X, e[w]” for a <c¢ so that if a <, then X\ X, is finite.
At stage a use MA to get X, e[w]” with X,\X} finite for all B<a. If £, is an
w-cover of

(@] U{Xs: B<al,
then use Lemma 1.1 to obtain {D,: n < w)e # such that

{Xs: B=<alulw]™<U N D.

n m>n

Since {D,: n < w} is a w-cover of [w]™* by Lemma 1.2 there exists k,, for n <w
and X, .+, €[X,]” such that

X:+l QU ﬂ Dk,,,

n m>n

and hence

{Xg:B<eluXi,cU (M D, O

n m>n

Let X ={X,: a<c}. The y-set [@]"“uU X is c-concentrated on [w]<*, i.e. for
any open U 2[w]™*, X\U has cardinality less than c. This implies that X is not a
y-set.

Theorem 2. If X is any y-set and G is a G; set containing X, then there exists an
F,set Fwith XcFcG.

Proof. Let G =(),, O, where O, is open and O, € O,. For each F e[ X]~“ let
Gr be open with

Fec GFE G_FE O[F|.
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Since X is a y-set there would exist F, such that

XcslU M Gg,esU M Ge,.
To make sure that U,( msn GFM is contained in G it is enough to insure that
{|F.|: n <} is infinite. To get this let (x,: n < w) be a sequence of distinct elements
of X and instead choose for each n and F e{X\{x,}]" an open set G with

FcGrcGrc O,

and x, € Gr. Since x, must be in all but finitely many G at most finitely many F,
have cardinality n. O

It is true that the y-property is hereditary for F, subsets of a y-set.
Theorem 3. Suppose X is a y-set and Y an F,-set. Then X~ Y is a y-set.

Proof. Let Y=J,.. Y, with Y, closed and Y, ¢ Y,.,. Suppose ¢ is an open
w-cover of X n Y. Consider

*={Du(~Y,): Defand n<w}.
Then #* is an open w-cover of X hence there exists D, such that

XclU M (D, u(~Yy,)).
To insure that {k,: n < w} is infinite the same trick as in Theorem 2 can be employed,
ie. (Du(~Y)N\{x,}. O

In answer to a question of ours S. Todorcevi¢ showed that it is consistent to have
a y-set of cardinality c¢ all of whose subsets are a y-set. With his permission we
include this result here.

Theorem 4. (S. Todorlevié). Assuming <, there exists a y-set of X of cardinality
w, = ¢ all of whose subsets are also a vy-set.

Proof. For p a perfect subtree of 2~“ let [ p] denote the infinite branches of p. Let
D(p) denote any canonical element of [ p] (i.e. for example the branch which is
left most). The set X will be equal to {D(p): pe T} where T is some Aronszajn
tree of perfect sets. For n < w define p< ,q iff pc q and pn 2" =q 2" Inductively
build the tree T so that for all @ < 8, n <w, and p € T, there exists g € T such that
g=< ,p. First let us note how this hypothesis allows us to construct a Aronzajn tree
of perfect subsets. Suppose A is a limit > @, and T, for @ <A has been constructed.
Choose a, for n < e increasing and cofinal in A. Suppose py€ T,, and construct a
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sequence p... € T,,_ and an increasing sequence k, <w so that

Pr+1 sk,‘pn

and k,., has the property that for all S€ pnei 2% there are two incompatible
extensions fo, f, of § in Pnry» 2%-1. Then by the standard fusion argument (.., P«
is itself of perfect subtree of 2=“. This would be one of the nodes at level A. By
doing it for all p€ T, and n < w we can preserve the inductive hypothesis. In order
to make the set and all its subsets into a y-set we will need to strengthen the
inductive assumption. While the next Lemma will not be used to prove the Theorem,
its proof will suggest what we do next.

Lemma 4.1. Suppose p is a perfect tree, and ¥ is an open w-cover of [ p]. Then there
exists a perfect tree ¢ < p and D, € ¥ such that

[qls M D.

n<w

Proof. Build a sequence of perfect trees p, (with p = py), D, € #, and increasing k,
such that:

(1) Ppn+1=<k,p. and every sep,n 2% has two incompatible extensions in p,.; N
2%-1; and

(2) [Pas1]S Dasy.

Suppose we have k, and p,. Let X<[p,] be finite and such that p,n2% =
{x] k,: xe X}. Since ¥ is an w-cover there exists D,,, € # with X< D,.,. Now
choose k, ., > k, large enough so that (1) is satisfied and also

{ye2*:3xeX x{ k1 =yl kori} S Dosy.
Now let

Pne1={tep,: 3xe X tand x| k,., are comparable}.

Then letting g =(),<,, p. We see that by (1) q is a perfect tree and by (2) it has
the property that
[¢gls M D.. O

n<ew

Define for R qn 2™ and p and g perfect trees, p<rqiff pn2™=Rand p=q.
In order to do the above argument as we inductively construct our Aronzajn tree
of perfect subsets we will demand that forany a <8,qe T,, m<w,and R gn 2™,
there exists p€ T such that p< gq. Now suppose we build our tree T and defined
X={D(p):pe T}. And also Y < X and we are trying to show Y is a y-set. So
suppose # is an open countable w-cover of Y and for each pe T let

C, =closure of Y n[p].
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What <, allows us to assume is that there are sequences #,,(C;: pe Q,), and B
for @ <w, such that for any Y < X and # there are stationarily many a < w, such
that

Qa = T<a;

C, =C,forallpe T.,; and

B* =Y n{D(p): pe T..}.
This is possible because B is a countable set, # is a countable set of open sets and
so it can be coded by a subset of w, and C} is a closed set for each pe T....
Let us assume that « is a limit ordinal for which our &, sequence has caught Y
and ¢ and for notational convenience drop the sub and superscript a. It is thus
necessary to build T, and D, € # so that

BcU M D,;

m n>m

and for each pe T,

YnlpleU M Da;
as well as preserving our inductive hypothesis on T. First note that since # is an
w-cover of Y for any Fe[B]™ there exists D€ $ such that F < D. Also for any
Bo<Bi<a,qo€ Tg,and R < g 2" there exists g, € T, and D € ¢ such that ¢, <gq,
and C, < D. To see how to do this let

R'={se R: C(qy) n[s]#0}.

Since C(qo) =cl([go])m Y) it must be true that for some D e § forall se R’, C(qy) N
[s]nD#@. Now find m>n and T<2™ nq, such that for all s€ R there exists a

unique t€ T such that st and if se R’, then [t]< D. Then if g, <rqo (whose
existence is guaranteed by our inductive hypothesis), we have that C, < D.

Note by the same argument we can show that given F €[B]™ and finitely many
go€ Ts, Ric g6 2% and B} for i <N we can find De # and g} € T4 such that

Ful C(g))eD.
i<N

Thus by dovetailing all we want to do into @ many steps, we construct T, with the
required properties. O

For X (0, 1] let
X+1={x+1:xe X}.

Theorem 5. Suppose Ac X<[0,1] and (X\A)u(A+1) is a y-set. Then A is G;
and F, in X.
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Proof. For each Fe[(X\A)u(A+1)]"“ let Cr, Dr<[0,1] be open sets with
disjoint closures such that

Fg CFU(DF+1).

By the y-property there exists F, for n <w such that
(X\A)u(A+1D)eU N (Cr, v (Dg, +1)).

n m>n
Since Cr, and D, are disjoint

U n CF,,. andJ M EF,,,

n m>n n m>n

are disjoint, and they show that X\A and A are F, in X. O

Thus as a corollary to Todoréevic’s result we have that it is consistent that there
are y-sets X and Y such that neither XX Y nor Xu Y is a y-set. (Note that
X v (Y +1) is homeomorphic to the closed subset of X X Y, (X X{yo})u ({x0} X Y).)
To see this, let X be a y-set of cardinality ¢ all of whose subsets are y-sets. Let
A c X be neither G5 nor F, in X. Then by Theorem 5, (X\A)uU(A+1) is not a
y-set while both X\A and A+1 are y-sets.

Our method of construction is very similar to that employed by Friedman-
Talagrand (2] and Erdés-Kunen—-Mauldin [1]. In these two papers it is shown that
assuming Martin’s axiom there is a set of reals X of cardinality the continuum with
the property that for every Y of measure zero the set X + Y has measure zero and
for every Y of first category the set X+ Y has first category.

Next we show that if X is a y-set, then for every Y of first category the set
X+ Y has first category.

Theorem 6. Suppose X is a y-set. Then for every Y first category, X +Y has first
category.

Proof. Let I and J always denote intervals and C a finite union of intervals. R is
the real line.

Lemma 6.1. Suppose P is a compact nowhere dense set, FE[R]™ and I, fori<n
arbitrary. Then there exists C 2 F and J; < I, for i <n with
Jn(C+P)=¢.

Proof. Let C,; for i < w be decreasing with F ¢ C; and Mi<o C:i=F. Since F+P is
closed nowhere dense there exists J; < I; for i <n with J.~(F+P)=0. Since

m<w m<w

(ﬁ C‘,,,)+P= M (C,.+P)
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by compactness there exists m for every i<n

Jn(C.+P)=0. O

Clearly it is enough to prove Theorem 6 for Y = P a compact nowhere dense set.
Let {I,: n < w} list all intervals with rational end points. Let $, be a family of open
sets such that for all C e #, there exists J,, < I,,, for m <n such that

J.n(C+P)=¢,

and ¢, covers the n element subsets of X. Let {x,: n <w} be distinct elements of
X and let

F=U{C\x}: Ceg,}.

F is an open w-cover of X and thus there exists C,

XcsU N G,

n m>n

and we may assume C,, € #, where the k,, are distinct. But by construction, for
all n<w

N C.+P

m>n

is nowhere dense. O3

We are unable to prove Theorem 6 with measure zero in place of first category.
But we are able to if the y-property is replaced by the strong y-property. We say
that X is a strong y-set iff there exists an increasing sequence (k,: n < w) such that
for any sequence ($,: n<w) where $#, is an open cover of [X J“ there exists
(C,: n<w) with C,e #, and

XU N G

n m>n

Theorem 7. If X is a strong y-set, then for any measure zero Y, X + Y has measure
zero.

Proof. Let C, D stand for sets which are finite unions of intervals and let I, J stand
for intervals. u is Lebesgue measure and we assume X < [0, 1].

Lemma 7.1. Foreveryn <wand F€[0, 11", D, and € > 0 there exists C 2 F such that

u(C+D)=snu(D)+e.

Proof. Suppose D =|J,n Ji, where the J, are disjoint intervals, so u(D)=
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Sien £(J). Since u(I+J)=u(D)+p(J),
u<1+ kUN Jk) < kZN (D) +p(J)) < Nu(D)+u(D).

Let I,,L,,..., I, cover F and

Y Nu(l)<e

l=<isn

Then
u( J L+ U Jk)s Y #(Ii+ U Jk)

l<si=n k<N 1=isn k<N

s Y Nu(l)+nu(D). O

I=<isn

Lemma 7.2. If u(Y) =0, then for any sequence ¢, >0 for n < w there exists D, such
that u(D,)<e, and Y S n Umsn D

Proof. Well known. O

We now show that w(X + Y)=0. For any sequence ¢,>0 let D, be as from
Lemma 7.2. For each n let %, be a cover of [X]** such that for all C, € ¢,

p(Co+ D)< ko (Dy) + &
By the strong y-property there exists C, € ¢, such that

XecUJ M G

n m>n

Then
X+YcsU N C.+MN U D.cU(C.+D,).

n m>n n m>n n

Since ¥, (k,+1)e, can be made arbitrarily small X + Y has measure zero. [l

The definition of strong y-set was completely motivated by Theorem 7. We now
indicate how to modify the proof of Theorem 1 to get large strong y-sets.

Theorem 8. (MA). There exists a set of reals X of cardinality c which is a strong vy-set.
Proof. Let k,.,=2-k,+n-2"

Lemma 8.1. (MA). Suppose F is a set of reals of cardinality < ¢, X €[w]”, and
(F.: n<w) is a sequence such that ¥, is an open cover [FU[w] *]*~. Then there
exists Y €[ X])” and D, € $, such that

FuY*cU M D.,.

n m>n
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Proof. Let F, for n<w list [@]™ with infinite repetitions and F,c
{0,1,2,..., n—1}. We can assume each ¢, is countable. Consider the partial order
P consisting of the set of all triples (s, D, G) satisfying:

(1) s=(sy,85,..., s,',:) is an increasing sequence from X;

(2) D=(D,, D,,..., D,) where D;e ¢

(3) Ge[F]**; and

(4) if i<j<nand A\{s,,s;,...,s,}=F, then Ae D,
We define (s', D', G')< (s, D, G) iff

(1) s’ extends s;

(2) D’ extends D;

(3) G'2G; and

(4) G=MNacizn D1

First we note that every condition {s, D, G) can be extended in the (s, D) part.
Suppose $=(51, 82,...,8,) and D={(D, D,,...,D,). Let Q=
{ge[w]™: q\{si, 52,. .., s,} = F; for some i =n}, then |Q|=n- 2". Then k,.,,=|G u
Q|, so choose D,., € £.+1 which covers G U Q. Since D,.,, is open and covers Q,
there exists s,.,> s, so that for any g€ Q,

{xgw: xn{()’ 1,27- .. 75n+1}=qﬁ{0, 11 27-~ . 7sn+l}}gDn+l'

Thus (4) is satisfied for this 5,.,. If ' =(sy, $2,..., Spepyand D' =(D,, D,, ..., Dp.y),
then {(s’, D’, G)=< (s, D, G). This shows that for each n<w

{(s, D, G): length of s and D is at least n}
is dense in P. Similarly for any xe F

{(s, D, G): xe G}
is dense in P, since

(s, D,Gui{xh)=(s, D, G)

as long as |G u{x}| < k,. To see that P has the countable chain condition consider
any family of w, conditions. Suppose each (s, D) part has length n and G e [F]*~.
Extend each (s, D) part to have length n+ 1, without increasing G. Since there are
only countably many possible (s, D) parts, there must be two conditions (s, D, G)
and (s, D, G’). Since k,., = 2k, we have that (s, D, G u G') is a condition extending
them both. By Martin’s axiom we can find a generic filter meeting our dense sets.
Let Y={s,: 1=sn<w}and(D,: 1= n<w) be given by it. Clearly by the definition
of extension
FecU M D,.

Suppose A€ Y* (i.e. Y\A is finite). Then there exists infinitely many i so that
AN Y =F,Butthenforall jand n,i<j<n, An{s,,s;,...,s,t=F;andso Ae D,
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Hence

Y*<U N D,.

n m>n

This proves the Lemma. The standard transfinite induction completes the proof of
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