Cohen forcing preserves being a y-set
but not the Borel-Hurewicz property
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Marion Scheepers proved that random real forcing preserves being a v-set.
Boas Tsaban asked if the same is true for Cohen real forcing.

Proposition 1 Suppose in the ground model M that X C 2“ is a vy-set and
P = 2<% 4s Cohen real forcing. Then for any G P-generic over M

M|G] & X is a 7y-set.

Proof
Work in M. Suppose

po IF U is an w-cover of X with clopen sets and is downward closed.

To simplify our notation assume that pg is the trivial condition or replace P
by the conditions stronger than py. For each p € P define

1 o
U, ={C : M(C)<Wand dg <p qIFC ely}.

It is easy to check that each U, is an w-cover of X. Hence we may find
(Cp, €U, : peP)an-cover of X. Let f: P — P be such that f(p) < p and

f(p) IFC, €U.
Let G be P-generic over M and define

V={C, : flp) € G}.

Then ¥V C U is a y-cover of X. Note that there must be infinitely many p
with f(p) € G since no p can force that there are only finitely many. The
measure condition on U, guarantees that V is infinite.

QED

Another question asked by Tsaban is whether it possible that adding
a Cohen real can destroy the Hurewicz property in the case of a totally
imperfect set. Scheepers and Tall showed that adding a Cohen real destroys
the property that the ground model’s Cantor set is Hurewicz.
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Proposition 2 Suppose that M = X C 2% is a Sierpinski set. If P is Cohen
real forcing, then for any G P-generic over M

MIG] = X does not have the Hurewicz property.

Proof
It is well-known that forcing with P is equivalent to forcing with any non-
trivial countable poset. Here is the poset we use:
pePiff p=(C,: k < n) for some n where each Cj, =
finite sequence of clopen sets in 2¢ with p(lJ,_, Cri) <

n, > ng and C@p extends Cqu for k < n,.
Now let G be P-generic over M and in M |G| define (U, : n < w) by

D < mg)isa

(Ch
4. Then p < ¢ iff

<Nk 2

U, ={(Ci;)’ : Ipe G k < (n) and i < (ng)"}.

It easy to check that each U}, is a cover of 2“ N M and hence of X. We claim
that in M|[G] there does not exists g : w — w with the property that for
every « € X there exists NV such that z € |, <g(n) Ch,i for all n > N.

Work in M. Suppose for contradiction that there exists py such that

polVe e XANV >N e |J Cui.

For each p < pg and N define

X(p,N)={ze€X : Vn>N plie U Co'm}

Note that
X = U{X(p,N) : p<poand N < w}.

Since P is countable there must exist p < py and N for which X (p, N) is
uncountable and since X is Sierpinski, X (p, N) has positive outer measure.
Note that if ¢ < p and N' > N, then X(¢,N’) 2 X(p,N). Hence by
extending p and increasing N if necessary we may suppose that

L w(X(p,N)) > 55,

2. pl-g (N) =L, and



3. N < n, and the length of (Cy)P is at least L.

Since p({U;-1(Cn;i)P) < 5% < p*(X(p, N)), we can choose z € X (p, N) with
x not in (J,_,;(Cn,;)P). But this contradicts

plrie |J Cns andplFg (N)=L
z‘<5(N)
QED

Note that Sierpinski sets have the Hurewicz property with respect to Borel
covers also. Zdomskyy and Tsaban point out that Proposition 2 directly
contradicts Theorem 40 of Scheepers and Tall [1].

Alan Dow asked “Can adding one Cohen real lower the value of b?”

Proposition 2 shows that this is possible. Start with a model M where
b = ws = ¢ or any larger regular cardinal. Then force with the measure
algebra on 2“. In the model M[H] the smallest unbounded set is still ws
since the reals added by random real forcing are bounded by ground model
reals. Let G be P generic over M[H|. Proposition 2 gives us a sequence of
covers U, = {Cp.m : m < w} of the generic Sierpinski set Xy determined
by H. For each x € Xy let f,(n) be the least m with z € C,,,,. Then in
MIH]|G] the set {f, : € Xy} is unbounded in w*”. Hence b = w;.
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The following remark is due to Janusz Pawlikowski (email June 2013)

1. any set that is null and Hurewicz is covered by a null F, set,

2. given models M C N: if no real from N is eventually different over M
(e.g., if the reals from M are nonmeager in N), then any null F, set coded
in NV is covered by a null Gs set coded in M, so, if a nonnull set from M
becomes in N null and Hurewicz, then N adds an eventually different real
over M,

3. in particular, Cohen cannot force a Sierpinski set to keep the Hurewicz

property.



