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O. htt~oductlon 

[n [7] Sacks int roduced the notion of  forcing with perfect closed sets of real 
number s  as conditions. This notion has since found wide app[ication, particuklrly 
in de,,,ct ipl.v,- set theory. Forci n,,,z' with perfect  sets has become known as Sacks  forciPlg. 
and the associated generic  real numbers  arc called Sacks reals. 

Maity people  discovered independent ly  that it is possible to enlarge the 
c o m i n u u m  by adding an arbi trary n u m b e r  ~ of Sacks reals. Condit ions are 
functions with countable  support  belonging to the product  of ~: copies of P, the 
partial o rder ing  of perfect  sets of reals. This  notion has also proved useful, but it 
is still unknov,'n whe ther  it shares man,,' of the combinator ial  propert ies  of forcing 
with P alone. This  notion of forcing is said to add ~ Sacks reals simultaneo~+sly, or 
s ide-by-s ide .  

Here  we will discuss another  way of  enlarging the cont inuum with Sacks reals, 
namely  adding Sacks reals iteratit'ely, so that each real is generic over  the model  
obt,t ined by adjoining the ones before  it. Detai ls  are in Sections 1 to 3. 

Our  principal results are as follows: 
First we show (Theo rem 4.5) that  it' one starts with a model  of ZFC + 2'*,' = N~ 

and adjoins N z Sacks reals iterativety, then in the restllting model  2 ~, = N:, exert, 
selective ultrafilter is Nt-generated,  and every  selective ultralilter in the ground 
model  generates  a selective ultrafilter in the extension, t t cnce  in the extension 
there are only 2 ~,, selective ultrafilters. It is also trite (Theorem 4.3) that if 
f : ¢o ~ 2 and f is ilr the extension, then se::ze i:,,!~,+ite snbset of f lies in the grou~ld 

model .  
&ll~tlogolls restllts are ullknowu for sim'tlllaneotis Sacks forcing (unless K <'- to { t. 
We  also show {Theorern 5.3) that if one  forces with P as defined in the mc'.Jel 

men t ioned  above,  then cardinals are collapsed. Hence  it is relatively consistent 
that perfect-set  forcing collapses cardinals. It  is not known whe ther  it is rcl ~tixelv 
consistent that 2 ~,,> R t and perfect-set  forcing preserves cardinals. 
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Finally we show lThcorcm 6,4) that if ~ is weakly compact  in the ground model 
and K Sacks reals are added iteratively, then in the resulting model ~ becomes N: 
and there are no (0.-Aronszajn trees, The relative consistency of the latter 
assertion was first proved by Silver in a model of Mitchell [6]. This model is quite 
different. 

We assume that the reader  is familiar ~ Zh the theory of forcing and generic sets 
(see [4], for example) but not the theory of iterated forcing. In a partial ordering 
(P, ~<) we write p exwnds q as p 1> q, Thus, for example, a set D c p is dense in P 
iff V p ~ P 3 q ~ D q > ~ p .  

We con~ider forcing as taking place over V, the universe of all sets. If P is a 
partial ordering and 0 is P-generic,  then V[G]  denotes the generic extension. 
Forcing with respect to P is denoted  by IF v. We abbreviate (Vp)p H-v¢, to IFv,#. 
For typographical convenience we general:y use IF, instead of It-p,,. 

If O is a term such that II-v O is a par'~ial ordering,  then the iwrawd fnrcing first 

by P. then by f,), can be accomplished b3 a single partial ordering P ~ ) Q .  
Elements of P~) 0 are pairs (p, ~i) such that p ~. P and IFp ~i ~ O, We let Ip~. ti~) 
(Pc, -"t.'.) itt Pl >~ P: and p~ tbpq t ~ ~}e. We identify pairs (Pt, 0~) and {,(Pc, {}2) such that 
'~P~, ~i~)>(P-', ~i-')>(Pt, {it I. More generally, if ~< is a pre-order ing  being used for 
forcing, then we consider ~< as a partial ordering by identifying p and q when 

If a E V, then we use a itself as the canonical term of the language of forcing 
which denotes a. Terms not necessaril 3 denoting specific demen t s  of V usually, 
have dots over the top. For instance, it is quite possible to lmxe I~v~ c V 
without haviq~ I~-~,~ = a for any specific a ~ V (although necessarily 
(Vp ~ P)13q >- O)~3a ¢ V)qlked = a). Following this convention, the O of the 
preceding paragraph should have been O. 

We shall assume that the set of terms of the language of forcing is full in the: 
sense that if p It-e ~x G(x}, then there is a term 5: such that p I~-v,#tS: } J This requires 
the axiom o:" choice, which is assumed throughout  the paper  tsec [4]). 

Finally+ ~f G is P-generic and .{: is a term of the language of forcing with P@ O 
over +. thee i: canonically determines a term of the language of forcing with O 
over V[GI.  Fhc  latter term will also be denoted by 5-. 

1. The partial ordering 

I.ct S q =  U{"2:  n ~o} ,  01c sel of finite sequences of zeroes al'ld ones. -'\ :~ct 
p ~: Sq is pel~?cr if[ 

(11 V s c p V n s l n ~ : p .  and 
(2) Vs~p~]t, U~l~SC_t,~ and t g n  and , ~  t, 

We express (2) by sa.~ing that p ]brks below each s < p. Note that p g Sq is pcrfcct  
if[ { f e ~ 2  :Vn f i n  ~ p} is a perfect subset of " 2  with the product  topology, 

Let P -  {p ~_ S q : p  is perfect}. We order  P by letting p > q ',read "p extends q " l  
if[ p ~ q. Forcing with this partial ordering was introduced by Sacks in [7] and has 
found many applications. 
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We will be interested in it,araled forcing with P. For ordinals et . .  l ,  wc dclinc P,, 
by hMuction as follows, Let P~ = P. G iven  P., let P , ,  ~= P , , ~  P. the canonical 
pal'tial o rder ing  associated with the extension obtained by i"~rcing first with P,  
and then with P as delined in the extension r ia  P,,. ~,Note tha, 'no definition of P is 
not  absolute,)  If e, is a limit ordinal,  let P~ be the reverse limit of (Pt~:~3<cO if 
cf {, = to. and the  direct  limit o therwise .  

A s  is wel l -known.  P~ may  be realized as the set of all functions p such that 
domain  (pl is a countable  subset  of a and V/3 ~ domain  ~ptlk~d~L~)E P. ~vhcrc I F  
denotes  forci | /g with respect  to P~. We  let p > q iff donlain (q) c: domain  (p} and 
V~3 c d o m a i n  {q/ p l~11Fep~# I>q l lM.  W c  identify I~ aim q if p ' 4 q  and q v p. \Ve 
also identify P~ and P 

The  reader  should be warned  thai wc \viii f requeml}  :eclarc that p e P,, when 
we have  only checked that 'v'/3 ¢ domain  ( p / P  [ ~ Ik,~ p{ ~ ) ¢  P. 'File reason for doi~lg 
this is that il" p l~l~pi#~el', then there  is q{~} such that It-sq~/3}¢ P and 
p]131kt~p(~) : -q /~L and therefore  p could be replaced by q. 

If p. q e P  and hi. n e ro ,  let (p. m l > t q . n )  ifl p > q .  nl "~n, and 
(Vs ~_ q ~ "2l(~t ,  t~ e p ,q ' "2 is  ~ t, tt and r*" n. The  following is a \ a r i an t  of L c m m a  
1.4 of  [7], f requently called the Fusion [ e m m a .  

L e m m a  l , l .  Suppose ((p,, n, }: i ~ ~o} is a sequence slwh that p, e. p. n, e ~o and {br 
t'(~t'h i , ( p , . t . n , . i t  ~ (p , ,n ,L  Then ( ' l { p , : i e ~ o } c P  (and ch'arly I ~ { p , : i e m } > p ~  fbr 
all i).  

The  proof  is left to the reader .  
We  will need a version of L e m m a  1. I for tile partial orderings [{,. If p. q e P., 

m. n e to. and F is a finite subset  of domain  {qt. let ~p. m I -'>-, (q. n) ifl I' ~ q. m > n. 

and tV~<  F) p I f i lFt~lP(~t,  m l > ~ q t ~ ) ,  n}. Note that if k > m and (p. m ~ >  t lq. n L 

then /p, k I >~ (q, n ). 

L e m m a  i . 2  /Ftls]on Lcnllnat.  Suppose ((p,, n .  F,}:i e ~0) is a sequetlee 5ucll thtlt 
g, cP, , ,  n,<to. F,c-./'~,~, U { F , : i c c o } = O { d o c n a i n ( p , l : i e w } .  trod for each 
i, (P,.3- n~,~/'>,,: (p,. n,I. Define p so thai domain  tp) • U { d o m a l n  tp,}:i ~- to} aml  
V~ c domain  ~p) p~/M = r"l{p, {/3l: i ¢ ~o. ,8 ¢ domain  tp, )}. Then p ¢ P, o~td p > ii, ]}tr 
each i. 

Proof ,  To show p e P,, we will show thai V,B ~ domain  (p) p J B IFM~(/3) e F This is 
{ill example  of the al'nlse o[ te rminology referred to earlier. But the proof is a 
trivial induction on /3. using L e m m a  1.t at each stage. 

A sequence  {(p,, n,, F~/ : i¢  to) satis[ying the h~pothesis of L e m m a  1.2 will be 
called a fusion sequence, and p will be referrcd to at, tile fusion of ~hc sequence.  

Now if/3 < m let Pu., = {P ¢ P,, : domain  {p) -7 {y : B -~ "y '< t~}. 1[ p ¢ P,,, then pt* - 
p - ( p  [ 8 ) ¢  Pt*<,. and tile mapping  which carries p into (ill 13, f ' t  is un isonlorph- 
ism of P.  ~ i th  a dense subset of  P~¢~ P~,. where  the order ing on P,s,, in ~,[(/l~ l is 
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given by letting 1'> g ill <,zip • ('i+~} p LJ 1':+ p L,I g, T o  see that the image is dense,  

SUpl)OSC <,0, ]'t ~ t~+ ~/ t~ , , .  Then  there must be p '  ~ 'p  and 1'~ I>++. such that p'lt-,+ i' = 
]~ Now let q < P.  be sndt  that q J (J :: P' and q++ = ,l~ T h e n  clearly <,q I t3. q'+) > <,p. f}, 
Thus  forc(n~ with'*P,, is tile same as forcing with t ~ . ~  I~ . .  

2 .  P r e s e r v a t i o n  o f  ~ 

In this section ~ e  will show that forcing with P. does not colla~0sc co~, 
Some explanation of our  forcing terminology ma+~ be ill o rde r  first. We  always 

consider  forcing as taking place over  '+'. the tmixerse of set tbeory,  and we denote  
by "U[G.] the ext,.+nsion of V via forcing with P.  <,of course ( ;  denotes  tile 
canonical generic  subset of P.  ). The  reader  uncomfor tab le  with this approach may  
substitute fur V any countable  transitive model  ,If of a sufficiently large f ragment  
of ZFC. 

If p e P and x ~ "2 flq" SOIIIC II G I:O, their lel p. :: {t c I~ : ~, ,~: I OI+ I "~ 5}, Of COI.II'SC 
p ~ e P  fl:f x e p .  

Lemlna  2.1. Stlppost, [> c P. n ¢ to. and p !F (:+ ~ X. Then there are q ~ P. m c- <o. tuid 

finite x c V such tll~ll <,¢~. nl ) 2-, <,[L n } O11~:t q IF" ti ~ X. l~l fOOL ~t t'Otl tR" ¢+hosclt so ttmt 

for ecery s~  " 2 r i p  there is a , ~  V x;wh that q,'+- d -  a, tso x-:{~+, :sc"2+-ap}L 

Proof.  For  each s < ": '  n p .  lind q '  > p, and a. E V such that q" ]k {i o.. [.el 
q : C J { q " : s e ' ~ 2 ~ q p } ,  Then  q - q "  for each s ~ " 2 " ~ p .  Nov, choo>c in ku-ge 
enotlgh so that tq. III )- '{D. t1 ). 

In order  to generali: _" L e m m a  2.1 to arbi t ra l}  P,, {see kenl tna 2.3(ii) belov, ) ;~,c 
need all analogue of l+.7 +. 

Suppose p c P.. F is a Ih/itc subset  of domain  {pl. and ~r : 1"--+"2. l 'hcn p ! ~r b. 
the !'tlnctioll with the same donlain it> l ~ y, uch lhat 

pi<rt f i l=II ' l [31  i f / Jg  F, 
/ p<`.8 . , ~ ,  il' ,8 c E. 

A s  w i t h  p, it need not hc the case that p ] +re P,,, l.ct us sa\  that ~r is t'oPISiSlcnl 

with I' iff ,o l , r ~  P,. i.e.. ill V/'~ +_ F {p t~r)l ,B tkt+~rl,SJ ~ pi/J). 
Let  us say that p is ( l:. n l -deter. l ined ifl for any +r : F ~ "  2. e i ther  ~r is consistent 

xxith p or  else there is l~'+ F such that + r l ( F n , 8 }  is consistent v,'ith I > and 

The  follmving l emma collects :+,OlllC ::as 3, propert ies  of these notiolls. 

t e m w a  2.2. Suppose p • E.. F is a finite subset of  domain  ~pI. n • <o. and  ,r : F ~  
"2. Whell: 

li) q m a x  F <  t3 < - ,  +hen ~t' I l r}t  /3 = <,p P g+} I (~, 
(ii) (f  c+ = t.  then p is ({0}. n)-determilwd for el,elF tt v7 (o+ 
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l i i i )  I f  k > m G > F, (q, m) > ,  O. I<) dmt p is IF, ,~-dewrmiued. thel~ xo is q. 
(iv) I]" m a x  F <, ~'1 ,< ('¢. It/el p i,~ ( ~  n ) - d e t e r m i n e d  it]" p i t 3  is IF, n)-determi~led.  
Iv)  "l h e w  is q 6 P,, such  d/at  q ~-=p a m l  for  s o m e  ~r: F ~ " 2 ,  '1 - q [ ' r-  

Ix'i) I f  p is IF. n ) -de tenn i / l ed  c~/ut q >~ p. dwl i  dlere is ~r : F - o "  2 such  thar ~r i~ 
cons i s t em with p, a i m  q am!  p [ ~r are compat ib le .  

P r o o f .  T h e  onl  3 n o n - t r i v i a l  p a r t s  a r e  Iv) a n d  ( v i k  a n d  (vl  easil?, imp l i e s  l \ i t  so we  

on ly  p r o x e  ( rE  S u p p o s e  the  e l e m e n t \  o f  F a r c  ~3~ . . . . .  /3j. in i n c r e a s i n g  o r d e r .  B?, 

i n d u c t i o n  on  i ~ k  w e  find q, at~d ~r, :{,81 . . . . .  / 3 , } ~ " 2  so  thal  l ) ~ q , ~ -  ~. . . . .  q~ 

and  q, ] ~r :: q,. Let  q,, ::- p arv.t ~r~ : t!. O i ' , e l l  q, all .I ~r,, firv.| q ~ q: i ~ , ,  ~ a n d  s ~ "  2 so  

tha i  eLFin, s e ( / , i ~ , , ~ L  I'het'~ 1,21 ,r, ~j =~r, U{(/3, ,  I, s)}. ;/lad let q , , i  b,2 d d ] n e d  by 

q , . L I , ( 3 , , ~ = q ,  q , , t ( ( 3 , , l ~=q , t ( 3 , . ~ l ,  a n d  q , , ~ ( T ) q , ( 7 )  for  , ~ 3 , , ~ .  

L e m m a  2 .3 .  f-~r cdt']l (x " I .  tilt" t b l l o w m g  hold: 

(i) I f  p e P , , ,  ii ~ ¢o. pIF d ~ V.  a n d  F ix a linite ~ld~.wt o f  d o m a i n ( p t ,  then (here 

evistx tq, m ) such  that (q. m I >"r ~,P. n ), q i~ ( F. iI ) -dewrmined .  oral V~r : {r ~,, 2, i f  ~r 

i~ cotlsislent with q. then the/z' exl~ts . , ,  ~m'h lh~ll ~ l~r  [[-, ~i " ~1,., Her tce  i( x -: {d,  :~r 

is eonsi~;R'plt v,'ittl e l ,  lllc~l q I~-,,t~ ~ X. 

tit} l l  p c t ' .  ~1 c ~., p I~ ,,[ ;m -~ V . . e l  F i~ . ~i~dw sub~et ol d o m a i n  (p L the~ 

d w r e  exists (q. m l amI  a s e q m ' m ' e  (.v, :i c-~o~ o t  Iimte sets ~;Idt']l ttlol {q, m ) > i  If), tl} 

a . d  q IS, k~i f ( i l  ~ x,, 
d i i t  I t  I~ e P,,. i~ ~ .~. p Ik, "'C/is a e o . a t a b h '  subset . j  ~.'". amt  F i s . / ' i . i l e  s.bxe~ ot 

dotm',h~ tp) .  lhen there exis lx (q. m ) ~old o colml. , ib le .'Wl ,.\ xuch rhut  I':t. nl } >~ (p. ll } 
d~ld q I~-,. d c A .  

li".') I f  p ~ P. .  n e m .  ~ -< "-/. p It- ,~ ' .  P . . : . . m l  F is a li~ile subse~ of d o n ; a m  (p) .  
~hel~ there exis~ (q. m l  a~ut f c  P,,~ ~,l.'h thor (q. m)>--~ ~l~. n)  and  q tk,, i  f. 

P r o o f .  T h e  p r o o f  is by i n d u c t i o n  on  t~, 

(i) F o r  ~t = I th i s  is L e m m a  2.1 l a n d  l_emnla  2.2(i i t) .  A s s u m e  . "> /. 

S u p p o s e  (~ =/3  ~- 1. W i t h o u t  loss of  g e n e r a l i t y  ~ c  m a y  a s s u m e  /3 c F\ B?, l . c m l n a  

2.1 app l i ed  in *, ' [( ;~].  w e  .,ee tha t  t he r e  a rc  t e r m s  ~i. ffl, a n d  d, fo r  e a c h  > ~5 "2  such 

/ha l  l ) I.O Ik~ff. w h e r e  '-g is ~he f o l l m v i n g  a s s e r t i o n :  

"(~t. f f~ )> t l~ ( /3 ) ,~ ) ,  d , <  V, a n d V s ~ p / , g ) ( ~ " 2  ti,!~-d - d . ' "  

N o w .  by  i n d u c l i v e  h y p o t h e s i s  a p p l i e d  to  P,,. w e  can  find h i ' .  m ' l  "-~ {,<{p i/3. ~;i 

s u c h  tha t  q '  is ( / : : - { , ~ } , ~ t - d e t e r m i n c d  a n d  for  e a c h  ( r : F  {J3}---"2. if ,r is 

COllSiMetlt w i th  q ' ,  the/l  t h e r e  a re  x,~. IH,,. al ld {{i,,~,: s 6 .\,,},~ '~" st lch tJl~ll 

( / ' [ { r i g ( i f ] " 2 = . \ - . ,  IJl=lll,,, and V s e " 2  d, =d , - , .  

H e r e  i r - s  d e n o t e s  t he  f u n c t i o n  r : F ' ~ " 2  s u c h  tha i  "rl,O = ~r a n d  r { , O ) -  x. 

N o w  de f ine  q ~ P,, by (I [/3 = q'  a n d  q ( l ~ } =  ~i- a n d  le~ m < ~o bc la rge  e n o u g h  ..o 

tha t  m > m '  a n d  m ~ m,~ fo r  nil (r c o n s i s t e n t  v i i 1 / q ' .  Bu t  t h e n  (q. m ) ' - ~  (I 1 i~ L q i'. 

IF. n)-determined, a n d  fo r  an> ~r : F - - - "  2. if ~r is c o n s i s t e n t  v,'ith q. t hcn  q [ • ~ ,, : 
a . .  'Fhis  c o m p l e t e s  111,2 p r o o f  if ~, is a suece.-,:.,or o rd ina l .  
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A s s u m e  a is a limit o rd ina l .  C h o o s e  /3 so that  m ' | x  (1: ' /</3 <¢~, W e  use the 
symbol  I1-* to  d e n o t e  forc ing  o~er  V[Ggs] wi th  respect  to PI~-. Us ing  the ~somorph-  
ism be tween  P.  a n d  the  dense  subse t  of  t ~ ( ~  Pt~. cons t ruc t ed  ear l ie r ,  we see that  

p I/3 I1-~ "(::1/~: p~. )(~]b c V) f ~- p~ a n d  I'll-* ¢i = b " .  

It fol lows tha t  the re  are  te rms  f and  /; of  the  l anguage  of  fo rc ing  wi th  respec t  to 
Pt~ such tha t  

p [£fllt-t+"j'~p t+, I;~ V, and  /lt-*~i ={+". 

A p p l y i n g  the induct ive  hypo thes i s  to  P~ we find (q~. m ! > v  I, p t/3. n l such tha t  th is 
(F. n ) - d e t e r m i n e d  and  for  every  ~r : F - -~"2 .  iI tr is cons i s ten t  wi th  q~, t hen  thez-e is 
b .  ~ V such tha t  ql  ] (rlF~/) = b..  

Now.  app ly ing  pa r t  (iv) of the l e m m a  to  Pt~. we find f~-Pt~, and  
Iq.. .kl>viq~. m) such tha t  q21btd'=f. But  then  tq:. kI '>z(p]/3, nL so if we let 
q = q2 U f. t hen  (q. k) >v (P. n ), q is ~ F. t~ ) -de te rmined  (by I ,enllllLt 2.21iii)) and  for  
any  ~ r : F  --~" 2. if ~r is cons is tent  wi th  q. thell  q t~rll-fi = b,,. 

The  final s en t encc  of (i/ fol lows f r o m  t . e m m a  2.2(vi~, 
(if) Us ing  par t  (i) r epea t ed ly ,  it is easy  to  cons t ruc t  a fus ion  s e q u e n c e  

((p~. n~. F,): i ~ ~o). and  a s equence  (x,~ : n ~ to} so  tha t  p~ = p. no = n. F ~ =  F and  
~ipl+tl~-.]'ti)~xi. If q is the  fus ion of the  sequence ,  then  by L e m m a  1.2. 
qlF,, Vi f(i)~ x~. 

(iii) is a trivial c o n s e q u e n c e  of (iiL 
(it,) By pa r t  (iii) the re  is (q. m ) > v t p ,  n /  and  a c o u n t a b l e  set  A such  tha t  

q l&,, d o m a i n  ([)c_-A. N o w  def ine  f c_ P.~ so  tha t  V/3 ~ A.  f(/31 is a t e rm d e n o t i n g  
the same  ob jec t  d e n o t e d  ~y ](/31 if / 3 ~ d o m a i n ( j ' )  (in V [ G . ] ) .  a n d  o the rwise  
/~(/3) = O. T h e n  clear ly q I I - . f ~ f  ~>) ~ so  q t l - . j =  f by o u r  c o n v e n t i o n  for  ident i fy ing  
equ iva len t  objects .  

Theorem 2.4 .  Forcing with P,, does not collapse ¢,h. 

ProoL By L e m m a  2.3611 or  (iii). 

Remark. L e m m a  2.3 is all we will need  for  the rest  of  tile pape r ,  bu t  it shou ld  be 
r e m a r k e d  tha t  for  m a n y  app l ica t ions  of  per fec t - se t  fo rc ing  a s o m e w h a t  s t r o n g e r  
vers ion  of pa r t  (ii) is r equ i r ed ,  name ly :  it pt~-.]:¢o-.~ V. and  if g e'¢o is even tua l ly  
arb i t rar i ly  large  (i.e.. V m = b i V k ~ n  g ( k ~ m )  a n d  Vl~gO~)>( l ,  t hen  3 q ~ p  
=l(z,, :n  ~ ~o) q tF,,Vn f i n  ~ z,,, and  Vn [z, , l~ g (n t .  The  p r a o f  is r a t h e r  involved.  
s ince one  must  ensure  tha t  each  cond i t i on  " f o r k s  very  s lowly" ,  bu t  the  r eade r  
famil iar  wi th  per fec t - se t  forc ing  shou ld  have  little difficulty r econs t ruc t i ng  it. 

L e m m a  2.3 also al lows us to  conc lude  tha t  fo rc ing  with the  P. is i t e ra ted  
forc ing  in the full sense  of the  word .  

Theorem 2.5 .  Let P~ denote the result of defining P~ in V[G.], Then f)~r any 
c~./3 ~ l ,  IF,~ P~,.+t3 is isomorphic to [~. 
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Proof .  The  proof  is hy induction ~m/3. It is easy to see that if-,, P,,.,, ~l~ ~ {f:  ::I(~/'~ 
Vy (< domain  (/} f (~ t+ 'y)=l ' ( 'y )} .  The  reverse  inclusion follows from L e m m a  
2.3(iv). 

3. The R2-chain condition 

In this section we show that 2 ~- = R~ implies that for each c~ <~ ~o 2, P,~ has the 
,~,-chain condition, and hence preserves  cardinals. This result is sharp,  for it is 
shown in Section .~ tha~ P,,,.., ~ collapses ¢o 2 onto  col (if 2 ~ ' ' -  ,R 0" We also remark  
that if 2'~,,=N~, then ~,o: 2~,,=N2 , 

1 ,emma 3.1. For each  ~ < to  e, there is a dense  set W,, E- P~, such  that II, V~,[ = 2 s,' 

Proof. Let  W~, = {p e g,~ :Vn ~ ~o VB e domain  (p) 3 m ~ > n  ~] finite F g  
domain  (p} p is (F~ ml -de t e rmined  and /3 ~ F}. 

First we show W,, is dense in P,,. Let  p ~_ P,, be arbitrary.  Using L e m m a  2.3(it 
repeatedly,  it is easy to find a fusion sequence  ((p,. tl~. F, ) : i c {,~) such that p~ :: P. 
F,, and n~ arc arbitrary,  and for each i. p~,~ is (F,, n , ) -determined,  t.et q bc the 
fusion of the sequence.  We  claim q ~ ~,~,. Fix n ~ ¢o and ~ 6 domain  tq). Clmose i 
large enough so that n~ ~>:t and 13 ~ F,. T h e n  since p,+~ is (F,. n , l -de termined it 
follows that q is (F~. n ,}-detcrmined (by L e m m a  2.2(iii)). 

Now we show by induction on c t < w 2  that  I W , , t = 2  '~,'. Clearly W ~ = P ~  tby 
L e m m a  2.2(ii)) so. IW~I=2'~.. Note  that if p~_W, and l S < m  then 0 ] ~ W ~ .  
Hence  IW, , J=2  *- if ,~ is a limit ordinal.  Suppose c~ /3+1.  If pE ~k~,. then 
g n  :Ira,, ~ n ::1 finite F,, c domain  (p [/3) Vcr : F,, ~ ' " ' . , ' 2  if er is consistent ~ i th  p ]/3. 
then ::Ix. e V Ip {/3l I o '>~p(/31A'" ' - '2  = x,.. But then clearly p is completely deter-  

mined  by P IB. the sequence  (Ira,,. F,,): n ~ w), and the correspondence  that sends 
er to .,:,.. Hence  ]W, . I -  2 ~,'. 

Theorem 3.2. A s s u m e  2x,,=N~. T h e n  for  el'cry ~<<-~o2. P,, has the Nz-cha in  
condit ion,  and  there~bre preserves card imds .  

Proof .  For  ~ < to. this follows f rom L e m m a  3.1. since P,, has a dense subset ~.~,], 
of cardinali ty N,. For t~ = to: this follows from an easy .A-system argument .  

Theorem 3.3, (a'~ If  . ( ~ " 2  n V[G,~] and cf c~ >~ wl ,  the~ ~/3 < c~ ]'~ V[G~] .  

(b) A s s l m w  2 '~,' = N~. T h e n  fl-,,: 2 s,' = ,R2. 

Proof .  Suppose pIk,,i': (o --~ 2. As in the proof  of L e m m a  3.1. there  is q > p and a 
sequence  ( iF , ,  m,,): ~ ~ to) such that Vn Vtr.  F, ,-~'" ' . . '2 if tr is consistent v,'ith q. 
then for stm~e x , . q l c r t } - , , [ ' t n=a , , .  T h e n  .1' is completely  de te rmined  by o. 
({F,,. nl,,t: n ~¢o). and the mapping  carrying each tr to x,, provided that q < G., 

If q e G ,  and cfc~>~w~, then :::1/3 < c~ q e G ~ .  This proves  (a/. 
T o  prove  (b) simply note  that q may  be chosen to be in W,, for some oe < ¢,~.. 
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4. Selective ideals and ultrafllters 

If I is an ideal of subsets of  ~t~, then let I" = { A ~ o : A ~ I } .  An ideal 1 is 
selectiee ill" (`4A e l+)(`4j': A-- , (o)1  is one- to -one  or  eonslant  on a set in l ', An 
ultrafilter on oJ is selective lot  Ramsey)  iff its dual ideal is selective. (Note:  Some 
authors  use the t e rm "'weakly se lect ive"  instead of " 'select ive":  our  terminology is 
that of Grigorieff  [3]. Throughou t  this section we consider  only non-trivial ideals, 
i.e., ideals containing all finite subsets of to.) 

The  object  of  this section is to show that  under  forcing with respect  to the 
partial order ings /~,, selectix,2 ideals remain ,  in some sense, selective ideals. A 
precise s t a tement  is ill T h e o r e m  4.2. 

Examples  of selective ideals are: 
(a) the dual ideal to a selective uhrafilter,  
(b) the ideal of finite subsets of to, and 
(ct the ideal gen,2rated b?~ a maximal  [inlhlile} colleclion of almost-disjoin1 

subsets Of ttl, 
It bhould be l'cmark,2d that sclectixe Illlraliltcrs call be p roved  to exist o n h  

under  special set- theorel ic  a~,sumptions, such as the cont inuum hypothcni:, or  
Mart in ' s  Axiom {see I 1] or  141t. For a model  with no selectixc ultrafihcrs, see 
Kunen  [5]. 

It will be convenient  to ob ,e rxe  that I is a selective ideal tit 
( I )  ` 4 A ~ I . ` 4 B c A ,  B<I ,  
(2) `4A c I, '4 linite X g a~, A U X e L and 
13] VA e 1 ' ,  VIl'A---~to, if Vn{a ~ A : ( ( a l ~  n}~ I. then =IB e 1" f is one - to -one  

on B. 
The  proof  is trivial except for the fact that any set ! satisfying (1)-{3) is cto~,ed 

under  finite unions. If A,  B e / but A U B g / ,  then choose ]': A U t3--~o such that 
f '/0} = A and 1" ix ol le- to-one on B - - A ,  and appl 3 (3) for a contradiction.  

, , \nether  characlcrb 'a t ion t~l selective ideals, to be fottlld ill Grigori,2ff 13], is II1,2 
following: 

A s c t  T <  L j { " m : n ~ 0 } i s  a tree i t I ` 4 s c T ` 4 n ~ o x l n ~ T .  F~r each s~%o and 
each m e r e ,  let s - 0 n >  dcnnte  the concatenat ion of s and m. If T is a tree and 
s c  T. let T~ - { m  :s-(mXc-- T}. If I is an ideal and T is at t ree,  then T is a strong 
l-tree ill ever}' finite mlerscct ion of sets ill {'lL:s e T} lics in I ' .  A function ] 'e  "'to 
is a ';ranch through a tree I ' i f f V n f l  ineT",  

l ' hcn  I is a selective ideal ill e~ery s t rong / - t ree  has a branch t' with 
range t,De 1'. 

If X is a collection of Sl.lbsels o[  t0, Âhen lhc upward closure of X is {A g 
t o : 3 B e X R c _ A } .  

Lemraa 4.1, Suppose I is a selective ideal Then 

IF "'the upward closure of 1" is the complement of a selecm'c ideal", 

where "'It "" re.lets to forcing wifll P. 


