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0. Introduction

In {7] Sacks introduced the notion of forcing with perfect closed sets of real
numbers as conditions, This notion has since found wide application, particularly
indesaripuya settheory, Forcing withperfectsets has become known as Sacks foreing.
and the associated generic real numbers are calied Sacks reals.

Many people discovered independently that it is possible to enlarge the
continuum by adding an arbitrary number « of Sacks reals. Conditions are
functions with countable support belonging to the product of « copies of P, the
partial ordering of perfect sets of reals. This notion has also proved useful, but it
is still unknown whether it shares many of the combinatorial properties of forcing
with P alone. This notion of forcing is said to add k Sacks reals simultancously. or
side-by-side.

Here we will discuss another way of enlarging the continuum with Sacks reals.
namely adding Sacks reals ireratively, so that each real is generic over the model
obtained by adjoining the ones before it. Details are in Sections 1 to 3.

Qur principal results are as follows:

First we show {Theorem 4.5) that if one starts with a model of ZFC+2% =N,
and adjoins N. Sacks reals iteratively, then in the resulting model 2™ = N., every
selective ultrafilter is Nj-generated, and every selective nltrafilter in the ground
model generates a selective ultrafilter in the extension. Hencee in the extension
there are only 2™ selective ultrafilters. 1t is also true {Theorem 4.3} that if
frw=2and f is in the extension, then senie infinite subset of j lies in the ground
maodel.

Analogous results are unknown for simultancous Sacks forcing (unless x <w!).

We also show {Theorem 5.3) that if one forces with P as defined in the medel
mentioned above. then cardinals are collapsed. Hence it is relatively consistent
that perfect-set forcing collapses cardinals. It is not known whether it is relatively
consistent that 2% >N, and perfect-sct forcing proserves cardinals.
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Finally we show (Theorem 6.4) that if « is weakly compact in the ground mocdel
and & Sacks reals are added iteratively, then in the resulting model & becomes N,
and there are no w.-Aronszajn trees, The relative consistency of the latter
assertion was first proved by Silver in a model of Mitchelt [6]. This model is quite
different.

We assume that the reader is familiar w.th the theory of forcing and generic sets
(see [4], for example) but not the theory of iterated forcing. In a partial ordering
(P, <) we write p exiends q as p = q. Thus, for example, a set D< P is dense in P
iff Ype P3geDg=p.

We consider forcing as taking place over V, the universe of all sets. If P is a
partial ordering and G is P-generic, then V[G] denotes the generic extension.
Forcing with respect to P is denoted by Irp. We abbreviate (Vp) p bp e to e
For typographical convenience we generaliy use I+, instead of Wy, .

1f Q is a term such that Ik, Q is a partial ordering, then the dterated forcing fivst
by P. then by Q. can be accomplished by a single partial ordering P& Q.
Elements of P& Q are pairs (p, ) such that pe P and #Fpge Q. We let (py. i) =
(pa. 43) T py = py and pibpqy 2 . We identify pairs (py. ¢,) and ({pa. §2) such that
(P @O Z(Pa @) (P o). More generally, if < is a pre-ordering being used for
forcing, then we consider = as a partial ordering by identifying p and ¢ when
pEq=p.

If ae V. then we use a itself as
which denotes a. Terms not necessarily denoting specific clements of 'V ousually
have dots over the top. For instance. it is quite possible to have FpaeV
without having *pd=a for any specific aeV (although necessarily
(Vpe Pydg=aiJae Vigitpa = ). Following this convention, the Q of the
preceding paragraph should have been O.

We shall assume that the set of terms of the language of forcing is full in the
sense that if pitp 3x ¢(x). then there is a term £ such that plb, (). This requires
the axiom of choice, which is assumed throughout the paper (sce [4]).

the canonical term of the language of forcing

Finally. if G is P-generic and £ is a term of the language of forcing with PR Q
over V. ther X canonically determines a term of the language of forcing with Q
over V[G]. The latter term will also be denoted by *

1. The partial ordering

Let Sq=U{"2:new}, the set of finite sequences of zeroes and ones. A set
p < Sq is perfect iff

(1) VsepVns|nep and

2y Vsep3r, uepsciu and 1w and ud 1
We express (2) by saying that p forks below each s € p. Note that p & Sq is perfect
iff {fe2:VYnf|nep}is a perfect subset of 2 with the product topology.

Let P={p<Sq:p is perfect}. We order P by letting p = q (road —p extends g7
iff p < g. Forcing with this partial ordering was introduced by Sacks in [7] and has
found many applications.
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We witl be interested initerated forang with P. For ordinals o 2 1, we define £,
by induction as follows, Let Py =P. Given P, let P,,, =P, ® P. the canonical
partial ordering associated with the exiension oblained by iorcing first with P,
and then with P as defined in the extension via P,. {Note tha, *ne definition of P is
not absolute.} If o is a limit ordinal. let P, be the inverse limit of (Py: B <) if
cf @ = w, and the direct limit otherwise.

As is well-known. P, may be realized as the set of all functions p such that
domain {p) is a countable subset of o and Y e domain (p)k,p(Bre P where I+
denotes foreing with respect o Py, We let p =g iff domain (q) ¢ domain (p) .md
VB edomain{q) plBrap(Br=qiB). We identify p and ¢ if psq and g=p. We
also identify P, and P

The reader should be warned that we will frequentdy eclare that pe P, when
we have only checked that V3 € domain (p) p | Btk p(B)e P. The reason for doing
this is that if p|Bksp(Bre P then there is i) such that i qiBre P and
] Bap(BY=q(B). and therefore p could be replaced by ¢.

It q eP and monew. let (pom)>(qnay it pEgq om>ac and
(VsegN"2%Fnue pN™ sy tuand 1% w. The following is a variant of Lemma
{4 of [7]. frequently called the Fusion Lemmua

Lemma 1.1, Suppose ((p.n, Vi€ w) is a sequence such that p.g P n, € o and for
eqch LAp, -1 V(e ) Then (Vp cicwle P (and clearly (Vip iicwl=p, for
all ).

The proof is left 1o the reader.

We will need a version of Lemma 1.1 for the partial orderings P,. H p.ge P,.
. new. and Fis a finite subset of domain(gh. let (p. n) >, (g ) iff p=g.m > n.
and (VB e Fip | Bikg (p(B). 1) > (g B n). Note that if k = m and (p. m) >, (g, n).

then (p k> (qond.

Lemma 1.2 (Fusion Lemma). Suppose ((p. n. F)liew) is a sequence such that
peP,. new FoF.. UlFico)=Uldomain(p)icw}. und for cach
AP 1, ) > (pa i), Define poso that domain (p) = U{domain(p,) i€ w} and
VB edomain tp) ptB)=p(B):icw. Bedomainip)}. Then pe P, and p>=p, for
each i.

Proof. To show pe P, we will show that VB € demain (p) p| Blgp(8)e P This is
an example of the abuse of terminology veferred to carlier. But the prool is a
trivial induction on B, using Lemma 1.1 at cach stage.

A sequenve {{p.n. F):iew) satisfying the hypothesis of Lemma 1.2 will be
called a fusion sequence. and p will be referred 1o as the fusion of the sequence.

Now if 8 <a.let Py, ={pe P, idomain(m oy Bsy<Zal. W pe P, then p¥ =
p~(p | BYE Py,. and the mapping which carries p into (p | 8. p¥V is an omorph-
ism of P, with a dense subset of Py & Py, where the ordering on Py, in V(G is

o
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given by letting f2=g it (Fpe Gy) pUf=pUg To sce that the image is dense,
suppose (p. e Py Q Py, Then there must be p'=p and fe Py, such that Pk f =
. Now let ge P, be such that q | 8 = p and g* = f. Then clearly (q | 8. ™) = (p. .
Thus forc’fng with’P, is the same as forcing with Py ® P,

2. Preservation of w,

In this section we will show that forcing with P, does not collapse o).

Some explanation of our forcing terminology may be in order first. We always
consider forcing as taking place over V. the universe of set theory, and we denote
by V[G,] the extension of V via forcing with P, (of course G, denotes the
canonical generic subset of P,). The reader uncomfortable with this approack may
substitute for V' any countable transitive model {0 of & sutliciently large fragment
of ZFC.

HpeP and ya"2 for some new then fet py={teprsoror 3 s) Of counse
peP il sep

Lemma 2.1, Suppose e P.new. and ptae V. Then there are g€ P. € w. and
finite x € V such that te. sy >{pon) and gt a€x. In fact, g can be chosen so that
for every s€"20p there is a,€ V osuch that g Fa = a, tso x ={a s 2N phh.

Proof. For cach se"’Np. find ¢ =p, and a €V such that ¢*Fd =a,. Lot
g=Uly s
enough so that (q. m)>(p, n).

20ph Then g =¢ for cach s€"2Np. Now choose m large

In order to generali:;» Lemma 2.1 to arbitrary P, (sce Lemma 2.3(10) below) we
need an analogue of pl

Suppose pe P F is a finite subset of domain(p), and «: F~"2 Then pla is
the function with the same domain as p such that

pigy i B¢ F,

g =
ploth {m.mms, itBeF

As with p, it need not be the case that ploe P Let us say that o is consistent
withp it ploeP,ic. HIVBeF (plo)|BlhaoiBrie pB).

Lot us say that p is (F, n)-determined i for any o0 F—"2, cither o s consistent
with p or clse there is B=F such that o [(FNB) is consistent with p and
(plo| Blo(Bre p(B).

The following lemma collects some 2asy propertics of these notions.

Lemwra 2.2. Suppose pe P,,
"2, Then:

() If max F<B<a. then (plaY|B=(p{B)]|a.

(i) If « = 1. then p is ({0} n)-determined for cvery n € w.

F is a finite subset of domainip). n¢ w. and &
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GHY I k= G o T e mY > (ook) and pis (F m-determined. then so s q.

GV If max B <a. ther pis (Fon)-determined iff p| 8 is (F, n)-determined.

(v} There is g e P, such that g = p and for some ¢ F—"2, 1 =g |

i) If p is (Fon)-determined and q = p. then there is a:F~"2 such that « is
consistent with p. and q and p | o are compatible.

Proof. The only non-trivial parts are (v) and (vi). and (v) easily implies (vi) so we
only prove (v). Suppose the elements of F are 6, ..... By in increasing order. By
induction on ik we find g, and o, {8y B="2 w0 that pg,sc s g
and g, |, = g, Lot gy, = pand g = (L Given g, an.l a.find gz 8, and se" 2 s0
that qiby  seq (B, Then let oy =0, UNE, .. 9} and let g,,, be defined by
G B = dod B =8 ) aad gL (vl gy for LT

Lemma 2.3, For cach « > 1, the following hold:

W Ifpel,. new ph,dc V. and Fiys a finite subset of domain (p). then there
exists (g, m) such that (g m) > (pond g is (Fond-deiennined. and Vo : F>"2 if o
is conststent with q. then there exists a, such that g [a b d = a,. Henee it x = {a, 1er
is consistent with g, then g«

U HpeP,. new pl fio— \. and F i a finite subset of domain (py, then
there exists g m) and a sequence (x 1 i€ o) of finite sets such that (g o) > (pon)
and g Yiftiex,

i) If pe P necw plk, "aivacountable subset of V7L and Fis u finite subset of
domain (p) then there exists (g my and a countable set A such that (g, my > (pon)
and qiF, a4 < A.

(1) I‘y peP,. ncw a<y p v fe P and Fis u finite subset of domuain (ph.
then there exist (gom) and fe P, such that tq. m)y >, (pon) and gt f = f.

v

Proof. The proof is by induction on «.

(1) For e =1 this is Lemma 2.1 tand Lemma 2.201). Assume o > 1L

Suppose « = B+ 1. Without loss of generality we may assame € F. By Lemia
2.1 applied in V]G, 1. we see that there are terms ¢, it and a, for cach s €72 such

thut p| B IFge. where ¢ is the following assertion:
G EpBl e a e Vo and Vse pt)Nm2 g g =

Now. by inductive hypothesis applicd to Py we can find (g mO > ip ) gond
such that g' is (F={8} i)-determined and for cach <r'!-' ﬂ‘\B‘«»"Z. it s
consistent with ¢, then there are x.. o1, and {a, -5 5, 0V osuch that

G lokgnn2= W=, and Vse"2 a va,-.

Here o 7s denotes the function 7: F—"2 such that 7|8 = o and 7(8) =

Now define q& P, by q {8 =¢  and ¢{8)= 4. and fel m < @ be large cnough so
that m = m" and m = m,, for all ¢ consistent with q'. But then (qom) ™ (poad g s
(F, n)-determined, and for any o F—"2 i o is consistent with g, then g | -2 o =
a,. This completes the proof if « is a successor ordinal.
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Assume o is a limit ordinal. Choose 8 so that max (F)< g < a. We use the
symbaol IF¥ to denote forcing over V{Gg] with respect to Py, Using the womorph-
ism between P, and the dense subset of P, ® Py, constructed earlier, we see that

plBitg"(Afe P ) Fbe V) f=p® and fit*a=b".

It follows thai there are terms f and b of the language of forcing with respect to
Py such that

plB,f=p® be V. and ft*a=5".

Applying the inductive hypothesis to Py we find (q,. m)>¢{p | B. n) such that q, is
(F. n)-determined and for 2very o : F—"2_if ¢ is consistent with q,. then there is
b, € V such that q, | ¢ lrzb=b,.

Now. applying part {(iv) of the lemma to P; we find feP;, and
(q:- KY>g (g, m) such that galbsf =f. But then (qa k)= (p ] B, n), so if we lot
q =q,Uf. then (g K)>p(p.on), g is (F-determined (by Lemma 2.2 and for
any o : F—"2, if o is consistent with q. then qlolba =b,.

The final sentence of (i) follows from Lemma 2.2(vi.

(i) Using part (i) repeatedly. it i easy to construct a fusion sequence
Up. m. F)iiew). and a sequence (x,:new) so that py,=p. ny=n. F,=F and
Vip. b flidex, If q is the fusion of the sequence. then by Lemma 1.2,
g Vi ftide x,

(iit) is a trivial consequence of (i)

(iv) By part (iii) there is {q. m)>p(p.n) and a countable set A such that
q -, domain (fic A. Now define fe P, so that ¥YB€ A. f(B) is a term denoting
the same object denoted by f(B) if Bedomain(f) {in V[G,]. and otherwise
f(8)=0. Then clearly q |)—J?f>f SO g \h,j":f by our convention for identifying
cquivalent objects.

Theorem 2.4, Forcing with P does not collapse w,.

Proof. By Lemma 2,331 or (iii).

N

Remark. Lemma 2.3 is all we will need for the rest of the paper, but it should be
remarked that for many applications of perfect-set forcing a somewhat stronger
version of part (i) is required, namelv: it pit, f:o— V. and if ge“o is eventually
arbitrarily large (Le.. YVm IAn Yk =n gk)>m) and Vrgn)>0, then Jq=p
Hz,inew) gk, Vnflnez, and ¥u|z,|<gln). The proof is rather involved,
since one must ensure that each condition “forks very slowly™, but the reader
familiar with perfect-set forcing should have little difficulty reconstructing it

Lemma 2.3 also allows us to conclude that forcing with the P, is iterated
forcing in the full sense of the word.

Theorem 2.5, Let PB denote the result of defining Py in V[G,]. Then for anv
a. =1, b P, .4 is isomorphic to Py,
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Proof, The proof is by induction on . 1t is casy to see that I, P, ., < {f:3f e P,

Vy e domain () f(a +y¥=fly)}. The reverse inclusion follows from Lemma
2.3Gv).

3. The N,-chain condition

In this section we show that 2% =X, implies that for each a Sw,, P, has the
N;-chain condition, and hence preserves cardinals. This result is sharp, for it is
shown in Section > that P, ,, collapses w; onto o, (if 2%=N,). We also remark
that if 2% =R, then =, ™=\,

Lemma 3.1. For cach a <w,, there is a dense set W, < P, such that |W, |=2%.

=y

Proof. Let W, ={pet,:Vhew VBedomain(p) Im=z=nI finite Fg
domain (p) p is {F. m)-determined and Be F}.

First we show W, is dense in P,. Let pe P, be arbitrary. Using Lemma 2.3(0)
repeatedly, it is easy to find a fusion sequence ((p,. n. F):i€ o) such that p = P.
F, and n, are arbitrary, and for each i p,,, is (F. n)-determined. Let g be the
fusion of the sequence, We claim ge W, Fix ne w and 8 € domain (¢). Choose i
large enough so that w24 and e F. Then since p., is (F. n)-determined it
follows that ¢ is (Fi. n,)-detcrmined (by Lemma 2.2(iii))

Now we show by induction on a<w-, that |W,|=2% Clearly W, =P, (by
Lemma 2.2(i1) s¢ W |=2% Note that il pe W, and 8<a. then p|Be W,.
Hence {W,|=2% if « is a limit ordinal. Suppose a=g+1. If pe W,. then
¥n Im, =n 3 finite F, = doraain (p | B) Vo : F,—"'2 if o is consistent with p | .
then 3x, e V (p | B) ] otap(BIN'"2 = x_. But then clearly p is completely deter-
mined by p | B. the sequence {{m,. F,): n € ), and the correspondence that sends
o 10 X,. Hence |W, |=2%

Theorem 3.2. Assume 2%=NX. Then for etery a<w.. P, has the N,-chain
condition, and therefore preserves cardinals.

Proof. For a < w, this follows from Lemma 3.1, since P, has a dense subset W,
of cardinality R,. For a = w, this follows from an casy A-system argument.

Theorem 3.3, () If fe“2N V[G,] and cf a = w,. then 3 <« je V[G,].
(B Assume =N Then Ik, =N,

Proof. Suppose plhf: @— 2. As in the proof of Lemma 3.1, there is g =p and a
sequence ((F,. m,): 1€ @) such that Vn Vo . F, = "™'2 if ¢ is consistent with .
then for some x,qlak filn=x. Then f is completely determined by o,
{(F,. m,):n€ ). and the mapping carrying cach o to x,,. provided that g& G,
If ge G, and of @ = w,. then AB <« g€ G, This proves (a).
To prove (b) simply note that g may be chosen to be in W, for some a << w,.
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4, Selective ideals and altrafifters

If T is an ideal of subsets of o, then ket ' ={Acw:Ad I} An wWeal I i
selective iff (VA e I'NVf: A=) [ is one-to-one or constant on a set in 1. An
ultrafilier on w is selective (or Ramsey) iff its dual ideal is selective. (Note: Some
authors use the term “weakly selective™ instead of “selective™; our terminology is
that of Grigorieft [3]. Throughout this section we consider only non-trivial ideals.
i.c.. ideals containing all finite subscts of w.)

The object of this section is to show that under forcing with respect o the
partial orderings P,. selective ideals remain, in some sense. sclective ideals. A
precise statement is in Theorem 4.2,

Examples of selective ideals are:

(a) the dual ideal to a selective ultrafilter,

(b) the ideal of finite subscts of w, and

(¢) the ideal generated by a maximal tinfinit) collection of abmost-disjoint
subsets of w.

It should be remarked that sclective ultrafilters can be proved to exist only
under speciat set-theoretic assumptions. such as the continuum hypothesis or
Martin's Axiom (sce [1] or {41, For a model with no selective ultrafilters, see
Kunen [3].

It will be convenient 1o observe that T is a selective ideal iff

(Y VAelLVBc A Bel

(2) VAe LV finite XS AUXel and

W VAl V- A-ow itYnlac A flawysnte L thenAB ™ | is ope-to-one
on B.

The proof is trivial except for the fact that any set I satisfving {D=(3) is closed
under finite unions. If A. Bel but A UB#¢ L then choose f: A U B—w such that
f10Y= A and f is one-to-one on B~ A, and apply {3) for a contradiction.

Another characterization of selective ideals, to be found in Grigoriett {3 is the
following:

Asct Tel{'winewtisa ree i VseT Vnews|neT. For cach s€"w and
cach me w. let s70m) denote the concatenation of s and m. If T is a tree and
seT let Ty=4m s~ ode T If 1 is an ideal and T is a tree, then T is a sirong
I-tree iff every finite intersection of sets in {T, :se T} lies in 17, A Tunction f€“w
is a Sranch through a tree T it Vafine T,

Then 7 s a selective ideal iff cvery strong I-tree bas a branch | with
range (e,

If X is a collection of subsets of @, then the upward closure of X is {A ¢
w:ABe X Bc Al

Lemma 4.1. Suppose [ is a selective ideal. Then
I the upward closure of 1™ is the complement of a selecnive ideal”

where I refers to forcing with P.



