A Miller
M771
Fall 2010

Homework problems are due in class one week from the day assigned
(which is in parentheses).

1. (1-22 F) (Tarski) Suppose A is an infinite Dedekind finite set. For n € w*
define A, ={s:n— A : s 1—1}. Prove that

(a) A, is Dedekind finite.

(b) For X Cw the set Ax = |J,cx An is Dedekind finite.

(c) There is a 1-1 map of A, into A, iff n < m.

(d) If XCY Cw™ and there is a 1-1 map of Ax into Ay, then X =Y.

(e) Show that if there is an infinite Dedekind finite cardinal then there
are continuum many distinct infinite Dedekind finite cardinals.

22 F) (a) Suppose L is a linear order and for every X CL either X ~ L
~ L. (Overline denotes the complement.)

(b) Suppose « is ordinal. Show that (1) and (2) are equivalent.

(1) X ~ a or X ~ a for every XCa.

(2) There is a § with a = wP.
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3. (1-27 W) Prove that the following are equivalent:

(1) There exists infinite sets (A,Cw; : @ < we) which are pairwise almost
disjoint, i.e., A, N Ag is finite whenever a < 3 < ws.

(2) CH is false.

4. (2-1 M) (Solomon) Prove that if b > w; and {a, € [w]Y : @ < w;} are
almost disjoint, then there exists a € [w]* with aNa, finite for every o < wy.

5. (2-5 F) (a) Let K > w be a regular cardinal. Prove that for every (F, €
[K]<¥ : a < k) there exists ¥ € [k]" such that (F, € [k]<¥ : a € X)is a
A-system. (b) Show that this fails for singular .

6. (2-8 M) Assume MA,,. Prove that there exists (A, € [wi|*" @ a < ws)
such that A, N Ag is finite for every a < 8 < ws.

7. (2-10 W) Prove that MA,,, is equivalent to:



For every ccc P and (E,CP : a < wy) there exists a P-filter G such that
for every o < wy either G N E, is nonempty or there exists p € G such that
noqg<pisin F,.

8. (2-12 F) Assume MA,,. Prove there exists an almost disjoint family
AC[w]* of size wy such that for every AoCA there exists bCw such that aC*b
for all a € Ay and aC*b for all a € A,.

9. (2-17 W) Let TCw=<“* be a Souslin subtree.
(a) Suppose f: T — R satisfies

Vs,t €T (sCt — f(s) < f(t))

Prove that the range of f is countable.

(b) Suppose f : T"— R is continuous. This means that for any s € T) for
A limit, f(s [ ) converges to f(s) for any sequence «, converging up to A.
Prove that the range of f is countable.

10. (2-19 F) Suppose (C, : a < wi) is a ladder system. Show that for every
Y € [wq]¥" there exists I € [X]“" such that (C, : a €T') is a A-system.

11. (2-19 F) (MA,,) Suppose (C, : «a < wi) is a ladder system. Prove
that for every (fo : Co — w @ « < wy) there exists F' : w; — w such that
F | C,="f, for every a < wy.

12. (2-22 M) Suppose T'C(w +w*)<*! is a subtree which is an Aronszajn tree
and which has the property that for every s € T' all immediate successors of
sarein T. Let (T, <) be the following ordering:

s <t iff either

1. there exists a < |s], |t| such that s [ @ =t [ @ and s(a) < t(«) or

2. s C t with |s| = a < |t| and t(a) € w*.

Prove:
(a) (T, <) is a dense linear order.
(b) Nelther w1 nor w; order embed into (T, ).

(c) If XCR and X order embeds into (7', <), then X is countable.

13. (2-26 F) For ACw; define the following linear order type,

La= ) L5

a<wi

2



el ifag A
A 14n ifac A

Here n stands for the order type of the rationals. Prove

L~ Lg iff (AAB) is nonstationary.

14. (3-1 M) Assume <. Prove there exists a rigid Souslin tree.

15. (3-3 W) Suppose there exists (S,Ca : a < wq) such that for every X Cw;
there exists a limit ordinal o < w; with X Nav = S,. Prove that there exists
a diamond sequence.

16. (3-5 F) Let @ > w be a limit ordinal. Prove that (V,, €) is a model
of ZFC minus the replacement axiom. Prove that (V,, ., €) does not model
ZFC.

17. (3-8 M) Let k be an uncountable regular cardinal. Prove that (H,, €) is
a model of ZFC minus the power set axiom.

18. (3-10 W) Let ZC=ZFC minus the replacement axioms. Prove that (ZC
plus the reflection schema) implies the replacement axioms.

19. (3-12 F) (Kumar) Prove that the Mostowski collapse of OD is HOD, if
fl@)={f(y):y cxnOD}
then HOD = {f(x) : x € OD}.

20. (3-15 M) Let M, N be standard models of ZFC with same ordinals and
sets of ordinals. Prove that M = N.

21. (3-17 W) Suppose that M CN are standard models of ZF and x, A € M.
Prove that if N = r — (w)3¥, then M =k — (w)}”.

22. (3-19 F) (Kumar) Say that a limit ordinal « is weakly-reflecting iff for
any sentence 6 if V,, |= 0, then there are unboundedly many 3 < « such that
Vs = 0. Prove that the set {o < w; : « is not weakly-reflecting} is not
stationary. Hence ZC+weakly reflecting does not imply ZFC.



23. (3-22 M) Suppose that x is a strongly inaccessible cardinal. Prove that
V.. is a model of ZFC. Prove that V,, = H,..

24. (3-22 M) Prove that the least  (if it exists) such that V,, is a model of
ZFC is a strong limit cardinal with countable cofinality.

25. (3-24 W) Assume ZFC+V=L. Prove that for any regular  that L, = H,.

26. (3-26 F) Assume ZFC+V=L. For any regular cardinal x > w let
Q. ={a<w : L, =L}
Prove that @), is unbounded in w; and @, is stationary iff Kk = wy.

27. (4-6 M) Assume ZFC+V=L. Let x be an uncountable regular cardinal.
Let N be the elements of L, which are definable in L, without parameters.
Prove that N is a countable elementary substructure of L,.. Let o be minimal
such that L, = L,. Prove that Th(L,) ¢ L.

28. (4-16 F) (M a countable standard transitive model of ZFC.) Suppose G
is P-generic over M and for every f € M[G| if M[G] = f : kK — =y where
k and 7 are ordinals, there exists g € M such that M = g : k — [y]¥
with f(a) € g(a) for every a < k. Prove that there exists p € G such that
M =P, is ccc.
29. (4-23 F) Suppose M |= P, CP is a dense suborder. Prove

1. If Gy is Py-generic over M, then G; = Gy NPy is Py-generic over M.

2. If Gy is Py-generic over M, then Gy = {p € Py : 3¢ € G, ¢q < p} is
Py-generic over M.

3. In either case, M[G;] = M|[Gs].

30. (4-23 F) Prove that if P is a countable poset which is everywhere non-
trivial (Vp € P 3q1,¢2 < p ¢1 L ¢o), then w<¥ is isomorphic to a dense subset
of P.

31. (4-26 M) Suppose there is a standard model of ZFC. Prove there exists
a countable standard model M such that

MEZFC+Vn <w ZFC, has a standard model
but M =“ZFC does not have a standard model”.



