Problem 29

Yining Li

Problem 1. (Fri Apr 4) Prove the following:
(a) Suppose o + 3 is algebraic over F, then a is algebraic over F(f).
(b) Suppose a.+ B and aff are both algebraic over F, then o is algebraic over F.

Proof. (a) Since a + S is algebraic over F, o + f is algebraic over F'(#). Therefore,
[F'(B,0c+ ) : F(B)] < oo

Since F(a, B) = F(B,a + B), « is algebraic over F(8).

(b) Since both a + f# and af are algebraic over F,
[Fla+ B,af) : F] < oo,

Consider polynomial f(z) = 22 — (a + B)z + af € F(a + f,af)[z] and extension fleld
F(a, B). Since a, B are two root of f in F(w, 8), [F (o, B) : F(a+ B, ap)] < 2, and hence

[F(e, B) : F] = [F(a, ) : Fa+ B, af)l[F(a+ B, ) : F] < o0.

Thus, both « and 8 are algebraic over F. |




