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Exercise 18: Let M C R be a maximal ideal. Suppose ab = 0.
Prove ac M or be M.

Suppose a,b € M. By the theorem in class, we know that R/M is a field because M is
maximal. First note that (0+M) = M =0 € R/M. Consider the element (a+M)(b+M) €

R/M. This is equal to (ab+ M) = (0+ M) = 0, by assumption. But since neither of these @W

elements are in M, this means that one of (a + M), (b + M) (both non-zero in R/M) is a

zero divisor in R/M. But this is a contradiction, because fields can’t have zero divisors.

Thus, it must be that one of a,b is in M.

Exercise 19: Let o be a root of p(z) = z° + z + 1 in Z,[z].

Construct the multiplication table for Zs[«|.

We know that a3+a+1 = 0. We can arrange this to get the very helpful identity o® = 1+c.

Also note that a* = o®a = (1 + a)a = a + o®. Using these identities, and the fact that

any term with a coefficient of 2 is in fact 0, because our coefficients are in Zg, we get the

following table: zm\:i&

0 1 o 1+« a? 14 a? o+ a? 14+ a+a?

0 0 0 0 0 0 0 0 0
1 0 1 o 14+« a? 14+ a2 a+a? 14+ a+a?
o 0 « o? a+a? 1+« 1 l+a+a® 1+a?
1+ 0 14+« o+ a? 1+ a? l1+a+a? o 1 o
o? 0 o 14+ o l+a+a® a+to? o a?+1 1
1+ a2 0 1+a? 1 o? o l+a+a? 1+a a+ o?
a+ o? 0 a+a? 14a+a? 1 a?+1 14+« o a?
1+a+ae?2 |0 1+a+a? 1402 o 1 a+a? o? 1+«
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Problem 18
Let R be a commutative ring with 1. Let I be a maximal ideal in R. Suppose ab = 0. Prove that
ac€lorbel.

Proof:

Assume a ¢ T.

Since I is the maximal ideal, we obtain (a) + 1 = R from I & (a) + I. Thus there exists some
7€ Rand x € I st. ar+x = 1. Multiple it by b, we get abr + 26 =b = b= xb € I since Ris a
commutative ring.

Therefore a € T or b € 1.

Problem 19
Consider p(z) = x® + x + 1 as a polynomial in Zs[z]. Suppose p has a root a is in some field
extension. Construct the multiplication table for

def

Zs|a {a+ba+co®:a,b,c€Zy)}

Solution:
We have o® + @+ 1 = 0. Thus a- @? = o + 1 and a? - &? = o? + . Then, we can construct the
multiplication table

0 1 o a+1 o? a?+1 o? 4+ a?+a+1
0 0 0 0 0 0 0 0 0
1 0 1 « a+1 a? a?+1 a? +a 24+a+1
o 0 o o? a? +a a+1 1 o +a+1 a?+1
a+1 0 a+1 o? 4+ a?+1 a?+a+1 o? 1 o
a? 0 o? a+1 o4+a+1 o+ o « a?+1 1
o? +1 0 a?+1 1 o? « 2 +a+1 a1 o? o
a? +a 0 a?+a a2 +a+1 1 a?+1 a+1 « o?
a?+a+l1 0 oP4+a+1 a?+1 o 1 a? + o a? a+1




