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Problem 4

Let G be a finite abelian group. Prove that the following are equivalent

1) For every subgroup H of G there is a subgroup K of G with HK = G and HN K = {e}.
(Complementation Property)

2) Every element of G has square-free order.

Proof:
Let’s prove two easier statements first:

a) Cp x Cp X - x Cp = nC), has CP where there’re n Cp’s for n € N* and p prime.

Pirstly, it is clear that Cp has CP.

Suppose In € N* s.t. nC,, has CP, let’s consider (n +1)Cj.

Let H be an arbitrary subgroup of (n + 1)Cp. If H = (n + 1)Cy, then take K = {e}, we've got
HK = (n+1)C, and HN K = {e}. Then assume H # (n+ 1)Cj, then 3z € (n +1)Cp and = ¢ H,
as a result = # e. Since every element except e in (n + 1)C, is of order p, |z| = p. It is clear that
H N {z) = {e}. Define the group homomorphism:

Fi(n+1)Cp = (n+1)Cp/(z), arra® =a+ (x).

Since |(n + 1)Cp/{z)| = |(n + 1)Cp|/|(z)| = p™ and |a*| < |a| < p for every a* € (n + 1)C,/(z), so
(n+1)Cp/{x) can be decomposed to

(n+1)Cyp/(z) 2 nCy,

which has CP according to our assumption. Notice that H* = f(H) is a subgroup of (n+1)Cp/{x),
so we have another subgroup K* s.t. H*K* = (n +1)Cp/(x) and H* N K* = {e*}. Pull back K*
we get K = f~!(K*) which is a subgroup of (n + 1)Cp. And it is clear that H N K = {e} since
HNK C f~YH*NK*) = f~}(e*) = (z) and H N (z) = {e}.

Consider f|g : H — H*, Va € ker(flu), f(a) = a + (z) = (z), so a € (z), a = {e}. Thus f|g is
bijection and then |H| = |H*|. We have |[HK| = |H||K| = [H*||K*||{z})| = |(n + 1)Cp/(z)||(z)| =
|(n+ 1)Cp|, so HK = (n + 1)Cyp. Therefore, we’ve shown (n + 1)C; has CP.

By induction, we get our goal that Vn € N*, nCj, has CP.

b) Let |G| and |H| be relatively prime. Prove that if both G and H have CP, then G x H has
CP.

Claim any subgroup of G x H is of form R x S where R and S are subgroups of G and H re-
spectively.

Let M be the subgroup of G x H. Let R={g € G :3(g,h) € M forsome he H}, S={he H:
(g, h) € M for some g € G}, it is clear that M C R x .S and R, S are subgroups of G, H respective-
ly. Vr € R, 3h € H st. (r,h) € M. Let k = |r| and | = |h|, since ged(|G|, |H|) = 1, ged(k,1) =1,
then 3s,t € Z s.t. sk+tl = 1. So (r,h)" = (r'=** ht") = (r,e) € M. Thus R x {e} C M, similarly,
{e} x 8 C M. Therefore Rx S=(Rx{e})- ({e} xS)C M,astosay M =RxS.




Next, prove statement b):

For any subgroup R xS of G x H where R, S are subgroups of G, H respectively, since G, H have CP,
we can find subgroups P, @ of G, H respectively s.t. RP = G, RNP = {e} and SQ = H, SNQ = {e}.
Thus P x Q is a subgroup of G x H and (P x Q)N(Rx S) = {e}, (P x Q) (RxS) =G x H, which
indicates that G x H has CP.

Now, let’s prove the original problem.

1) = 2):

Let G be a finite abelian group with at least one element whose order isn’t square-free, so there
is some prime p and element z s.t. |(z)| = p?. Suppose G has CP, take H = (zP), there exists a
subgroup K of G s.t. HK = G and HN K = {e}. Let P = K N (x) which is a subgroup of G, then
it is clear that H NP = {e} and HP = (z). Then 3z"* € H,2™ € P st. = g™ - 2™ = P 50
(m,p®) = 1. Thus 3o, B € Z s.t. am+ fBp® = 1. Then (z™)* = 21=PP" = g € P, then P = (z) D H,
contradiction.

Therefore G must be square-free if G has CP.

2)=1):
If G is square-free and |G| = pi'p% - - pin where p; < pz < --- < p, are prime, then

G 2 i1Cp, X 12Cp, X -+ X inCp,..
By &), iCp, has CP for all k. Then by b) and induction, we get G has CP.

Till now, we've shown G has CP iff G is square-free.




