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Define P is a partition of the rectangle R = [a, b] X [c, d].
Define L(P, f)
Define U(P, f)

Lemma. If P, is a partition which refines P, then

L(P, f) S L(P, f) SU(PLf) SU(P, f)

Lemma. If P, and P, are any two partitions, then

L(Py, f) SU(Ps, f)

Define L and U
Define f : R — R is Riemann integrable (Darboux definition).

Define [ f

Example. Give an example of a bounded function f on [0, 1] x [0, 1] which
is not Riemann integrable.

Theorem. If f: R — R is continuous, then f is Riemann integrable.
Define B C R? has zero area.

Theorem. If f is bounded on R and continuous except for a set of points
with zero area, then f is Riemann integrable.

Define For D C R an arbitrary region, define [[, f.

Define Boundary of D and interior of D.
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Corollary. If f : D — R is continuous and bounded on the bounded set
D C R and the boundary of D has zero area, then the Riemann integral

[Ip [ exists.

Define For f : [a,b] — R define f is Riemann integrable and [° f.

Theorem. (Fund Thm I.) Suppose f : [a,b] — R is continuous and define
F(z) = [ f for © € [a,b]. Then F is continuous on [a, b], differentiable on
(a,b) and for every z € (a,b) F'(z) = f(z).

Theorem. (Fund Thm II.) Suppose f : [a,b] — R is continuous and F is
continuous on [a, b], differentiable on (a,b) and for every = € (a,b) F'(z) =
f(x). Then [° f = F(b) — F(a).

Theorem. (Substitution) Suppose f is continuous on ¢(|a,b]) where ¢ is C"
on some open set containing [a, b]. Then

o(b)

[ o= [ s

Theorem. (Fubini) Suppose f : R — R is continuous on the rectangle R =
[a,b] X [c,d] and define F : [¢,d] — R by F(z) = [? f(x,y)dy. Then F is

Riemann integrable and
b
/ F(x)dx:// -
a R

Similarly if G(y) = [° f(z,y)dz, then G is Riemann integrable and

/CdG(’y)dy = //Rf

[ steanis = [ tw.pdoray.

Hence,

Corollary. (to the proof) In Fubini’s Theorem instead of assuming f is con-
tinuous it is enough to assume [f5 f exists and for all = € [a, b] the integral
14 f(z,y)dy exists. Similarly, for the similarly.
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Corollary. Suppose ¢ : [a,b] — R and ¢ : [a,b] — R are continuous with
¢1(x) < ¢o(x) for all x € [a,b]. Let

D ={(z,y) :a <band ¢ (r) <y < ¢a(z)}

and let f: D — R be continuous. Then

/];f'::[fﬁéfoff@zy>dy)dx.

Lemma. Suppose g : D — R is continuous on the open set D C R%and for
every rectangle R C D
/ / g = 0.
R

Theorem. Suppose f: D — R is C” on the open set D C R2. Then

o*f  0f
oxdy  Oydx

Then ¢(p) = 0 for every p € D.

at every point in D.

Theorem. (Liebnitz) Suppose that f is C’ on an open set of the plane
containing (a,b) x [¢,d]. Then

o [ d 9
[ ey = [ S flay)dy
for every x € (a,b).
Define " a,, converges.
Lemma. lim, ,,o2" =010 <z <1andlim, o 2" =0 if z > 1.
Theorem. 7% 2" converges iff [z] < 1. It equals -~ when it converges.
Theorem. 22021% diverges.

Theorem. If 3 a, converges and Y b,, converges, then Y (a, + b,) converges
and equals > a, + > b,.



Theorem. If Y a, converges and ¢ € R, then ) ca, converges and equals

cy ay,.

Theorem. (Cauchy Criterion) Y- a,, converges iff Ve > 03INVn > m > N

n
’Zak|:‘am+am+1+"'+an|<€.

k=m

Theorem. }° a, converges iff for all N the tail > ° \ a, converges iff there
exists IV such that Y>>° \ a, converges.

Theorem. > a, converges implies lim,, .o, a, = 0.
Theorem. > |a,| converges implies Y a,, converges.
Define Absolute convergence.
Define Conditional convergence.

Theorem. (Alternating series). Suppose 0 < a,+1 < a, for all n. Then
> (—1)"a, converges and its value S lies between any two partial sums, i.e.,
SZnJrl S S S SZn-

Example. Give an example of a conditionally convergent series.
Theorem. e is irrational.
Define Rearrangement of a series.

Theorem. If 3" a, is absolutely convergent, then every rearrangement of this
series converges (and to the same value).

Theorem. If Y a, is conditionally convergent, then for every x € [—o0, 0]
there is a rearrangement of the series which converges to x.

Theorem. If a, > 0 for all n, then 3 a, converges iff there exists B such
that every partial sum S, < B.

Theorem. (Comparison Test) Suppose 0 < a,, < b, for all n. Then if 3" b,
converges, then " a, converges.



Theorem. (Limit Comparsion Test) Suppose a, and b, are positive and

lim §» = ¢ > 0. Then 3" a, converges iff 3 b, converges.

Theorem. (Ratio Test) Suppose a, > 0 for all n and

. Ap41
lim
Ap,

Then > a, converges if r < 1, and }_ a,, diverges if r > 1.

Example. Give two examples of series with positive terms, such that r =1
in the ratio test and one of the sequences converges and the other diverges.

Theorem. (Root Test) Suppose a,, > 0 for all n and

limsup"y/a,, = r.

Then Y a, converges if r < 1, and Y a, diverges if r > 1. In fact, if r > 1
there are infinitely many n with a, > 1.

Example. Give two examples of series with positive terms, such that r =1
in the root test and one of the sequences converges and the other diverges.

Theorem. (Integral Test) Suppose f : [1,00) — R is a continuous function
such that Va,y € [1,00) < y implies f(z) > f(y) > 0, i.e. f is monotone
decreasing. Then Y f(n) converges iff [ f(z)dx converges.

Corollary. Y- -4 converges iff r > 1.

Theorem. (Radius of Convergence) For any power series 3 a,x" there exists
R € [0, 00] such that Y a,z" converges absolutely for every x with || < R
and diverges for every z with |x| > R. Furthermore, the convergence is
uniform on every interval of the form [—r,r] with r < R.

Theorem. If f,, : R — R are continuous (R is a rectangle in R? or an interval
in R) and f,, converges to f uniformly on R, then

[, =t ]



Theorem. Suppose f,, converges uniformly to f on an open set D C R and
each f, is C" and f! converges uniformly to g on D. Then f is differentiable
and f'(z) = g(z) for every z € D.

Corollary. If f(x) = X a,z™ has a nonzero radius of convergence, then the
series g(x) = Y na,z™ ! has the same radius of convergence and f' = g.
Similarly, If f(z) = ¥ a,2™ has a nonzero radius of convergence, then the

series g(x) =X 7%15‘:”“ has the same radius of convergence and ¢’ = f.

Corollary. If f(x) =Y a,2” has a nonzero radius of convergence, then f has
infinitely many continuous derivatives (C'™).

Corollary. If f(z) = X a,z™ has a nonzero radius of convergence, then
ap = %(!0) for every n.
Corollary. In(1+4 z) = 302, (=1)"™£= for |z| < 1.
00 nz?rtl
Corollary. arctan(z) = >-0% o(—1)" 5, for |z < 1.

Theorem. (Abel) If > a,z" has a nonzero radius of convergence R, and
> a,x™ converges for x = R, then Y a,x™ converges uniformly on the interval
0, R).

Corollary. If f(z) = > a,x™ has a nonzero radius of convergence R, and
> anx™ converges for © = R, then f is continuous on [0, R].

Corollary. In(2) = 352, (—1)"1L,

n=1 n

Corollary. T =37 (—1)"5:1.



