
A. Miller
M521 Final Exam

May 19, 1994

Keep this sheet. Use your own paper for the answers.

1. Give the ε− δ definition of continuity. Prove directly from the definition (25 points)
that the function f : R→ R defined by f(x) = x2 is continuous.

2. Give an example of a sequence fn : R→ R of differentiable functions such (25 points)
that fn converges uniformly to a function f which is not differentiable. Be
sure and prove that the convergence is uniform.

3. Suppose that f : R→ R is continuous on the rectangle R. Prove the f is (25 points)
Riemann integrable.

4. Prove the following. Suppose f : R → R is continuous on the rectangle (25 points)
R = [a, b] × [c, d] and define F : [c, d] → R by F (x) =

∫ d
c f(x, y)dy. Then F

is Riemann integrable and ∫ b

a
F (x)dx =

∫ ∫
R
f.

5. Prove the following. Suppose an > 0 for all n and (25 points)

lim
n→∞

an+1

an
= r.

Then
∑
an converges if r < 1, and

∑
an diverges if r > 1.

6. Prove that for any sequence an > 0 (25 points)

lim inf
n→∞

an+1

an
≤ lim inf

n→∞
n√an ≤ lim sup

n→∞
n√an ≤ lim sup

n→∞

an+1

an

7. (Bonus Question) State and prove any result from this class. You will (0-∞ points)
be graded on the basis of the difficulty of the result and the clarity and
correctness of your presentation.


