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(A) Let 〈A1, A2, . . . , An〉 be a sequence of sets such that for some positive integer p,

1. |Ai| ≥ p for each i = 1, 2, . . . , n and

2. any intersection of more than p of the Ai’s is empty, i.e., for every Q ⊆ {1, 2, . . . , n}
with |Q| = p + 1 the intersection is empty:⋂

i∈Q

Ai = ∅.

Show that 〈A1, A2, . . . , An〉 has a SDR.

(B) A Latin rectangle is an m×n matrix with m ≤ n whose rows are each a permuta-
tion of 1, 2, . . . , n and whose columns are lists of m distinct integers. Let Bm×n be a Latin
rectangle with m < n. By using an SDR for the sets of numbers not used in each column,
show that B can be extended to an (m + 1)× n Latin rectangle. (Hint: use problem (A)
with p = n−m)

(C) Let X be a set of size n and let k < n/2. Define

B = {A ⊆ X : |A| = k}

G = {A ⊆ X : |A| = k + 1}

K = {(A0, A1) ∈ B ×G : A0 ⊆ A1}

Show that in the bipartite graph the degree of every element of B is n− k and the degree
of every element of G is k + 1. Conclude that K contains a matching. (This exercise can
be used to give another proof of Sperner’s Theorem.)


