
Fall 93
Math 475
A.Miller

Due Wed Dec 1
Homework assignment Chapter 8 p. 286-289
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(A) Let

{
n
m

}
= S(n, m) be Stirling numbers of the second kind, i.e., the number of

partitions of an n-element set into m nonempty sets. These numbers satisfy the Pascal-like
identity: {

n + 1
m

}
=

{
n

m− 1

}
+ m

{
n
m

}
and

{
n
1

}
=

{
n
n

}
= 1.

Define

Sn(x) =
∞∑

m=n

{
m
n

}
xm.

Show that Sn = x(Sn−1 + nSn).

(B) Show that

Sn(x) =
xn

(1− x)(1− 2x) · · · (1− nx)

(C) Show that {
n + 1

m

}
=

n∑
k=m−1

(
n
k

){
k

m− 1

}
.

Hint: When partitioning the set {1, 2, . . . , n, n+ 1} consider the size of the element of the
partition that contains the integer n + 1.

(D) Let

[
n
m

]
= s(n, m) be the Stirling numbers of the first kind, i.e., the number of

permutations of an n-element set which have exactly m cycles. These satisfy the identity:[
n + 1

m

]
=

[
n

m− 1

]
+ n

[
n
m

]
and

[
n
1

]
= (n− 1)!,

[
n
n

]
= 1.

Show that

x(x + 1)(x + 2) . . . (x + n− 1) =
n∑

m=1

[
n
m

]
xm.



(E) Find a simple expression for ∑
1≤k1<k2<k3<···<km≤n−1

k1k2 · · · km.

Hint: use (D).

Extra credit problem

(X) How many paths are there from (0, 0, 0) to (n, n, n) if each move is one of the
following:

• (x, y, z)→ (x + 1, y, z), or

• (x, y, z)→ (x, y + 1, z), or

• (x, y, z)→ (x, y, z + 1).

and at all times x ≤ y ≤ z?


