A. Miller
M340
April 97

Vector Spaces

A vector space, V', is a set with two operations, vector addition (written
u + v) and scalar multiplication (written av). The elements of V' will be
denoted using u,v,w, etc. The formula ‘u € V'’ is short hand for ‘u is an
element of V” or ‘u in V’ or just ‘u is a vector’. Vector spaces will be written
using capital letters V, W, etc. Scalars are elements of some field, which in
this class is either the real numbers, R, or the complex numbers, C. Scalars
will be written using the letters a, b, ¢, etc.

Closure axioms:

1. fueVandveV, thenu+veV.

2. If u e V and a a scalar, then au € V.
Associative, commutative, distributive axioms:
1. Forall u,v,w eV (u+v)+w=u+ (v+w).
2. For all u,v e V U+ v=0v-+u.
3. For all scalars a and b and vectors u € V' (ab)u = a(bu).
4. For all scalars a and b and vectors u € V. (a + b)u = au + bu.
5. For all scalars a and vectors u,v € V. a(u+v) = au + av.

Zero vector, additive inverse, identity axioms:

1. There exists a vector z € V such that forallu € V Z24u=u+tz = u.

2. For every u € V there exists a vector v € V' (for which we write v = —u)
such that u +v =v+u = 2.

3. For every u € V, lu = u.



Any abstract set V' with two operations, vector addition and scalar mul-
tiplication which satisfy all the above axioms is a vector space.

Most author’s use either 0 or 0 to denote the zero vector but students
persistently confuse the zero vector with the zero scalar, so I decided to write
the zero vector as z.

Exercise 1 Prove that Ou = 2z for any u € V' a vector space.
Exercise 2 Prove that (—1)u = —u for any u € V' a vector space.

Definition 3 For IV a subset of a vector space V (written W C V)
we say that W is a subspace of V iff

1. for every u,v € V ifu e W and v € W, then u+v € W, and

2. for every u € V and scalar a if u € W, then au € W.

I usually add to the definition that W be a nonempty set, but this semester
I have decided not to worry about the empty set or should I say I have no
worries? or should I say my set of worries is the empty set?

Theorem 4 If W s a subspace of V', then W 1is itself a vector space under
the operations defined in V.

proof:

The closure axioms are easy since they are practically the same as the
definition of subspace. The associative, commutative, distributive axioms
are true in W because they are true in V and W is a subset of V. The zero
vector z is in W because Ou=z (exercise 1) so (assuming W is nonempty) if
anything is in W, then z is in W. Similarly (—1)u = —u (exercise 2), so if
u € W, then also —u € W.

QED

Theorem 5 Suppose W is a subset of V' (i.e., W C V). Then
1. W is a subspace of V
uf

2. for every u,v € W and scalars a,b we have au + bv € W.



proof:

(1) implies (2):

Assume W is a subspace of V. Suppose u,v € W and a, b are scalars. By
the second axiom of subspaces we have that au € W and bv € W. Letting
wy; = au and wy = bv we have that w; € W and wy € W, therefore by the
first axiom of subspaces we have that w; + w, € W and so au + bv € W.

(2) implies (1):

Assume (2): for every u,v € W and scalars a,b we have au + bv € W.
We must show the two axioms of a subspace hold for W. Suppose u,v € W.
Then letting a = b = 1 we have that lu+1lv e W so lu+1lv=u+v € W.
For the second axiom, suppose u € W and a any scalar, then we have that
au+ 0u € W by (2), but au = au + z = au + Ou so au € W.

QED

Definition 6 For w4, ..., u, elements of a vector space V', define their
span:
span({uy, ug, ..., u,}t) = {a1ug + agus + -+ - + ayuy, : aq,aq, ..., a, scalars}

Each of the vectors aju; +asus+- - -+a,u, is called a linear combination of
the u’s so we could also say that the span is the set of all linear combinations.
If W = span({uy,us,...,u,}), we say that ‘W is spanned by us,us, ..., u,’
or ‘Ui, Us, ..., u, span W’. The closure axioms of a vector space V' guarantee
that if uy,us,...,u, € V, then span({uj,us,...,u,}) € V. This is true
because the second closure axiom says each a;u; is in V', while the first axiom
guarantees that their sum isin V, e.g., if we write v; = a;u;, v1, vy € V implies
v1 +v9 € V and so vg + U9, V3 € 1% implies U1 + Vg + U3 = (Ul +Ug) +wv3 €V,
and so on.

Theorem 7 Suppose uy,us,...,u, are elements of W which s a subspace

of V. Then span({uy,us,...,u,}) C W.

proof:
Suppose v € span({uy, ug, ..., u,}). Then for some scalars, ay,...,a, we
have that
V=a1U1 + -+ AplUp.
Since W is a subspace of V' we have that a;,u; € W for each i. Now let
v; = a;u; to simplify our writing. Since v; € W and vy € W we have by the
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first axiom of subspaces that v; +wv, € W. Thus we have that the two vectors
v1 4+ vy and vz are elements of W. This means there sum (v; + vy) 4 v3 is in
W. Continuing on like this we see that v; +vs +-- -+ v, € W for each k and
SO

v=aiu; + -t apu, =0 v+ +v, €W

as we needed to show.

QED

Theorem 8 Suppose uy,us, ..., u, are elements of a vector space V. Then
span({uy, ug, ..., u,}) is a subspace of V.

proof:

We verify each of the axioms of a subspace. Let
W = span({uy,ug, ..., uy}).

Suppose v, w are elements of WW. Then since W is the span of the u's
there exists scalars ¢q,...,¢, and dq,...,d, such that

v=cu + -+ cpu, and w = dyug + - - - + dyuy,.
But then
v+w = (1 +dy)ug + (o +do)us + -+ - + (¢, + dy)uy,

and so v 4+ u € span({uy, ug, ..., u,}) =W
For the second axiom, suppose v € W and a a scalar. Then for some
scalars c¢q,...,c,

vV =cCcuy + -+ cyuy,
but then
av = a(cyug + -+ - + cpuy) = (ac))ug + - - + (acy)uy,

and so av € span({uy, ug, ..., uy}) = W.
QED

It follows from these last two theorems that span({uy,us,...,u,}) is the
smallest subspace of V' which contains the vectors uy, us, ..., u,.
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Theorem 9 Suppose u € span({uy,...,u,}) then

span({u, uy, ..., u,}) = span({us, ..., u,})

proof:
To show two sets A and B are equal, A = B,
show that
AC B and B C A.
To show that A C B
suppose that z € A and then show z € B.

First we show span({u,u,...,u,}) C span({us,...,u,}). Since u €
span({uy, ..., u,}) there exists scalars by, ..., b, so that u = byuy +- - -+ by u,.
Now let w be any element of span({uw,uy,...,u,}). This means there are
scalars a,aq, ..., a, such that

W= au~+ ajuy + -+ aUy,.
But then substituting for u:
w = a(bju; + -+ + byuy,) + ajug + -+ - + ayuy,

- (abl + al)ul + -+ (abn + an)un

and so w € span({uy,...,u,}) as was to be shown.

Second we show span({u1,...,u,}) C span({w, us,...,u,}). This is eas-
ier. Suppose w € span({uy,...,u,}). Then there are scalars ci,...,¢, so
that

W= ClUy + -+ Crln
but then
w=0u-4+ciu; + -+ c U,
so w € span({u,uy,...,u,}) as was to be shown.
QED



Definition 10 For v, vs,...,v, vectors in a vector space V we say
that they are linearly independent iff for any scalars aj,as,...,a,

av +asvg+ -t av, =2 —a=ay=---=a, =0

Definition 11 We say vy, v, ..., v, are linearly dependent iff v, ..., v,
are not linearly independent.

Definition 12 vy, v,,...,v, is a basis for the vector space V' iff
1. vy,v9,...,v, are linearly independent and
2. V =span({vi,va,...,0,}).

Theorem 13 Let A be any n x n matriz. Then A is invertible iff the set of
columns of A is a basis for R", i.e., coly(A),coly(A),...,col,(A) is a basis
for R™.

proof:
Before proving this result we first prove the following Lemma.

Lemma 14 Suppose A is an m X n matriz and

by

- |"

b
isnx 1. Then
by

AB = A bf — bucoly(A) + bacola(A) + - + bucoln(A) = 3 bycoly(4)
. k=1

bn

proof:



Write the matrix A as follows:

a1 Q12 a3 -+ QAinp

Q21 Q22 Q23 -+ Q2p

A= | a31 0a32 433z -+ a3
L m,1 Am2 Am3 *°° Amn i

i.e., a;; = entry, ;(A). Then

11 Q12 @13 - Qip b
1
Q21 QG292 Q23 -+ QG2n b
2
AB = asyp az2 ass --- A3p )
br,
Am,1 Gm2 Am3 *° Amn ]

CLlel + a1,2b2 + a173b3 +-+ al,nbn
a271b1 + a2,2b2 + (12’3[)3 + -+ a27nbn
= az 1by + ag by + azsbs + - - - + as by

L a'm,lbl + am72b2 + am,3b3 + -+ am,nbn dmx1
a1 ai,2 a1,3 a1,n
2.1 2.2 2.3 a2.n
= by | @1 | +by| 432 | +b3| 33 | +---+0b,| Bn

Qm,1 Am,2 am,3 Am,n

This proves the Lemma.
QED
Now to prove the Theorem we first assume that A is invertible and show
that the columns of A are a basis for R”. To see that they are independent,
suppose that
b1C011 (A) + -+ anOIH(A) =7

where 7,1 is the zero vector. By the lemma

AB=17



where B is the column vector made from b, ...,b,. Since A is invertible we
have that B = A7'Z =Z so B=Z and so b; = 0 for all 7 with 1 < i < n.
This shows the the columns of A are linearly independent. To see that they
span R", let C' be an arbitrary element of R™ so that

Since A is invertible if we set B = A7'C then we know that AB = C and by
the lemma we have that

bicoly(A) + -+ + byeol, (A) = C

and so C' is in the span of the columns of A. This shows that if A is in-
vertible then its columns are a basis. Next we prove the converse, using the
contrapositive.

The contrapositive of the implication:
P implies Q
is
(Not Q) implies (Not P)
They are logically equivalent.

Assume that A is not invertible. Then as was shown the algorithm for
attempting to invert A produces a B, «1 # Z such that AB = Z. This means
by the Lemma that

b1C011 (A) + -+ anOIH(A) =7

and since B # Z at least one b; # 0. But this means that the columns of A
are linearly dependent and hence not a basis. This finishes the proof of the
Theorem.

QED
Theorem 15 vy, vy,...,v, are linearly dependent iff there are scalars
ay,ag,...,0y

such that ajvy + asvy + - - - + a,v, = 2z and for at least one © we have a; # 0.
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proof:

Not For ALL x Statement(x)
is logically equivalent to
There exists x such that Not Statement(x)

So negating linear independence gives us:
There exists scalars aq, ..., a, such that
Not [ ayv1 + -+ + a, = z implies a; =as =--- =a, =0].

The negation of an implication
Not [P implies Q]
is logically equivalent to

P and Not Q.
So in this case we get
ajvy +-+-+a, =z and Not [a; =as =--- =a, =0].
But Not [a; = az = -+ = a,, = 0] is the same as saying ‘at least one of
the a; is not equal to 0.
QED
Exercise 16 Prove that vy, ..., v, are linearly dependent iff vi = z or v; €

span({vy,...,v;_1) for some j with 1 < j < n.

Lemma 17 (Ezchange) Suppose vy, vs, ..., Ugi1, W1, . .., Wy, are vectors in a
vector space V' and

1. vi,v9, ..., 0541 are linearly independent, and
2. span({vy, va, ..., Vg, Wy, ..., Wy }) = V.
Then for some v with 1 <1 <m
span({vy, Vo, ..., Vg1, W1, Wa ..., Wi 1, Wix1, ... Wy}) =V

(i.e., we have added vy, and removed w.)



proof:
By (2) there are scalars a;, b; such that

Vkt1 = Q101 + AU + - - - + apvg + bywy + bowsg + - - - + by w,y,.

It must be that for some ¢ with 1 <7 < m that b; # 0, because otherwise we
would have that
Vk+1 = Q101 + QoU + -+ - + apv

and therefore
Z = a1V1 + QU2 + - - - + ARV + (—1)Uk+1

contradicting their independence (1).
Therefore we have that

—biw; = arvy + -+ apvg + (=) vgpa+
+ bwi 4+ bimqwio + b wi + -+ by,

and since b; # 0
7 b, 1 b, k b Vk+1

—U4q
b bi— b b
+ Spwit o Wi + I Wi s 2 W

Hence
w; € span({vy, ..., Vg1, Wiy ooy Wim1, Wit 1y -« s Wi })
and so by Theorem 9 we have
span({vy, ve, ..., Vg1, W1, Wy . .., Wi—1, Wit1, ... Wpy})

= span({vy, g, .. ., Vg1, W1, Wa ..., W, })

and by (2) we have

Span({vl>v2> vy U1, W1, Wa . . ,wm}) =V

and so we are done.

QED
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Theorem 18 (Main Theorem) If a vector space V' can be spanned by n vec-
tors, then any set of n + 1 vectors in V' 1is linearly dependent.

proof:
Suppose for contradiction that span({uy,...,u,}) =V and vy, ..., 0541
are linearly independent.

Step 1. Apply the Exchange Lemma with £k = 0 to obtain ¢ so that
span({vy, Uy, ..., U1, Uig1,. .- Up}) = V.

Step 2. Rename (relabel? reorder?) the u’s so that
(wl, ce ,U}n_1> = (Ul, ey Uiy Uit 1y - - - Un)
and apply the Exchange Lemma with £ = 1 to obtain ¢ so that

span({vi, vo, w1, ..., Wi—1, Wit1, ... Wp_1}) = V.

Step k. Given {wy,...,w,—r} C {uy,...,u,} such that
span({vi, v, ..., Uk, W1, ..., Wy k}) =V,
apply the Exchange Lemma to find ¢ so that

span({vy, Vo, . . ., Uk, Va1, W1y« + oy Wi 1, Wity -+ - W }) =V

Last Step: Given that span({vy,vs,...,v,_1,w1}) = V, apply the Ex-
change Lemma to get that

span({vy, vq, ..., v, }) = V.

But this is a contradiction, since v,,; € span({vy,vs,...,v,}) implies
that
Upt1 = QU1 + -+ - + ApUp

for some scalars a;, but then
z2=(—=1)vp41 +arvr + -+ - + ayv,

and therefore vy, ..., v,,1 would be linearly dependent, a contradiction.
QED
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Definition 19 The dimension of a vector space V is n, written
dim(V) =n iff V has a basis of size n.

Theorem 20 Any two bases for a vector space V' have the same size.

proof:

Otherwise, if uq, ..., u,, is a basis for V and v, ..., v, is another basis for
V and m < n, then since the u’s span V' it must be that the v’s are linearly
dependent (by 18), contradicting that they are a basis.

QED
Theorem 21 IfV is a vector space, dim(V') = n, and uy,...,u, € V are
linearly independent, then uy,...,u, are a basis for V.
proof:

It is enough to show span({us, ..., u,}) = V. By the main theorem (18)
for any v € V we know that uq,us, ..., u,,v are linearly dependent. Hence
there are scalars ay, as, .. .,a,,a (at least one of which is nonzero) such that

aiuy + asus + - - - + ayu, + av = 2.

Since uy, ..., u, are linearly independent, it cannot be that a = 0 and so
1
v = _5(a1u1 + asug + - - + anuy)
and so v € span({uy,...,u,}) and since v was an arbitrary element of V' we
have that span({u,...,u,}) ="V.
QED

Theorem 22 Suppose dim(V') = n and
span({uy, ..., u, }) = V.
Then uy, ..., u, is a basis for V.

proof:
It is enough to prove that wuq, ..., u, are linearly independent.
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In a proof by contradiction
assume the negation of what you are trying to prove
and then reason to a contradiction.
It follows logically
that what you are trying to prove must be true

Suppose for contradiction that they are linearly dependent. Then there
are scalars aq,...,a, such that

AUy + -+ Ay = 2
and for some ¢ we have a; # 0. But then we have that

u; € span({uy, ..., i1, Uity -, Un})

and so by Theorem 9, we have that V is spanned by n — 1 vectors. This
would imply by the main theorem (18) that any set of n vectors is linearly
dependent, contradicting the fact the dimension of V' is n.

QED

Theorem 23 FEvery vector space has a basis.

proof:

This theorem is true in general but requires a more sophisticated proof
for the infinite dimensional case. Here we prove it just for the case that
our vector space W is a subspace of a vector space V with finite dimension.
Suppose the dimension of V is n.

If W = {z}, then the dimension of W is 0 and the empty set is a basis
for it. Otherwise let v; € W be an arbitrary vector in W not equal to the
zero vector, z. If vy spans W, then the dimension of W is 1 and v; is a basis
for it. Otherwise choose any vy € W such that vy ¢ span{v; }. Continue this
procedure. That is given vy, ..., v, € W if vy, ..., v, span W, then stop.
Otherwise choose vy, 1 € W arbitrary but not in the span of vy,...,v;. By
an exercise 16 vy,...,v; are linearly independent for every k. By the main
theorem k£ < n so this process must stop after < n steps and when it stops
we have found a basis for W.

QED
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Exercise 24 Prove:

If dim(V) =n and uy, ..., u, € V are linearly independent, then we can
extend this sequence to a basis of V. That is, we can find wpi1, Umio, .- ., Uy
so that uy, ..., u, is a basis for V.

Exercise 25 Ifuq,...,u, span a vector space V', then there exists

{v1,.- v} CH{ug, ..., uy}

such that vy, ..., v, is a basis for V. In other words, any spanning set con-
tains a basis.

Theorem 26 If W is a subspace of V and dim(V') = n, then dim(W) = m
for somem <n. If m=mn then W =V.

proof:
Any basis for W is a set of m linearly independent vectors in V. But the
main theorem (18) implies that m < n. Suppose m = n, then let uy, ..., u,

be a basis for W. Since they are linearly independent vectors in V', by
Theorem 21 they must also be a basis for V', and so

W =span({uy,...,u,}) =V.

QED
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