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Part 1. Topological classification of vector bundles
1. DEFINITION, FIRST EXAMPLES, BUNDLE MORPHISMS (1/25)

1.1. The definition. Let 7 : E - X be a surjective map between topological spaces. (A
map will always be assumed to be continuous.)
Given an open set U c X, a section of 7w over U is a map s: U — E such that

mos=1g.

Equivalently, s must satisfy
s(z) e B, =1 (2)
for each x € U. In case U = X, s is called a global section.
We write?
(U, E) = {sections of m over U}.

These sets obviously fit together to form a sheaf over X, although we do not plan to use this
fact in the short term.

Fix a base field K =R or C. Many of the results will also apply for K = H, but some care
may be required.

Definition 1.1. We say that 7: £ - X is a vector bundle over K of rank r € N if:

(1) Each fiber E, is endowed with operations + and - giving the structure of a vector space
over K of dimension r, and these operations are continuous in the subspace topology on
E.cFE.

(2) For each zy € X, there exists an open neighborhood U 3 xy and a local frame of
sections {e,}"_; over U, such that the map

UxK' -7 (U)cFE

Lo a") »ate(z) +- +a"e, ()

(z,a

is a homeomorphism.

1.2. Terminology. F = “total space,” X = “base space,” (U,{e,}) = “local trivialization.”
Vector bundle of rank 1 = “line bundle” (Note: real and complex line bundles have very
different properties.)
Given s:V — F and U c V, the restriction of s is given by the composition

sly: U=V SE.

IThanks to Connor Simpson for providing the latex draft of these notes after each class!
2As of now, T refers only to the space of continuous sections. For smooth or holomorphic bundles, it will
denote the space of smooth or holomorphic sections.
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If {e,} is a local frame for E over U, the local components of of s,
s*:UnV->K, a=1,...,7
are defined by the rule

Slgay = Z 5%eq.
(e}

These are defined by the composition
C UV Y 2 U A V) S (Un V) x KT -5 K,

where the second arrow is the inverse of the homeomorphism defined by the frame {e,},
according to item (2) of Definition 1.1. Hence, the local components are always continuous.

Lastly, given a complex vector bundle E of rank r, there is a canonical real vector bundle of
rank 2r obtained by restricting the scalar field to R c C. This is referred to as the underlying
real bundle. We shall sometimes abuse notation and refer to the underlying real bundle by
the same letter £.

1.3. Examples.
e K" =X x K7, the trivial bundle of rank r.
o £ =[0,1] xR/ ~, where (0,v) ~ (1,-v) for all v € R. The base space is X = St =
[0,1]/(0 ~ 1), with the obvious projection. This is the Mobius bundle. A local
trivialization exists over any proper subset of ST, but no global trivialization exists

(exercise).
e The tangent bundle 7'S?, defined by

m:TS*={(x,v) e S*xR*|z-v=0} > S?

with the subspace topology from 52 x R3.
Given x( € S2, a local frame near zy can be defined as follows. Choose 1,75 € R3
such that {zg,z1, 22} form an orthonormal basis. Let

e1(x) =z x xq, ea(x) =z x x9.

Then these form a local frame on the open hemisphere U = {z € S? | x - 2y > 0}.
Note that T'S? can also be made into a C-line bundle by the rule

i-(z,v) = (z,x xv)

This operation satisfies 7 -7 = =1, so gives a well-defined scalar multiplication by C
(this is called an almost-complex structure).

¢

1.4. Bundle morphisms. In what follows we shall often refer to a “vector bundle,” with

the fixed base field K understood.

Definition 1.2. Given two vector bundles E and F' over X, a bundle morphismo: E - F
is a map such that the diagram
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commutes, and o, : F, — F} is a linear map for each x. The morphism ¢ is an isomorphism
if it has an inverse that is also a bundle morphism.

Proposition 1.3. A bundle morphism o : E — F is an isomorphism if and only if o, : E, —
F, is an isomorphism for each x € X.

Proof. (=) This direction is trivial.

(<) The existence of a set-theoretic inverse is obvious; we must show that it is a homeo-
morphism. The question is local, so we fix xy € X and local trivializations (U, {e,}) for E
and (V,{fs}) for F, with zyp e UnV.

For each a, let 0#,(z), B =1,...,r, be the local components of o(e,) in the frame {fz}
on x € UnV; in other words, these are K-valued functions satisfying

0-(604) = O-Bocfﬁ'
Since o, is assumed invertible for each z, we must have |det 0%, (x)| > 0. So (det o”,(z))™*
is continuous on U NV, and by Cramer’s formula, ¢?, has a continuous inverse. 0]

Remark 1.4. The same proof works in the category of smooth or holomorphic bundles.

Corollary 1.5. A wvector bundle E is trivial, i.e. isomorphic to the trivial bundle K", if
and only if it admits a global frame, i.e., a set of global sections {e,}"_; such that {e,(z)}
forms a basis for E, for each x € X.

Proof. Simply define a bundle morphism

K' - E
(z,a',...,a") = a'e;(x) + - +a"e,(z).
According to the previous proposition and the assumption, this is an isomorphism. 0]

1.5. Transition functions and gluing. There is another perspective on vector bundles.
Given E — X, pick a system of local trivializations {(U,, {e2})} such that u,U, = X. Define
the transition functions

gab € Map(U, n Uy, GL(n, K))
by

(1.1) el = ;gabﬁae%.

In other words, these are the local components of e% with respect to the frame {e%}. For any

section s over U, n Uy, denote its local components in U, and U, by s¢ and sf , respectively.

Then on U, n Uy, we have
s= saes = sa (gw’ach)
(€3 a?ﬂ

= Z (Z gabﬁasg) 6%.
B o
Therefore we have the following transition law for local components:

(1.2) sbﬂ = Zgabﬂas‘j.
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Now, given three charts U,, U, and U,, it is clear from the definition that these transition
functions must satisfy

Jaa = 1
Gac = Gbe * Gab

(1.3)

on U, nUy,nU,. Here, - denotes matrix multiplication in GL(n, K). The rule (1.3) is known
as the cocycle condition.

Conversely, given the data of an open cover {U,} and any collection of GL(n, K)-valued
functions g4, on U, n U,, for each a and b, we can construct a vector bundle as follows.
Consider the disjoint union of trivial bundles
(1.4) Ey=]JU.x K"

and form the relation
(2,0) €Uy x K" ~ (2,gap-v) €Uy x K©

for each a,b. The cocycle condition (1.3) precisely implies that this is an equivalence relation.
In particular, we may let

E=E0/ ~,

which has a well-defined projection map to X with fiber K™. In this way, such gluing data
gives rise to a vector bundle over X; the construction is clearly inverse to choosing local
frames to form transition functions for a given bundle F.

The notion of isomorphism is very concrete from the perspective of transition functions:

Proposition 1.6. Two bundles are isomorphic if and only if, after passing to a common
refinement {U,}, their transition functions are related by

(15) fab = 7_b.gab7-a_1
for a collection of GL(r, K)-valued functions {t,} on U,.

Proof. Exercise in the definitions. OJ

Remark 1.7. For the case of line bundles (r = 1), we have GL(r, K') = K*, so the transi-
tion functions and changes-of-frame are just nonvanishing K-valued functions. The cocycle
condition (1.3) just says that {gu} is a sheaf cocycle, for the sheaf (K *) of nonvanishing
continuous K-valued functions on X, viewed as a sheaf of abelian groups under multiplica-
tion. The isomorphism condition (1.5) just says that two cocycles differ by a coboundary.
Proposition 1.6 can therefore be rephrased as follows in terms of sheaf cohomology:

Corollary 1.8. The set of isomorphism classes of line bundles over X is in natural bijection
with the sheaf cohomology group H'(X,€°(K*)).

A cohomological approach is also possible for higher-rank bundles (in a much more com-
plicated way, called “obstruction theory”), but the homotopy approach that we will take is
more powerful (and more standard).
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1.6. Exercises.

1. Prove that the Mobius bundle is nontrivial.
2. Prove that T'S? @ R is trivial. (See below for definition of direct sum @.)
3. Prove Proposition 1.6.

2. MOTIVATING QUESTIONS, BUNDLE OPERATIONS (1/27)

2.1. Two more examples.

1. The best-known example of a vector bundle is the following. Suppose that X = M
happens to be an n-dimensional smooth manifold with a coordinate atlas {(U,, {z%}7, }.
The tangent bundle T'M of M is the vector bundle with transition functions

J
oy
ox,

gabji =

These are derived from the coordinate frames of M, best written symbolically as

0

COxi’
whence the transition functions above are just the Jacobians of the transition maps
between the coordinate charts. The cocycle condition follows from the chain rule.
Since the transition functions are smooth GL(n,RR)-valued functions on open sets of
M, TM is called a smooth vector bundle.?

2. If M happens to be a complex manifold of complex dimension n, with a holomorphic
coordinate atlas {(U,, {z%}",)}, we may form the holomorphic tangent bundle
T1OM using the transition functions

J
0z
0zt

This is a rank n C-vector bundle. Since the transition functions are holomorphic
GL(n, C)-valued functions, we call this is a holomorphic vector bundle.*

a
€;

2.2. Motivating questions. Here are some big motivating questions for the class. The first
one is much too big and we will not get to discuss it this semester, although the techniques
that we’ll introduce turn out to have much to say about it.

Question 1. Which topological manifolds admit smooth structures?

3Equivalently, we can define a smooth vector bundle by going through Definition 1.1 and requiring all
objects to be smooth manifolds and all projections, sections, etc., to be smooth.

4Equivalently, we can define a holomorphic vector bundle by going back through Definition 1.1 and
requiring all objects to be complex manifolds and all projections, sections, etc., to be holomorphic...we will
do this later.

We will also show that the underlying real vector bundle of T*YM, as a rank 2n real vector bundle, is
canonically isomorphic to T'M, the tangent bundle of the underlying 2n-dimensional smooth manifold.
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Note: a topological manifold is a space that’s locally homeomorphic to R”, i.e., possesses a
coordinate atlas with continuous transition maps. Such an atlas is called a smooth structure
on M if the transition maps are C*. (Note: transition maps are between coordinate charts
on a manifold. Transition functions are between local frames in a vector bundle.)

Answer. n < 2, all (we can write them down).
n =3, all (E. Moise, "50s).
n >4, most no. In particular:
n > 5, only finitely many distinct smooth structures per topological manifold.
n = 4, still possible that infinitely many non-diffeomorphic smooth structures exist on
every smooth 4-manifold, as is already known for R* and certain closed 4-manifolds.
Smale, Milnor, Freedman, Donaldson, not to mention many non-Fields-medalists... 0

The first question that we plan to say something about is in some sense a “linearization”
of the above question.

Question 2. Suppose that X = M is a smooth manifold, and £ — M is a topological vector
bundle (see Definition 1.1) over M. Can E be given the structure of a smooth vector bundle?

Equivalently: do there exist continuous changes-of-frame {7,} on a coordinate atlas {U,}
such that the new transition functions 7,9.7, I are smooth?

Answer. Yes. We should know how to prove this in not too long. 0

Question 3. Suppose that M is a complex manifold and F — M is a smooth (or indeed a
topological) complex vector bundle over M. Can E be given the structure of a holomorphic
vector bundle?

FEquivalently: do there exist smooth changes-of-frame {7,} on a coordinate atlas {U,} such
that the new transition functions 7,¢.,7, I are holomorphic?

Answer. dime M =1, yes.
dimge M > 2, yes, if and only if E carries a connection whose curvature is of type (1,1). We
will define these objects in due course. 0

Question 4. Suppose that M is a compact Kéhler manifold and £ — M is a holomor-
phic vector bundle. Can E be given the structure of a flat bundle, compatible with the
holomorphic structure?

FEquivalently: do there exist holomorphic changes-of-frame {7,} on a coordinate atlas {U,}
such that the new transition functions 7,g.7, Lare constant?

Answer. dim¢ M = 1, yes, if and only if the first Chern class vanishes and F is stable in
Mumford’s sense. This is the Narasimhan-Seshadri Theorem. We will define both Chern
classes and stability in due course.

dime M > 2, there is an optimal generalization called the Donaldson- Uhlenbeck- Yau Theorem
which we may get to discuss at the end (for the case dim¢ M = 2). O
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2.3. Goal of Part I. Before trying to make progress on Questions 2-4 above, we have to
address the following more basic problem.

Definition 2.1. Given a subgroup G c GL(n, K), we say that a vector bundle has structure
group G if all of its transition functions take values in G.

A priori, any real vector bundle has structure group GL(n,R), and any complex vector
bundle has structure group GL(n,C), but one often wants to restrict things further.”

Note that having structure group G is just a pointwise condition on the transition func-
tions, so more mundane than the above questions about smooth and holomorphic structures.

The goal of Part I is to give a method to classify all vector bundles with structure group
G over a given base space X. We will describe a general answer to this question in terms of
homotopy theory, and also show how to extract useful answers in the cases we're interested
in.

2.4. Bundle operations. We'll now continue developing the bundle formalism.
We have the following Meta-Theorem. Any® functorial operation on the category of
vector spaces gives rise to one on the category of vector bundles.

2.4.1. Direct sum. The direct sum of two bundles has total space equal to the fiber product
EoF=FExx F={(v,w)e ExF|np(v)=rr(w)}.

The fiber is E, @ F),, and the trivializations are the obvious ones. To check that it is actually
a vector bundle, it is easiest to just write down the transition functions. If g is a transition
function for £ and f is a transition function for F) then the transition function for £ @ F' is

g® f,

i.e., the induced map on E, @ F, for each x. By functoriality of @ on vector spaces, this
preserves the identity and compositions, therefore it preserves the cocycle conditions (1.3).

2.4.2. Other operations. Here is a table with all the operations we discussed, together with
the transition functions:

’ Operation ‘ Transition function ‘
EeoF ge f
EexF g QK f

E* =Homg(E, K) (gt
EndxF =F®g E* g®(gT)71
AFE k x k minors of g
det £ det g
E g.

Note: For a complex bundle E, E is the same underlying real bundle but with a new complex
scalar multiplication, defined by

Apvi=Apgo.

SThere is a formalism (that of principal bundles) to make the structure group something more intrinsic,
i.e., not just about transition functions with respect to a certain frame. We will introduce this when needed.
6This is only true up to a point, as we will discuss below.
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2.4.3. Dual frames and FEinstein summation. One aspect here requires further explanation.
Given a frame {e,} for F, we usually work in the dual frame {e*} for E*, which is uniquely
defined by the rule

e (eq) = 6°,.

Given sections s = Y, 5%, of E and t = Y 5tgef of E*, we have

t(s) = %: tse” (3 sa€a)
= s"tge’(eq)
a,B

= Z s“tgéﬁa
Ba

= Z $%,.

The Einstein summation convention says that when pairing sections of E and its dual
bundle E*, using the dual frame, we can omit the ), and just write

t(s) = s%4q.-

So, when used properly, the convention should always be about summing the local compo-
nents of a section of a bundle (up index) and its dual bundle (down index) in the dual frame.
The mathematical content of the convention is that this is an a prior: well-defined scalar.

Of course, it is common to abuse the notation, for instance to omit the >, when writing
s = s%, to define the local components themselves. But one should be aware that when
used properly, the Einstein convention has mathematical content.

Example 2.2. In the special case that M is a smooth manifold of dimension n and £ =T M,
and we are working in a coordinate chart {z?}",, the tangent bundle has a distinguished

-2
b Ori

as described above in §2.1. The dual frame of the cotangent bundle £* =T*M is written as:

coordinate frame

{e' = da'},
and satisfies

dx (%)Z(SJ

Ordinarily, we will use the Latin indices i, j, k, /, only for a coordinate frame/coframe
of the tangent bundle. So, Greek indices refer to an arbitrary frame for a vector bundle
E, but Latin indices refer to a specific type of frame for the bundles T'M and T*M over a
smooth manifold.”

"The letters a,b,c that we have attached to coordinate charts above are labels, not indices. Eventually
we will omit these labels completely...an abuse of notation that is critical to our ability to do differential
geometry.
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2.4.4. Endomorphisms. Following this convention, given a frame for E, we also have a nat-
ural frame for the endomorphism bundle

EndiFE = I’IOIHK(.E7 E) =FEerg E*

given by
{eg® e}
So a section of the endomorphism bundle
o= Z of as ®e”
a,B
acts on a section s =3, s7e, of E' by

(5o (50

a’ﬂ

= Z 05a575a765
a,Byy

= Z(aﬁaso‘)eﬂ.
a,B

Using Einstein summation, we can just write
(0(5))? = 0Py s”.

So we wind up with the usual matrix multiplication rule.
We shall use similar notations on all tensor products between bundles and their duals, so
that we can always pair an up and a down index of the same bundle.

2.5. Subbundles. A subbundle E c F' is by definition a subset that has the structure of
a vector bundle over X in the subspace topology. We have the following:

Lemma 2.3. For an injective bundle morphism ¢ : E — F, the image p(E) c F is a
subbundle, and ¢ : E — @(E) is an isomorphism.

Proof. Tt suffices to show that the map ¢ : E - ¢(F) is a homeomorphism, where p(E) c F’
is given the subspace topology.

Since the question is local, we may let xg € X and choose a coordinate neighborhood U on
which we identify

E|l,2UxK".
Let vy = s (€q) € K™, for a=1,... k. By assumption, these are linearly independent, so we
may complete them to a basis
(V1,0 Uk, Vks1y -+ U}

for K™ Let V = (Ug41,...,0,) € K™ Then we may define a bundle morphism over U by
pol:El eV~ Fl;
(5,0) = (s) + 0.

By assumption, this is an isomorphism on the fiber £, . By the usual argument (see proof of
Proposition 1.3), this implies that it is a bundle isomorphism over a neighborhood W 5 z.
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The map ¢ over W is obtained by restricting this isomorphism to two subspaces that are in
bijection; therefore, ¢ is also a homeomorphism over W. Since xy € X was arbitrary, we are
done. 0

2.6. Exercises.

1. Check that the transition functions of E* with respect to dual frames are given by
(g")
2. Convince yourself that

AN(EeoF)ze,;xNE®NF.

3. Show that the direct sum or tensor product of two copies of the Mobius bundle is
trivial.

4. Show that for any line bundle, L ® L* is canonically isomorphic to the trivial bundle.
(Hint: write down an obvious morphism to the trivial line bundle.)

3. QUOTIENTS, METRICS, SPLITTING (2/1)

3.1. Quotients and exact sequences. In the proof of Lemma 2.3, we established the
following fact: given a subbundle E c F) it is always possible to choose local frames for F' of
the form

frame for E

=
{ e1ek seri1ren
-

s

framg- for I

With respect to frames of this form, the transition functions of f look like

_ Gab gab
o ()
We have

_ GbcYab gbcgab + gbckab
fbcfab - ( O kbckab )

_ _ | Yac gac
- fac - ( O kac ) .

From the lower-right block, we conclude that

(3.2)

kbckab = kam

so the matrices {kq} satisfy the cocycle condition. We may therefore define the quotient
bundle F/E to be the bundle with transition functions {k,}.
From this construction, the fibers of the quotient bundle come with identifications

(F|E), 2 F,|E,.
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The quotient bundle therefore has the universal property with respect to bundle morphisms
expressed by the following diagram:

(3.3) EFE—F—F/E,
e

where one only needs to check using local frames that the induced map is continuous (exer-
cise). Owing to this universal property, the quotient we have constructed is uniquely defined
up to isomorphism.

In a very similar fashion, we can define the kernel of any surjective bundle morphism
F — G of constant rank.

A short exact sequence of vector bundles is a diagram

0O —F—F—G—0

such that the induced maps on fibers are exact sequences of vector spaces (necessarily of

constant rank). In particular, any exact sequence implies isomorphisms G ¥ F/FE and F %
ker(F' - G).
Here is a useful fact about short exact sequences of vector bundles:

Lemma 3.1. An exact sequence of vector bundles
0-E->F5a50

mduces a canonical isomorphism

(3.4) det F 2 det F @ det G.

Proof. Write k =tkE, r =rkF, and let U be a sufficiently small open set containing a given
point. Over U, we can choose a lift u such that f owu = 14. Define a map

det E @ det G — det F'
VA AU ® WL A AWy > U1 Ao AU Au(wy) A Au(wp_g).
Suppose we change to another lift in which @(w;) is replaced by u(w;) + v}, for v/ e I'(U, E).
Then the above element maps to
v1 A AugA(u(wy) +07) A A (u(wpeg) +v)_4)
=1 A A Au(wy) A (u(ws) +0v5) A A (u(we—g) + 0L )
+ 01 A AU AU A (u(wa) +05) A A (u(we—g) +U)_)
=01 A A Au(wy) A (u(ws) +v5) A A (u(wp—g) + 0,1,
since vy A -+ Av, Avy = 0. Continuing, we have
v1 A AvgAu(wr) A (u(wg) +v5) A A (u(weg) + 0

=1 A Avg Au(wr) A (u(we) +05) A A (u(wpe—g) +v)_4)

V1 A Avg Au(wr) Au(wz) A A (u(wp—g) +0,_)

o= A A Au(wy) A Au(wp_g).
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Hence, the map is independent of the choice of local lift, so gives a globally well-defined
bundle morphism. Since it is clearly a local isomorphism, it is a global isomorphism (3.4).

Alternatively, one can obtain the isomorphism at the level of transition functions, directly
from (3.1). O
3.2. The tautological bundle over CP'. Recall

(35) CP' = {complex lines through the origin in C?}
= {[u,v] e C*~ {(0,0)}}/ [u,v] ~ [Au, \v] VA e C*.
This is covered by the two coordinate charts
Up={[1,z]|z€¢C}, Uy = {[w,1] | w e C}.
The tautological bundle over CP! is the subbundle of C* = CP? x C2 defined by
0(-1) ={([u,v], (a,b)) | av - bu = 0}.
The fiber over z = [u,v] is the plane
O(-1). ={(a,b) e x} = {(Au, \w) | A e C}.
We define the hyperplane bundle (1) over CP' by the exact sequence
(3.6) 0-0(-1)»C* - 0(1) - 0.

(In other words, we define €(1) = C*/&(~1) for the above inclusion.) According to Lemma
3.1, we have an isomorphism

O(-1)®0(1) 2 A*’C*=C

Tensoring with &/(-1)*, and using the fact 0(-1)* ® 0(-1) 2 C (Exercise 2.6.4), we obtain
(3.7) OC1)zCeoO(1)z0(-1)*00(-1)®0(1)20(-1)*@Cz=0(-1)".
We obtain

6(1) = (-1,

which is an alternate definition.
An equivalent way of describing this isomorphism is to fix a nondegenerate skew-symmetric
C-bilinear form on C2, for instance
e 0 -1
\1 o)

For any subbundle . c C? (indeed over any base), this sets up an isomorphism

z5(Cle)

v w(v,-).

(3.8)
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3.3. Metrics and splitting of exact sequences.

Definition 3.2. A metric (-,-) on a vector bundle E is a continuously varying inner product
on the fibers. For K =R, this means a real inner product

K =R:(v,w), =(w,v), €R,

and for K = C, this means a Hermitian inner product. We take a convention that a Hermitian
inner product is complex-linear in the second coordinate, so we have

K =C: {(Mv,w) = (w, \v) = X({w,v) = \M(w,v) = A({v,w) € C.
More precisely, a real inner product is a global section of E* g E*, and a Hermitian inner
product is a global section of E* ®c E*.

Proposition 3.3. Every vector bundle over a paracompact base space carries a metric.

Note: A topological space is called paracompact if it is Hausdorff and every open cover
has a locally finite subcover. By an argument involving Urysohn’s Lemma, this is equivalent
to the statement that every open cover admits partitions of unity!

Proof. We abuse notation somewhat.

Given a system of local trivializations {U, }, choose a subordinate partition of unity {p,}.
Let 625 be the Euclidean inner product in the trivialization U,. Then p,dg, (no sum) is a
well-defined global section of £* ® E*. Let

('7'> = Zpa gyﬁ'

On each fiber E,, this is a convex linear combination of inner products, so is itself an inner
product. 0

Corollary 3.4. In the category of (topological) vector bundles, every exact sequence splits.

Proof. Let E c F' be a subbundle, and choose a metric on F. Define G = E* c F. This
is locally the kernel of a surjective map from F to K" % so is a subbundle, and clearly
FE® G =F, whence Gz F/E. O

Corollary 3.5. For any complex bundle, we have E = E*.

Proof. The isomorphism is given by v ~ (-,v), which is complex-conjugate-linear as a map
from E, hence linear as a map from F. U

Corollary 3.6. Any real vector bundle admits a reduction of structure group to O(n). Any
complex vector bundle admits a reduction of structure group to U(n). The reductions are
unique up to isomorphism of O(n) (or U(n))-bundles.

Proof. Choose a metric on E. Given any local frame {e, }, the Gram-Schmidt process uniquely
reduces {e,} to an orthonormal frame:

{61762 .- '7en} ~ {elvé27€37 cee 7en}
~ {617627é37€47 .- 'aen}
(3.9) s

~ {617627é37' . 7én}
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This amounts to right-multiplying by an upper-triangular matrix with positive real entries

on the diagonal. Letting ¢#, be a transition function between two such orthonormal frames
{en} and {f,}, we have

5045 = <eav 65)
=970ty 05 f5)

(310 =579’ (fr: f5)
= 5709 3045
In other words, we have
1=g"g,

so g belongs to U(n), as claimed.

The uniqueness part requires a bit more thought. It should amount to Gram-Schmidt again
plus the fact that the group of upper-triangular matrices with positive diagonals intersects
U(n) in the identity. O

3.4. The category of vector bundles. Here we summarize some of the good and bad
properties of the category of vector bundles over X.

1.

The tensor product ® is an exact functor, because the same is true for vector spaces.
(For general modules, ® or only right-exact.)

. Exact sequences split. This is not true holomorphically, though.
. The global sections functor

I()=T(X,)

is exact. Left-exactness is true for sheaves generally. On topological /smooth bun-
dles, it is also right-exact, because exact sequences split. Again, this is not true for
holomorphic bundles.

. There is a natural map

[(E)xT(F) > T(E® F),

but this may not be surjective. This is actually a key feature of the subject because
it allows you to “generate” new sections by tensoring with powers of a certain kind
of line bundle.

. The category of vector bundles is not an abelian category, because kernels and cok-

ernels only exist (as vector bundles) for morphisms of constant rank. In the complex-
analytic or algebraic setting, the category of coherent sheaves is the smallest abelian
category that contains vector bundles, which is a very manageable sub-category of
the sheaves of &x-modules. In the smooth category (i.e. the category of sheaves of
C%-modules), quotients are not necessarily finitely generated modules, so what you
get is a big mess as far as I know.
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3.5. Exercises.

1. Check that the map in the “3!” arrow in the universal property of the quotient (3.3)
is a bundle morphism.
2. Define the tautological bundle @gpi(~1) over RP' in a similar way as for CP'. Check
that Opgpi(~1) is the Mcbius bundle. (Here we identify RP' with S! by the map
cosf cos 26
sinf |~ \sin260 )
3. Check that I'(+) is exact on the category of vector bundles over X. (I.e. topological
or smooth vector bundles).
4. Give an example of a real line bundle L such that the natural map

T(L) x (L) - T(L?)

is not surjective.

4. PULLBACKS, HOMOTOPY THEOREM (2/3)

4.1. Pullbacks and bundle maps. The last bundle operation we’ll discuss is of funda-
mental importance.

Definition 4.1. Suppose that £ - Y is a vector bundle and f: X - Y is any map. We
may form the pullback f*F as follows: the total space is the fiber product

[TE=Exy X ={(v,z)|7(v) = f(2)},

and addition is defined by the same rule as on E. If (U, {e,}) is a local trivialization for F,
then

(f(U).{eao f})

is a local trivialization for f*E, as one can check; the transition functions of f* E are obtained
by precomposing the transition functions of £ with f.

The pullback has the following obvious properties:
1. 1*"E=F
2. " f*E=(fog)'E
3. ff(FeF)xfEe f*F
4. f[*(E®F)z f*EQ f*F.

These properties can be summarized by saying that pullback by f: X =Y induces a natural
transformation from the category of vector bundles on'Y to vector bundles on X.
The definition of pullback comes in tandem with the following one.

Definition 4.2. Suppose that £’ - X and F — Y are vector bundles of the same rank, r.
A map p: E' - FE is called a bundle map if it carries each vector space E! isomorphically
onto some E,.
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In particular, a bundle map induces a continuous function ¢ : X — Y by sending x € X
to me(p(E,)). In other words, we have the following diagram:

E’LE

.|

X&Y

IMPORTANT WARNING: A bundle morphism is not always a bundle map, because
the latter is required to be an isomorphism on fibers. However, note that in the case X =Y
and g =1, a bundle map is exactly a bundle isomorphism.

The concepts of pullback and bundle map turn out to be completely equivalent.

Lemma 4.3. Suppose that ¢ : E' - FE is any bundle map. Then we have a canonical
isomorphism

E'2@}E.

Proof. The existence of a map £’ - ¢jE follows from the universal property of the fiber
product:

X2,y

This is clearly a bundle morphism, and has maximal rank since ¢ does, so is an isomorphism.
0

4.2. Examples.

1. The pullback by a constant map f: X — yp €Y is a trivial bundle X x £ .
2. Given a subspace S ¢ X and ¢ :.S — X the inclusion map, the pullback of a bundle
E' is simply the restriction

VE = Elg,

which has total space 771(S) and trivializations obtained by intersecting open sets
of X with S.

3. Let p: M — N be any covering map between smooth manifolds, i.e., the differential
dpy : Ty M — T,y N is an isomorphism for each x. (The fibers are discrete.) Then dp
is a bundle map, so according to the Lemma, we have

p*TN = TM.

4. Let p: S® - RP" be the projection map, whose fibers consist of pairs of antipodal
points. By the previous item, we have an isomorphism p*TRP" = T'S™. Meanwhile,
the pullback p* Ogpr (1) is isomorphic to the trivial bundle over S™ (exercise).
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5. Let m: E - X be the projection map for a vector bundle. We can restrict this map
to the open set £ \ 0, where 0 is the zero section, and consider the pullback

™ FE - EN0.

The resulting vector bundle has a “tautological” section, given by

(z,0) = (v, (,0)).
In fact this is a nonvanishing global section, so spans a trivial 1-dimensional subbundle

of m*E. Iterating the construction, one can eventually trivialize the pullback of F
completely.®

4.3. The Homotopy Theorem. What makes the pullback construction so important is
the following property.

Theorem 4.4. Suppose that fq, f1: X =Y are homotopic. Then for any bundle E —Y,
fiE= fE.

Recall that two maps fo, fi are homotopic if there exists f; : X x[0,1] - Y such that fi.o = fo
and fi-1 = f1. Given such f;, we can pull back £ — Y to obtain a bundle

fiE— X x[0,1]

for which ffEly, o) 2 foE and f;E|x, 4, 2 [T E (since restriction is a form of pullback, and
pullbacks are transitive). Theorem 4.4 therefore follows directly from:

Theorem 4.5 (Homotopy Theorem). Suppose E — X x [0,1] is any vector bundle over a
paracompact space X, and write E; = E|Xx{t}. Then

Eyx By

We will prove the special case that X is compact (and Hausdorff). For a slick proof in the
paracompact case, see Hatcher VBKT, Theorem 1.6.

Lemma 4.6. Let E and F be vector bundles over X x [0,1], with X compact, and suppose
that Ey =~ F,. Then there exists € >0 such that

E|X><(t—a,t+a) = F|X><(t—a,t+e) :

Proof. A morphism E — F' is equivalent to a section of Hom(E, F) = F ® E*. This is an
isomorphism if and only if the determinant of the local component matrix with respect to
any local frames at any point.

By assumption, we have a nonzero section o of Hom(£;, Fy) = Hom(E, F)[y,(,, - We can
choose a finite (since X is compact) open cover of X, {U,}, with the property that both £
and F are trivial over {U, x (t — ,,t + &,)}, for each a. (This is because products form a
subbasis for the topology on X x [0,1].)

8This construction is usually applied not to E ~ 0 but to its quotient under scalar multiplication, the
projectivization P(E). This is a fiber bundle with fiber P(E,) and structure group PGL(n, K). Rather than
a nonvanishing section, one obtains a tautological subbundle of the pullback. After finitely many iterations,
one obtains a decomposition of F into a direct sum of line bundles. This is known as the splitting principle,
and is an important trick in Bott and Tu’s book for example.
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Now, since E' and F are trivial over U, x (t —&4,t +¢€4), 0ol extends trivially to a section
0 € (U, x (t —€4,t+¢,), Hom(E, F)).
Let {p.} be a partition of unity subordinate to {U,}. Then the sections
pa0y €T (X x (t—e4,t +€,), Hom(E, F))

are well-defined and continuous.
Let €p = min, g, > 0. We may form the sum

0= paog € (X x (t—eo,t+eg), Hom(E, F)).
Since pa0®|y (1) = Pa0, We have
U|Xx{t} = Z /Ja0'3|Xx{t} = Zpaao = 0yp.

Therefore o restricts to the isomorphism o on X x {t}. By the usual argument, the local
determinants are nonvanishing in a neighborhood of X x {t}, and o is an isomorphism. Since
X is compact, we may take this neighborhood of the form X x (¢t —¢,t+¢) for some € >0. O

Proof of Theorem 4.5. Let p,: X x [0,1] = X x {t} be the projection map. Define F* = p; E.
By definition, we have
E, = (F"),.
By the lemma, for each t € [0,1], there exists g, > 0 such that
E|X><{t—£t,t+at} = Ft'Xx(t—Et,t+5t) .
But clearly (F*), are all isomorphic to E}, so we conclude that
E. 2 F,

forall t—e, <s<t+¢.
Now, choose a finite cover of [0,1] by open intervals of the form (¢ —&;,t +&;). Choose a
finite set of times
0= to,tl,tg,. .. ,tN =1
such that [t;,¢;,1] is contained in one of these intervals, for each i. We then have
EO = Eto = Et1 = Et2 Z.eee = EtN = El,
as desired. ]

We write Vect,, x(X) for the set of isomorphism classes of vector bundles of rank n over
K.

Corollary 4.7. A homotopy equivalence f: X — Y induces a natural bijection
f*: Vect, x (V) > Vect, x(X).
Proof. Let g be a homotopy inverse to f, so fog~1~go f. Then
(fog) =g'f*=1"=1
by Property 1 following Definition 4.1. Similarly, f*¢g* =1, so f* is a bijection. U
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Corollary 4.8. Any bundle E over a contractible space X is trivial.

Proof. Let f;: X x[0,1] = X be the contracting map, with f; =1 and fo(X) = 29 € X. By
the homotopy theorem, we have

fiE=FE=fiE=XxE,
by Example 4.2.1. 0

4.4. Exercises.

1. Justify the statement in Example 4.2.4.: the pullback of the tautological bundle
Ogpr(—1) > RP" by the projection map p: S® - RP" is trivial.

2. Modify the proof of the Homotopy Theorem to show that in fact £ = p{FE, over
X x[0,1].

3. Read the proof of the paracompact case of the Homotopy Theorem in Hatcher VBKT,
Theorem 1.6; or try to devise a proof without looking it up.

5. STRUCTURE GROUP, ORIENTATION (2/8)

5.1. Determinant bundles and reduction to SO(n) and SU(n). Fix a group G c
GL(n, K), and recall that F is said to have structure group G if all its transition func-
tions take values pointwise in G. We say that two bundles with structure group G are
G-isomorphic (often just isomorphic) if there exists an isomorphism such that the {7,}
in (1.5) also take values in G.?

For any subgroup H c G, note that any H-bundle is in particular a G-bundle. Given
a G-bundle E, we say that the structure group of £ can be reduced to H if there is an
H-bundle E’ such that £’ 2 E as G-bundles. This is equivalent to choosing a new collection
of G-equivalent local frames for F such that the transition functions with respect to these
frames belong to H.

Recall from the proof of Corollary 3.6 that choosing a metric on F has the effect of
reducing the structure group of any rank r line bundle to O(r), in the real case, or U(r), in
the complex case. In geometry, it’s equally important to fix an orientation (when possible)
as well as a metric on a given manifold. This is a question of choosing a volume form, i.e.,
a section of the top exterior power of the cotangent bundle. The same notion is important
for general vector bundles, and so we make the following
Definition 5.1. A real vector bundle is called orientable if det £ has a nonvanishing global
section, or equivalently, is a trivial line bundle. (The equivalence follows from Corollary 1.5.)

We now want to give an equivalent formulation in terms of reduction of structure groups.
The relevant group is SO(n), which we reintroduce; for future use, we’ll also calculate its
0’th and 1st homotopy groups.

9We will at some point introduce the intrinsic definition of G-bundles, where the definition of isomorphism
can be made without reference to local frames.
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Recall that SO(n) c O(n) is the subgroup with determinant +1, which is an index-2
subgroup. We have SO(1) = (e), and there is fibration
(5.1) SO(n) - SO(n+1) - S"

for each n, so it follows by induction that SO(n) is connected for all n. Therefore O(n) has
two connected components.

We have SO(2) 2 U(1) 2 S, so m1(SO(2)) = Z. To compute the fundamental groups of
SO(3) and higher, recall that

(5.2) SU(2) = {(Z _j]) | z,weC,|z* + |w|* = 1}.

Clearly SU(2) z S? c C2. Now, the adjoint action of SU(2) on its Lie algebra, the real
3-dimensional space of skew-Hermitian 2 x 2 complex matrices, is an isometric action with
stabilizer +1. This can be checked explicitly from the definition (5.2) (exercise). The action
therefore sets up a fibration

Zy - SU(2) - SO(3).
The long exact sequence of this fibration implies that m (SO(3)) = m9(Za) 2 Zs. Then, the

fibration (5.1) implies that m;(SO(n)) = Z, for all n > 3. To summarize, we have
Z n=2

m1(SO(n)) =
1(50(m)) {22 n>s3.

The relevance of SO(n) here is as follows.
Proposition 5.2. A real vector bundle is orientable iff its structure group reduces to SO(n).

Proof. For the (<) direction, given E with structure group SO(n), the transition functions
of det E' are by definition equal to one. Hence det F is a trivial bundle.

For the (=) direction, suppose given both a nonvanishing section V' of det E' and a metric
h on E. By choosing orthonormal frames as in Corollary 3.6, we can reduce the structure
group of E to O(n). The metric h also induces a metric on det F, and we let

-~V
V=
V1
to obtain a volume form of norm one. Now, reorder each local frame (if necessary) so that
V =e; A--- Ae,. Then for a transition function g between two such local frames e, and e,

we have

(5.3) V=einne =(detg)ef Anel=detgV.

So V =detgV, and det g = 1, so ¢ takes values in SO(n). O
Next, we discuss the complex case. The unitary groups each fit into a fibration

(5.4) U(n) - U(n+1) » 2+,

Since U(1) 2 S1, we have my(U(1)) =0 and 7 (U(1)) = Z, and the long exact sequence of a
fibration gives

(5.5) m(U(n)) ={e),  m(U(n)) =2
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for all n > 1. Since U(n) is connected, we must have U(n) c SO(2n). Therefore:
Corollary 5.3. The underlying real bundle of any complex vector bundle is orientable.

Recall that SU(n) c U(n) is the subgroup with complez determinant one. So we have a
fibration

(5.6) SU(n) - U(n) S U(1).
This fibration / exact sequence of groups has a section:
U(1) > U(n)
e? 0

|0 1

From this we learn that topologically, U(n) = SU(n) x U(1) (although as groups it is a
semidirect product), so SU(n) is connected and simply connected for all n.

Proposition 5.4. For a complex vector bundle E of rank r, the complex determinant bundle
detc E = A"E is trivial iff the structure group reduces to SU(n).

Proof. The (<) direction is the same as in Proposition 1.6. For the (=) direction, we can
as above reduce to U(n) and choose a complex volume form V of norm one. Now, in each
local frame, we have V = f(z)e; A+ Ae,, where f(z) is complex-valued of norm one. Just
replace e; by e1/f(x). By the same argument as in (5.3), we conclude that the transition
functions have complex determinant one, so belong to SU(n)." U

5.2. Some more remarks. We should point out the most famous feature of these homotopy
groups. Notice that from the exact sequences of the fibrations (5.1) and (5.4), it follows that

m:(O(n)) 2m(O(n+1)) forn>i+1
and
mi(U(n)) 2m(U(n+1)) for n>i/2.
For each i, we can therefore define the stable homotopy groups
7 (0() = lim m(O(n)).

and
m;(U(n)) = lim m;(U(n)).

Bott discovered that these are periodic in 4, with period 8 and 2, respectively. In particular,
for U(n), the formula (5.5) describes all the stable homotopy groups for even and odd i.

Bott periodicity was originally proved by applying Morse theory to the loop spaces of
these Lie groups, but can also be arrived at via K-theory of real or complex vector bundles,
which involves only the tools we’re developing in this part of the course. For a lucid account
of this glorious story, I recommend Bott’s article The periodicity theorem for the classical
groups and some of its applications (1970). Details of the K-theory proof of the periodicity
theorem appear in the books by Atiyah and Hatcher listed in the references.

Thanks to Anuk for pointing out that a previous version of this argument was stupid.
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The Morse theory ideology behind Bott’s original proof also fed back into the theory of
vector bundles through Atiyah and Bott’s paper The Yang-Mills equations on a Riemann
surface (1983) and in the development of Floer theory, still perhaps the hottest research
area in geometry/topology. Another recommended survey article by Bott, touching on these
developments, is Morse Theory Indomitable (1988).

5.3. Exercises.

1. Check the above claim that SU(2) acting by conjugation on its Lie algebra of 2 x 2
skew-Hermitian matrices sets up an isomorphism

SU(2)/ (1) = SO(3).
(Hint: To begin with, how does the U(1)-subgroup

0
(o &)iees]

0
act on (é i)? How does it act on the subspace

(I

2. Justify the cancellation property used in the two proofs above: if s is a nonvanishing
section of a line bundle and s = f - s for a function f, then f = 1.

6. CLUTCHING CONSTRUCTION, QUATERNIONIC LINE BUNDLES (2/8-10)

6.1. The clutching construction. We are now in a position to classify vector bundles
with a given structure group over the n-sphere.

The classification rests on the following construction. The sphere S™ is a union of two
closed hemispheres S?, both of which are homeomorphic to disks centered at the north and
south poles, p.. Their boundaries coincide in an equatorial sphere of one lower dimension:

08" = 5™t

We also have
NE(S:L) N NE(S?) = NE(Sn_1)>

where N, means open e-neighborhood. Since N.(S7) deformation retracts onto S?, preserv-
ing S™~1, it is completely equivalent to construct bundles using the closed cover S™ = S?uS?
instead of the open cover S™ = N.(S7) u N.(S™).

Given any map ¢: S" ! - G, we can simply construct the bundle with transition function
g between S? and S™. We refer to this bundle as F,. This is referred to as the clutching
construction.
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Examples 6.1. 1. The Mobius bundle over S! is associated to the clutching function

(6.1)

(6.2)

(6.3)

g:58%->0(1) 28 c R~

+]1 - +1.

. Consider the tangent bundle 7'S? — S2%. Drawing the frames coming down/up from

the north/south pole to the equator, one can see that

er) [cos20 —sin20) ey

es] \sin20 cos20 J\e;)
This matrix is g,—, in the convention (1.1), and corresponds to rotation by 20 when
acting on R? in the usual way.

. For the tautological bundle &(~1) - CP' = 52, we have two frames:

[1,2] = (1,2) € C?
over Uy, and

[w,1] = (w,1) e C?
over U;. On Uyn Uy, we have w = 271, and

(1,2) = 2(z74 1) = z(w, 1).
So our clutching function is
z=e%: 51 - U(1) 2 St
Let’s now find the transition function of the underlying real rank 2 bundle. We have
el =(1,2), es=i(1,2), e =(w,1), e5=i(w,1).
So, since z = cosf + isinf, our transition function goes:
e; =(1,2) = z(w, 1) = cos e +sinfe;
ey =i(1,2) =iz(w,1) = —sinfe] + cosbe;.

Therefore, the transition matrix g,_ corresponds to rotation by —6 on R2.

. We define the bundle &(n) - S2 = CP' to be the complex line bundle with clutching

function z=". For n € Z, we conclude:
O(n)z0(1)%.
From the previous example, we find:

TS*=z0(2).

Here is the main result about this construction. We write [S*, G] for the set of unbased
homotopy classes of maps S* — G. (Note that this is a surjective image of the based homotopy
group 7 (G) if G is connected, and they are the same if G is simply connected.)
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Theorem 6.2. Every bundle over S™ arises from the clutching construction. If [go] = [g1] €
[S™ 1G], then Ey, and E,, are isomorphic over S™. Conversely, assuming G is connected,
if By 2 E, for two functions f,g:S"' - G, then [f]=[g] € [S™ ', G].

In summary, we have
[S", G] 2 {G-bundles over S™}/G-isomorphism
assuming G is connected; if not, we have a surjective map.

Proof. For the first statement, given any bundle £ — S™, according to Corollary 4.8, the
restrictions to the contractible sets S™ are trivial. Therefore E' can be trivialized over these
two sets, with a transition function ¢g: S"! - G. Hence E = E,.

For the homotopic = isomorphic direction, we prove the case G = GL(r, K') and leave
the case of general G as an exercise. Let g; : S*! x [0,1] -» GL(r, K) be the homotopy
between go and g;. Consider the two sets S? x [0,1] and S™ x [0, 1], which cover S™ x [0,1]
and intersect along S™~! x [0,1]. We can use g; as a clutching function over S*~! x [0,1], to
obtain a bundle

E - S"x[0,1]
for which El|g,, (iy = By, for i = 0,1. By the homotopy theorem, we must have

E,=zFE

g0 — 91

as claimed.
For the isomorphic = homotopic direction, let E, F' - S™. Given trivializations of £ and
F over S?, we have transition functions ¢g: S"! - G for E and f: S"! - G for F.
Suppose 7: E - F' is an isomorphism over S™, and write

T = T|sg
for the G-valued functions giving the isomorphism. These are related by
fort=1g
on S™ 1 or
() frt=g
We have S™~! =057 = 9D". Then we can simply write
Tiw = 7'+|sp-1 )

where S7'71 is the sphere at angle ¢7/2 from the north pole, p,. We have

. T+ t=1
T = .
! m(ps) t=0

In particular, 7+ ~ 7(p, ) is homotopic to a constant map. We therefore have

g= ()t~ (T () T ().

Since G is connected by assumption, we further have

Ti(pi) ~ 1.
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Therefore
g~ (T () fr () ~ f,
as desired. O

Corollary 6.3. Every complez line bundle over S? is isomorphic to &(n), for some n, and
these are non-isomorphic for distinct n. Hence,

Vect, c(S?) 2 Z.

Proof. By Corollary 3.6, any complex line bundle has a reduction of structure group to
U(1) = S', which is connected. By the previous theorem, we have

Vecty c(S%) 2 [SY, U(1)] 2 Z.
O

Corollary 6.4 (Hairy ball theorem). The tangent bundle of S? has no nonvanishing global
sections.

Proof. We saw in Example 6.1 above that 7'S? = ¢'(2) as a complex line bundle. By the
previous corollary, this is nontrivial, so cannot have a nonvanishing global section. 0

Corollary 6.5. Every real line bundle over S™, n > 2, is trivial. Every complex line bundle
over S™, n >3, is trivial.

Proof. This is because m;(S*) =0 for k=0 and 7> 1, or for k=1 and i > 2. O

Corollary 6.6. Under the clutching construction, the set of isomorphism classes of SU(2)-
bundles over S* corresponds to 7.

Proof. By the discussion in the previous subsection, we have SU(2) = S3) so w3(SU(2))
Z.

I

Corollary 6.7. Vecty c(S*) 2 Z.

Proof. Let E - S* be a rank 2 complex vector bundle. We know from Corollary 6.5 that
det F is trivial, so the structure group reduces to SU(2). The result follows by the previous
corollary.

This can also be proved by calculating m3(U(2)) directly from the fibration (5.6). O

6.2. SU(2)-bundles and quaternionic line bundles. We saw above that there is a Z’s
worth of SU(2)-bundles over S%. It is worth describing a generator of these, for future use.

First, we should discuss SU(2)-bundles generally, which is best done using the quaternions.
Recall that H is the 4D real associative algebra generated by

Qi7i:0717273

where!!
g=1,¢°=-1fori=1,2,3, and q1qaq3 = 1.

HThese quaternions are given in terms of Hamilton’s quaternions by ¢ = —i, g2 = —j, g3 = —k. We use this
convention in order that the standard action of SU(2) will be given by quaternion multiplication on the left.
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The quaternions act on themselves both by left- and by right-multiplication, and it turns
out that these actions together give all of End R*. This is part of why the quaternions are so
useful.

For a quaternion

x =2 +x'q + 27qy + 27,
we have the conjugation map
7= 2%~ a'q - 2%gy — 27 g,
which satisfies Ty = yZ. A quaternion has real and imaginary parts
1 _ 1 _
Rez==(zx+x), Imz=—=(x-2).
2 2
We have a standard quaternionic inner product
(6.4) (r,y) =Ty ecH

whose real part corresponds to the standard inner product on R*. In particular, for z as
above, we have

(6.5) |z|* = 72 = ;(xi)Q = 1T

The inverse of a nonzero quaternion is therefore given by

4T
= .
[?
This makes H into a normed associative division algebra (one of only three).
We also want to think about H as a complex vector space. For this, choose the complex
structure on H given by right-multiplication by ¢;:

IT=2"q1.
With this complex structure, we get to make the standard identification of H =~ R* with C? :
C25H

6.6 0 4 jml

00 (igigg) = qo(2° + ') + @ (a? + 2P qn).

Since it is an associative algebra, the action of H by left-multiplication on H automatically
commutes with the complex structure. Moreover, the action by unit-norm quaternions pre-
serves the norm |-| (exercise). Therefore, left-multiplication by the unit quaternions S3 c H
automatically belongs to the group U(2) = GL(2,C) n O(4). Since this is a 3-dimensional
subgroup, it must be SU(2). More explicitly, one can check (exercise) that the left-action in
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the above basis on C? is given by:

o 1 0
=0 i

0 -1
o 0 1
GG o)

In particular, our identification agrees with (5.2).

Conversely, SU(2) is exactly the subgroup of O(4) (or of SL(4,R)) consisting of elements
that commute with the right-action of H on itself.'? The right-action also gives a copy of
SU(2), so there is a map

SU(2) x SU(2) - SO(4)
whose kernel is +(1,1). Hence, the LHS is the universal cover of the SO(4), also known as
Spin(4) :

SU(2) x SU(2) = Spin(4).

Proposition 6.8. FEvery complex rank 2 bundle with structure group SU(2) determines a
quaternionic line bundle, and vice-versa.'®

Proof. (=) Since SU(2) commutes with the right-action of H on H = C? in any local triviliza-
tion (using the above identification), this gives a globally well-defined scalar multiplication
by H (on the right).
(«<=) To reduce the structure group, choose a global quaternionic metric generalizing (6.4),
7.€., a map
(w):ExE->H

which is right-H-linear in the second entry and satisfies'*

(v,w) = (w,v).

This can be done as in the real and complex cases. One can use the same Gram-Schmidt
procedure to make the frames quaternionically orthonormal. Then the transition functions
will preserve the real part of the inner product and commute with the right H-action, so

belong to SU(2)." O

20n a quaternionic vector space of dimension n, this group is called Sp(n), or sometimes called the
compact symplectic group. So we have the exceptional isomorphism SU(2) 2 Sp(1). Take care not to confuse
Spin(n), the connected double cover of SO(n) for n > 3, with Sp(n).

13We shall always take quaternionic vector spaces to have a scalar multiplication by H on the right.

14Maybe this can be stated in terms of quaternionic tensor products of quaternionic line bundles with
their bars, but I don’t want to go there.

5More generally, this argument lets you reduce the structure group of a rank-n quaternionic vector bundle
to Sp(n).
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Example 6.9. Let
HP' = {quaternionic lines through the origin in H?}

= {[u,v] e H* ~ {(0,0)}}/ [u,v] ~ [uX,vA] Y\ € H".
This is covered by the two coordinate charts

Up=A{[1,2] | z e H}, Uy = {[w, 1] |weH}.

(6.8)

As with the complex numbers, it follows that
HP' = $*.
The tautological bundle over HP' is the subbundle of H? = HP' x H2 defined by
Ogp (-1) = {([,v], (a,0)) | (a,b) € [u,v]}.
The fiber over [u,v] is the plane
{(uX,v\) | X e H}.
As in Example 6.1.3., one can compute the transition function

ge-(x) =3 =

29

for x € S? = SU(2). So under the clutching construction, this bundle corresponds to 1 €

w5 (SU2)) 2 Z.

6.3. Exercises.

1. Give a proof of the (homotopic = isomorphic) direction in Theorem 6.2 for general G.
(Hint: you can do it directly from (1.5) without referencing the homotopy theorem.)

2. Prove that every complex line bundle over St is trivial.
. Prove that every real vector bundle of rank 2 over 5™, n > 3, is trivial.

w

4. Show that 0(2) @ C = 0(1) ® (1) over S?. (For a short argument, see Hatcher

VBKT, Example 1.13.)

5. Show that the action of right- or left-multiplication by unit-norm quaternions pre-

serves the norm (6.5).

6. Check (6.7).

7. UNIVERSAL VECTOR BUNDLES, CHARACTERISTIC CLASSES (2/15)

Definition 7.1. A rank r vector bundle E, - Y over K is said to be universal if every
rank r vector bundle £ — X is the pullback E = f*E, by some map f: X — Y, unique up

to homotopy.

If it exists, a universal bundle is unique up to homotopy equivalence: suppose that £/ - Y~
is another universal bundle. Then E! = f*E, for some f:Y’ - Y and E, = g*E/ for some
g:Y =Y’ Hence, g*f*E, = E,, so g*f* ~ 1 by uniqueness, and f*g* ~ 1 by symmetrical

argument.

The space Y (up to homotopy equivalence) is called the classifying space for Vect, f.
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7.1. Projective spaces. Let K = R,C or H, and let KP"* be the projective space of lines
in K71, KIP" is covered by charts

Up={[X°:: X"]: X" %0} 5 K", [ X0 X" (X)X, X0 X X)X,
There are inclusions

KP" —» KP" [ X%t X" [ XYt X7 0]

This direct limit of this system is KP>, where S c KP* is closed if and only if S n KP" is
closed for all n.

The tautological bundle of KP" is

Oxpn(-1) = {(z,v) e KP" x K" :v e x}.

If we think of K™' as a sub-bundle of K™, then we obtain inclusions Ogpn(-1) <
Ogpn1(—1). The direct limit of this system is Ogp(-1) c K5.

Note: K is the infinite direct sum, consisting of tuples where all but finitely many entries
are zero. This is not the same thing as Hilbert space!

By reading Hatcher’s Algebraic Topology, or knowing that cup product is dual to intersec-
tion product, one gets

Proposition 7.2. For n < oo, one has:
o H*(RP", Zs) = Zo[x]/x™t, where degx =1
o H*(CP",Z) = Z[x]/x™*, where degx =2
o H*(HP* Z) = Z[x]/x"*, where degz = 4.
Remark 7.3. In the 2nd and 3rd cases, we will use the convention that z is the class for
which (z,[ KP']) =1, where KP' ¢ KP" is a line with the standard orientation.
The inclusions KP* - KP"*! induce the obvious maps on cohomology. Taking the inverse
limit yields
H*(KP* R) = R[z],
where R =7, when K =R and R = 7Z otherwise.
Let k = dimg K. The unit sphere bundle inside
O(-1) = K™ - KP"
is
Sk:—l N Sk(n+1)—1 - KP".
Letting n — oo, we obtain
Sh1 & 8% > KP*.
Since S* is contractible, the LES for homotopy groups implies
Wl(KPOO) = Wi,l(sk_l).
Specializing K, we obtain
e K =R then RP* = K(Z,,1)
e K =C then CP> = K(Z,2).
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7.2. Grassmannians. Let K =R or C. The Grassmannian of r-planes in K" is
G, = {r-planes in K"}.
To topologize this set, fix a metric on K™ and embed G, via
G > K™
X 7y e End(K") 2 K" (K")* 2 K™,

where mx is the orthogonal projection onto X. The Grassmannian inherits the subspace
topology.

The Grassmannian is covered by (:f) charts, corresponding to the r x r» minors of an r xn
projection matrix mx. Each chart is diffeomorphic to K"("~") because r(n—r) is the number
of free entries in the row-reduced echelon form of r x n matrix of rank r.

There are inclusions G,.,, > G, 41, with limit G, = {r-planes in K*=}. The tautological
bundle on G, is

E,={(xz,v):vex}c K~.
An interesting fact that we may prove later:
o if K =R, then H*(G,) 2 Zs[x1,...,2,] with degz; =i and
o if K =C, then H*(G,) 2 Z[z1,...,x,]| with degx; = 2i.

7.3. Tautological bundles on Grassmannians are universal.

Theorem 7.4. E,. — G, is universal for rank r bundles on paracompact bases when K =R, C
(or K=H andr=1.)

Lemma 7.5. Let X be a paracompact space. Bundle maps

EFE——FE,

|

X — G,
are equivalent to injective morphisms

E —— KY
X.
Proof. Define the map tautologically and check continuity locally. O

Proof of Theorem 7.4. Choose a locally finite cover {U,} on which E is trivialized. Let p,
be a partition of unity subordinate to the cover. Since the cover is trivializing, there are
bundle maps ¢, : E|ly, > U, x K" - K.
Since supp p, ¢ Uy, we obtain a map p,p, : £ - K", which is an injective bundle morphism
on supp (p,). Define
Y= @pagpa B — @(KT) =K*

a
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r

(wlog, {U,} is countable). This morphism is injective, so by Lemma 7.5, we obtain a bundle
map

E—— FE

]
X — G

To finish, we check this is unique up to homotopy. Suppose f,g: X - G, are such that

<

ffE,2E~qg"E,.

We must show that f ~ ¢g. Equivalently, given ¢,v¢ : E - K% injective, we must show that
¢ and 1) are homotopic through injective morphisms.
Define a homotopy from ag =1 to

ag(x1, T2, ...) = (21,0,29,0,23,0,...)
by
at K® - K, (x1,29,...)~ (21, (1 = t)xe, (1 = t)x3 + txe, ).
Similarly, define 3; such that 8y =1 and
B1(x1,22,...) = (0,21,0,29,0,...).
The homotopy
Fi=(1-t)aiop+tfioy

is injective for all t. This gives us

p=apgop~oop=Fy~F =po~ o) =1.

7.4. Characteristic classes.
Definition 7.6. A characteristic class for rank r vector bundles is a natural transforma-
tion
c:Vect, g (=) > H* (-, R),
for some ring R.

In other words, for all bundles £ — X, we obtain a class ¢(F) € H*(X, R), which must
satisfy

(7.1) c([7E) = f*(c(E))
forall f: 7 - X.
Lemma 7.7. Characteristic classes ¢ correspond bijectively to cohomology classes ¢ € H*(G,.).

Proof. (=) Given a characteristic class ¢, define ¢ = ¢(E,).
(«) Given ¢ e H*(G,), define
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where fr : X - G, is a classifying map for E. Since classifying maps are unique up to
homotopy, ¢(F) is well-defined. This is functorial because given a map g : Z - X, we obtain
a diagram

g*FE > B > B,

L1

74 x1yq.
Since f o g is covered by a bundle map, it is a classifying map for g* E. This gives us
(g'E)=(feg)'E=g"["E=g"c(E)).
So ¢(-) satisfies (7.1) and is indeed a characteristic class. O

Definition 7.8. Let L be a line bundle (r = 1) over K =R, C, or H. Notice that G| = KP>.
So by (7.2), we have the following characteristic classes:
e K =R, wy(L) corresponding to = € Zy[x] = H*(RP*,Z,), with degz =1, is the first
Stiefel-Whitney class.
e K =C, ¢;(L) corresponding to z € Z[zx] 2 H*(CP*,Z), with degx = 2, is the first
Chern class.
Note: by convention, we choose the generator = such that ¢, (0(-1)) = —z.
e K =H, p1(L) corresponding to x € Z[x] 2z H*(HP*,Z), with degx = 4, is the first
Pontryagin class.!©

7.5. Exercises.

1. Think through the proof of Lemma 7.5.

2. * Think about the infinite quaternionic Grassmannian for r > 1. Is it a classifying
space for bundles over H of rank r > 17

3. * Try to develop the theory of infinite-rank bundles, either modeled on K> or on
Hilbert space. Can you make a universal bundle?

4. * Read about K-theory and the classifying spaces BO and BU.

8. CLASSIFICATION OF VECTOR BUNDLES IN LOW DIMENSION, TRANSVERSALITY (2/17)

8.1. All topological bundles on a smooth manifold are smooth. Let’s finally get
Question 1 from Section 2.2 out of the way.

Theorem 8.1. Let M be a smooth manifold and E— M a vector bundle. Then there exists
a unique smooth bundle E" — M such that F =, E'.

Proof. Let f: M - G, =lim,_,« G, be the classifying map of £/. By cellular approximation,
there is a cellular map

fl:MﬁGr,N

6Warning: the characteristic class p1 (L) that we have just defined for an SU(2)-bundle is actually +1
times the ordinary Pontryagin class of the underlying real vector bundle.
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(for some large N) with f; ~ f. The restriction
Ela,y = Grn

is smooth by construction. By smooth approximation, there is f; ~ f; such that
for M — Gr,N

is a smooth map. Now take
E'=f3Ea, 2 E.
O
Theorem 8.2. If two smooth bundles are topologically isomorphic, then they are smoothly

1somorphic.

Proof. This follows by uniqueness in the last construction. Alternatively, one can simply take
the continuous section of Hom(F, E’) = E’ ® E* giving the isomorphism and approximate it
by a smooth section. O

8.2. Classification of line bundles. Recall the first examples of characteristic classes given
in Definition 7.8 above. In the case of line bundles (r = 1) over R or C, these classes actually
tell us everything that’s going on.

Theorem 8.3. Real and complex line bundles are classified up to isomorphism by wy and
c1, respectively.

Proof. We have
{real line bundles on X} = [ X, RP*]
2 [X,K(Z,1)]
~ HY(X,Zy).
The same proof works for complex bundles, replacing RP* with CP* = K(Z,2). O
Another proof of Theorem 8.3 for Chern classes. The SES of groups

2mi- - exp(-)

0-2Z—-C -"C"=0
gives rise to a short exact sequence of sheaves
0—>Z~C%(C)~ (CX(C)) 0.
The LES of this sequence is
o HY(CY ()~ H(CY(O)) 3 HA(X,Z) > HH(CR(C)) =
As X is paracompact, C%(C) is a fine sheaf; therefore
H'(C%(C)) = H*(C%(C)) =0

and ¢} is an isomorphism. The LES in cohomology is functorial under pullback of sheaves,
so ¢ is a characteristic class.

Since the pullback on cohomology induced by CP' — CP* is an isomorphism in degree
2, to show that ¢; = ¢} it suffices to check that ¢} (Ocpi1(-1)) = -[CP']. This is surprisingly
annoying. We will check this later when we have the best definition of Chern classes. 0J
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Another important fact about w; and ¢; is:

Lemma 8.4. Let L, L' be K-line bundles.
o [f K =R, then wi(L®r L") = wi (L) +wi(L").
o I[f K=C, then c;(L®c L") = c1(L) + c1(L").

Proof. We do the complex case; the real case is the same.
The classifying map for Ogpi(n) is

CP' 5" CP! » CP™.

We know this based on clutching functions. This is a degree —n map, so the pullback of the
generator of H*(CP') is —n[CP']. This shows that

a(0(1)*") = c1(0(n)) = nei (0(1)),

which gives us the desired statement for line bundles over CIP'. This also gives the statement
for the bundles &'(n) over CP*.

Here is how you can get the general statement (which I admit I completely failed to prove
in class). Consider the map

h: CP*” x CP* - CP*

(8:1) ([z1, 22, .- -], [wi, wa,...]) = [21, w1, 29, w2, .. .].
Consider the line bundle
Ly=h*0(-1).
One can check (exercise) that
(8.2) Lizni0(-1)em;0(-1).

By Kiinneth, the cohomology ring is given by
H* (CP* x CP*) 2 Z[x,y] .
Let
t1: CP* - CP* x {z(} c CP* x CP*
be the inclusion of the first factor. Since h oty =1, we have
tiei(Ly) =1 (0(-1)) = —x.
Similarly,
tye1(Loy) = —y.
We therefore have
ci (L) =-z~y.
Now, given two bundles L and L’ over a space X, with classifying maps f and g, respectively,
we may take
fxg: X - CP” x CP*”.
Then (8.2) gives
(Fxg) (L)=2Lal
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So
a(LeL)=(fxg)"(-z-y)
=-(f"(z) +9"(v))
=c1(L) + (L),
as desired.

Note: You can also prove the fact for Chern classes by thinking about the map ¢ defined
above using the exponential exact sequence, which involves taking a log...this is what changes
multiplication (tensor product) into addition.

Another note: we will later give a different definition of Chern classes for which this fact
becomes patently obvious. O

8.3. First Stiefel-Whitney and Chern class of higher-rank bundles.

Definition 8.5. If E is a real (resp. complex) vector bundle then the first Steifel-Whitney
class (resp. Chern) class of E is defined by

wi(F) = wy(detg E)

or, respectively,
c1(F) = ci(detcE).

Since determinant clearly commutes with pullback, these are automatically characteristic
classes!

Corollary 8.6. A real vector bundle is orientable iff wy = 0. A complex vector bundle reduces

to SU(n) if and only if ¢; = 0.
Proof. Immediate from Definition 5.1, Proposition 5.4, and Theorem 8.3. U
Proposition 8.7. Forr>1, wi(E® F) =w(E) +w(F) and c;(E® F) = ¢1(E) + c1(F).

Proof. If k = 1kE and ¢ = rk(F), then A*"(E® F) = A*E ® A°F. We're done by Lemma
8.4. U

One can define the higher Stiefel-Whitney and Chern classes now if one knows the co-
homology of the Grassmannian (see e.g. Milnor and Stasheff, §6). However, they are not
so easy to work with from that perspective. Also, one usually goes the other way, getting
the cup product structure on the Grassmannian using the properties of characteristic classes
(see Milnor and Stasheff, §7).

Our approach will be to get an explicit construction of the higher Chern classes over
smooth manifolds, then to get their properties from the construction. (For Stiefel-Whitney,
I'm not sure one can avoid some nasty algebraic topology.)

8.4. Transversality. This section develops a key notion in differential topology that is also
very handy for dealing with higher-rank vector bundles.

Definition 8.8. Let f: M - N and g : Q > N be maps of smooth manifolds. We say f
and g are transverse and write

fihyg
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if for all x € N such that there exist pe M and ¢ € @ with f(p) =z = g(¢), we have
Imdf, + Imdg, =T, N.

On the LHS, we mean the span of two subspaces, not necessarily a direct sum.

Example 8.9. If f(M)ng(Q) = @, then they f g by definition. For instance, two skew
lines in R? are transverse. On the other hand, two lines in R? that meet at a point are not
transverse.

Lemma 8.10. If fh g and both are embeddings, then f(M)ng(Q) is an embedded subman-
ifold of N of codimension

codim(M) + codim(Q).
In particular, if
codim(M) + codim(Q) > dim(N),
i€
dim(M) + dim(Q) < dim(N),
and ft g, then f(M)ng(Q) = @.

Proof. The first statement follows from the implicit function theorem.

For the second statement, assume that x € N is a transverse intersection point. Then
ImT,M +ImT,N = T,N. But the sum of the dimensions of the spaces on the LHS is less
than the dimension of the space on the RHS, so this is absurd. ([l

Definition 8.11. A section s: M — E of a vector bundle vanishes transversely if st 0,
where 0 is the zero section of F.

Theorem 8.12. Fvery smooth vector bundle has a section that vanishes transversely.

Low-brow proof of Theorem 8.12 a la Milnor-Stasheff pages 210-21/. Pick non-vanishing sec-
tions on trivializing opens, and carefully combine them one-by-one using Sard’s Theorem. [

We shall also give a high-brow proof, which requires establishing two lemmas.

Lemma 8.13. Suppose that F - M and 7: G — N are vector bundles and we have a bundle
map f': F - G and another space Q with ¢': QQ - G and g:Q — N, such that the following
diagram commutes:

F—15a
N
YR AN )
If f'h g then f v g.
Proof. Diagram chase using fact that 7 is a submersion (exercise). 0

Lemma 8.14. If E — M 1is smooth, then there exists F' - M such that E® F' is trivial.
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Proof. If M is compact, then by the argument used in the proof of Theorem 7.4, you can
inject E into KV, with N finite (since the cover is finite). Then let F' be the orthogonal
complement of E in K.

For M non-compact, one can use the Whitney embedding theorem to get the statement
for a finite N. See Bredon, Topology and geometry, p. 97. U

High-brow proof of Theorem 8.12. Let M 5 F be the zero section. By Lemma 8.14, there is
F — M such that E® F 2 K = M x KN. We have a diagram

h

FLHE@F%MxKN—>KN

|
y B M,

M

where f’ is a bundle map. Here, we choose s, s’, and s as follows.

Let h be the composition of the top row. By Sard’s Theorem, we may let z be a regular
value of h. Let

sy e (y,2).

Then let s" and s are defined to make the diagram commute.

We claim that f'h s'. Identify E® F =2 M x KV by the middle map in the top row, which
gives

TEeF)=2T,Me& K",
for each y € E @ F with w(y) = x. Suppose v € F,, with f/(v) = (x,2) € M x KN. Then
Trw(EeF)=T,Me T.KN.

The image of df! spans the second factor T, K~ = K~ because z is chosen to be a regular
regular value of h. We have ds” = (1,0) by construction, so ds” spans T, M. Therefore, the
two together span T (,y(E @ F'). We conclude that f'f s’

By Lemma 8.13, we can conclude that 0 s, so s vanishes transversely. 0]

Remark 8.15. A slight generalization of the previous argument shows that for any map f
from a manifold X to the total space F (in place of the zero section), there exists a section of
E transverse to f. We can then get the following statement: given any immersed submanifold
X c N and map f: M — N, there exists an immersed submanifold X’ close to X that is
transverse to f. This follows by letting £ be the normal bundle of X and using the tubular
neighborhood theorem.

Among other things, this result is the basis for “intersection theory:” see Griffiths and
Harris, §0.4.

8.5. Vector bundles on manifolds of dimension < 4.

Theorem 8.16. Every complex vector bundle E of rank r on M? or M?3 splits as
L& QT_I

for a complex line bundle L.
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Proof. Let d=dim M =2 or 3.

If r = 1, there is nothing to show.

Suppose r > 2. By the last theorem, we may choose a transversely vanishing section s of
E. The image of the zero section and of s both have dimension d, whereas dim E = d + 2r.

But
d+d<d+2r,
since r > 2 and d < 3. By Lemma 8.10, we conclude that s n0 = @. Hence, s spans a trivial
subbundle of E. This gives F 2 £’ & C.
If rank £’ > 2, we may choose a nonvanishing section of E’, giving another trivial factor.
Continuing, we obtain the desired splitting. O

Corollary 8.17. The first Chern class classifies complex vector bundles of any rank on M?
or M3.

Proof. By the previous Theorem, we in fact have
det £ = L

for the line bundle L appearing in the splitting. So the result follows from the corresponding
result for line bundles. O

Theorem 8.18. If M is a compact oriented 4-manifold, then the first Pontrjagin class gives
an 1somorphism

P11 {SU(2) bundles on M} - H*(M) = Z.

Proof. Recall that SU(2)-bundles are the same as quaterionic line bundles, so they are clas-
sified by HIP>. Let f: M — HP* be the classifying map of such a bundle.

The cell structure of HIP* has a single cell in each dimension divisible by 4; consequently,
the subcomplex HP! = S4. By cellular approximation, f ~ g for some g : M — HP! = S4.
By a theorem of Hopf, for any compact oriented n-manifold N, there is an isomorphism
[N,5"] > Z by [f] ~ deg(f), so pi is an isomorphism. O

Remark 8.19. For a proof of the Hopf Theorem and its generalization to dim(M) > n =
dim S™ via framed cobordism theory (based mainly on the transversality theorem discussed
in the previous subsection), see Milnor’s classic short text Topology from the differentiable
viewpoint.

Corollary 8.20. SU(n)-bundles over a 4-manifold M all split as
E = El ® QT72,

where E' is an SU(2)-bundle. In particular, if the M is orientable, SU(n)-bundles are
classified by a single integer.

Proof. Exercise. U
Remark 8.21. By Theorem 8.18,
{SU(2)-bundles on S7} = 74(S?) = Zy5.
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However, the first Pontriyagin class of a bundle on S7 is zero, simply because H*(S7) = 0;
hence, p; doesn’t classify SU(2)-bundles on S7. This shows that characteristic classes, while a
handy device in low dimensions/ranks, in general do not classify bundles up to isomorphism.

8.6. Exercises.
1. Check that L_y 27 0(-1) ® 75 0(-1), where L_y = h*0(-1) for the map defined by
(8.1).
2. For a complex vector bundle E, prove that ¢;(E*) = —c1(F).
3. Prove Lemma 8.13.
4. Prove Corollary 8.20.

9. PRINCIPAL BUNDLES, REDUCTION OF STRUCTURE GROUP (2/22)

9.1. Definition and examples. Principal bundles give a way to make the structure group
intrinsic, rather than something tied to a collection of local frames.

Definition 9.1. Let GG be a Lie group. A principal bundle with structure group G, also
called a (principal) G-bundle, is a space P with a continuous, free, right G-action such that
the projection map

7:P—>X=P|G

is locally trivial; that is, for all x € X there is U 5> x open and a G-equivariant homemorphism
@ such that

UxG —2— 7 1(U)
U
commutes.

Examples 9.2.

e Trivial bundle X x G with the action of G on itself by right-multiplication.

elet P=S! X =58 and 7: P> X, 2z~ 22 This is a principal Zy-bundle. The
action of Zy on S is negation, which acts transitively on each fiber {+z}. This is the
boundary of the Mobius strip.

e If G is a Lie subgroup of a group K, then K - K/G (right coset space) is a principal
G-bundle.

e (Hopf fibration) Recall that U(1) 2 S!, SU(2) = S? and that S! acts on S® c C2? by
multiplication. Ths quotient is SU(2)/U(1) = CP' = S2. So we obtain a principal
bundle P = $3 - CP' with structure group U(1), which identical with the Hopf
fibration

St 83~ 82
Alternatively, this can be viewed as the unit circle bundle in C - &'(-1) - CP?!, since

O(-1)~0=2C*~{(0,0)}.
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e (Unit circle bundle inside any complex line bundle) To generalize the previous exam-
ple, let L be a complex line bundle (with a hermitian metric), and let P c L be the
unit circle bundle. The action of unit complex scalars U(1) on L preserves P, and
acts freely and transitively on each fiber

P,xS'cL,~C.

It is obvious that the local trivializations of L give rise to local trivializations of P,
so this is a principal U(1)-bundle.
e (Generalized Hopf fibration) In particular, for L = &(-1) - CP", we have

U(1) 2 ST —— P =821 s Cr1x {(0,0)}

[ [~

C— s O(-1) ———5 CPn

so we obtain a principal bundle with structure group U(1), whose total space is
actually the sphere S27*1,

e (Unit SU(2)-bundle inside a quaternionic line bundle) By similarly considering the
unit sphere bundle inside a quaternionic line bundle, with the global right-action of
unit quaternionic scalars (SU(2) c H*), we obtain a principal SU(2)-bundle.

e (Quaternionic Hopf fibration) For example, for the tautological bundle over HP", we
have

S3 3 S4n+3

[ [

H —— Oypn(-1) —— HP"
The first of these is sometimes called the quaternionic Hopf fibration
S$3 87 54,

This actually gives a generator of Z c m7(S4).
e (Covering spaces) For an example of a completely different flavor, let p: X — X be
any covering map of a path-connected space. Let

G = {Deck transformations} = 7y (X)/p.m1 (X)

with the discrete topology. Then p: X — X is a principal G-bundle. Notice that
the identification of the fibers with G is non-canonical: if we change the basepoint,
then it changes. So this demonstrates the idea that the fiber of a principal bundle is
homeomorphic to G, due to having a free, transitive G-action, but not in a canonical
way. (This is called a “G-torsor” in fancy language.)

Definition 9.3. A principal bundle 7 : P - X is called smooth if 7 is a submersion and
the G-action is smooth.

Theorem 9.4. Fvery free, proper, smooth G-action on a smooth manifold P gives a smooth
principal bundle P — P|G.
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Proof sketch. The Quotient Manifold Theorem (Lee, Smooth manifolds, Chapter 21) implies
that 7 is a submersion. Hence, we have a local section s: U — P by the implicit function
theorem, yielding a trivialization

UXG—>P|U
(,9) = s(x)-g.
=

Note: if G is compact, then any continuous action is proper. The previous theorem says
that any free action by a compact Lie group on a smooth manifold gives a principal bundle.
So we are dealing with a very general concept!

9.2. Transition functions, bundle maps, and isomorphisms.

Lemma 9.5. A right G-equivariant map ¢ : G - G is given by left-multiplication by some
go € G.

Proof. If go = p(e), then ¢(g) = ¢(eg) = ¢(e)g = gog. O

Proposition 9.6. The transition functions of P are left-multiplication by G-valued functions
gab(x) satisfying GvcGab = YGac and Jaa = €.

Proof. The transition map
0ptow, : UynUyxG—»U,nU,xG.

is G-equivariant on each fiber over U, n Uy, so by Lemma 9.5, it is of the form (z,g) ~
(2, gap(x)-g). The remainder of the statement is immediate from the cocycle conditions. [

Definition 9.7. A bundle map ¢: P - @ is a right G-equivariant map.

Note that  automatically preserves fibers, and by Lemma 9.5, is given by left-multiplication
in the trivializations.

Proposition 9.8. A principal bundle P is trivial over U c X if and only if there exists a
section s: U - P.

Proof. Given a section s : U - P|y, we obtain a homeomorphism U x G - P|y by (z,g) ~
s(x)-g. O

Definition 9.9. A bundle isomorphism is a bundle map over X; that is, a bundle map

P — @ such that
—

P

M e— ©

commutes.
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9.3. Bundle operations. Some of our old bundle operations still work:

e Pullback: the same, and the correspondence between pullback and bundle maps still
holds

e Product: if P - X is a G-bundle and ) - X is an H-bundle, then P xx @ is a
G x H-bundle over X, analogous to direct sum of vector bundles.

We also have a new kind of product for principal bundles, which is what makes them so
useful.

Definition 9.10. Let F' be a topological space, and suppose G acts on F' on the left; that
is, there is a map

p: G - Homeo(F)
such that the evaluation map
GxF—-F
(z,9) = p(x) -y
is continuous. The associated (fiber) bundle (with fiber F)) is
Px,F=(PxF)]~,
(0, f)~@-9,0(g7")- ).

Note that this is no longer necessarily a principal bundle, just a fiber bundle, i.e. a (locally
trivial) fibration with fiber F.

Often, when the action p: G - Aut(F’) is obvious (such as p: U(1) - C* O C=F), we
will simply write

P Xaq F
instead of P x, F, which is standard notation.
Lemma 9.11. Suppose that P =U x G is a trivial principal bundle. Then the map
(UxG)pr;UXF

18 an isomorphism.
Proof. 1t’s well-defined because
[(z,g- 1), p(h"1) ]+ (,p(gh)p(h") - £) = (2, p(9) - f),
and the inverse is (z, f) ~ [(x,¢€), f]. O
Immediately from the lemma, we have:
Corollary 9.12. P x, F' is a fiber bundle with fiber F' and transition functions p(gap)-

Example 9.13. Suppose F' =V is a finite-dimensional vector space and p: G - GLg (V) is
a K-linear representation. Then P x,V is a vector bundle over K of rank r = dimg V.

For instance, if P is the principal U(1)-bundle given as the unit circle bundle inside a line
bundle, L (per Example 9.2), then we have a natural isomorphism P xy)C 2 L. (Exercise)
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Definition 9.14. The bundle of gauge transformations of P is
gp =P Xp G,

where p(g)-h = ghg™! (the adjoint action).

The gauge group is a fiber bundle with fiber G. However, it is not naturally a principal
G-bundle. One good reason why not is that ¢p always has a section, so that would make it
always trivial. Note however that for abelian structure groups, ¥p is always globally trivial
(since the adjoint action is trivial).

Proposition 9.15. We have
(U, %p) = {bundle isomophisms of P over U}.
Proof. Exercise. 0

Definition 9.16. Let g = Lie(G) and p: G - Aut(g) the adjoint rep. Then

gp=Px,g9

is the bundle of infinitesimal gauge transformations of P.

The infinitesimal gauge transformations form a vector bundle (¢f. Example 9.13). The
exponential map g - G is equivariant (i.e. an intertwiner) for the adjoint actions of G. It
therefore gives rise to a global exponential map

exp: gp > 9p
which is a homeomorphism between a neighborhood of the zero section and a neighborhood

of the identity section. The map exp also works on spaces of sections.

Remark 9.17 (Vector bundles are enough). It is a fact that any compact Lie group has
a faithful representation p : G - Autc(V). Since p is injective, the transition functions of
the vector bundle P x,V encode those of P. Hence, if you don’t like principal bundles and
only care about compact structure groups, you are free to just study complex vector bundles
(with structure group G, in the sense of §5.1) without any loss of generality.

9.4. Extension and reduction of structure group.
Definition 9.18. Let H < GG be a subgroup.

e If () is an H-bundle, then Qg = Q) xg G is the extension of () to G.
o If P is a G-bundle, then an H-bundle ) is a reduction of P to H if there is an
isomorphism Qg - P.

Notice that every principal G-bundle has in particular an action by H < G. We make the
following observation:

Lemma 9.19. G-isomorphisms Qg — P are equivalent to H-equivariant maps QQ - P over

X (i.e. sending Q. into P, for all x € X ).

Proof. (-) Take the composition Q - Qg — P.
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(«) Suppose P - X is a G-bundle and @) - X an H-bundle and that ¢ : Q — P is an
H-equivariant map over X. Then ¢ factors as

where

)

/)\

Y2
> P

Q == Qq
Nl

QDIZQ_)QG7 JZH[ZE,e]
p2:Qc ~> P, [x,9] = ¢(x)-g.

The latter map is well-defined because

[zh,h™'g] = p(zh) - b g = p(z) -hh™ g = p(z)g

for he H. O

Proposition 9.20. Let P be a G-bundle. Reductions of P to H are equivalent to (in par-
ticular, in bijection with) sections of P xg GJH.

Proof. First observe that we have an isomorphism

(9.1)

PxqG/H - P|H
(0,9l (p-g)-H.

The result comes from the diagram:

sy P/H=PxcG/H

Given a reduction of structure group ), s comes from the composition of the top row,
which descends to X (because the orbits of H on @ are clearly sent to points in P/H).

Given a section s : X - PxgG/H, we can set ) = s* P, where P is regarded as an H-bundle
over P/H. O

9.5. Exercises.

1.
2.

Prove Proposition 9.15.
Let P be the (trivial) U(1)-bundle over S*. Give an example of two reductions to
Zs = {+1} c U(1) that are not isomorphic as Zs-bundles.

. Check that the transition functions of an associated bundle are given by {p(gaw)},

where {g,} are the transition functions of P, as stated in Corollary 9.12.

. (From Example 9.13) Let L be a complex line bundle with a Hermitian metric,

and P the unit sphere bundle viewed as a principal U(1)-bundle. Write down an
isomorphism P xy1) C = L.

. Use the equivalence statement in Proposition 9.20 to give proofs of Propositions 5.2

and 5.4.
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10. CORRESPONDENCE WITH VECTOR BUNDLES, UNIVERSAL G-BUNDLES (2/24)

10.1. Correspondence between principal G-bundles and vector bundles. We pre-
viously defined a vector bundle with structure group G in terms of transition functions.
Principal G-bundles give us a nicer way to rephrase this.

Example 10.1. If L is a complex line bundle with a Hermitian metric, then the unit sphere
bundle is a principal U(1)-bundle P. On the other hand, P xy@) C = L (here, we write
P xy@y C to denote P x, C where p: U(1) - C* is the standard representation).

Definition 10.2. Given £ — X a real (resp. complex) vector bundle with a (Hermitian)
metric, the principal frame bundle Fr(FE) is the principal O(r)-bundle (resp. U(r)-
bundle) with fiber

Fr(E), = {(vi,...,v,) € E, orthonormal} c E®"
over x € X. An element a®, € O(r) (resp. U(r)) acts on the right by
a’ ot (Vo) = (v5a”,).
Proposition 10.3. Let E - X be a K-vector bundle of rank r.

o If K =R, then Fr(E) xo¢yR" 2 E.
o If K =C, then Fr(E) xy)Cr 2 E

Proof. The isomorphism is
[ Ua) (aa) Zva
This is almost manifestly well-defined, and an isomorphism. U

Suppose that E is a vector bundle with structure group G. Concretely, this means that
all fibers of F are isomorphic to a vector space V' and there is a map p: G - GL(V) such
that the transition maps lie in the image. Since p(G) is a subgroup of GLg (V) c V@ V* it
is stable under the right action p(h)-g:= p(h)p(g).

Definition 10.4. Let £ - X be a vector bundle with structure group G, V a fiber of
E, and p: G - GLg(V) as above. The frame bundle of F is the principal G-bundle
Frg(F) c E® V™ with fiber

Frg(E), = p(G) c B, @V 2V eV*

and G-action by right-multiplication (i.e., acting trivially on F, and on V* by the dual
representation).

Proposition 10.5. Frg(E) xgV 2 E

Proof. Exercise in the definitions. 0

10.2. Homotopy classification of principal bundles. Previously, we classified vector
bundles using maps to Grassmannians. We’ll now do the same for principal bundles. The
classifying space for principal G-bundles is called BG, and the universal principal G-bundle
is called EG — BG.
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Theorem 10.6 (Homotopy theorem for principal bundles). If P — X x [0,1] is a principal
G-bundle on paracompact base X, then P 2 i P, where m : X x[0,1] - X x {1}.

Proof. Choose a countable cover {U,} of X such that P|y,«[o,1] is trivial for each a (exercise,
sketched in class). Let p, be a locally finite partition of unity for {U,}. Let

No(2) = N

maxy(pp(2))
For each z € X, we evidently have max, \,(z) = 1.
Let
re : X x[0,1] > X x[0,1], (x,t) » (x,max(t, \,(x)).
Since

Ta|X\Ua><[071] = 17
rq lifts to a bundle map 7, : P — P defined by

7h,:(z|)(\UCL><[(],1] =1
on U¢, and on U, as the composition

(ra,1)

P|Ua><[0,1] = Ua X [0, 1] xG - Ua X [0, 1] x Gz P|Ua><[0,1]-
Now, consider the infinite composition
r=--0T307T907

(sensical because the partition of unity is locally finite, so only finitely many r;’s act by the
identity on any point). This is covered by

f:“'ofgofgofl.
But since max, A\,(z) = 1 for any z, r factors as

X x {1}

]

X x[0,1] —/— X x[0,1]
so 7 is the desired bundle map covering the projection X x [0,1] — X x {1}. O
Corollary 10.7. If fo ~ fi1, then fgP = f]P.

Definition 10.8. EG — BG is called universal for G-bundles if for every G-bundle P — X,
there exists a bundle map P - EG, which is unique up to homotopy of G-equivariant maps
(i.e. bundle maps).'”

By the same argument as for universal vector bundles, BG is automatically unique up to
homotopy equivalence.
Theorem 10.9. A G-bundle Q) - Y is universal iff the total space Q) is contractible (as a

space without G-action).

"My definition of the universal G-bundle during class was slightly too weak. In fact, my argument for
the (=) direction of Theorem 10.9 was incorrect without this stronger definition.
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Proof sketch. See tom Dieck’s Algebraic topology, Theorem 14.4.12, for a short, complete,
and immoral, proof. See Steenrod, Theorem 19.4, for a proof of a bit weaker statement.

(=) To see that @) is weakly contractible; that is, m;(Q) =0, let ¢ : S - ). We obtain a
bundle map @: S?"xG - Q by (z,g) » ¢(z)-g. Meanwhile, we can also make a bundle map
by fixing go € @ and letting o : S" x G > Q by (x,9) = qo - ¢g. Since @ is universal, ¢ ~ ¢
through bundle maps ¢; : (S™ x G) x [0,1] - @ with 1 = @ and ¢g = ©q.

Now, the restriction of ¢; to S™ x {e} x [0,1] = @ gives a homotopy contracting ¢.

(<) Suppose that @ is contractible. Given a CW complex X and a bundle P - X, we
obtain a map P — () using the fact that P is trivial on every cell, as follows. Suppose
that the map has been constructed up to the n-skeleton of X. Let B™*! be an n-cell with
boundary S™. We obtain the diagonal dashed arrow below because () is contractible, which
we can then lift to P|gn+1 2 B™! x G by multiplication, as usual.

Plsn — P|gn+s1 ----3 >

-

| | 7]

§n e Bl — 5 X,

This shows how to lift the bundle map to the n + 1-skeleton, and it continues in the same
way. ]

Corollary 10.10. BG is connected, and we have w1 (BG) = m;(G), for all i > 0.
Proof. This follows from the long exact homotopy sequence of the fibration
G - EG - BG
and the fact that m;( EFG) =0 for all 1. O

Corollary 10.11. Given a subgroup H < G, the total space of EG is also the total space of
EH.

Proof. We have

BH = EG/H — BG = EG/G.
Since E'G is contractible, the principal bundle at left must be FH — BH ! O
Example 10.12. Consider Z, < U(1) < SU(2). We have

S~ = E7, = EU(1) = ESU(2)
RP* = BZ, —— CP> = BU(1) —— HP> = BSU(2)

Here, because S* is contractible, we know that it is the universal bundle for each of these
groups, so we get the identities in the bottom row. (These also follow simply because we
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have demonstrated a canonical equivalence between each of the three types of line bundle
and the corresponding type of principal bundle.)

Theorem 10.13 (Milnor). For any topological group G, EG - BG exists. And if G is a
Lie group, then BG has the homotopy type of a CW complex.

Proof idea. In the previous example, we can write S c C*> as

S ={(z1t1, 22t ..., ) ;€ [0,1], 2, € U(1), Y 7 = 1},
where all but finitely many ¢;’s must be zero, and for t; = 0, all 2;’s are considered the same.
Generalizing this, Milnor builds a space called the infinite join of G with itself:

EG=G+G*Gx* -
= {((91,751), (gg,tQ), .. ) 1 g; € G,tl € [0, 1], Zt? = 1}

One can let G act here on the right, which is clearly a free action. See tom Dieck, §14.4, for
the proof that this guy is universal (and contractible, which he uses to prove that actually
any EG must be contractible). O

Example 10.14.
ESO(n) —— BSO(n) = G,,(R*>)

! I
EO(n) —— BO(n) = G,(R>).

Here, BSO(n) has to be there by the previous argument. In fact, it is the connected double
cover of BO(n), which must exist because 7 (BO(n)) = m(O(n)) = Zs. More explicitly, this
is just the Grassmannian of oriented n-planes, which you could show classifies SO(n)-bundles
by carrying out the same proof as for O(n)-bundles while keeping track of orientation. So
in the end, I don’t have any neat consequences of Milnor’s theorem to show you. (Except
maybe that EG is always strongly contractible, which perhaps you really can’t prove without
constructing it.)

10.3. Exercises.

1. Think through the proof of Proposition 10.5.

2. Justify the first sentence in the proof of Theorem 10.6 (as sketched during class).
Note: the fact that you can choose a countable collection of trivializations is proven
in the Appendix to Ch. 1 of Hatcher’s VBKT.

3. * Find a neat consequence of Milnor’s Theorem 10.13, the existence of classifying
spaces.
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Part II. Connections, curvature, Chern-Weil Theory
11. CONNECTIONS (3/1)

11.1. The definition. A connection, A, on a smooth vector bundle £ — M assigns to
each piecewise smooth path :[a,b] = M and w € E,(,) a piecewise smooth lift
o =Tt [a,b] > B

such that

f?w(a) =w
and

TEO Y ="7-
This assignment must satisfy:

(1) If v:[a,b] > M and n: [b,c] - M, with ~(b) =n(b), then

Y xR = 0.
(2) The map
Eya) = By
w = :Yw(b)
is K-linear.

(3) The derivative 7/,(a) € T}, F is a linear function of 7'(a) € Ty M."
Remark 11.1. If one drops (2), then this definition makes sense on a general smooth

fiber bundle (this is called an “Ehresmann connection”). In fact, one just has to choose a
“horizontal distribution” consisting of the subbundle of TE given at w € E by

{7(0) [7(0) = mp(w)}-

11.2. Terminology.
e The linear map

T2t By = By
w = ’?w(b)

is called the parallel transport operator along ~.
o Let

€ ={y:[0,1] > M |7(0) =~(1) = =}
be the space of loops based at x. The group
{Tyf?o,l | 7€} c GLi(E,)
is called the holonomy group of A at z. It can be shown using (3) above that this

is indeed a group (exercise).

BThis is really two statements: that 4., (@) depends only on the initial tangent vector to the path -, and
that it does so in a linear fashion.
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e The restricted holonomy group at z is given by
{T 01 | 7€y is contractible}.

e A connection is called flat if the restricted holonomy groups are trivial.
e Given a section s of E along v, the covariant derivative of s along 7 is defined by

t+h)-TA t
Vas(t) o }Lir%(s( ) ‘r,t,t+h(8( ))) € E .

dt h
Note that this is again a section of E along ~.

Proposition 11.2. The covariant derivative along v satisfies the Leibniz rule:

—VA()\S) — @~S+)\~E
dt dt dt
for Xe C> and s e T'(E).

Proof. By (1), it suffices to check for ¢ =0:

LA g (A0 50 - T (A0 0) - 5(0)))

- ggrol%([x(w» 5(8) = A(7(0)) - 5(8) | + A(1(0)) - [(8) = T, (5(0))] )

_dA

VAS
Cdt ‘t:() dt

s(0)+ A (O0) 222

Definition 11.3. A covariant derivative (without any paths!) is a map
V:I'(E)>T(T"M®F)

which is linear with respect to multiplication by constants, and satisfies the Leibniz rule
V(A-s)=dA®s+ A\ Vs,

for scalar functions A € C*°(M) and sections s € I'(E).
If v is a tangent vector at x € M, we can pair with V(s) € T*M ® E to obtain an element

Vo(s) :=(Vs)(v) € E,.

This is thought of as the “covariant derivative in the v direction.” Similarly, for a vector
field X and s € I'(E), we obtain another section of E denoted by

Vs = (Vs)(X).
Note that just by definition, we have
(11.1) Vaxs = AVxs

for any \ e C'>.
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11.3. Connections and covariant derivatives are the same thing. Given a connection,
A, we can define a covariant derivative

Va:T'(F)>Hom(TM,E)2T"M®FE
Sl—)(UETxMHM| eEx)
dt t=0
where v :[0,1] — M is any path with 7/(0) =v. By (3), this is independent of the path, and
we already showed that it satisfies Leibniz rule.
Conversely, given any covariant derivative V, we obtain a connection by defining the lift
Fw(t) to satisfy
(11.2) Vo Yuw(t) =0, 7,(0) = w.

We can sum up the two-way correspondence just by saying that a section s(t) is covariantly
constant along v(¢) if and only if

s(t) = Fs(0) (1)
In the subsection that follows, we will use local coordinates to check that the prescription

(11.2) indeed defines a unique connection. One can already check (exercise) that such a
connection would have to satisfy (1-3) above.

11.4. Local coordinate description. Let A be a connection and 7 = {e,} be a local frame
for E. The “connection form” of A with respect to 7 is a matrix of 1-forms defined by

Vaes = (A7)"seq.
Given local coordinates {z’} on M, we can further write
(A7) = (A7)jsdx
where (A7) are functions. In this notation,
VAualxzeﬁ = (AT ?Bea

Often, we will abusively omit 7 from the RHS and A from the LHS.
For a section

s =5%,

in this local frame, we have
0
Vas—(ds ®ea)( )+3Vaea

0s®
B (6’xZ + s )

(Here I pulled a quick switcharoo between a and  in the second term.) Because of the
formula (11.3), one defines

(11.3)

—(V 0 s)“:8—+Alﬁs

which is a perfectly good notation, as long as you don’t confuse V;s* with an actual derivative
of the individual function s®.
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The rule (11.2) now reads:

V,},l(t);}'/(t) = O
d~I .
= (¢
o Va2 1()
dy? (97* o =B
- (5~ 47)
Here we have used the linearity (11.1). Applying the chain rule to the first term, we obtain
simply

Ay~ vl .. -
This is a linear ODE system for 4%, so a unique solution exists over the entire interval
[a,b] for any choice of initial data §(a) = w. Hence, we can indeed use this rule to define a
connection.
Note: If one substitutes 5(t) = 7/(t) € ;)M in the previous equation, we recover the geo-
desic equation...which after all just says that the derivative of the path should be covariantly
constant along itself.

Remark 11.4. Do not fear abuse of notation. All abuse of notation in differential geometry
is just suppression of labels.

11.5. Examples.
o If =X x K7 is the trivial bundle, then the product connection is defined by

Yuw(t) = (7(t), w).
e Any collection of nr? functions
{Afli=1,...,nand a,f=1,...,7}

defines a connection on the trivial bundle. Hence, locally (and indeed globally, as
we’ll show), every smooth vector bundle has a vast supply of connections.

e The Mo6bius bundle has a flat connection given by “keeping a vector the same length.”
Going once around the band negates your vector. Precisely, this is defined by A =0
on Uy and A = 0 on U;, but this is not a product connection because the Mobius
bundle is not a trivial bundle.

e Let g be a (pseudo-)Riemannian metric on 7M. The Levi-Civita connection is

defined by

1
FZ = 59“ (@-ggj + ajg&‘ - 8€gij)

in each coordinate chart. This is the unique torsion-free and metric-compatible con-
nection on T'M. Here, “metric-compatible” means

X(9(Y,2))=9(VxY,Z) +g(Y,VxZ).

“Torsion-free” means
VxY -vy X =[X,Y],
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which only makes sense on the tangent bundle. The point is that the above formula
shows that a torsion-free metric-compatible connection exists locally, but since it’s
unique, it’s well-defined globally. This is special to metrics on the tangent bundle; a
metric on a general vector bundle does not come with a preferred connection (unless
the bundle is holomorphic, in which case this is a theorem of Chern that we will
prove).

11.6. Exercises.

1.

Check that the connection defined by (11.2) satisfies (1-3) in the definition of a
connection, if it exists.

Show that the holonomy group is a group.

Show that given a connection A on F, one can define a pullback connection f*A on
f*E in an obvious way.

. Remind yourself how to derive the formula for the Levi-Civita connection, and in

so-doing, prove that it exists and is unique.

12. CURVATURE (3/3)

12.1. Transformation of connections. Let £ — M be a vector bundle with a connection
A. Choose coordinates {z'} on M and frames {e,} and {el} with

€a = Jﬁae’ﬁ.

The connection “matrices” Af‘ﬁ are defined by

V%eg = Afzeq.

Changing to the frame {e/,}, the left-hand side is

= B ol
V%% V%(Uaeﬁ)

oob,,
_ 5] !
~ (&ﬂa

oz’

+ P (A ZB) el

The right-hand side is

a _ A oy !
Afgeq = Afgo7 el

Comparing coefficients of e/, and using the notation of ordinary matrix multiplication, we

’y?
see that
99 | Ao =oh
e 0 = 0A;
oxt !
0
(12.1) = Al=0Aj0c™ - 8;0_1

We will henceforth refer to (12.1) as the transformation rule for connections.

From the parable of the transformation rule is derived the moral:
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A connection is not a tensor.

However, a difference of connections is a tensor (in particular, a section of 7*M ® End(FE))
because
4 00 4, 00 -1
0c(A-B)=0(A)-0(B)=0Aoc B -oBo * 500 =0(A-B)o .
xl T

Consequently, the space of all connections on E, denoted by
A,
is an affine space modeled on the vector space
['(T*M ® EndFE).

In particular, if A and B are connections, then AA + (1 - \)B is a connection for 0 < A < 1
(exercise).

Proposition 12.1. Every vector bundle carries a connection; indeed, a I'(T*M ® EndFE)’s
worth of them.

Proof. Choose {U,} a trivializing cover and a partition of unity {p,}. Then E|y, 2 U, x K",
so we have the product connection A, on U,. Now let

A= Z PaAq.

Near any point, this is a convex linear combination of connections, so it is a connection
globally. 0

Recall that the bundle of gauge transformations of F is the fiber bundle
Yp c End(F)

whose fiber at each point consists of invertible endomorphisms. Sections of ¥ correspond
to bundle automorphisms of E. If 0 € I'(¢¥g) and A is a connection, we can pull back (or
push forward) by the isomorphism o in an obvious way; in fact, the rule is just

o(A)=cAc™ —doo™!,

exactly as for local changes of frame. Two connections should be considered isomorphic if
they are equal after acting by a global gauge transformation.

At the broadest level, the field of differential geometry called “gauge theory” studies the
space of isomorphism classes (moduli space) of connections modulo gauge on bundles over
smooth manifolds. This space is just the quotient

In fact, @7 is an infinite-dimensional vector space and I'(¥%) is an infinite-dimensional Lie
group, so this is a very well-behaved quotient. In particular, away from fixed points (which
actually correspond to reducible connections), it is easy to make % into a Banach (indeed,
a Hilbert) manifold.

Given how time is flying, we probably won’t get to say too much more about the global
shape of the space Z%g...one can read chapters 4-5 of Donaldson and Kronheiemer, or for an
easier reference, the book by Freed and Uhlenbeck.
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Remark 12.2. Physicists have other opinions and would call the study of % “classical
gauge theory.” Differential geometers would prefer not to call this “gauge theory” at all
because it is only the study of vector bundles and connections modulo isomorphism, which
is the most natural thing in the world.

12.2. Curvature: Intuitive definition. We’ve now defined connections and seen that
vector bundles have tons of them. But many of these are isomorphic, and we want to be
able to tell them apart (or in particular, tell which ones are trivial). So, as with any moduli
problem, we need to extract an invariant to see what’s going on.

Suppose we have a connection A on E - M. Fix local coordinates {z'} around p € M so
that p is the origin of the chart, and fix two indices ¢, 5. Let 75, be the loop at p that is a
coordinate rectangle of width s and height ¢, oriented counter-clockwise. We will compute
T:t, for small s and ¢.

Choose a gauge (=frame) {e,} such that, in coordinates, e,(0) = 0. For any x in the chart,
let [0,2] be the line segment from the origin to z, and let

a2 [0,1] > [0, 2]

be a radial (in coordinates) path from 0 to z.
Let eq(2) = T2 (ea(0)). This gives a smooth frame with (V_a_e,)(0) =0 for all o and
oz
(V.o en)(0,...,2"...,0)=0.
ozt

Then Af; are smooth functions (since defined by varying the parameters of an ODE) and
satisfy A?B(O) = 0 and A?B(O,...,xi,...,O) = 0. The Taylor expansion of A; at 0 in the
2, x-plane reads

0A; s t@Ai
oxt oxI

(0) +O(2).

Al‘:O-FS

0A;
oxd

+0(2)

=1

Similarly, we have

A= s%(()) +0(2).
Now,
Ty =Ty 0Ty, 0 Thy o Ty,
Since T, and T}, are both along radial rays in our coordinates, we have 7., =1 =1T,,. For
the other ones, it’s easy to see from the above Taylor expansions and the ODE (11.4) that
we must have:'?

0A;
T,=1- tsg—xf(O) +0(3)

DA;
97 (0) +0(3).

T, =1+st

191 class I actually had the signs wrong here. It should be —, because the ODE for parallel transport has
—A on the RHS.
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Composing all of these, we obtain

A;

(12.2) T, =1-st (%(o) - gx] (0)) +0(3)

The coefficient of —st is the curvature, F;;(0), at the origin.

12.3. Curvature: Lame definition. The curvature of X,Y e I'(T'M) is the operator on
['(E) defined by

(12.3) F(X,Y)=VxVy-VyVx - Vixy]-

One can check directly using the Leibniz rule (exercise) that F(X,Y") is C*-bilinear in X
and Y, as well as C'*-linear over ['(£). It therefore defines a section of the vector bundle
2? @ EndE. Hence, we have the well-known fact that although connections themselves are
not tensors, their curvatures are.

Note: this also follows by considering the intuitive definition in the last subsection more
carefully; or by following the slick definition of curvature that we will give in the next
subsection.

Let’s get a formula for the components of the tensor we've just defined, which will also
allow us to compare explicitly with the definition in the previous subsection.

Convention. For w € Q% and given local coordinates {2} on M, we define its tensor
components wj,..;, by the rule:

1 . .
W= =W AT A Adx'™,

k!

where w is assumed to be alternating. This also works for forms tensored with any bundle.
In particular, for the curvature tensor, the components Fj; are defined by

F= lede'Z A dl’j,
2

or, also choosing a frame for F, by

1 4 .
F= 5 1i%pdr Adrd @ e ® €P.

Proposition 12.3. We have

Fij®5 = 0iA% - 0jA% + AL ATy - A% AT,

LA I¢]
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Proof. Applying the formula (12.3) to the commuting vector fields
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o)
ozt

and %, and to the
J

section eg of I/, we have

o 0 N
(525527 ) 2 = Fne
= (Vv VT )e
0A 0AY
124 _ B a N _ Ja
_ 814;15 aA?ﬁ Aa A’Y Aa A’Y
=\ 5ot " g | Ce t (Alsdia — AlgAja)ey
0A%, 0A¢
_ B B a AV a A
\ow ~ow +AmAjﬁ—AmAw) Car
where we have exchanged o and v in the second term. U

Note: Plugging in 0 in radial gauge, we see that the formula of the proposition agrees with

the coefficient of —st in (12.2).

12.4. Curvature: Better definition. We first consider: how does a connection interact
with bundle operations? Suppose A is a connection on F.

e Duals: Let {e“} be the dual frame on E* to a given frame on E, and let ¢ = t,e® be
a section of E*. Then we define a connection (also called A) on E* by

Vat=dt, ®e* - Ao‘gtaeﬁ.

Given any section s of E, this satisfies

(12.5) d(t(s)) = (Vat)(s) +t(Vas).

(Exercise.)
e Tensor product: let A and B be connections on E and F. These induce a “coupled”
connection on F ® F' by the prescription:

Dsh
Ozt
One can check (exercise) that this is a well-defined connection.

e Letting F' = E* in the previous item, we have EndE = E'® E*. There is a natural
map

+ A%s”’ﬁ + nysav) ea ® f5.

V.o (5%, ® fs) = (
ox?

Tr:EF b - K
gotten by letting a section and the dual eat each other. This is known as the trace

map, for reasons which one can check in local coordinates (exercise). Then the
coupled connection V defined in the previous item also satisfies the Leibniz rule:

0Tr(set)

e Tr(Vis®t+3®Vit>.

ozt ozt
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e We have the notation

(12.6)

QE)=0"® F,
where one thinks of this as the bundle of k-forms “valued” in E. Define the covariant
exterior derivative

Dy :QF(E) - QFY(E).
in coordinates as follows. Writing
5=5%4 ®dr' A Ada' e T(QM(E)),
we set

Da(s) = (Vis®)eq ® dz' Adx™ A« A da'.

The proof that the ordinary exterior derivative d is well-defined carries over to show that
the covariant exterior derivative Dy is well defined (exercise: check this).

Definition 12.4. The curvature operator is given by

Fi=D%:E=0Q%FE) - Q*FE).

12.5. Exercises.

1.

Show that a convex linear combination of connections is again a connection.

2. Check that the definition (12.3) gives a tensor.

Check explicitly that parallel transporting a basis of 7, M radially yields a smooth
frame in a neighborhood of p, as used in the calculation of holonomy along around
Vst

Check the well-definedness and stated properties for connections on duals, tensors,
and End’s.

. Check that (12.6) is globally well-defined.

Prove the following general commutation formula, for 7" a general tensor, i.e., a
section of E®F @ (E*)®¢:
[V 0.V o | 7005 = By T P T g o

oz oxJ

— BT )

13. FLATNESS AND CURVATURE (3/8)

Let A be a connection. Recall that if {e,} and {e},} are local frames with e, = 07 ,¢j, then
the transformation law says that after change of frame, A is

cAc ' —do- ot

If we also choose coordinates {z?} on M, we can further write

A=A%dr'®e, @€,
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If {y7(2%)} is a change of coordinates and A’ the coordinate-changed connection form, then

oxt oxt

AI a — — i = — = — Oé .
(A)jgea =V 2,05 = Vaut o €5 By ¥ 5P gy 8%
Hence
oz’
I _ .
Al = i A,

just like for an ordinary 1-form. So although the “connection form” A is not a tensor overall,
it does transform like a tensor with respect to the cotangent bundle factor (i.e. the “Latin”
index).
Recall that curvature was defined to be
1 . .
F = 5}«1-]-% dr' ndr? ® e, ® € € Q*(EndE),
where in a local frame / using matrix multiplication, we can write

Theorem 13.1. F4 = 0 if and only if A is flat, i.e., there exist local frames in which the
connection forms vanish identically.

Proof. Supposing that F4 =0, we must construct a local frame in which A = 0.

Choose coordinates {x’} on M, centered at p € M, and let {e,} be a frame obtained by
parallel transport from e, (0) along radial rays in the chart. Choose a 2-plane through the
origin in the chart, and let r and # be polar coordinates on the plane. Over this plane, the
connection form is

A:A?‘Bdr®eﬁ®ea+Ag‘Bd6’®e’3®ea.

Since the e,’s were constructed by radial parallel transport, if 7 = z* a(zi is the radial vector
field, then

Viea(x) = 0.
Consequently, A, =0 in this frame. Moreover, the coefficients of curvature are
Fro =049 — 0pA, +[A,, Ayg]
= 0, Ay,
since A, =0 hence also 9yA, = 0. Since 4 =0 by assumption, we obtain
0,A9 = 0.

But since % — 0 as r - 0, we have Ay - 0 as r - 0. (This follows since the frame is smooth,
and connections do in fact transform as tensors in the tangent-vector variable, as discussed
above.) Hence Ay =0 as well.

Since the 2-plane through the origin was arbitrary, we conclude that A = 0 in the radial
frame. 0

Corollary 13.2. Assume M is connected. Vector bundles E — M with flat connections,
up to isomorphism, are in one to one correspondence with representations of w (M), up to
conjugation.



VECTOR BUNDLES AND GAUGE THEORY UW MATH 865 — SPRING 2022 61
Proof idea. Fix xyg e M. Given a flat connection A, we obtain a representation by
7T1(M, .To) - GLK(E:E())
A
[v] = T3

It’s an exercise to check that this is well-defined, i.e., independent of the homotopy class of
the loop. Then it’s obvious that acting by an isomorphism of the bundle just conjugates by
the action of this isomorphism on E,,.

Conversely, given a representation, one lifts the action of the group of deck transformation
to the trivial bundle over M (the universal cover) using this representation. The quotient
by this action gives the required flat bundle on M.

These operations are inverses, so we have a one-to-one correspondence. [l

Recall our better definition of curvature (Definition 12.4), which was based on the defini-
tion of the covariant exterior derivative
Dy QFE) - QMY(E)

w=8Qdx" A ANdx™ >V o s@dz" A+ Adz'*
ox?

= (ﬁ +A;- s) ® dx' Adx™ A Ada®.
xl
As abusively as usual, we’ll henceforth write
dw = ﬁ ® dx Adx™ A A dx™
ox’

Anw:=A;-5®@ds™ A Adx'™,
so the above formula becomes simply
Doyw=dw+Anrw.

For a section s of E, we now compute

D%s=Dy(ds+A-s)
=d(ds+ As) + A (ds+ As)
=d’s+dA-s-Ands+Ands+AnA-s
—(dA+ AN A)-s.

(13.2)

This formula shows that the “curvature operator” of Definition 12.4 is in fact just multipli-
cation by the End F-valued 2-form

(13.3) Fi=dA+AnA.

This is Cartan’s formula for F)4. In particular, Fy is a manifestly well-defined C'*°-linear
operator on s, as one sees direction from the formula (13.2).

Unwinding the local coordinate definition, one can see that (13.1) and (13.3) refer to the
same object (exercise).
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13.1. Exercises.

1. Fill in the details in the proof of Corollary 13.2.

2. Make sure you can see that the formulae (13.1) and (13.3) are the same.

3. Let A be a connection on FE, with curvature F4. Let A also define a connection on
E* by the rule (12.4). For t a section of E*, show that

Dit=—~t-Fy.

14. CHERN-WEIL FORMS (3/10)

14.1. Reality check: curvature is a tensor in our notation. Let E be a vector bundle,

A

a connection, and fix a local frame 7 = {e,}. As explained above, we often suppress the

frame label and just write A = A".

Cartan’s formula (13.3) reads
Fy=dA+AnA.

The wedge product in this expression is the following canonical bundle morphism:
(14.1) QF(EndE) ® QY(EndE) - QF*(EndE)
(14.2) (W) ® (175) = W A5

Let’s check (for the third time) that F4 transforms as a tensor for a change of frame o = 0%4.
Let

A=A =g AT —doo?.

Now,

Fp=dA'+ AANA =d(cAc™ ~doo™) + (c Ao~ —doo™) A (c Ao~ —do o)
=doAAc™' +0dAoc™ — 0 AN (-0 doo™)
~d*co ' +do A (-o doo™)
+0Ao ' AnoAocT —doo Tt Ao Ao!

—cAo ' Adoo ' +doo Adoo.

Note that doo™' Ao Aot =do A Ac~', so we can cancel 3 pairs of terms and are left with:

odAoc  +0ANAcT =0(dA+ ANA)o ™ =0 F 0t

14.2. Identities for curvature. Above, we defined the covariant exterior derivative

D QF(E) - QF(E)

arda+Ana.

Replacing £ by EndFE, we have

Dy : QF(EndE) - Q"1(EndFE),

given by

(Daw)®s = (dw)*s + A%, Aw¥g— AVg Aw™,,.
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This just reexpresses the definition of D4, using the connection induced by A on tensors and
duals (see §12.4). Using the above A operation on EndE-valued forms, we can rewrite this
as:

(14.3) Dyw=dw+Arw+(-1)"wA A

Proposition 14.1. The operator D4 on EndE obeys the following identities:

(1) Da(wAn) =DawArn+ (=1)kw A Dyn, where w € QF(EndE) and n € QY(EndFE).

(2) dTrwAan=Tr(DawAn+ (=1)*w A Dan)

(3) dTrwanAp=Te(DawAnap+ (=1)*w A Dan A p+ (=1)wAnA Dap), where w,
n, and p are k-, £-, and m- forms, respectively. Similar identities hold for general

wedge products.
(4) Diw=Fanrw+ (-1)klwA Fy.

Proof. Exercises. You can either do these directly using the formula (14.3), or by using either
of the definition (12.6) and properties of V 4. O

Theorem 14.2 (“Second” Bianchi identity).
DaF4=0.
Proof.
DyFp=d(dA+ANA)+ AN (dA+ANA)-(dA+ANA)AA.
=PA+dANA-ANdAA+ ANAA+ ANANA—dANA-ANANA=O.
U

Remark 14.3. The so-called “first” Bianchi identity R;jre + Rirej + Rigji = 0 only applies to
the Riemann curvature tensor (i.e. the curvature of the Levi-Civita connection associated to
a metric on T'M), and does not even make sense for a connection on a general vector bundle.
For this reason, when discussing general vector bundles and connections, it’s not ambiguous
to simply call Theorem 14.2 the “Bianchi identity.”

Lemma 14.4. If a € Q'(EndFE), then
Foioa =Fa+Dja+ana.

In particular, if Ay is a family of connections, then
d dA;
—Fy, =Dy [ — ).
e At( dt )

Proof. We calculate
Faa=d(A+a)+(A+a)n(A+a)=dA+da+ ArNA+Ara+anA+ana
=Fy+Dja+ana.

Here we have used (14.3), with &k = 1.
The second identity is the infinitesimal version of the first. 0J
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14.3. Chern-Weil forms.
Theorem 14.5 (Chern-Weil). For each p € N, the 2p-form

p times
—_——~

TI'K(FA VANRERIVAN FA)
is closed, and its cohomology class is independent of the connection A on E.

Proof. Applying the Leibniz rule (3) of Proposition 14.1, we have
dTr(FA/\---/\FA) :TI"(DAFA/\"'/\FA)+TI'(FA/\DAFA/\~"/\FA) + o

By Theorem 14.2, each term vanishes.
Next, let A and B be connections on F, and put

a=B-AecQ'(EndE).
Let A;:= A +ta. Then
d

ETr(FAt AsAFQ,) =Tr(Fa, AFa, Ao AFa, + Fap ANFg, Ao AFy,) +--)

ZTT(DACL/\FAt/\"'/\FAtJrFAt/\DACL/\---/\FAt+---)
=pTr(DaanFa, A AFa,)
=pdTr(anFa, A-Fa,),

where we have used the cyclic property of the trace, the Leibniz rule (3), and the Bianchi
identity. Since Ag = A and A; = B, we obtain

1
T Fg A A Fig = Te(Fa Ao A Fy) = f d(pTr(an Fa, - Fy))dt
0

1
:d[f pTr(an Fa, /\"-FAt)dt].
0

This shows that
[TrFyn--AF4] = [Te(Fg A A Fg)] € HP(M),

as claimed. O
Corollary 14.6. [Tr(F4 A~ A Fa)] € H*®(M) defines a characteristic class.

Proof. (Non-rigorous)

By the previous Theorem, this expression is a well-defined function of the bundle £ up
to isomorphism. We need only check that it behaves properly under pullback. This is true
because f*F4 = Fy«4, which is clear from (13.3), so

f*Tr(FA/\"'/\FA)ZTI'(Ff*A/\"'/\Ff*A).

Because the expression is only defined for smooth manifolds, one has to work harder to really
prove that this is a characteristic class. A strategy is to show that the expression gives a
cohomology class on the classifying space G, , in fact, it is equal to the given expression
for the tautological bundle restricted to any G, ,. One can think about the details as an
exercise. U
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Definition/Lemma 14.7. Let E be a vector bundle over C. The first Chern class is given
by
c1(E) = [21 Tre FA] e H2(M).
™

This agrees with Definition 7.8/8.5 of 1.

Proof. 1t suffices to check that ¢;(0(-1) - CP!') = -z (exercise: think about why this is
sufficient). Here, x is the generator of H2(CP',Z) = Z that pairs to one with the fundamental
class.

Let Uy = ({z},70) and Uy = ({w}, 1), with the frames 75, 77 given in Example 6.1.3. above.
We have z = i on the overlap. We showed that 75 = 27, so the transition function is just

o=00(2) =z

Let
dzz
o —
1+ |22
on Uy, and
- dww
1+ |wl?
on Uj.

Claim. This gives a well-defined connection on €(-1) - CP'.
Proof of claim.
oA 0 —doo Tt = 2zA™ 2 —dz 27!

=A™ —dz 27!

1 1
:d - —_—
ZZ(1+|z|2 |z|2)

_dzz((2P - (L +]2P))
IER R

B dzZz
RERCEEER!

1 dwfw]?

" w2 w(1+ 1|w]?)

dww

T1

e

Now, we compute the curvature in the U, chart:

Faly, =d(A™) + A A A™
0
—dzndz  dzzZA(dzZ+ zdZ)
= +
L[z (1+]2%)?
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_ % (~(1+]2P) +2P)

. dzndz
(1+]22)

Here, A™ A A™ =0 since this is a C-valued 1-form.
Now, dz A dz = -2idx A dy, so

(o) [ee]) - - [ 2idz n dy

o Je-uy (1+]22)?

L

B ©  rdr
-2 oy
B ©  du
“Jo (1+u)?

1 oo
:_(_1+u|0):_1'

14.4. Exercises.

1. Prove Proposition 14.1.

2. Give a rigorous proof of Corollary 14.6.

3. Think about why it suffices to check (c1(€(-1)), [(CIPI]) = -1 in the above Defini-
tion/Lemma.

4. Let gp = Q°(EndE). Given u e I'(gg), let oy = exp(tu) € I'(¥g). Show that

d
zﬁ(a%(A)ﬂh0=zz“L

Here, 0,(A) is the transformed connection by the usual rule (12.1).
5. Let A, B be connections and put a = B — A. Prove the following identity:

2
Tr(FB/\FB—FA/\FA)=dTr(2FA/\a+DAa/\a+ga/\a/\a).

The form inside the d on the RHS is called the (relative) Chern-Simons form.

15. STRUCTURE GROUP FOR CONNECTIONS, (GAUSS-BONNET, HIGHER CHERN CLASSES
(3/22)

Recall: if {e,} is a frame, then a connection A is on sufficiently small opens U given by

A=Afdr' ®e, ® e’ eI (U, QY(EndE)),
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but these local representatives do not glue to a global section. The curvature operator is
locally

1 . ‘
Fa=dA+AnNA=dA+ §[Ai’ Ajldz" A dx? € Q*(EndE),
and these do glue to an honest global section of Q?(EndFE). We proved earlier that F4 =0

loc

iff A =0.

15.1. Structure group for connections and metric compatibility. Suppose that E
has structure group G ¢ GL(r,K). G acts on g = Lie(G) ¢ M™"(K) via the adjoint
representation, so g ¢ K" ® (K")* is G-invariant. Hence, there is a well-defined subbundle
gr c EndFE = EF® E* given by

(0r)z =9 c EndE,.

Equivalently, letting P = Frg(FE) be the principal G-frame bundle (per §10.4), we just have
g =9p =P xaq 9.

Definition 15.1. A connection on E has structure group G iff in each local frame, the
connection forms belong to Q2'(g). In particular, the curvature F4 will be a genuine section

of 02(gp).

Examples 15.2.
e Let G = GL(n,C) c GL(2n,R), then g = gl(n,C) = M™"(C), so A; is a complex-
linear matrix.

e Let G =0(n) c GL(n,R), so
g = 0o(n) = {skew-symmetric matrices}.

An O(n)-structure is equivalent to a metric h on E. Then A has structure group
O(n) iff A7, is skew-symmetric in a <> (. Equivalently, V4 must be compatible
with h; that is,

d(s,t) =(Vas,t)+(s,Vat).
To see the equivalence, let {e,} be an orthonormal frame (i.e. h,s = dap) and let
s = s%, and t = t%¢,, be sections. Then

d(s,t) O(s*t*) 0s" L0t

1+ 57— + (APt - AysPt®)

ox? ori  Oxt ox?
0s® ot®
= 2o gall 4 A sBiay oB AP
oxt oxt B e

= (V_o s")t" +s%(V o t?)
ozt ozt

=(v.ost)+ (s, 92 t).
e Let G=U(n) c GL(n,C) and E is rank n over C. Equivalently, £ has an Hermitian
metric h = (-,-). Then A has structure group U(n) iff locally

A;eu(n) ={AT=-A}.
This is again equivalent to the compatibility (Leibniz) rule:

d(S,t) = (VASvt} + <S,VAt>.
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e For G =SU(n), we have
g=su(n)= {AT =-A, Trc A = 0}.

e Let G = SU(2), which we view as the unit sphere inside the quaternions H. (See §6.2.)
Then E is a G-bundle iff it is an H-line bundle with metric. We have

g=su(2)=ImH=(¢", ¢* ¢*) = R®.

One can see by examining the formula (6.7) that these indeed span the algebra of
traceless skew-hermitian 2 x 2 matrices. Hence, the connection matrices of a connec-
tion with structure group SU(2) are Im H-valued 1-forms.

15.2. Properties of the first Chern class, revisited. Recall from last time that
[Trx (APF4)] € HP(M)
defines a characteristic class. Briefly, this is because
(1) DsF4 =0 by Bianchi, which, together with the Leibniz rule, implies that the above
is closed.
(2) For a family A; of connections, we have

d 9
SFy =D (5:A).

Combined with the Leibniz rule and Bianchi identity, this gives us

d d
%Tl"/\pFAt ZPTT(EFAt /\"'/\FAz)

d
:pTr((DAtaAt) A A FAt)

= d(pTr(%At ANEy Ao A FAt)).

Hence, writing schematically, we have

d

7 [TrAPFy,]=0e H?(M),
which is to say, the cohomology class is constant along the path. Applying this to
the straight line path between two connections, we have the independence.

(3) Since f*F4 = Fy« 4, we have the required functoriality under pullback.

Example 15.3. For K = C, we have ¢;(F) = 5= [Trc Fa]. Indeed, we checked last time that
c1(Ogpr (1)) = —-[CP']* = -

Proposition 15.4. For complex line bundles E and F, we have:
(1) ci(E*) = —c1(E)
(2) Cl(E@F) = Cl(E) +C1(F)
(3) ci(E®F) =ci(E)k(F) +rk(E)c (F).

Proof. We went through great pains to prove special cases of this in Lemma 8.4 and Propo-
sition 8.7 above; now each follows just by letting A induce a connection according to the
rules in §12.4, as follows.
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(1) A induces a connection on E* by “~AT” locally. The curvature of A on E* is given
by —FT (see Exercise 13.13.).

(2) Let A be a connection on E and B a connection on F. Then “A ® B” defines a
connection on £ @ F, and Fagp = Fy ® Fp.

(3) A®B=A®1rp+15® B and Fagp=F,®1p+1g® Fp.

15.3. First Chern class of surfaces.

Definition 15.5. Let ¥ be an oriented 2-manifold. Since X is oriented, T has structure
group GL"(2,R). We can always reduce to the orthogonal group, so we can reduce to SO(2),
which is equal to U(1). Hence, T'Y reduces (uniquely up to isomorphism) to structure group
U(1), and we write

() = e (TE).

The definition makes sense more generally for any almost-complex manifold (i.e. a manifold
whose tangent bundle is endowed with the structure of a complex vector bundle).
Example 15.6.

o ci(CPY) =¢1(0(2)) =2 (i.e. (a1(0(2)),[CP'])=2).

e ¢1(T?) = 0 because the torus is parallelizable, i.e., has trivial tangent bundle.
Definition 15.7. Let A be a Riemannian metric on 7%, where X is a surface. We can
define an almost-complex structure I on 7% which rotates each tangent plane 90 degrees
counterclockwise. Let I';, be the Levi-Civita connection of h, which commutes with I, so
can be viewed as a connection on the complex line bundle T'X. Its curvature is a 1 x 1 skew-
hermitian-matrix-valued 2-form, i.e. a purely imaginary 2-form. Hence we may define the
Gauss curvature Kj € C~(X,R) by the prescription

iTrC th = Kh th

Theorem 15.8 (Gauss-Bonnet). Let X, be a compact orientable surface of genus g and h
any Riemannian metric on Y,. Then

1
cl(Zg)z%ththzx(Eg):2—2g.

Proof. The first and third equalities are by definition; the middle equality remains.

We already know that the middle equality is true when g = 0,1 by the previous examples,
so we may proceed by induction. As ¢;(X,) is independent of the metric h, we can deform h
as we wish without changing the integral of the Gauss curvature. Hence, we can decompose
Y41 (in a CY! fashion) as: 3,, minus two round hemispheres, plus half a torus, yielding

1
“Eg+1 = Eg - EO + 521.”
A gorgeous picture was drawn in class. Hence,
[ Kuavi - fz Khdvh—fZ KndVi +0 = (S) — x(So) = x(5y) 2= 2-2(g + 1).
g+1 g 0

By induction, we are done. 0J
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15.4. General method to construct characteristic classes of G-bundles. Let P(X)
be an Ad G-invariant polynomial on g; that is, an element of

AdG
(@ Symkg*) .

k>0

Example 15.9. Let G = GL(r,C), so g = gl(r,C) consists of all r x r complex matrices,
which we write as X = (X“3). A polynomial on g is just a polynomial in the variables X<4.
The following are Ad-invariant:

e Tre(X) = X%, € g* =Hom(g,C). By the “cyclic property of the trace,” we have
TrYXY ' =Tr XY 'Y =Tr X,
so this is indeed Ad-invariant.

o Tro(X*) = X1, Xoz ...X%, e Hom(Sym"g,C).
o dete(X) = Y,es, sgn(U)X;(l)Xﬁ(g)---X;‘(n). This satisfies

det Y XY =det X,

as you may know.

In particular, given any Lie subgroup H c GL(n,C), these each restrict to Ad H-invariant
polynomials on b c gl(n, C). However, smaller algebras may have additional invariant poly-
nomials.

Let P(X) be an Ad G-invariant polynomial and A a connection on E with structure group
G. We can evaluate P on the curvature tensor, to obtain a section

P(F4) € 05even(M).

This requires some explanation. In a local frame, the curvature is just a g-valued 2-form.
Since 2-forms commute under the wedge product (indeed, 2*¢ve" is a commutative algebra),

it makes sense to plug a collection of 2-forms into a multivariate polynomial. Furthermore,
P(F,) is globally well-defined, because

P(O"FA'O'_l) =P(FA)
by Ad-invariance.
Example 15.10. For P(X) = Tr(X*), we have
P(FA) ZTI‘(FA/\"'/\FA).

This is just the expression that we studied in the last section, which we showed yields a well-
defined characteristic class. In fact this is true for any invariant polynomial: for a general
proof, see Milnor and Stasheff, “Fundamental Lemma” on p. 296.

Definition 15.11. Given any complex vector bundle F of rank r over a smooth manifold
M, the Chern classes ¢, (E) € H?**(M), for k=0,...,r, are defined by the prescription

P“@*%RNZE%@)

k=0
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Here, we are letting P(X) = det (1 + =X ) , which is an Ad-invariant polynomial on gl(r,C),
and evaluating on F)4 as discussed above. The brackets on the LHS mean that we are taking
cohomology classes. We will discuss this formula more next time.

15.5. Exercises.

1. Justify the item in Example 15.2 stating that a connection on a complex line bundle
is compatible with a Hermitian metric if and only if its connection forms are skew-
Hermitian (i.e. it has structure group u(n)).

2. Make sure you can unpack the notation used in the proof of Proposition 15.4.

3. Check that the Gauss curvature of Definition 15.7 agrees with the usual definition
(i.e. the sectional curvature in dimension two).

16. WHITNEY PRODUCT FORMULA, PONTRYAGIN AND EULER CLASSES (3/24)

16.1. Invariant polynomials, again. Last time we saw that to construct a characteristic
class for G-bundles, we should take

P(X)e@(Sym"g

k>0

*)AdG

an Ad G-invariant polynomial on g = Lie(G).

Example 16.1. Let G = GL(n,C), so g = gl(n,C). Write X = (X%3) € gl(n,C). We
previously saw that determinant, trace, and power symmetric polynomials are all Ad G-
invariant. The elementary symmetric polynomials o;, defined by

(16.1) det(1+tX) = tFo,(X),
k=0
are another important example. If X is the diagonal matrix with diagonal entries A\q,..., \,,
then
Uo(X) =1

o1(X) = Z)\i

O'Q(X) = Z)\z)\J

i<j

O'k(X) = Z /\7«1)‘%
11 <1<+ <tp
Lemma 16.2. Let K =R or C. An Ad G-invariant polynomial P(X) on gl(n, K) is equal
to a symmetric polynomial in the eigenvalues of X.

Proof. Any matrix with distinct eigenvalues is diagonalizable over C, so diagonalizable ma-
trices are dense in gl(n). Hence, P is determined by its values on diagonalizable matrices,
and must be a polynomial in the eigenvalues of X. Since P is invariant under S,, ¢ GL(n),
acting on the subset of diagonal matrices, it must be symmetric in the eigenvalues. O
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Lemma 16.3. If K = R or C, then the elementary symmetric polynomials (resp. power
symmetric polynomials) are algebraically independent generators for the ring of symmetric
polynomials over K. Equivalently, any symmetric polynomial can be written uniquely as a
polynomial in the elementary symmetric polynomials (resp. power symmetric polynomials).

Proof. This is covered in undergrad algebra. You can also prove it first for power functions,
which is easier, then use Newton’s Identities. 0

Corollary 16.4. The elementary symmetric polynomials are expressible as polynomials in
the power symmetric polynomials, and vice-versa.

Example 16.5.
° Ol(X):)\1+"'+)\n=TI'X :pl(X)
o 03(X) = i Nidj = 5 ((ZiA)” = £iA7) = 5 (X)? = pa(X)).
16.2. The Chern-Weil homomorphism. Given any Lie subgroup G c¢ GL(n,C) with

Lie algebra g c gl(n,C), let P(X) be an AdG-invariant polynomial on g and let A be a
connection on a vector bundle £ with structure group G. We can evaluate

P(Fy) € Qoeven (M)
as follows. Locally,
F=F¢,®¢’
with F@g € Q2 a complex-valued 2-form, so
P(Fa) = P(F).
This makes sense because even forms commute. Moreover, the form is independent of the

frame because P is Ad G-invariant and F4 transforms as a tensor for Ad G.

Lemma 16.6. P(Fy) is closed and independent of A on E, so cp(E) = [P(Fa)] defines a
characteristic class for G-bundles.

Proof. This is called the “Fundamental Lemma” in Milnor-Stasheff, Appendix C. For the
case G = GL(n, C), we can argue as follows. Last time we proved that p,(X) = Tr(X*) is Ad-
invariant, hence [py(Fa)] defines a characteristic class. Since power symmetric polynomials
generate all symmetric polynomials, it follows that all symmetric polynomials on gl(n,C)
give characteristic classes. ([l

Recall that characteristic classes for G-bundles are equivalent to cohomology classes in
H*(BG). Hence, we can define the Chern-Weil homomorphism

(Sym* g*)*% ~ H****(BG,C)
PHCP(EG)

Theorem 16.7 (Chern). For a semisimple structure group G, the Chern-Weil homomor-
phism is an isomorphism.

We will not discuss the proof except in the case G = GL(n,C), where this will follow from
Theorem 16.12 below.
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16.3. Chern classes, again. For k=0,...,r =rkc(E), the k’th Chern class of a complex
bundle is given by

cx(E) = [Uk (%FA)] e H**(M).

By the construction (16.1) of the elementary symmetric polynomials, this is equivalent to
Definition 15.11 from last class.

Example 16.8. Recall from Example 16.5 that o2(X) = 5(p1(X)? - p2(X)). Hence
e>(E) —1(1)2 [(TrFi)> ~ Te(Fa A Fa)] = s [Tt Fy A Fa] + e1(E)?
2 =35\ 2, A anFa)|=o3 AaNFal+ga :

Expressions for c3, ¢y, ... in terms of the Tr(F4A---AF4) can be determined in similar fashion,
just by calculating with symmetric polynomials!

Definition 16.9. The total Chern class is given by

c(E):= zr: cx(E) = [det (1 + %FA)] .

k=0

Theorem 16.10 (Whitney product formula). For a direct sum of two complez vector bundles
E and F, the total Chern class is given by

c(EeF)=c(FE)~c(F).

Proof. By definition, we have

i ~ 1p+=Fy4 0
det(1E®F+ o (FAEBFB)) —det( o 1F+%FB)

= det(lE + LFA) det(lp + LFB)
2T 27
=c(E)c(F).

Example 16.11. Over CP", we have:

1, forn=1

1-22, forn>2.

(e o(-1))=(1+z)(1-x)= 1—3:2:{

For n = 1, this must be true: we have the exact sequence (3.6) above, which splits by
Corollary 3.4, so the bundle is trivial. On the other hand, since x2 # 0 € H*(CP") for n > 2,
this bundle is not trivial (even topologically).

Another result worth mentioning here is the following:

Theorem 16.12. The integral cohomology ring of the complex infinite Grassmannian is a
polynomial algebra freely generated by the Chern classes of the universal bundle:

H*(G,,Z) = H*(BGL(n,C),Z) 2 Z[01(E,), ..., 0.(E.)].

In particular, the Chern classes give all characteristic classes of GL(n,C)-bundles.
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Proof. See Milnor and Stasheff, Theorem 14.5. The fact that the generators are algebraically
independent follows from the rank-one case by an argument based on the Whitney product
formula. To see that these generate the whole ring, one observes that G, has exactly as
many Schubert cells in each dimension as there are polynomials of the same degree in these
generators. 0

16.4. A word about other structure groups.

16.4.1. The orthogonal group. For G = O(r), we can define the Pontryagin classes, pi(FE) €
H*% (M), by

1 17/4]
[det(1+%FA)] = pk(E')

k=0

Note that for the above expression to make sense, we should have [ogg1(F4)] = 0 for each
k. This is in fact the case: for instance, for k =1, since F)4 is a skew-symmetric real matrix,
we have Trg Fi4 = 0. To see the vanishing in general, note that the Pontryagin classes can be
given in terms of Chern classes by the formula

pry2(E) = (i) er(E ®: C),

which follows directly from the definition. Since F ®g C 2 E @ C, it follows from the
definition of Chern classes that copy1(E ®r C) = 0 (exercise).

16.4.2. The special orthogonal group. Let G = SO(r), with r even. Then g is again the
subspace of skew-symmetric matrices. Up to conjugation, an element of g will be block
diagonal with 2 x 2 blocks of the form

0 N
-\ 0)°

Pi(X) = H Ai
is a degree r/2 polynomial which clearly satisfies

(16.2) Pf(X)? = det X.

The Pfaffian

Since SO(r) acts on the subspace of block-diagonal matrices of the above form by permuting
the blocks while changing the signs of an even number of them, the product is well-defined
and Ad-invariant. For a given r, an expression for Pf(X) in terms of the matrix entries X%g
can be found directly from (16.2).

The Euler class is defined by

e(E) = [PE(F4)] € H"(M).

Since U(r/2) c SO(r), the Euler class of a complex bundle is well-defined, and equal to none
other than the top Chern class:

(16.3) e(E) = ¢, (E).

In the topological approach to characteristic classes (see Milnor-Stasheff), one first defines
the Euler class of an oriented bundle using the Thom isomorphism, and later defines the
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Chern classes by downwards induction from (16.3). The Euler class/top Chern class also has
a simple interpretation in terms of the vanishing locus of a transverse section: see Griffiths
and Harris.

The reason for the terminology is the following;:

Theorem 16.13 (Chern-Gauss-Bonnet). For a compact, smooth, orientable manifold, M,
we have

[ ean) =x(a).
M
Proof. See Milnor and Stasheff, Corollary 11.2 and Appendix C, p. 331. 0J

Note that if M is an almost-complex manifold, then the Euler class of the tangent bundle is
nothing but ¢, (M) = e(TM), so this generalizes classical Gauss-Bonnet from last class. Also
note that the result is only interesting if dim M is even; otherwise x(M) = 0, by Poincaré
duality, and [, e(T'M) =0, either by definition or by Milnor and Stasheff, Property 9.4.

16.5. Moral. The above theorem says that the Euler characteristic can be determined by
integrating certain universal expressions in the Riemann curvature tensor. On the other
hand, the topology of the manifold imposes restrictions on the curvature of any possible
metric. This interplay between curvature and topology is a central theme in differential
geometry (including gauge theory).

For us, the main takeway is something more mundane:
Corollary of Chern-Weil theory. If any Chern class of a complex vector bundle s
nonzero, then it cannot admit a flat connection.

Simalarly, if any Pontryagin class of a real bundle is nonzero, then it cannot admit a flat
connection.

If the Euler class of an orientable real bundle with metric s nonzero, then it cannot admit
a metric-compatible flat connection.?

For this reason, we need to quantify the total amount of curvature that connections on a
given bundle can carry; this is the role of the Yang-Mills functional.

16.6. Exercises.
1. Recall from Exercise 6.3.4. that

6(2)® 0 2w 6(1) ® 6(1)

over CP'. Show that this fails over CP" for n > 2.

2. Show that copy1(E ®r C) =0, for each k.

3. For a 4 x 4 skew-symmetric real matrix, X, find a polynomial formula for Pf(X) in
terms of its matrix coefficients.

4. Suppose that F is a complex vector bundle, and let Er be the underlying real bundle.
Show that Er®rC = E® E. Use this to determine a formula for the Pontryagin classes
of Er in terms of the Chern classes of E. (See Milnor-Stasheff, Corollary 15.5, for
such a formula.)

2Interestingly, this result fails when one removes “metric-compatible” from the statement: see the end
of Appendix C in Milnor and Stasheff.
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5. Show that the Euler class of a complex bundle is equal to the top Chern class. (Hint:
this follows from the identity detg X = |detc X |2, where one views X € gl(n,C) c
gl(2n,R). See my complex manifolds notes, Theorem 3.1.5, for a careful proof.)
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Part III. The Yang-Mills functional
17. DEFINITION AND FIRST PROPERTIES (3/24-29)

17.1. The definition. Let g be a metric on T'M and h a metric on £ — M, a real vector
bundle with structure group O(n) (as defined by h). Suppose that {¢’} is an orthonormal
frame for T*M. By convention, we let ¢ induce the metric on Q*(M) in which

{o" A n g™ b ey

is an orthonormal frame. Given a metric-compatible connection, A, the pointwise norm of

the curvature tensor is
2

[Fal? =Y. Fij®pda’ ndi/ @eq@e®| = Y Fij*sFii’ 9™ g7 hash™,
i<j i<j, k<l
a’ﬁ a:ﬁ7776
where g (resp. h*?) is the inverse matrix of g;; (resp. hag).

Definition 17.1. The Yang-Mills functional is given by

1
YM(A) =5 [ |Faav,,

This expression is manifestly invariant under orthogonal gauge transformations. Conse-
quently, it descends to a function on the moduli space of (metric-compatible) connections
modulo gauge:

y,/\/l I%E = JZ{E/gE i RZO'

We had previously stated that classical gauge theory is the study of the space of connections
modulo gauge. This wasn’t quite precise: it is the study of the Yang-Mills functional on the
space of metric-compatible connections modulo gauge.

17.2. Yang-Mills connections. Recall that if £ — M is a real vector bundle, then
{flat connections on E}/gauge = {reps of m;(M)}/conjugacy.

This is a nice, finite-dimensional variety inside the giant, mysterious infinite-dimensional
space ABg. So it would be very convenient if we could just restrict our attention to flat
connections. However, we saw last time that any vector bundle with ¢;(E) # 0, for some 1,
cannot carry a flat connection.

We can nonetheless look for connections with the “least amount” of curvature, i.e., mini-
mizers for the Yang-Mills functional &£ : 8 — R,(. This will be our goal.

The first step is to compute the first variation of Y M. Let

Ar=A+ta, aeQ(gr).

If M is compact (so integrals are finite and integration by parts works) then

d 1 d
EyM(At)’tz():ﬁAE(FA“FAJ

d
- CEp, F
L(dt Av At)

av

t=0

av

t=0
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d
- fM <DAtEAt,FAt> qv

= f (DACL7FA> dVv
M

- fM(a, D'\ Fy) dV.
Here,
D}y (gp) ~ 2 (95r)
is the formal adjoint of D4. We will see below in Definition/Lemma 17.4 that this is a
concrete differential operator.

Definition 17.2. A is called a Yang-Mills connection, i.c., a critical point of the Yang-
Mills functional, if and only if
D% Fy=0.
The remainder of this section is devoted to writing down this PDE explicitly.
17.2.1. The formal adjoint. Let ¢ be an orthonormal frame. The Hodge *-operator
w1 QF - Qnk
is the unique linear operator such that
(P A AP = PR Al
where the + and {ix1,...,7,} are determined by the requirement
P A AP A QLA it = Vo,

This operator is characterized by the following property: if « and g are real-valued k-forms,
then we have

(cr, B) dVol = ae A = 3.

We define
L1 QM(B) > 0N (B)

by extending linearly; in other words, we let * act on the form component without touching
the bundle component.

Lemma 17.3. #2 = (=1)*("%) on k-forms.
Proof. Exercise. O
Consider the special case of Q*(gg). Here, as always, we are assuming that the structure

group is O(n) or a Lie subgroup, so elements of g are skew-symmetric matrices. Let {e,}
be an orthonormal frame for E and u,v € I'(gg). The local components are given by

u=u"ge,®e’, v=1v"e,® 6",
where we go back to using the Einstein convention. By skew-symmetry, we have

(u,v) = u®gv°5 = —u®30°, = = Tr(u - v).
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A k-form w € Q*(EndE) has components
1

w=wge,®c’ = H%’lwikaﬁ Az A A dz™ @ e, ® €P.
Recall that the wedge product between endomorphism-valued forms was defined in (14.1) by
wAn= (W AnTg)es ®e’.

For w,n € Q*(gg) c Q*(EndE), we have

(w,m)dVol = (w*s,n*g) dVol = w5 A *1%3
(17.1) =-wg A xnP,

=-Trw A *n.
Definition/Lemma 17.4. The formal adjoint D% : Q*(gg) - Q*(gg) is given by
Dy = (1) ** D Dy
and satisfies
[ (Dapwrav = [ (u.Diw)av,
for compactly supported forms p € Q1(gg) and w e Q¥ (gr).
Proof. We have
dTr(pu A *w) = Tr(Dap A *w) + (1)1 Tr(p A Dy * w).

Integrating both sides gives

0=/TI(DAM/\*w)+(—1)k_1Tr(uADA*w).

Moving over the left-hand term, we have
-/ Te(Dap,w) = [ (Dap,w) dV = (~1)F1 [ Tr(juA Dy * w)
= (-1)* / (u, + 1Dy *w) dv
_ (_1)k+(n—k+1)(k’—1) f (p, %D o *w) dV,
by Lemma 17.3, since D4 * w is an n — k + 1-form. Note that
k+(n-k+1)(k+1)=1+(n-k+2)(k+1)=1+n(k+1)+k(k+1)=1+n(k+1) mod 2,
so this gives the desired formula. OJ

The Yang-Mills equation says that D%F4 = 0. By the Definition/Lemma and Exercise
17.3, this means
O==+x%D A* F A-

But +* is an isomorphism, so this is equivalent to
DaxFy=0.
The Bianchi identity tells us D4 F4 = 0. Put together, the two equations
Dy*Fa=0, DsF4=0
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just state that F4 is a harmonic 2-form (with respect to A and the chosen metrics on
the bundle and base manifold). So the equation is very natural from a geometric/analytic
perspective, once we have the right framework within which to state it.

17.2.2. Another expression for the formal adjoint. We'll rewrite the Yang-Mills equation in
a different and simpler-looking form.
Recall that the covariant exterior derivative was originally defined by the composition

Dy QF(gp) —2s T*M ® Q%(gp) —2 QF(gp).

If we choose a section of A : T*M ® Q*(gg) — Q**1(gg), for instance by identifying both
with subspaces of the full tensor product T*M®*, then the adjoint should just be given by
the restriction

D =Vi

Q(gp)e(T* M)
This identification can be a bit confusing when metrics are involved, so we shall instead
make the following explicit calculation.

Recall our convention that we always take the tensor components of a k-form to be alter-
nating; so we have

) ) 1 . )
w= Z Wiy,.ipdx™ Ao Ada™ = _|Wz’1...z‘kd$“ A ANdx',
i1<'-'<ik k
where the indices in the rightmost term run over all values of iy,...,4; according to the

usual Einstein summation convention. Choose geodesic coordinates at a point p € M, so that
9i;(p) = 0;;. We have the following expression for the inner product between two k-forms at
p:

1
(172) (w, 7’]) = Z (wil“'ikvnil"'ik> = H (wil...ik,ml..,ik) y

’i1<-~~<ik
where we abuse the Einstein summation convention on the RHS. Given a (k - 1)-form

1

= muil...ikdx“ A A dat®,

we have
1 . i
Dap = mvilﬂ’i?“ikdx LA e A dr
(17.3)
1 )
= E (Vz‘yuiz...ik - Vz‘zﬂilz‘3.,.ik — e — vikﬂiz“'h) dx' A - ANdx ’
where we have used the fact that dz’t A --- A da’* is alternating in 4,...,7;. The coefficients

are now alternating, so these are the genuine components of the k-form D4pu. By (17.2), we
have

<DA,U7W> vn:umlk - vizuhis'“ik - Vikuiz~~i17wil“'ik>

1
= E (vlllLLZQ’Ln?leZk) = m <vllﬂl2zn7wlllk> 5

1
:E(
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since w;,..;,, s alternating. Reverse-engineeering the Leibniz rule, we have
1
(DA/L, w) = W (V“ (,uiQ...ik,w,-liQ...ik) - (umlk, Vilwil...ik))
. . 1
= dlv(somethlng) - m (,uw,k, V,-lwil...ik) .

Note that the divergence term vanishes after integration, and by (17.2), the second term is
just the inner product between (k—1)-forms. So we obtain another expression for the formal
adjoint:

(174) (D;w)wzk = —Viwiiz...ik = —gijVZ‘Win...ik.

Using this expression, the Yang-Mills equation is just:

(17.5) ViFy =0.

While this expression looks simpler than that of Definition 17.4, we are using the Levi-Civita
connection to differentiate cotangent-bundle indices. Also note that in this calculation, we
have implicitly applied “Ricci’s Lemma” several times; this says that V,;g;r = 0 for the
Levi-Civita connection (exercise), so one can always pass the metric through a covariant
derivative.

Remark 17.5 (Raising and lowering indices). Here is a remark for those of you who never
took a first course in general relativity (or a second course in differential geometry). As we
know, a metric g on E induces an isomorphism

E—-FE*
s (=, s),.
The coordinate expression for the image is obtained by “lowering indices,” as follows. In a
local frame, write
9ap = (€a; €5)
for the components of the metric tensor (a section of E* ® E*), and

g*°

for the inverse matrix of g,3, which gives a section of £'® E. Given a section s = s%¢, of I,
we can “lower the index” of s by setting

Sor = Japs’.
This gives us a section s,e® of E*, where {e®} is the dual frame of {e,}. This is the image
of s under the above isomorphism.
We can also “raise the index” back as follows:

go‘ﬁsfg = 9“5(95787) =0%,87 = s

Since raising the index on s, gives us back the original components s, the notation is
well-defined.
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17.3. Exercises.

1. Prove Lemma 17.3.

2. Show that the coefficients in the last line of (17.3) are indeed alternating.

3. Prove “Ricci’s Lemma,” which states that V;g;; = 0 for the Levi-Civita connection.
(Hint: this just amounts to the statement that V is metric-compatible.)

4. Use “Ricci’s Lemma” to justify the calculations leading to (17.4), which were based
on assuming g;; = 0;;.

5. Write out the full Yang-Mills equation as a PDE in local components / coordinates,
involving g, A;"B, and (if necessary) Ffj Check that the expression obtained using
Definition 17.4 agrees with that of (17.5).

18. MAXWELL’'S EQUATIONS AND THE MAGNETIC MONOPOLE (3/29-31)

Example 18.1. Let G =U(1), so g =iR. A connection on M =R3 may be written
A =i(Ajdzt + Ayda? + Asda?).

The 3-vector A = (Ay, Ay, A3) is called the vector potential by physicists.
The curvature of A is

F=dA= Z(&lAQ - 82A1)dx1 A dl’Q + 2(31143 - agAl)d(L’l A dl‘3 + 1(82143 - 83A2)dx2 A dl'?).
Define B = (By, By, Bs) by

0 By -Bj
(Fij)=il-B> 0 B |,
By -B; 0
or in classical notation,
B= V X A.

This explains why the letter F' is used for the curvature of a connection: it stands for
“field-strength tensor.”
We have

*F =1 (Bldxl + Bodx? + Bgdx3) )
The Yang-Mills equation reads:
d*F=0 <= VxB=0.
The Bianchi identity reads:
dF =0 < V-B=0.

Together, these are just Maxwell’s equations with electric field E = 0.
Note that “gauge invariance” is just the familiar statement from electromagnetism that
B is unchanged by sending A to A + du.
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Example 18.2. Consider a connection over R3! given by
A=i(pdt+ Arda' + Asda® + Azda?).

Here, p is the so-called “electric potential,” and A is the vector potential as above. Define
E and B by
0 E, Ey, Ej
-FE; 0 By -Bj
—E2 —Bg 0 Bl
-F35 By -B;y 0

(Fij) =i

In other words, E = Vp and B = v xA. Calculating out the Yang-Mills equations and Bianchi
identity in Minkowski signature, one finds the four Maxwell equations, coming in pairs:

. OF
VXb=—
ot < d*xF=0
v-E=0
. OB
E=-2
VX B = dF =0.
vV-B=0

Remark 18.3 (The Dirac equation). Let A be a connection and ¢ be a spinor field on R3!,
which is given by a complex 4-vector. According to Dirac, 1 should describe the wavefunction
of an electron in the electromagnetic field A, subject to the Dirac equation

i YA =ma.
Here m is the mass and
iYa=iy" (O + A,
where v# are the four 4 x 4 “Dirac matrices.” Notice that A appears here as part of the
equation, unlike in Maxwell’s equations. Dirac was the first to posit that A might have a

physical meaning, rather than just being a convenient mathematical device, as was thought
classically.

Example 18.4 (Dirac’s magnetic monopole). Over R3 \ {0}, let

EEO, qu—:.
r

This represents a magnetic monopole of charge ¢; notice that the field strength goes as 1/r2,
exactly as for an electric monopole. Viewing B as a 1-form, we have

idx? 1
—i*F:B:qx f =—qd(—),
r r

which is closed. We also have

—idF:d*B:qd*d(l):—A(l)=0,

r r

so this is a solution of Maxwell’s equations.
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Is F' the curvature of a connection A on R3\ 07 Dirac was motivated to ask this question
(in his own language) just based on trying to write down his equation in the presence of a
magnetic monopole, in a consistent way. This was the beginning of gauge theory, in 1931.

Let 6,¢ be spherical coordinates, where ¢ measures rotation around the z-axis and 6
measures angle from the z-axis. We have

F=ixB=1igsinfdf Adg.
Set
Up=M~{(0,0,2):2<0}
Uy =M~ {(0,0,z):2>0}.
On U, set
Ap = q(1-cosf)do,
which extends smoothly across the positive z-axis. On Uy, set
Ay =—q(1+cosf)do,

which extends across the negative z-axis. It’s clear that dA; = F on U;.
To have this define a connection, we need

Ag— Ay =07ldo =dlogo
for some U(1)-valued function o on Uy nU;. We have
Ao - Ay = 2iqde = d(2iq9),
so we must have
log o = 2iq¢ + i(constant) = o = ce??.
This is a well-defined function on Uy nU; if and only if

2q € 7.

So this is a necessary and sufficient condition for the monopole with charge ¢ to be the
curvature of a connection on a U(1)-bundle.

Dirac reached the same conclusion by considering his equation for two wavefunctions on Uy
and Uy, which needed to be related by a well-defined phase factor o over UynUj. (Recall from
quantum mechanics that two wavefunctions that differ only by a phase factor are supposed
to represent the same physical state—this is how physicists think of gauge invariance.) He
concluded that the charge of a magnetic monopole must be quantized, if such a thing exists.
Really, he had just discovered the first Chern class.

Example 18.5. Define a connection on &(k) - CP' = S2 by

40 = ikIm(zdz) on U,
1+]z?

and
ik Im(wdw)

Al =
1+ |wl?

on Uj.
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This is just a u(1) version of the connection we considered during the proof of Lemma 14.7
above. Carrying over the proof there (exercise), we can calculate the curvature

kdzndz
Fy=i———==-ikd
A 2(1 NERE 1kdVs2,
where dVs2 is the volume form of S? in stereographic coordinates (a.k.a. the Fubini-Study
form). Hence, *g2F4 = —ik, and d *g2 F'4 = 0, so this is a solution of the Yang-Mills equation
on S?%. In fact, the pullback of A by the radial projection R3 ~ {0} — S? is just the Dirac

monopole, with k = +2¢.

18.1. Exercises.

1. Do the calculations to show that the Yang-Mills equations for a U(1)-bundle over
R3! are equivalent to the full Maxwell’s equations. (Note: you have to be slightly
careful with the Hodge star operator in Minkowski signature.)

2. Calculate the curvature of the connection in Example 18.5.

3. Show that the Dirac monopole is the pullback of the connection of Example 18.5 by
the projection R3 \ {0} — S2.

19. YANG-MILLS CONNECTIONS AND MINIMIZERS IN 2D (3/31)

Let M =% be a compact, oriented, connected, 2-dimensional Riemannian manifold.

Definition 19.1. For a complex bundle £ — ¥, we define

deg(E) = fz e(E) € Z.

Given E — ¥, with connection A, we have Fy € Q%(gg), so *F4 € Q% gg) =T'(gg). Since
* F'y is a zero-form, the Yang-Mills equation D4 * F)4 = 0 in fact implies

VA*FAZO.

Hence, *Fy is covariantly constant, as is F)y = *F4dV. We conclude that the curvature of
any Yang-Mills connection over a Riemann surface must be covariantly constant.

Given z € X, let V = E,. Since *F, is skew-adjoint, it has a complete set of eigenvectors
with eigenvalues t\;, where A\p € R, with multiplicity rp. Let V) be the i)\i-eigenspace.
We can decompose V' = @, Vi, and +F4 = @y 1\;1y,. But *F is covariantly constant, so
the eigenvalues are also covariantly constant and the eigenspaces are preserved by parallel
transportation. Consequently, the V}’s at each point form a subbundle E; c E, and we have

E=@E,
k

with

e
Also note that A )
? ETk
deg(Ey) = — f Tv Fly, = -
eg( k) 27T r |Ek 2

™

Vol(%),
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so the values of \; are determined by the degree and rank of Ej. This proves the first
statement of the following theorem.

Theorem 19.2. Assume Vol(X) = 1. Given E - X, any Yang-Mills connection A splits E

mto @y, Ky, where
27 deg(Ey)

Fa=@——7"1 av.
A @ ZI‘k(Ek) Ek@

Moreover, A minimizes Y M if and only if k=1 and
27 deg(F)
=—="71 dV.

AT TE) P

Remark 19.3. The quantity
deg(E) _

k(E)

p(E)

is called the slope of F.
A connection A whose curvature solves (19.2) is called projectively flat.

»

Proof of “moreover”. Recall that *F is an r xr matrix, and |F|? = |* F'|2. For any matrix X,

- 1
| X2 = XX > E(TrX)Q.
This is from Cauchy-Schwarz:
TrX =X = X% =(X,1) <|X|Vn.
Hence e )2
(TrX)? <|XP.

Also according to Cauchy-Schwarz, equality holds iff X is a constant times 1. The value of
this constant is fixed by the first part of the Theorem. O

As a corollary of the proof, we have:
Corollary 19.4. For any connection A on E — 3, where VolX = 1, we have

deg(E)?
M(A) > 4m? —=2"2
with equality if and only if A is projectively flat.
Example 19.5. Suppose rk(£) = 1. Pick Ay any connection on E — 3. We have
FAO+a=FAO+DAOCL+CL/\CL=FAO+da,

because a A a =0 and the endomorphism bundle of a rank 1 bundle is trivial.
We shall choose a to be of the form

a = *df

for f e C>~(X). Then
#(Fagra) = *Fa, + *d *x df = xFa, - Af.
We claim that there exists f such that

(19.1) Af = xFy, +2rideg E.
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This is because
f sFudV = f Fa, = —2mideg B —> f (+Fa, + 2mideg B) dV = 0.

Hence, the RHS of (19.1) has average zero. Since Y is a compact manifold, this is necessary
and sufficient to solve (19.1).
Taking f to be the solution of (19.1), we get

2
Figra = Fa, + *Af = Fu, — (Fay + 2mideg E) = == deg(E).
7

Hence, minimizers exist on line bundles over Riemann surfaces.

Example 19.6. Recall that all higher-rank complex bundles over X split topologically as
E=LeC

Take A on L as in the previous example. Then A @ (product connection) is Yang-Mills, but
not a minimizer.

Example 19.7. Since 0(1) ® 0(-1) 2¢~ C*> - CP', this bundle carries both a (trivial)
minimizer, and a non-minimizing Yang-Mills connection given by the direct sum of two of
the connections from Example 18.5 with opposite charges.

In general, a minimizer does exist for any bundle over a compact Riemann surface. This
can be shown using Uhlenbeck’s theorem (which also works in dimension 3), relying on heavy
analysis, or directly using principal bundle formalism, as in Atiyah-Bott, §6. However, this
is all much too trivial, since really we are just looking for a modified type of flat connection.
The Yang-Mills equation on a Riemann surface is only interesting when you consider the
interplay with holomorphic structures, as we’ll do later.

19.1. Exercises.

1. * Suppose that A is a non-minimizing Yang-Mills connection over ¥, i.e., a connection
whose curvature is a direct sum of at least two factors with different slopes. Can you
write down a path of connections starting from A that decreases the Yang-Mills
functional?

2. * Read Atiyah-Bott, §6.

20. INSTANTONS IN 4D (4/5)
20.1. Instantons. Suppose that M = M* is oriented with metric g. The Hodge star operator
x: QM) - Q*(M)
now acts on 2-forms, with *2 = (-1)2(4-2) = 1. We further have
(o, #B)dV =anB=Fnra=(B,*a)dV = (*a,3)dV

so * is self-adjoint. Since %2 = 1, the eigenvalues of * are +1, and we obtain an orthogonal
decomposition

02 = 0% @O,
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where Q%* denotes the +1 eigenspace of *.
Let R* have coordinates z°, ..., x3. Observe that

+(dz® A dx') = da® A daB.
We have the following explicit frames for 22+,
de® Adat + dx? A da®,  da® Ada? —dat Ada®, da® Ada® + dat A da?,
and for 2,
de® ndxt —dx? ada?,  da® Ada? +dat adae®, da® Ada® - dat A da?.

Definition 20.1. A connection on E - M* is called an instanton if Fy € Q%**(gg) or
F4€Q? (gg). The former are called self-dual and the latter are called anti-self-dual.

Proposition 20.2. Instantons are Yang-Mills.
Proof. Do * Fy=+DsF4 =0 by Bianchi identity. O
We can decompose Fy into self-dual and anti-self-dual parts as follows:
Fa=F;+F;= %(FA +xFy) + %(FA —xFy).
Notice that Fy = ' iff F'; =0 iff
Fy+%F4=0.

This “anti-self-duality equation” is a first-order PDE in A, whereas the general Yang-Mills
equation is a 2nd-order PDE in A. So we say that the ASD equation is a “first-order reduc-
tion” of the Yang-Mills equation.

Recall (perhaps from Example 19.6) that not all Yang-Mills connections are minimizers
of Y M. Nevertheless, we have:

Proposition 20.3. Instantons are minimizers of Y M on a compact 4-manifold. Specifically,
for connections with structure group SU(r), we have

(20.1) YM(A) > 4n° fM e (E),
with equality iff A is anti-self-dual.
Proof. Recall that for £ € su(r) cu(r) c so(2r), we have
~Tre = [¢P.
Let Fy = F{ + F;. Then
Tr(FanFa)=TrFiAF+ FiAFy

= —(F1,+F1)dV —(F,«F3)dV

= (-|FAP + |FxP?) dV.
On the other hand, since F'; and F'; are orthogonal, we have

|[Fal? = [FA1 + [Faf”
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Adding 2|F;[2dV to the first formula, we obtain the RHS of the second formula; so
|F42dV = Tr(Fy A Fa) +2|F5)2dV.
Integrating yields
YM(A) = % [ 1Epav - %[ T(Fan P+ [ F5R V.
By Example 16.8, on an SU(r)-bundle, the RHS is
4n? (co(E), M) + f I

This implies (20.1), with equality iff F'} = 0. O

20.2. Extended example: the standard instanton. Recall the following from Section
§6.2. Hamilton’s quaternions H are a 4-dimensional real algebra generated by qo,q; for
1=1,2,3, subject to the relations

g =1
q?z—l, 1=1,2,3
q1G2q3 = 1.

For a = a'q; € H, the norm is given by
> =aa =aa =) |a; €R.

The real and imaginary parts of a are
A .
a2a and  Im(a) = R
The unit sphere S3 c H forms a group isomorphic to SU(2). (You can see the isomorphism
by letting the unit sphere act on H by left-multiplication.) The exponential map identifies
the imaginary quaternions ImH with the Lie algebra su(2).
We define an H-valued function on H = R* by:

Re(a) = eR-{q1,q,q3} 2 R¥c H= R

r=12'g.
The following is an H-valued 1-form on R*:
dx = g;dx’.
Consider the H-valued 2-form
dw A dz = (qodz® + qrdzt +--) A (qod2® — qrdxt - --).

Here we are combining wedge product with quaternion multiplication, as we always do for
matrix-valued (or algebra-valued) forms. Expanding yields

dz® A dzt(-2qy) +da® A dz?(-2q) + dz°® A d2®(-2¢3)
—[q1, @2)dz' A da® - [q1, g3]da* A da® — [qo, g3]da® A da?
= —Q(ql(dxo Adx' - dz? A dx?) + g (da® A dz® + dat A dx?) + g3 (da® A da? - dat A dxz)).
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Comparing with the standard basis of anti-self-dual 2-forms above, we see that dz A dT ¢
2?2~ (ImH) is an ImH-valued anti-self-dual 2-form. Similarly, one can show that dz A dx €
02" (ImH) is a self-dual 2-form (exercise).

Define a connection on R* by
Im(zdz)

1T+]z]?

A(x) =

We have

A =Tm | PN9T (s a2) Az
1+ |z

Simplifying the second term yields

B _ —x(dzx+ T dx) AdT -1 B B B
(20.2)  zd(1+|z[*) ' Adz = ( (1+|:c|2)2) = o ep)? [2dz A xdZ + |z dz A dZ].
Also
xdZ A xdx
ArnA=Im|———
" m(<1+|x|2>2)

since for av € Q(H), Im(a A ) = Im(«r) AIm(v) (exercise). Assembling the parts of Fa, we
see that A A A cancels with the second term in (20.2). We obtain:

1 dx A dx
(1+]P)? (1+[eP)?
(In the last equality we have removed the Im because dz A dZ is already purely imaginary, as
we computed above.) Hence, A is an anti-self-dual connection! It is called the standard in-
stanton, or the Belyavin-Polyakov-Schwarz-Tyupkin (BPST) instanton, after the physicists
who discovered it in 1975.

This is a finite-energy Yang-Mills connection on R*. Dimension 4 is the only dimension
for which Euclidean space can carry one.?! In fact, this also can only work for nonabelian
structure group. So the BPST instanton is truly a remarkable beast.

Let’s now think about the second Chern class of this guy. We have

Fa=dA+AnA-= Im(dz Adz) =

Trc FanFa= (1+]z |2)4( 2)* (91( 2dV') +g3(-2dV) + g5 (- de))
1 48
= —2 43 = —dV
APy 0 ey
In polar coordinates, dV = r3dr A dVgs; since the volume of S3 is 272, integrating gives

o p3dp

Tre FanNFy = 2 —_
JouTre FanFa=90m® [

Substitute z = r? and dx = 2rdr to get
l+z-1)dz |
sgr2 [Tz Ddr —f x| =sa®
S 0 (1+a:)4 s ( (1+a:)3 da o (1-z)4 x) st

Comparing this result with Example 16.8 suggests that A extends to a connection on an
SU(2)-bundle E — S* with ¢o(F) = 1.

2INote that the U(1)-connection we wrote down in Example 18.5 was Yang-Mills on S2, but not on R2.
In dimension four, the equations are conformally invariant, so our guy is actually ASD on both S* and R*.
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x

This is true! Applying the gauge transformation o(x) = a] on R4~ {0}, we can obtain
a connection form that is smooth in the variable y = 27! (exercise). In fact, it is a general
theorem of Uhlenbeck that any finite-energy Yang-Mills connection on R* extends to S4. We
don’t have time to discuss this result, unfortunately.

20.3. Further discussion. By applying translations and scaling to the standard instanton,
we can write down a 5-dimensional family of instantons:

Im((z - z0)dZ)
N+ |z — o)

AA,GEO (CL’) =

(Exercise: show that these are instantons.) If you visualize, the parameter z, translates A
around, and the A scales A, making it more or less concentrated.

This story goes much, much further. It is a hard fact that the moduli space of instantons
with ¢y =1 on S* is homeomorphic to an open 5-ball, so this is all of them. The family can
be compactified by adding in the S* on the boundary, and note that this is just our M. For
more on this story, see Atiyah’s book (about writing down all the instantons on S*) and/or
Donaldson & Kronheimer’s book (about extracting invariants from compactified instanton
moduli spaces on general 4-manifolds).

20.4. Exercises.

1. Show that dZ A dz is an ImH-valued self-dual 2-form on R*.

2. Prove that for a € Q'(H), Im(a A ) = Im(a) A Im(«).

3. Show that the standard instanton extends to a smooth connection on S%.
4. Show that the 5-dimensional family above consists of instantons.

21. UHLENBECK’S THEOREM: WARM-UP I (4/5-7)

Recall from §13 that a connection A satisfies F)4 = 0 if and only if there local exist frames
7 such that A7 =0. We proved this just by choosing a “radial gauge,” in which AT =0, and
deducing that A7 = 0 if the curvature vanishes.

Uhlenbeck asked: suppose F4 is “small” (or maybe just bounded). Can you choose gauges
such that A7 is “small” (or bounded)? The answer is yes, in a very precise sense. The
technique for showing this is called “Coulomb gauge fixing;” one tries to choose 7 such that

(1) d*A™ =0

(2) AT is “as small as F.”
As we’ll see, in the right setup, the second item follows from the first, and is also used to
prove it.

21.1. Warm-up I: abelian case. Let M be compact and G = U(1), so gg = iR. Let d be
the product connection on the trivial bundle, and write

VA:d+a
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where a € Q) (iR). Let
o = exp(x)
with x €iR. By our transformation law,

o(A)=a-doo™! =a-dy.

The curvature is

FA =da.
What is Coulomb gauge here? To make condition (1) hold, we need

d*o(A)=d*a-d*dy=da-Ax =0,

or equivalently,

Ax =d*a.
This is solvable because

f(d*a)dV:/ad(dV):O.

(This is the same fact we used above to construct Yang-Mills connections on line bundles over
Riemann surfaces.) So a Coulomb gauge exists, establishing the first desideratum above.
Next, we note that the operator

ded :Q'->Q*aQ’
is an example of an elliptic operator. We have
ldal + \d"alfe = [ (daf* +|a*a*) av
- f ({da, da) + (d*a,d*a)) dV
- f ((d*da + dd*a, a)) dV
= f (AHodgea, a) dV.

The Bochner-Weitzenbock formula says
AHodge = V'V + 0’th order terms,

where V is the Levi-Civita connection. Applying this yields

f(AHodgea,a)def(V*Va+(O’th order)a,a)dVZf|Va|2dV—C/|a|2dV.

Rearranging, we get
Sk [wap<c( [1aaps [1aa+ [1ap),
or in other words

(21.1) lal2 < € (ldal +[d*a] + Jlal)

where || = ||,2 and [a].2 is equal by definition to the LHS of (21.1). This is the simplest
example of an elliptic estimate.
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Claim. Since
H'Y(M) =ker (d®d*|g) =0,

we may drop the ||a| term from the RHS (at the price of possibly increasing the constant),
to obtain

(21.2) lall L2 < C (ldal + |d"al)
Proof of clavm. This follows from a well-known Rellich-plus-contradiction argument, which

we now give.
Note that it is sufficient to show that

lal < € (Ida] + |d~al) -

Assume that this fails for all constants C, and let a,, be a form for which the estimate fails
with C' =n. We may renormalize so that |a,| = 1. Then we have

1= an] 2 2 n (|dan] + [d*an]) -
Rearranging, we obtain
1

ldan] +ld*an] <~
n

Clearly, from (21.1), the norms |a, |2 are uniformly bounded. Hence, by Banach-Alaoglu,
we may take a weakly convergent subsequence

a, =~ b
in L?. By Fatou’s Lemma (lower-semicontinuity of norms under weak limits), we have
. o . .1
|ab|| + |d*0| < liminf ||da,| + [|d*a,| < lim — = 0.
n—oo n—oo n
But by Rellich, we have a,, - b strongly in L?, so
b 2 = lim |ay,|zz = lim 1 =1.
Hence, b is a unit-norm element with db = 0 = d*b. This contradicts the assumption that
ker (d @ d*|:) = 0.
We conclude that with a large-enough constant, the desired estimate holds. o
If we're in Coulomb gauge, where d*a = 0, then (21.2) reduces to
lal,z < ClFal,

which is the second desideratum above.
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21.2. Sobolev spaces. We'll now begin setting up the machinery to prove the existence of
Coulomb gauges for nonabelian structure groups.
Let f be a function on a compact Riemannian n-manifold M. The Sobolev norm of f is

213) g = 2 [, IvOsrar)”

The Sobolev space, also denoted L%, is the completion of C'* with respect to the L? norm.
k k

Theorem 21.1 (Sobolev inequalies/embedding). We have the following compact embeddings
of Banach spaces.

(1) Ly - Lr for p <n. In other words, the following Sobolev inequality holds:

11, 22 <Cl e
(2) More generally, L} — Lj if

-2 and k>,
P q

(3) LY = COif k=2 >0.

Example 21.2.

e For n <4, we get L? - L4
o If n.<4, then L2 = C°, but this fails for n = 4.
e Generally, L} - C° for p> 5.

Lemma 21.3 (Sobolev multiplication I). For p > %, multiplication of functions gives a
smooth map of Banach spaces

LPx [P~ [P
(f.9) =~ fg.

Proof sketch. If p > 5, then

D np 2
Ly = Lnr — L.

o= ([ 7o)< (f ) () <0 (ghol)

where the first inequality is by Holder. Proving continuity/smoothness involves bounding
polynomials in f and g using arguments similar to those above (exercise). 0

We have

n
27

LPx B~ IV

Lemma 21.4 (Sobolev multiplication II). For p > 2, multiplication

is continuous (indeed, smooth).

Proof. Since 2 - =>0,
b - o,
We have

IV = IV - gl + 1 - Vol o -
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Now,

IVF -9l <1Vl lgloo <1V Ao M9y <11 9l e -

By the previous multiplication theorem,

1£- Vgl < C (£l 199112 ) < C £l gl
Overall, we obtain

V(- D < CUS e l9lz)-

Continuity follows by similar manipulations with the Leibniz rule. O

Lemma 21.5 (Sobolev multiplication III). If p > § then multiplication
L% I~ L]
18 CcONtINUOUS.

Proof. Exercise. O

Remark 21.6. Note that Sobolev multiplication III implies that L% is a Banach algebra,
for p > n/2. These are very special objects.

21.3. Sobolev sections, connections, and gauge transformations. Fix a smooth ref-
erence connection V,.r on £/ = M, coupled to Vo when necessary. We can define Sobolev
norms of differential forms and sections by the same rule (21.3), with V,.; in place of V. We
obtain Sobolev spaces again as the completion of the space of smooth sections with respect
to the norm. We will use an obvious notation in which, for example, the Sobolev space of
L? global adjoint-bundle-valued 1-forms will be denoted by

Ly (92" (gr)) -

Note that a different choice of (smooth) reference connection would give a uniformly equiv-
alent norm; so the topology of the Sobolev space is independent of the reference connection,
and any estimates will depend on it only up to a constant.

Each of the above multiplication theorems applies to the natural operations that we know
on these objects (wedge, tensor product, contraction, etc.). This follows just by remark-
ing that these sections belong to the appropriate Sobolev spaces if and only if their local
components do.

Now, in order to do gauge fixing for nonabelian structure groups, we also need Sobolev
spaces of connections and gauge transformations. For any connection, we shall abuse notation
by writing

Va= vref + A7
with A € Q'(gg). This uniquely determines the global 1-form A in terms of the corresponding
connection. We define the Sobolev norm of a connection to be the Sobolev norm of the
corresponding 1-form.

Recall that we view the bundle of gauge transformations ¥x c EndF as a subbundle of
the endomorphism bundle. Hence, gauge transformations are in particular sections of EndFE,

and we may define the Sobolev norm of a gauge transformation to be its norm as a section
of EndFE.
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Definition 21.7. Write </ for the space of L Sobolev connections and ¢, | for the space
of L7, Sobolev gauge transformations, with the latter viewed as a subset of L7, (EndFE).

Remark 21.8. If 0 € 4, with p > % and k > 1, then deto = 1 and |o] = \/, even after
we take Sobolev completions. This is a crucial fact, requiring us to work with a compact
structure group. The analysis below fails utterly for noncompact structure groups.

It is a remarkable fact that gauge theory “works” in the Sobolev setting.

Theorem 21.9.
(1) Forp>n/2,
A - LP(Q(gr))
A FA

is continuous (smooth).
(2) Forp>n/2, 49 forms a Banach Lie group with Lie algebra L5 (gg).
(8) For p>n/2, the gauge action

GY x>
(0, 4) > o(A)

is continuous (smooth,).

Proof. (1) We have
FA ZFT€f+DrefA+A/\A.

But D,.yA € LP, and by Sobolev multiplication I, AAA € LP. So this map is continuous.

(2) The group property follows by the Sobolev multiplication Theorem III. Furthermore,
since Lh(EndFE) is a Banach algebra, the exponential map is well-defined and smooth.
Since o takes values in G ¢ O(r), we have deto = 1 and |o| = \/r, as remarked above.
It follows from Cramer’s rule and Sobolev multiplication IIT that the map o~ o1 is
continuous.

(3) We have
(21.4) 0(A)=0Ac' - D,.jo07".

Since o € Ly, A€ Lf, and o' € L§ by (2), the first term is in L} by Sobolev multi-
plication II. We also have D,.so € L} by definition, so the second term also lives in
Lr.

O

21.4. Exercises.

1. Convince yourself that the multiplication maps in the Sobolev embedding lemmas
are smooth, as maps between Banach spaces.

2. Prove Sobolev multiplication III. (Hint: imitate the proof of II.)

3. Prove (21.4).
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22. UHLENBECK’S THEOREM: WARM-UP II, STATEMENT, KEY ESTIMATE (4/7-12)

22.1. Warm-up II: Slice Theorem. We’ll construct a relative Coulomb gauge: if A
and B are connections on F, then we want to transform B so that

(22.1) Dy(o(B)-A)=0.
The motivation is as follows. Consider a family of gauge transformations

o = exp(-tx), X€gg.

By Exercise 14.4.4., we have

d
EUt(A) = Djx.

Hence, the image of
Dy:ge—Q'(gg)

is that of the infinitesimal gauge action at A. Notice that

Ker(D%) = (ImDy)*

[ @:Dax) = [ (Dran).

Hence, the space of connections in relative Coulomb gauge is an orthogonal “slice” of the
gauge action. Slices are what give you coordinate charts on a quotient (in this case, the
moduli space Z = o7 |/9), so the following theorem is important in Donaldson theory.

because

Theorem 22.1 (Slice Theorem). Assume p >n/2. For all B sufficiently close to A in LY, a
relative Coulomb gauge o € 43, satisfying (22.1), exists.

Proof. Write B=A +a, so
o(B)=0(A+a)oc™ = D,.po0™?
=0ac' = (Dyejo+ Ao —cA)o' + A
= o0(B)-A=cac™' - (Dyo)o™?

(recall that we define the 1-forms A and B by Dy = D,.s+A and Dg = D,.;+ B, respectively).
Define a map

N: o} x4y - LP(Im DY)
a,0) = D% (~Djoot +oac™).
A

By Theorem 21.9, N is a smooth nonlinear map of Banach spaces.
Write o = exp(x) for x € L5(gg). Then the linearization of N at (0,0) is given by

L(a,x)=-D3Dax + Dja.

As in the linear case,
D3 Da: Ly(gg) > LP(Im D)

is onto because D% Dy is a (formally) self-adjoint elliptic operator.
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(More precisely: since D% D4 is self-adjoint elliptic, its image is closed and its cokernel is
equal to its kernel. In other words, D% DX = a is solvable if and only if o L Ker D% D 4. But
Ker D% D4 = Ker D 4, due to integration by parts. Hence, as above,

a=D351KerDy=KerD}Dy,

so we're done.)
By the implicit function theorem, there exists e > 0 such that for all ||a|| v <€, there exists
x € L with N(a,eX) =0. Then o = exp(x) is the desired gauge. O

Note: This proof gives no useful control on e (hence is just a warm-up); we want to get
Coulomb gauge just assuming |Fy4| is small.

22.2. Uhlenbeck’s Theorem. Let d = D,.; be the product connection on R" = M x R",
where M is an n-dimensional compact manifold with H'(M) = 0. For each ¢ > 0, let
Al ={Aedl onR":|Falpn2<c}.

Let . c %p . be the path component of d inside ﬂflp _. Le., o is the set of connections
with small curvature in L™?2 that are connected to the trivial connection by a path of such
connections.

Theorem 22.2 (“Uhlenbeck’s Theorem®””). Assume % <p <n and H'(M) =0. Fore >0

sufficiently small (depending on M,r), the following hold: for all A € . there exists o € 4y
such that

(1) d*o(A) =0
(2) lo(A)Le < CFalp, for alln/2<q<p.

The proof is contained in the next subsection. We will use the “method of continuity:”
given a path A; from Ayg=d to A; = A, with A; € 42%1’; for each t € [0,1], we will show that

{t €[0,1]: A, satisfies (1) and (2)}

is both open and closed. The particular framework of the proof is not as important as the
following a priori estimate, on which it depends crucially.

Lemma 22.3 (Key estimate). There exists n >0 and N >0 (depending only on M,r, and
p) such that if

d*A=0
and

[ Al L. <,
then

|AlLs < N Fal o

forall 5 <q<p.

22{Jhlenbeck proved the result not on a compact manifold but on a ball with Neumann boundary condi-
tions; this is a “lazy” version of her result, which is sufficient for our purposes. The textbook “Uhlenbeck
Compactness” by Wehrheim contains a full exposition of the original version of Uhlenbeck’s Theorem.
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Proof. We have the following elliptic estimate:
[AlLs < CL(ldAl L, + 1d™ Al o + 1AllL)-

We proved the g = 2 case yesterday; see Donaldson and Kronheimer, Appendix A.V (and
references therein), for the general case. By the same argument as for ¢ = 2, under the
assumption H1(M) =0, we can drop the |A|;, term from the RHS:

(22.2) [AlLs < Cy ([dA] Lo + ™ Al o) -

We first prove a special case where the numbers are simpler, then do the general case.
The case n =4,q =2. Here we have the Sobolev inequality

|A]za < CzHAHL?
Combining this with the above elliptic estimate, we obtain
|All L« < C1Co (|dA] + |ld* A])
< C1Cqy||ldA],

by the Coulomb gauge condition. Here as always we write || = |- = .
Recall that Fy = dA+ AA A. We estimate the quadratic term in the curvature, as follows:

[AA Al <AL < A (CLCe A
< 01027] "dA” .
Since dA = F4—AA A, we may rewrite the elliptic estimate above using the triangle inequality:

[Alz < CildA] < Ci([Fal + A~ AJ) < Co[Fal + CLCon | A] -

We now assume that
1
20,05

Then we may rearrange the last inequality, to obtain

(22.3) n<

1
5 1ALz < (1= CiCon) Az < CL|[E4].

In summary,

|All L2 < 2C1 | Fa] -
Hence, for n as in (22.3), the desired inequality holds with N = 2C}.

The general case. We shall let ¢ = p, since the proof is the same for ¢ in the stated
range. We have
2

A~ Al <[A]72

Since p < n, we have the Sobolev inequality??

[Al < ClA] L,

Z3We will now follow the standard convention of using the same letter C' for the constant in each estimate,
where C' is allowed to increase as the text goes along. To make things kosher, one would just go through the
text in order and put a label on each C. Hence, as before, our abuse of notation is no more than suppression
of labels.
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where

(22.4) 1-2-

p 7
We also have the interpolation inequality (really just Holder’s inequality)

1/2 1/2
[Al <AL 1AL,

Lp/ Lpn 9
where p” is determined by

1 . 1
2p - 2 2p//'
Multiplying both sides by 2n and substituting (22.4) above, we have
n o n n
—=—=1+—.
p P p
This simplifies to
pn =n.
Combining the Sobolev and interpolation inequalities above, we obtain
2
(22.5) A~ Al <[AlL20 < [Al 1Al Ly < CLA] L Al L -

Applying the Coulomb gauge condition in the elliptic estimate (22.2), we have
|Aly < CldA] L, < C[Fally + A A AlL)
<SC(Falgr + 1Al Al L2)
<C(IFal e +nlAlL)-

As long as n < %, we can absorb the rightmost term (as above) to obtain the desired
estimate. U

22.3. Exercises.

1. Show that B is in relative Coulomb gauge with respect to A if and only if A is in
relative Coulomb gauge with respect to B.

23. UHLENBECK’S THEOREM: PROOF, STATEMENT OF COMPACTNESS THEOREM
(4/12-14)

We’re now in a position to prove Theorem 22.2.
Given A € o, let A; € &7 be a path with Ay =0 and A; = A. Let S c [0,1] be the set of
t for which there exists o € 4 such that

(U1) d*o(A) =0
and
(U2) lo (Al e < N Fallo

for n/2 < q < p, where N is the constant of the Key Estimate above. Note that 0 € S, since
Ay is the product connection, which satisfies (U1-U2) trivially. Hence S is nonempty. Since
[0, 1] is connected, it suffices to show that S is both open and closed.
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Openness. Fix ty € S and let 0y be the gauge transformation such that (U1-U2) hold for
B = UO(AtO)'
First of all, note that the Sobolev conjugate of n/2 is
(2) _n(/f2) _
2 n-n/2
This gives us
|Bly. < C Bl 2 < ON [Pl < ONe.

Hence, as long as we assume

n
< —_—
“SCN
we have
(U3) |1Bl - <n-.

Now, given a further gauge transformation o = exp(x), we have
d*(a(B +b;)) = d"(exp(x) (B + b;) exp(=x) — dexp(x) exp(-x)-
As before, the linearization is
d*(-=Dpx +b).
Claim. With B as above, d*Dp is surjective onto (Kerd)* = Imd* c gg.

Proof of claim. ** Using the formula (17.4) for the adjoint and the Coulomb gauge condition,
we may write

d*Dpx =d*dx +d* [B,x]
=d*dx +[d"B, x] - [B.dx]
=d*dx - [B.dx].

(Exercise: check this manipulation carefully.) Using the triangle inequality and the same
Holder inequality as in (22.5) above, we obtain

|d*Dpx||e > |d*dx| e = | Bl a ]l dx] o
Now, since ddx = 0, our elliptic estimate (22.2) reads
Cld*dx|ee 2 [dx] -

The Sobolev inequality gives
Clidx|ze 2 lldx|l -
Combining these with (U3), we obtain

. 1
|d*Dexlee 2 Fldxl ey - OBl 2w Xl
1
>|=-C d p.
(&-c2)1an;
After possibly taking e smaller, this implies the claim. o

240mitted during class.
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Now, write 0¢(A;) = B +by, so b is a path in Q'(gg) with by, = 0. By the implicit function
theorem, for ¢ sufficiently close to ¢y, there is a smooth family x; € gg, with x;, = 0, such
that

d*(exp(x¢)(B+b;)) =0.
Letting o, = exp(x:) - 09, we have
d*at(At) =0,
which is (U1).
It remains to establish (U2) for ¢ in a neighborhood of ¢y. But (U2) implies (U3), which
is an open condition; so for ¢ sufficiently close to ty, we still have

loe(A)] . <.
By the Key Estimate, we therefore have
”O_t(At)”L‘ll <N ”FAt ”Lq
for n/2 < q < p. This establishes (U2), completing the proof that S is open.

Closedness. Suppose that t; € S and t; — to € [0,1]. We need to prove that e €.5.
Our setup provides A; := Ay, > A, = Aw € &7, for which there are o; such that

231 A,- =0 Az = 0'1‘141‘0'»_1 - dO'Z‘ O'~_1.
( ) ) % %

satisfy (U1l) and (U2). Both of these conditions are intuitively “closed conditions”: (U1l) is
an equation, and both sides of (U2) are continuous functions of the connection. So if we
were able to extract strong limits of o; € ¢4) and A/ € o7, then we’'d be done. In fact, we'll
only be able to extract weak limits, but this will be sufficient.

We define the weak topology based on the inclusions

&y c LH(EndE)
and the identification
= LN (aE)),
which (as above) is based on fixing a product connection d = D,..; as our reference connection.

_p_

Note that Li is a reflexive Banach space with dual Lf’;, so the weak topology is defined by
integration of the section and its derivatives against L7 7 sections.

Since each A! satisfies (U2) by assumption, this sequence is bounded in L. Hence, by the
Banach-Alaoglu Theorem, we may assume that A; — A/ in L, after passing to a subsequence.

We will now construct a gauge transformation 0., € 42 such that 0. (As) = A,. The
technique for doing this is called “bootstrapping.”

We first multiply (23.1) by oy, to obtain
(232) dO’i = UiAi - A;Uz
Since o; € L* and A;, Al € L} ¢ L¥', we have

sup [do| < oo.
7

7
Hence, again passing to a subsequence (if necessary), we may assume o; — 0o in L} .
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Now, differentiating gives
VdO'i = VO'ZAZ +0; VA@ - VA;O’Z - A;V(O’l)_l

We have uniform bounds on Vo; € L¥', A; € LV, 0, € L>, VA; € Lr, VA, € LP, Al e L¥| and
V(o;)™' e L¥'. Note that
;. np np
= > — = 2 ,
= p n/2 P
so multiplication
P x P > [P
is continuous. Putting these all together, we have

sup | Vdoi|, < oo,
K2

i.e., 0; is bounded in L. After again passing to a subsequence, we may assume that o; - 0o
weakly in L. This completes our “bootstrap.”
We will now argue that the equation

(23.3) Ao = 0o Ao — AL 0o

holds. We know that all the terms belong to L}, based on Theorem 21.9, but it remains to
check that (23.2) implies (23.3) under weak convergence 0; = 0o, A; ~ Ac, and A — AL .

Since o; converge weakly in LY, do; — dow weakly in L, which takes care of the LHS. Since
A; converges weakly in LY, the product 0;A; converges weakly to 0o A in LY; this can be
checked using a standard trick and the definition of weak convergence based on integration
against functions in L (exercise). Similarly, Alo; converges weakly to A.0.. Hence, each
term of (23.2) converges L7-weakly to the corresponding term in (23.3); since weak limits
are unique, we conclude that (23.3) holds, as desired. It follows that 0o (As) = AL.

Finally, we must show that oo (A ) satisfies (U1-U2). Since d* is continuous from L} — LP,
the equation (U1) is preserved under weak limits. For (U2), we argue as follows. By Fatou’s
Lemma (i.e. lower-semicontinuity of the norm under a weak limit), we have

|00 (o) [2p = [ Ay < lim inf [l (A;) | s
From (U2), we have
hm inf ”O-Z(Az)HL’l’ < Chm inf HFAZ HLp.

But since A; - A, strongly, we have

liminf || Fy, 2o = lim [[Fy 2o = | Fas| 2.
1—>00 1—>00

And, in view of the gauge equivalence (23.3), we know that

almost-everywhere. Hence
[ Faclle = [ Fowa)ll e

Combining these observations, we obtain (U2) for 0 (A ). This shows that S is closed,
completing the proof. 0
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Corollary 23.1. Fiz n/2 <p<mn. Let A be a connection over the unit ball By c R™ with
|Eallnre < €0.
Then there exists a gauge transformation o such that
lo(ADlzes,,,) < CIFalLacs,)
forn/2<q<p

Proof. Choose a smooth map ¢ : S® - B; such that the upper hemisphere S? is mapped
diffeomorphically onto Bsy ¢ By. Let D = ¢ 1(Byjy) n ST

Given a connection A on By, form the pullback ¢*A on S™. Since ¢ is a smooth map from
a compact space, |dy| is bounded, so

[Fra(2)] = " Fa(2)] < ClFa(p())]

We now obtain
”F p*A

|Ln/2(sn) <C ||FA||Ln/2(Bl) :
For ¢, sufficiently small,
| @rA

where ¢ is the constant from Uhlenbeck’s theorem. If o’ is a Coulomb gauge on S™, then

L7L/2(Sn) S C(SO S 6,

o= (o)’
is the desired gauge on Bj/s.
It remains to show that ¢*A € o/, the connected component of d in «7”.. Consider the
map

Yy By — By c By

Tt
for 0 <t <1. We have
CA=tA(t-x)

BiA=0

PYiA=A
and

Fyra(x) =) Fa(x) = t*(dA(tx) + (An A)(tx)) = *Fa(tx).

Also,

|Fucalyies = [, 1R Fatt)2av
1

- [ |Fa()le av
B1

- [ 1Ea@)rav

n/2
= HFAHL{z/z(Bt)

2
< ||FA||T£’/II/2(B1) < €o-
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This allows us to apply Uhlenbeck’s theorem to p*1); A;. [l
Note that Holder’s inequality gives us
| Fa /(B S rorit ||FA||L2(BT) <2 MY M(A).

Hence, if n < 4, the Yang-Mills energy controls the L™/? norm of the curvature, with an
improvement on small balls for n < 4. This observation leads to:

Theorem 23.2 (Uhlenbeck’s compactness theorem, low-dimensional version). If M is a
closed manifold of dimension n < 3, then any sequence of connections {A;} c P, nf2 <p<n,
with uniformly bounded Yang-Mills energy, has a weakly convergent subsequence modulo
gauge, which converges strongly in </ for any q < p.

Proof sketch. Pick neighborhoods on which to apply Uhlenbeck’s Theorem. You can bound
how small they have to be using the uniform bound on energy. Construct a good gauge on
each neighborhood using the corollary, then patch them together. (This is nontrivial, but
we don’t have time to discuss it.) U

23.1. Exercises.

1. Read the proof of the surjectivity claim in the openness part of the proof, and make
sure you believe the calculation.
2. Prove that if f; = f in L} and ¢g; = ¢ in LY, where p > n/2, then

figi—~ g
in L7. (Hint: use the trick fig;— fg = (fi—f)g:— f(g9:— g) together with the definition
of weak convergence by integration.)
3. Make sure you're convinced by the ending of the closedness proof.
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Part IV. Holomorphic bundles
24. DEFINITION AND FIRST EXAMPLES (4/19)

I’ll assume that you’ve seen this material and go fast. If not, you can look at my complex
manifolds notes.

24.1. The definition. Let M be a complex manifold with dim¢c M = n. This means that
we have coordinate charts {2} ¢ C* on M with underlying real charts

{ZL’I,yl, o 7l,n,yn} CR2n

with 2% = 2% + v/-1y'. For {w'} c C" any other complex chart, the transition map z(w/) is
required to be holomorphic.
The complex Jacobian of a transition map is the n x n complex matrix-valued function

(5u7)
3wj ij ’
Here we use the standard notations

dz' = da’ +V/~1dy’ 0 :1(8 —\/_18)

0zt 2\ 0z - oy’
) . . o 1(0 0
dz' = dx' -/ -1dy" 557 = 5(890’ +\/_18yi)'

If we think of the complex Jacobian as a 2n x 2n matrix over R, then it agrees with the real
Jacobian. (This is true if and only if a map is holomorphic.)

Let m: E - M be a smooth complex vector bundle of (complex) rank r.
Definition 24.1. A holomorphic structure £ on FE is a complex manifold structure on
the total space E such that 7 : £ — M is a holomorphic submersion. In particular, £ has
local holomorphic frames; that is, frames (in the usual sense) that consist of holomorphic
sections

{fu: M > E},.
Equivalently, for any local holomorphic section s : U ¢ M — E, there are holomorphic
functions s#, p=1,...,r, such that

5=s"f,.

The transition functions are defined as usual: if {f2} and {f.} are frames, then g,”, are

defined by

f ﬁ = gabyuf 11/7
Now gq”,, are holomorphic functions satisfying the cocycle conditions. Conversely, given any
collection {gu*,} of holomorphic matrix-valued functions satisfying the cocycle conditions,

there exists a unique holomorphic vector bundle with these transition functions. This is
shown exactly as in the continuous case. Consequently,

{holomorphic vb’s on M of rank r}/isomorphism & H'(M, 4% (r,C)),
where 4.2 (r,C) is the sheaf of holomorphic GL(r, C)-valued functions.
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In the rank 1 case, this is actually a useful description:
Pic(M) := {holomorphic line bundles} /isomorphism = H' (M, 0%/).

The holomorphic exponential sequence is the short exact sequence of sheaves
Oﬁzﬂ ﬁMeX—p(;) Oy — 0.

Note that this is indeed an exact sequence, since in the sheaf category one only requires
surjectivity on stalks (exercise). The associated long exact sequence has a segment

> HY(M,Z) -~ H' (M, Oy) » H'(M, G;) = Pic(M) = H*(M,Z) — --.

Hence, we should think of Pic(M) as having discrete part, coming from H?(M,Z) and a
continuous part coming from H'(M,0y). If M is a Riemann surface of genus g, then
HY(M, 6y) 2 Co, HY(M,Z) = 2%, H*(M,Z) = Z, and H2(M, Oy) =0, so

Pic(M) = CY/7% & 7.

Here the embedding of Z29 in CY9 need not be the standard one.
“All” bundle operations work in the holomorphic category (barring conjugation, of course).
However, there are a few major differences:

e Exact sequences do not always split.

e The Homotopy Theorem fails (you should expect this because Pic has a continuous
part).

e The space of global sections of a holomorphic bundle is a finite-dimensional complex
vector space (provided M is compact).

24.2. Examples.
1. O(k) - CP".
2. The holomorphic tangent bundle T'°M of any complex manifold M. This has
b
the smooth manifold M. (One can see this either by defining a canonical isomorphism
between real and holomorphic tangent vectors at a point, or by remarking that the
underlying real matrix of the holomorphic Jacobian agrees with the real Jacobian.
For either point of view, see my complex manifolds notes).
3. The holomorphic cotangent bundle (or rather its sheaf of sections) is sometimes
denoted by

transition functions { } As a real bundle, it is isomorphic to the tangent bundle of

Qpr =Tpa(T*M).
This is the bundle/sheaf of holomorphic 1-forms on M.
4. The canonical (line) bundle Kj; := A"Q)),.
5. Consider the rank-2 bundle &(1) ® ¢(~1) - CP'. This has a holomorphic section
vanishing at an isolated point. Meanwhile, there is an exact sequence
0-0(-1)»C* - 0(1) - 0.
However, C? has no section vanishing at an isolated point. Therefore

C¢o(-1)e0o(1)
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holomorphically; this is an example of a non-split exact sequence of holomorphic
bundles.

24.3. Line bundles associated to divisors. Let M =X be a compact Riemann surface,
i.e. a compact complex manifold of complex dimension one.
Fix p e 3 and let U; 3 p be a coordinate chart with

U1§D12{22|Z|<1}CC.

Let
U() =2\ {p}

The point bundle &(p) is by definition the holomorphic vector bundle with transition
function

-1
gio = %2

on UO NnUp 2D~ {0}
Let s' = z on U; and s® = 1 of U;y. This defines a global holomorphic section, s, of &(p),
because

s9=1=z2"12=gys'.

Note that s vanishes transversely at p.

IMPORTANT WARNING. The notation &(p), with p € ¥ a point, should not be con-
fused with &' (k), with k € Z an integer. The former is a point bundle over an arbitrary
Riemann surface, whereas the latter is a power of the hyperplane bundle over CP”. It is of
course true that for ¥ = CP' and any point p, (p) = (1) (exercise).

Claim. deg(0(p)) =1

First proof of claim. Let N,S be the north and south poles of CP'. We have Oppi(N) =
Ocp(1). A classifying map for &(p) - ¥ is obtained by sending Dy ¢ Uy to CP' \ {S}
homeomorphically, and crushing >\ U; to S. Based on the transition functions, this is clearly
covered by a bundle map &' (p) - €(1). Since this is a degree 1 map, we get the result. O

Second proof of claim. Choose a smooth cutoff function ¢ on ¥ with

_ 0 on Dl/QCU]_
1 on X~ Dgyy c U.

Define a connection on &'(p) as follows:

On U;: Al=-pdzz!
On Uy: A%=(1-¢)dzz".

The corresponding curvature form is

Fy=-d(pdlogz).
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Since FA|E\D3/4 =d?log z =0, we have
?
deg(0(p)) = 5= [ Fa
T JIM

:_L/ d(pdlog z)
2 Juy

(24.1) .
— f dlog z
2m Jst
. 2mi=1
=-g-2mi=1.
(Exercise: why doesn’t this calculation violate Stokes’s Theorem?) U

We note that this is an example of the general fact that the degree of a holomorphic bundle
is given by the number of zeroes minus the number of poles (counted with multiplicity) of a
meromorphic section.

Definition 24.2. A divisor on X is a formal Z-linear combination of points of 3. Given a
divisor

D = anpz - ij%
i j

where n;,m; > 0, set

0(D) = ® 6(p)*" & @(6(q,)°™)".

It follows from the additive property of the first Chern class (Lemma 8.4) and the above
claim for point bundles that

degﬁ’(D) = an —ij.
Alternatively, we can define &(D) by transition functions, as above: let U; 5> p; be dis-

joint small balls, Uy = ¥ ~ {p;}, and take g;o = z7%. We have the following well-known
correspondence:

Global meromorphic functions on ¥
(24.2) {Global holomorphic sections of &'(D)} = with poles of order <n; at p;
and zeroes of order > m; at ¢;

In our setup, the correspondence is simply gotten by taking a global section s to its local

component s on the chart Uy =X\ ({p;} u{q}).
As an application, we can show the following:

Claim. 1If ¥ is compact with genus > 1, then &(p) ¢ €(q) for p # q.

Proof of claim.
Hom(&(q), 0(p)) = O(p) ® 0(q)" 2 O(p-q).
A nonzero section of the RHS is a meromorphic function with a single simple pole—equivalently,

a non-constant, degree 1 map ¥ — CP". Since degree 1 holomorphic maps are invertible, this
cannot exist. 0
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Note that by contrast, we must have

O(p) 2o~ O(q)

for any p,q, if 3 is connected, since a complex line bundle is determined up to smooth
isomorphism by its degree (Theorem 8.3).

24.4. Exercises.

Prove that the holomorphic exponential sequence is an exact sequence of sheaves.
Show that for any point p € CP', we have &(p) = 0(1).

Explain why the calculation in (24.1) does not violate Stokes’s Theorem.

If you are not already familiar, check the details of the correspondence (24.2).

Try to cook up an explicit smooth isomorphism between &'(p) and &(q) for p,qe ¥
connected.

AL

25. 0-OPERATOR, CHERN CONNECTION, INTEGRABILITY (4/21)

25.1. 0-operators on bundles. Recall that on a complex manifold, C-valued differential
forms split as:
Q"eC= @ or,

p+q=k
where
QP9 = (dz" A A2 AdE A A dE)

If f is a C-valued function, then

~ =, Of . Of
df—8f+8f— %dz +ﬁd2 .
We extend 0 and 0 to forms as follows. If
1 . . . .
W= =W 5y 5,d2" A d2 AdZE A A dZ
then 5
— 1 (OOF S . ) . . .
Ow = R AN Y, PN 7 NN
plg! 0z’

and Ow is similar. As for functions,
dw = 0w + Ow € QPTH @ QP+t

The Leibniz rule holds:
(25.1) I anp)=0anp+(-1)ardg.
Moreover,

0=d*=(0+0)%=0%+00+00+ 0.
Examining the types of the LHS, we see that
(25.2) 0*=0=0%
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and

(25.3) 00 = -00.

Definition 25.1. Let E be a complex vector bundle on a complex manifold M. A 0-
operator on F is a first-order differential operator

0:QPU(E) - QP Y(E)
satisfying the Leibniz rule (25.1), as well as
> =0.

Recall that a holomorphic structure £ on E is given by local holomorphic frames {f,}
such that transition functions, defined by

f E = gab”uf Iljv
are all holomorphic.

Lemma 25.2. For any holomorphic bundle &, the 0-operator on M extends uniquely to a
0-operator on E, denoted Og, such that

Oes =0
for all holomorphic sections s € T'(E).
Proof. Choose any local holomorphic frame {f,}. Given w = w# ® f,, € QP4(E), define
de(w" ® f,) = Ow" ® f,.
For s = s* f,, a holomorphic section, we have
De(sf,)=0s"® f, =0

because all the s#’s are holomorphic. So this satisfies the requirement, as long as it is well-
defined. To show that O is well-defined, suppose f, = g#, f, is another holomorphic frame,
and compute:

Oe(w” ® f1) = Oe(w” ® g*, f,1)
= Og(g"w” ® fo)
= (0(g",) AW+ g",0w") ® f
= dw” ® g, fu
= 0w’ ® f.

So our definition would have been the same in a different holomorphic frame. 0J
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25.2. Hermitian bundles and the Chern connection. Recall that a Hermitian metric
(,) on E is a smooth C-valued bilinear form on the fibers, satisfying

(As,t) = X\(s,t)
(s, A\t) = X\(s,t)

(t,s)=(s,t).
Definition 25.3. A Hermitian vector bundle is a holomorphic vector bundle with a

Hermitian metric. A connection A on a Hermitian vector bundle is compatible with the
Hermitian(/holomorphic) structure if

(1) A is unitary. Equivalently, A is compatible with the metric, meaning
X (s,t) = {(Das)(X), 1) + (s, (Dat) (X))
for any vector field X.
(2) 8A ‘= T,1° DA = 85.

Lemma 25.4. Fvery Hermitian vector bundle has a unique compatible connection, called
the Chern connection.

Proof 1. Let {e,} be a local unitary frame for E. Define a € Q%! (End(E)) by
Ogeq = a’ep

and let
A=-a"+a.

Recall from the third item in Example 15.2 that a connection is unitary if and only if its
connection matrix in a unitary frame is skew-hermitian. Note that
A =—-a+a* =-A,
so our connection is indeed unitary. Moreover, by definition, we have
Dg’lea = aﬁaeg = Ocey.
It’s also clearly unique, so well-defined globally. ([l

Proof 2. Let {f,} be a local holomorphic frame for £.2° The metric tensor is the section of
E* ® E* with local components

Hﬁl/ = (f,ua fV) :
Observe that
Hﬂ = H,ju.
Let H"F be the inverse matrix of Hp,, satisfying
H"H, = 0",.

We want to find A such that D%' f, = 0. This is true iff A%! = 0 in this (holomorphic) frame,
so we must have A = AL0. Letting D4 f, = A”,.f,, the compatibility condition reads:

dHpy = (A% s fo) + (fu, A% f) = A Hyy + Hp AR,

25Since we are making a different choice of frame, the connection form A in Proof 2 will be different from
the connection form A in Proof 1.
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Consequently, A must satisfy
OHp, = Hy A",
OHp, = A%, Hy,.
Multiplying by the inverse matrix in the first equation, we have
H"9H,, = A",.
If we take this as our definition, then we can compute
A%, Hy, = H*OH;, Hy,
= HOH\Hz,

So our choice also solves the second equation. 0

Proposition 25.5 (Corollary of Proof 2 above). Writing H = (Hp,) for the metric and A
for the connection form in a local holomorphic frame, we have the following local formula
for the Chern connection

A=H'9H = A
and its curvature
Fa=0A.
In particular, the curvature of A is of type (1,1).

Proof. The formula for the connection was derived in Proof 2 of the previous Lemma. For
the curvature, we have

Fi=dA+ANA=0A+0A+AANA
=—HYWYHH'ANOH+H'?H+0A+ H'OHAH'0OH
=0A e QY (EndE).

0

Remark 25.6. We can obtain an even nicer local formula for the trace of the curvature:
TrFy =0Tr H'OH = 00logdet H.

This formula is important in complex geometry.

25.3. Integrability. We showed above that any Hermitian vector bundle (i.e. a holomor-

phic bundle with metric) comes with a d-operator and a unitary connection for which this

O-operator is just 04 = Dg’l.
Conversely, we have the following answer to Question 3 in §2.2 above.
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Theorem 25.7. Any O-operator on a complex bundle E, per Definition 25.1, gives rise to
a holomorphic structure £ on E.

Equivalently, any unitary connection A on E with curvature Fa € QY (EndFE) defines a
holomorphic structure on E. (In particular, if n = 1, then Q%2 = 0 = Q29 so any unitary
connection will do.)

Note: The statements are equivalent because F4 = D? is of type (1,1) if and only if the
(0,2) part of Fj,

(DY) 000(E) » 0°(E),
vanishes, i.e., Dg’l = 0, defines a d-operator. In this case, since A is unitary, the (2,0) part
must also vanish.

Proof. We'll prove the result for n = 1 and M = ¥ a Riemann surface. The higher-dimensional
case requires only a bit more thought.

Choose a metric {,) on E and let A be the Chern connection for the given d-operator on
E, which is then just d4. Given x( € ¥, we must construct a frame {f,} near zy such that
O fu=0. (Exercise: use the Leibniz rule to show that the transition functions g#, between
these local frames must be holomorphic.)

Start with any unitary frame {e,} near zy, and let

Do = a’odz ® eg,
where a?®, € CZ. We want to construct a new frame
fu = gﬂueﬁv
with g% ,(z) invertible, such that

_ 4P
0=0af.= ( g; + aﬁago‘ﬂ) dzZ ® eg.
Equivalently, in matrix notation,

9g
—+a-g=0.
(*) 5; T 49
We now make several reductions. First of all, because we're only looking for a local frame,
it suffices to solve (*) over a small disk D, 3 z( for some r > 0. If we pull back along the map
Dl - Dr

Z=>Tr-z

then
o 10
9z roz
a(z) ~a(r-z)

so (*) becomes



VECTOR BUNDLES AND GAUGE THEORY UW MATH 865 — SPRING 2022 115

or equivalently
% +ra(rz)g = 0.

Moreover, since we are only interested in solving (*) in a neighborhood, we can choose ¢ a
smooth cutoff with ¢|p, » =1, suppp c D, and replace a by ¢-a. In this way, after rescaling,
we are free to assume that

suppa c Dy

and
sup |af <7,
C
with 7 > 0 arbitrarily small.

We now recall the Cauchy kernel. Given 6(z) a compactly supported (matrix-valued)
function on C, the function

(Le)(z)—ifce(w)dwdw

271 wW—z
satisfies

0
g(LQ(z)) =6(2).

(Exercise: prove this or see Lemma 1.6.3 of AW’s notes on complex manifolds.) In addition,
supposing that supp 6 c Dy, we have the following estimate:

0 1 0 11
sup |6 av, :SUP| |'27Tf —rdr =sup|)|.
o r

|LO(2)| <

2r Jpy m v 2m
To solve (*), we can take g =1+ h, so g solves (*) if and only if A solves

% =—-a(l+h).

Defining the integral operator
T(h) = L(-a(1+h)),

this last equation is equivalent to the fixed-point equation

T(h) = h.
Since a is supported in the unit disk, the above estimate on L gives

sup T'(h1) = T(h2)| = sup |L(=a(1+hy = (1+h2)))]

<supla(hs = i)

<nsup |hy — hy|.
Hence, for n < 1, T gives a contraction mapping

L*(C) - L=(C).

By the Contraction Mapping Theorem, there exists a unique h such that g = 1+ h solves (x).
Also, since [T'(h)| = |h| < (1 + |h|) (by the above calculation), assuming that n < 1, || < 1
and ¢ is invertible. Lastly, if follows by bootstrapping from the fixed-point equation that h

is actually smooth.
The case n > 1 is proved by induction: see pp. 52-53 of Donaldson-Kronheimer. O
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25.4. Exercises.

1. Use the Leibniz rule to show that 9% = 0 then for local frames {f,}, {f.} with daf, =
0 = 04f!, the transition functions g#, must be holomorphic.

2. Prove the formula for the Cauchy Kernel (or see Lemma 1.6.3 of my complex mani-
folds notes).

3. Show that for any holomorphic section s of a holomorphic line bundle with metric,
we have the local formula d01log|s|? = 9dlog h, where h is the local component of the
metric in a holomorphic frame.

4. Use the formula of Remark 25.6 and the previous exercise to show that the degree
of the divisor of zeroes of a (nontrivial) holomorphic section of a line bundle on a
Riemann surface is equal to the degree. Conclude that a holomorphic bundle with
negative degree can have no nontrivial holomorphic sections.

26. ACTION OF THE COMPLEXIFIED GAUGE GROUP (4/26)

26.1. Isomorphism of holomorphic structures. Recall that if £ — ¥ is a bundle over a
Riemann surface, then a holomorphic structure £ on E is equivalent to an operator Jg such
that Jgs = 0 for all s € I'(£) holomorphic, the Leibniz rule holds, and 5? =0.

Fix a Hermitian metric (,) on E.

e Given a holomorphic structure d¢ on E, the Chern connection is the unique unitary
connection A such that

e =04 : QU(E) 3 QUE) S QVY(E).

e Given a unitary connection A on E, 04 =: O¢ defines a holomorphic structure on

E (by Theorem 25.7); for this item we want to be on a Riemann surface to avoid
requiring 04 = 0.

In this way, we have a complete equivalence between holomorphic structures and unitary

connections on a fixed smooth bundle with metric over a Riemann surface. The goal will be

to use this equivalence to describe the set of isomorphism classes of holomorphic structures
on F.

Definition 26.1. Let £ and F be two holomorphic structures on the same underlying
smooth complex bundle £. We say that £ and F are isomorphic, and write £ = F, if
there is an automorphism ¢ € Autc(£) such that for each holomorphic section s € I'(E),
g(s) e T(F).

Equivalently,

(26.1) 9rg(s) = g0e(s)
for general sections s, or
Oy =godsog

26.2 _ _
(26.2) =0 —Oegg".
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We introduce the notation
4 = Aute(E) c E ®c E*.

This discussion has shown that two holomorphic structures are isomorphic if and only if they
belong to the same orbit under the ¥C-action given by (26.2).

26.1.1. Transforming Chern connections. Fix a Hermitian metric on F. Suppose that the
Chern connections of £ and F are A and B, respectively. Then

Or =05 =04-0ag-g".
—_—

From Proof 1 of Lemma 25.4 (existence of the Chern connection), we must have
Op=04—-0a" =04+ (5,49-9‘1)*.
Note that this does not agree with the usual transformation rule for connections; unless g € 4
is unitary, in which case we have:
(0a9-971)" = (97") 0a(g") = g0ag™" = ~gg~'Oag9™" = ~0agg™",

and the action is just the ordinary action of the gauge group. Hence, the action of ¥C on
Chern connections is an extension of the action of ¢ by gauge transformations! This yields
a powerful analogy:

e ¢4 ~ (G finite dimensional compact Lie group

e ¢4C ~ G° the complexification of G

o G¢ ~gof ~(G¢~V with V a finite-dimensional complex representation.
e {isom. classes of holomorphic structures} ~ {G¢-orbits}.

26.2. Invariant theory. Given a complex Lie group acting linearly on a vector space,
G¢ ~V, it is a classical problem to describe the space of orbits.

Example 26.2. Let G = U(1) c C* = G¢. This acts on V = C? by

()= ()
The orbits of this action on V' \ 0 can be listed as follows:
{(z,w) | zw=c#0}
{(z,0)}
{(0,w)}.
The second two orbits are problematic because

(00 n {0, )} .

This means (analytically) that the quotient will not be Hausdorff and (algebraically) that
you can’t separate these two orbits with a holomorphic function.

Definition 26.3. A nonzero orbit G¢- x is semistable if G¢-x 3 0.



118 ALEX WALDRON

In the above example, the first set of orbits are semistable (indeed stable, meaning the
stabilizer of a point is discrete), and the second two are unstable. In Mumford’s geometric
invariant theory, the GIT quotient of V' is given by

V/]|G ="V [Ge
where the “” are because we also need to identify (strictly) semistable orbits whose orbit
closures intersect. A fundamental theorem in GIT states that this gives us an algebraic
variety. In the above example, the GIT quotient is C*, just coming from the constant ¢ in
the first set of orbits; after projectivization, this is just a single point.

The task is then to understanding the properties (for instance, the topology) of V//G¢.
There is a powerful approach to this problem via differential (in particular, symplectic)
geometry, which is easiest to illustrate with the same example as above.

Example 26.4 (Example 26.2, continued). Note that V = C? has a symplectic form
%(dz AdZ + dw A dw).
The action of U(1) on V preserves this form. There exists a moment map
p:V - Lie(U(1)) = iR,

satisfying
(dpz (=), ) = w(Lag, -),

where
d
L,.£:=— .
& dt‘tzﬂexp(té)x

Here, up to constants, the moment map is given by
N 112 12
il 2) =i - )

Notice (by inspection) that each stable orbit contains a zero of u, unique up to the action
of U(1). This points to the following general result:

Theorem 26.5 (Kempf-Ness). Assume that G¢ acts on V' as above, and the action of G ¢ G¢
is unitary. Then, the G¢-orbit of v €V is semistable if and only if G¢-x n u(0) + @.

This theorem is basically trivial in the U(1) case, but it is quite nontrivial (and interesting)
in the general case. It has the following corollary:

Corollary 26.6. There is a homeomorphism
V|G = ' (0)/G.

The quotient on the RHS is that of a much smaller set of points by a much smaller (indeed,
a compact) group, so is potentially much easier to understand.

26.3. Running with the analogy. To complete the analogy, we need substitutes for the
symplectic form, moment map, stability, etc.
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26.3.1. Symplectic form, complex structure, and metric. Recall that
TAJZfE = Ql(gE),

with A corresponding to a plus a reference connection. Define

w(a,b) := —/;Tr(a/\b).

Since Tr is symmetric and A is alternating on 1-forms, we have

w(a,b) = /z Tr(bra) =-w(b,a),

so this is alternating as desired. It’s easy to see that w is nondegenerate, and it’s also closed
for tautological reasons.
Next, we define the (almost)-complex structure

J:aw— *a.

We have
J2 — *2 — (_1)1(2—1) — _1'

We then get a metric for free:

(a,b) :==w(a, Jb) = —/Tra/\ *b

- f(a,b)dv.

Definition/Lemma 26.7. A moment map for the action of 9 on < is given by

p(A) = *Fy.

26.3.2. Moment map.

Proof. We need to check that

(du(A)(a),§) = w(La&, a)

for all a € Th.97p and € € gg.
We have

d
dp(A)(a) = %LO % Fiyea = *Daa.

Also recall from Exercise 14.4.4. that the infinitesimal gauge action is given by

2] (ep(-19)(4) = Dag = Lat.

Hence,

(Au(A)(@),€) = [ (+Daa,€) dV = [ Te(¢- Daa)av

:_fETr(DAgAa)dV=w(LA€,a)-
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Note that zeroes of the moment map correspond to flat connections. Also note that the
central elements of gr (for the adjoint action of &) are precisely the constant multiples
of 11g. You can always add a constant central element to the moment map. So in fact we
should look for elements with = F' =i -const - 1g, i.e. projectively flat connections, since flat
connections can’t exist unless ¢;(E) = 0. The constant is in turn determined by the the first
Chern class, as we know from Theorem 19.2.

So, the analogy with invariant theory dictates that we should look for a projectively flat
connection in each isomorphism class of holomorphic structures. This is exactly what we're
set up to do!

Note that there’s one last/crucial part of the analogy that we have not yet touched, which
is the question of stability. This only enters for higher-rank bundles, as we’ll discuss next
time. As for the rank 1 case, we have the following refinement of Example 19.5 above.

Theorem 26.8 (Rank 1 case). Let L be a complex line bundle over ¥ with a unitary con-
nection A, and assume that Vol(X) = 1. There exists a complexified gauge transformation
g €%9C such that

2w
oy = — deg(L).

In particular, any Hermitian (holomorphic) line bundle has a compatible projectively flat
connection.

Note: Here, as above, g(A) denotes the Chern connection of go d4 0 g .
Proof. We have

Dy(ay =0a—0agg™

Jg(ay = a+(Dagg™)".

Note that g is a section of End¢ (L) = C, since L is a line bundle, and A induces the product
connection; so we may write 94 = d and d4 = 0. Taking g = exp(h), we obtain

Byon) = 94— h
Dycay =04+ (OR)* =04 +0(h").
So
Fyay=dA+d(-0h+9(h*)) = Fa-200Re(h) = *F,4) = *Fa +4iARe(h).
Here we have used (25.2-25.3). Then
«Fycay +2mideg(L) = »Fa + 2mideg(L) + 4iARe(h) =0
is solvable, by Chern-Weil, as in Example 19.5. O

Remark 26.9. An analogous result holds for (1,1) connections on line bundles over gen-
eral compact Kahler manifolds, and follows from the 00-lemma; see Griffiths and Harris,
Proposition on p. 148.
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26.4. Exercises.

1. Check the equivalent definition (26.1).
2. Show that the gauge transformation g constructed in Theorem 26.8 is unique up to
an action of R x ¢ where ¢ is the unitary gauge group.

27. HOLOMORPHIC SPLITTING, STABILITY, NARASIMHAN-SESHADRI THEOREM
(4/28-5/3)

27.1. Plan of attack, main difficulty. Let £ - X be holomorphic of rank r > 1. Our
strategy for finding a compatible projectively flat connection will be:
(1) Fix Ag with 94, = O¢.
(2) Choose g; € 4C such that {g;(Ap)} minimizes the Yang-Mills functional.
(3) Try to extract a limit B, which should be a Yang-Mills connection.
(4) See if F, the holomorphic structure defined by g, defines a holomorphic structure
isomorphic to £.

All of these will be relatively easy with the tools we have, except for the final step. Must
F be isomorphic to £7 The kind of problem you might worry about is: £ is not split, but F
is. We can give the following explicit example.

Example 27.1 (From 5/3 class). Let ¥ = CP'. We work in the usual charts (U, 2), (U1, w),

with z = w™!. We use the usual holomorphic frames for &(k), related by 7 = z7%7.
Let E be the underlying smooth bundle of &(-1) ® ¢(1) - CP'. Define a 0-operator on

E by
= 50’(_1) a
Oy = = ,
! ( 0 Joq

a e Q" (Hom(0(1),0(-1)) = Q% (0(-2))
is defined on (Up, ) by

where

dz
W e
and on (U, 1) by
—dw ~ —dw
ar(w) = 2%ao(2) = Ww - (1 +wf2)?

We claim that

oo ﬁ, 1), on (U(],To)
-1 w), on (Uy, 1)

1+]wl?”

is a well-defined, non-vanishing, holomorphic section with respect to 04, i.e., Oas = 0. This
is easy to check (exercise).
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Since s is non-vanishing, the holomorphic structure defined by 04 is not isomorphic to
O(-1)® O0(1). In fact, it’s easy to write down a second, linearly independent section (exer-
cise), which shows that the holomorphic structure defined by 0,4 is isomorphic to C*. Hence,

we have just written down the non-split extension?®

0-0(-1) > C* - 0(1) - 0.

(10
gt_ot’

_ _ _ 50 -1 t_la
) =g,00 1= -1 _
gt (Ao) gi 00y 0 gt gt ( 0 t_laﬁ(l)

_(9o¢-1y tla
0 80(1) ’

By definition, the isomorphism classes [0,,(4)] = [04] are the same. However,

5 (decy O
tllgloagt(‘q)_( 0 55(1) ’

Now, let

so that

which is the split holomorphic structure on E. Hence, the limit of this 1-parameter family
of 0-operators exists, but is not isomorphic to the rest of the family.

Note, however, that this exact pathology would not actually occur in our argument, be-
cause 0(-1)® 0(1) is not flat, while C? is, so we’d zoom right past the former in minimizing
the Yang-Mills functional. This reflects the fact that C* is semistable, per the definition that
we're about to give.

Remark 27.2. This setting is more subtle than finite-dimensional GIT, because there,
stable orbits are by definition closed. Here, none of the orbits are closed, because every
vector bundle over a Riemann surface has at least some proper subbundles.

27.2. Stability. The following condition will turn out to be the right one. Recall that the

slope of £ (or E) is given by
deg F

Definition/Lemma 27.3 (Mumford-Takemoto). A holomorphic vector bundle & — X is
said to be stable if for all proper holomorphic subbundles S c &,

u(S) < (&)

or equivalently,
n(€[S) > pu(€).
We say that £ is semaistable if the same statement holds with < replacing < .

26T here is a general theory of extensions of sheaves/bundles which you can read about in many places,
for instance Donaldson-Kronheimer §10.2.1. The thing to keep in mind is that two extensions can be non-
isomorphic, as extensions, even while the bundles in question are isomorphic. This is the case here with the
family g:(A) for ¢ # 0.
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Proof of equivalence. Since all exact sequences split topologically, by Proposition 15.4, we

have

_deg(E)  deg(S) +deg(E/S5)
HE) = TX(B) = TIk(S) T 1k(EJS)

For b,d > 0, it is trivial to see that

a_c
b d
if and only if
a a+c ¢
-< <-—.
b b+d d
This yields the desired equivalence. ([l

Examples 27.4 (Some non-explicit examples; see Ch. 4 of Algebraic surfaces and holomor-
phic vector bundles by Friedman).

1. g = 0: the Theorem of Grothendieck states that all holomorphic bundles on CP*
split holomorphically. Hence, by the lemma, the only stable bundles are line bundles
(exercise). However, there are many semistable bundles, for instance C* (exercise).?”

2. g =1: Atiyah (1956) proved that all rank 2 bundles on an elliptic curve are extensions
of line bundles. In particular, given p € 3, you can obtain a stable rank 2 bundle as
the unique non-split extension of &'(p) by &. Since p is arbitrary, and you can always
tensor a stable bundle with a line bundle, this gives lots of examples of rank-2 stable
bundles on elliptic curves.

3. g > 2: given any line bundle L — X with deg L = -1, there does exist a stable degree-0
extension

0-L->V->L'-0.

See Friedman for a proof.

4. It is a theorem of Liibke that TCP" is stable. See the book of Okonek-Schneider-
Spindler for much more on the subject. A theorem of Mehta and Ramanathan states
that the restriction of a stable bundle to a generic curve in a sufficiently high power
of an ample class is again stable. So, for a generic complete-intersection curve in
CP", the restriction of TCP" is stable.

5. Flat unitary bundles have constant transition functions, so are automatically holo-
morphic. Recall that flat bundles of rank r are the same as representations of 7 (2)
in U(r), and it’s not hard to show that these exist (exercise). The irreducible repre-
sentations turn out to give stable bundles; this is the “if” direction of the big theorem
that we're about to state.

Theorem 27.5 (Narasimhan-Seshadri, 1965; new proof by Donaldson, 1982). Let 3 be a
compact Riemann surface with unit volume. An indecomposable Hermitian bundle £ — X
(i.e. a holomorphic bundle with metric (,)) is stable if and only if there exists a complezified
gauge transformation g € 45 such that the isomorphic holomorphic structure on E defined
by

godgog™

2TNotice that deg @(~1) = -1, so this was not a destabilizing subbundle of C* in the above example.
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admits a compatible unitary connection A which is projectively flat, i.e., satisfies

2 E
Py TE)
1

Moreover, g is unique up to the action of 4 c 4C.

We'll prove this theorem in the next two sections.

Notice that for the case ¢; = 0, the theorem states that all stable bundles are (holomorphi-
cally) isomorphic to flat unitary bundles. Hence, the last example above is in fact the only
example. This answers Question 4 in §2.2 above.

Also note that the theorem partly explains why algebraic geometers do not go to very
great lengths to construct explicit examples of stable bundles on curves; we know exactly
what they are. The task that has occupied many of them since 1965, however, is to describe
the topology of this moduli space.

27.3. Curvature of holomorphic subbundles and quotients. We’ll run through some
material from Griffiths and Harris that’s crucial to Donaldson’s proof.
Suppose that
0-S->E6-U—-0

is a SES of holomorphic vector bundles. Give E a metric (,) and compatible unitary con-
nection A such that 04 = Og.
Smoothly, we can choose local unitary frames for E of the form

{617"'768a68+17"'767"}

where {e1,...,es} is a frame for S and {eg1,...,e,} is a frame for U = St. (The last
isomorphism is only smooth, not holomorphic.) If we think of A as a matrix of 1-forms, then

_(As B
(5 a)

/8 = WSDA(€S+17 teey e?")
is the second fundamental form of A. We have

86 = 8A|S = 55

where

because S c E is holomorphic, and
éU =Ty ©° 55.
We have B
0=mg0a(er,...,e5) = (=57)%,
so B =% is a matrix of (0,1)-forms. Globally,
e (SeU*) and B*eQYO(U®S*).
If we use this to compute curvature, we obtain

Fo=dA+AnA

_(dAs dp AgnAg— [ ApB* As AP+ AAy
“\odgr day) T\eBrAAs—Ap A BT —BAB+ Ay A Ay
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_ (FAS—B/\ﬁ* Dseu+f )
~Dygs:B*  Fa, —B*AB)
On a Riemann surface,
B=p:dz and B*=(8:)"dz,
and
(=B ApP*)=-if:p:dz ndz = 26:5:dVol.
Consequently,
iFA|S = Fa, —iB A B > iFy,
in the sense that the LHS is more positive (as a Hermitian matrix) relative to dVol than the
RHS. This goes under the slogan:
curvature decreases in holomorphic subbundles.
Similarly, we have
z’FA]U = Fu, —if* AB<iFy,,
which is to say:
curvature increases in holomorphic quotients.

Remark 27.6. There is a general notion of positivity for Hermitian vector bundles on
complex manifolds, called “Griffiths positivity.” The line bundle case is well-known if you’ve
studied the Kodaira embedding theorem: over a Riemann surface, it’s just saying that if
you go around a counterclockwise loop at a point, then the holonomy on the fiber also goes
counterclockwise.

27.4. Exercises.

1. Verify the claims in Example 27.1.

2. Show that a stable bundle is indecomposable, i.e., cannot be holomorphically iso-
morphic to a direct sum of proper subbundles.

3. Show that C* - CP! is semistable.

4. Write down an irreducible representation of 71 (), for ¥ compact of genus ¢g > 2, into
SU(2). Also prove that for g = 1, any representation is reducible.

28. DONALDSON’S PROOF, I (4/28-5/3)

We're now in a position to give Donaldson’s proof (1982) of Theorem 27.5.

For the sake of simplicity, we will restrict our attention to the case rk(FE) = 2 and deg(FE) =
0. Stability in this case means that for all holomorphic sub-line-bundles § c £, deg(S) <0,
or equivalently, deg(£/S) > 0. The equation to solve becomes *F4 =0, or F)y =0, so we are
just looking for a flat connection compatible with the holomorphic structure.

Let Ag be the Chern connection of (&, (-,-)). Choose g; € 4 such that

A= gi(AO)
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is a minimizing sequence of the Yang-Mills energy over {g € 4C}. Explicitly, this means
YM(A)  inf YM(g(A0)).
ge¥

By Uhlenbeck’s theorem, there exist o; € ¢ such that, after passing to a subsequence, we
obtain weak L? convergence

(28.1) 0.(A) ~ B,
and

YM(B) < inf YM(g(A0)).

(Exercise: justify the use of Uhlenbeck’s theorem here.) We replace g; by o;g;, so that (28.1)
becomes
Two questions now remain:
(1) Does dp define a holomorphic structure isomorphic to that of d4,?
(2) Is B projectively flat?
Let £ and F be the holomorphic structures of 94 and Jp, respectively. We need to compare
them. This will be based on the following extremely cute observation.

Claim. A complexified gauge transformation g € ¥ c Q%°(E ® E*) is holomorphic, as a
map
E—~F,
if and only if
5B®A09 =0.
Proof of claim. Let s be a holomorphic section of £, equivalently,
5,43:01%C53+A-s.
Locally, we have
Op(g9(s))=0g-5s+g-0s+B-g-s—g-A-s+g-A-s
=(0g+B-g-g-A)-s+g-(0s+A-5s)

———
0

= 5B®A(g) " S.
Hence, the LHS vanishes for all s if and only if dzga(g) = 0. o

Lemma 28.1 (Key analytic lemma). There exists a nonzero holomorphic map
ESF.
Proof. Assume the contrary. Then
ker(Opga,) = 0.
The operator Jpg4, is elliptic, so we have the strong elliptic estimate

lol2 < C [ms ]
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(Compare with (21.2), for the operator d @ d*.) Since we're in dimension less than four, we
also have the Sobolev inequality

lgllo < Clols -
We also know:

e A; —~ B weakly in L? so A; > B strongly in L*
b a7B®Ao - aAi@JAo = (B - Ai)O,l
hd ”athJAog - 8Ai®AOg” < ”B - AHL4 ||g||L4 by Holder.

Assembling the pieces, we have
lgl;« <C ”&B@AOQH <C HéAi@Aog + (e, — 5Ai®A0)g”
<C (”5Ai®Aog” + B = A 4 ||9||L4) .
Rearranging, we have
(1-CIB - Al ) lglps < C|0a0409| -

Choosing ¢ sufficiently large, we may assume

1
1B - Al < 55

This gives us
||g||L4 <C ”aAi®AOgH .
We now apply this estimate with g = g;, to obtain
“gi”L4 < C ”5A¢®Aogi” = 07

since g; is holomorphic between 6A0 and 5A1, = 5%.( Ao)» 50 g; = 0.
But g; € 9C, which contains only invertible sections, so this is absurd. O

It remains to show that if £ is stable, then « is an isomorphism. There are two cases:

(1) Suppose a has full rank somewhere on £. Then
Ao A2E - AEF
is not identically zero. But
deg A?E =deg € =deg E = 0 = deg F = deg A% F,
where the first and last equalities are by definition. So
deg(Hom(A%E, A%F)) = deg(F) — deg(€) = 0.

By Exercise 25.44., the holomorphic section A2« vanishes nowhere, so « has full rank
everywhere. This completes the proof in the first case, leaving only:

(2) Suppose that « has full rank nowhere. Let P = ker(a) (i.e. the sheaf kernel), which
a moment’s thought shows to be a sub-line-bundle (exercise). We therefore have a
short exact sequence

(28.2) 0-P->E-Q-0,
where Q :=&/P. Since deg€ =0, we have
degQ=d>0
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by stability, and
degP =-d <0,
since deg & = 0 by assumption.
Claim. There is a sub-line-bundle M c F such that deg M > d.

Proof of claim. We have

0 > P > & >

la

F —— Mp:=Im(a).

v
o

11 @

As it stands, M, is a subsheaf of F, which is a subbundle where rk(a) = 1. Let
{z1,...,2n} © ¥ be the set of points where rk(«) = 0. Near z;, we have

a(z) = (an(z) alz(z)) = (2= 2k (&11(2) &12(2)) |

0421(2) 0522(2) dgl(Z) dQZ(Z)

where &;;(#;) # 0 for some ¢, j. Hence, & defines a map
Mi=My®® O(kiz) S F.

By construction, rank(&) = 1 everywhere, so M c F is a subbundle. Also by con-
struction, we have

deg M =deg Mo + > k; > d.
(o

We now have, in addition to (28.2), the short exact sequence of holomorphic vector
bundles

(28.3) 0> M->F->N-0,

where deg M > d and deg N < —-d. These two sequences will be used next time to
prove two lemmas, both based on §27.3, which will complete the proof.

28.1. Exercises.

1. Justify the use of Uhlenbeck’s compactness theorem to extract a weak L? limit from
a minimizing sequence of Y M over a Riemann surface.
2. Show that P = ker « is a sub-line-bundle of £ in the situation above.
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29. DONALDSON’S PROOF, II (5/5)
Lemma 29.1. In the case that o has full rank nowhere, we have
YM(B) > 4n?d>.
Proof. Recall our second exact sequence:

0>M->F->N-0.

(Bm B
B‘(—ﬂ* BN)

FB:(FBM—ﬁAﬁ* Dp )

In a unitary frame,

50
DB Fp, B AB.
Let f(z) =i+ Fs,,. Then
f |Fp,, — BB = f i % Fi,, —i % (8 AB)PdVol
= [ 1)+ |PRavol

([ ) vl

- (27rd . / |ﬁ|2dVol)2
> 4m2d?.
Similarly,
f |Fs,, — 3% A B2dVol > dn*d?.
Hence,

yM(B) =5 [ |FsPdvol> %(47r2d2 AR = An2P.

Lemma 29.2. In the case that « has full rank nowhere, there exists g € 4C such that
yM(g(Ao)) < 4m?d?.
To prove Lemma 29.2, we need a tiny bit of Hodge theory.

Proposition 29.3 (Kahler identities on a Riemann surface).
(1) On QO 9% = —i % D4.
(2) On Q10 0% =i % 04.
Proof. Let o € Q99 and
B = B:dz € Q%L
These forms pair as follows:

(a,8) = apzdz.
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Hence,
d{«, 8) = (D,a)fsdz ndz +aD,Bzdz AdZ
= (D:aB: +aD.Bz)dz ndz
We can reexpress the terms above:
(9ac, B) = (Dzadz, B:dz) = 2Dzaf;
%aAﬁ - %Dzﬁzdz A dz = D.BodVol —> *%8A5 - D.B..
Consequently,
d{a,B) = —% ((Oacx, B) + (a,i * 04B)) dz A dz.
Integrating yields the claimed adjoint relation (1). We leave (2) as an exercise. O
Proof of Lemma 29.2. Recall our first exact sequence
0-P-E-Q-0.
Regard £ = P & () as smooth bundles. We first act by a block-diagonal complex gauge

transformation
g 0
0 9¢

such that g(Ap)p and g(Ag)q are both projectively flat. This is possible by Theorem 26.8.
Set A = g(Ap), which takes the form

(Ar B
A_(—ﬁ* AQ)

Fy, =2rdiw

FAQ = =2rdiw.

where

Here, w is the Kéahler from (volume form). Moreover, note that 8 # 0 because £ does not
split holomorphically, by assumption.
The curvature is now given by

p_ [2mido =B A B DB
AT —D 4B —27idw - B* A B)

1 -«
A
- - 0 0
aA»aA—(O g“)

5”5—&40&.

Next, we act by

Q
1
—_—

This has the effect
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By Hodge theory for 04, 04/ = 0 implies that there exists an a such that
04(B+040a) = 0.
We make make a further replacemeent
B~ B+ 0.
But by the last Proposition (Kéhler identities), we have
OafB=0=0"F=~i+ap,
SO

DAﬁ = 8A6+5A6 =0.

Hence, the off-diagonal blocks of the curvature now also vanish.

Finally, let
[t O
gt = 0 1

and put A; = ¢;(A;). As in Example 27.1, this has the effect of replacing 5 with ¢5. We
therefore have

P _ (2mido =258 50 0
A 0 —omiw—128* A B3]
We obtain
o [-2md + 282 0
tha, = ( 0 ord - 12|82 )
and
YM(Fys,) = f 12d — 2|2 dVol < 4md?
for small ¢. ]

Corollary 29.4. The map « is an isomorphism.
Proof. Otherwise, the two lemmas contradict one-another. 0

A few points remain:
[ ] FB = 0
e Uniqueness
e Flat = (semi)stable.

Since it’s the last day of class, we’d better content ourselves with the first item.
Since £ = F is stable, the only endomorphisms of £ are scalar multiples of the identity
(exercise). Equivalently,

(1) = ker DB|EndE = ker DEDB|EndE-
Since
f Tr Fy =deg B =0 = f (1,%Fg) dVol,
there is a nonzero Hermitian matrix h satisfying

D%DBh =—7 % FB.
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Let ¢, = exp(th) and B, = ¢,(B). Computing as in the proof of the rank-1 case (Theorem
26.8), the first variation is
5tBt = th - 5Bh,
Observe that
*dz =1dz
*dZ = —idz,
SO
*DBh = *(th + th) = 2(83 - 8B)h
Multiplying by ¢, we obtain
6tBt =1 % DBh

Recall our formula for the first variation of the Yang-Mills functional:
5 YM(B,) = / (6,B:, D3 Fg) dVol.
Since D} = - * Dp* and * is an isometry, this gives
SYM(B;) = - f (iDgh, D * F) dVol
- f (iD}Dgh, +Fig) dVol

- f (+ Fy, +Fp) dVol
2

=-|Fs|".

But B is a minimizer, so
0< 6, YM(By) = | Fg|?.
Therefore B is flat!
Remark 29.5. In general dimension, one replaces = F' with A, F, where A, is the adjoint of
the Lefschetz operator. This gives the Hermitian Yang-Mills equation:
A F +2mip(E)1g = 0.

Theorem 29.6 (Donaldson-Uhlenbeck-Yau). An indecomposable holomorphic bundle on a
compact Kdahler manifold is stable if and only if it admits a Hermitian Yang-Mills connection.

In complex dimension two/real dimension four, and for a bundle with deg £/ = 0, it turns out
that you're Hermitian Yang-Mills (A, F = 0 = F02 = F'20) if and only if you're an instanton
(F; =0). For this reason, the DUY theorem plays a fundamental role in Donaldson theory.
In higher dimensions, it has yet to achieve its full potential.

29.1. Exercises.
1. Prove Proposition 29.3(2).
2. Prove that a stable bundle is simple, 7.e., has no automorphisms other than constant
multiples of the identity. (Hint: try the usual Schur’s lemma argument.)
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