LP SOBOLEV REGULARITY OF A RESTRICTED
X-RAY TRANSFORM IN R3

MALABIKA PRAMANIK AND ANDREAS SEEGER

ABSTRACT. We consider the L? — L2 boundedness of a model
restricted X-ray transform in R3, associated to a rigid line complex.
We discuss some necessary conditions and, assuming a finite type
condition, we show that the sharp L? — L¥_| /o result holds for
p > 1 close to 1.

1. INTRODUCTION

Let I be a compact interval and suppose that v : I — R? be a smooth
regular curve (i.e. we assume +/(s) # 0). We say for m > 2 that v is
of type m at s if v has contact of order m with its tangent line at y(s).
The maximal order of contact in [ is referred to as the maximal type of
v in I. For a Schwartz function f € S(R?) and « € I define

1) R a) = () / f(a' + 57(a), ) xa(s) ds,

where ' = (z1,x2), and x; and x3 are smooth real valued functions
supported in the interior of I and [1,2] respectively; we shall assume
that xo is nonnegative. The operator R exhibits a partial translation
invariance; i.e. Rf(2'+2',a) = R[f(-+7,)](2/, ). It serves as a model
case for a more general class of restricted X-ray transforms considered
in [3], [6], [7], [8], [4] and elsewhere. In the well-curved case (i.e. m =
2) these operators are Fourier integral operators with one-sided fold
singularities.
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We are interested in the LP — LY mapping properties of R (here L%
denotes the standard LP-Sobolev space). Necessary and sufficient condi-

tions for L2-Sobolev inequalities of general restricted X-ray transforms
2

1/4
and this is best possible. For results on L? boundedness in the finite

in the well-curved case are contained in [7], [8], [4]; R maps L? to L

type case see [11].
Concerning the LP Sobolev regularity we first state some necessary
conditions.

Proposition 1.1. Suppose that the cutoff functions x1 and x2 are not
identically zero and suppose that there is o € I with x1(a) # 0 and vy is
of type m at «. Suppose that R maps LP boundedly to LY. Then

. 11 1
(1.2) o <min{l — —, -, —}.
p 4 mp

The proposition will be proved in §2. We remark that the condition
o < min{l — 1/p,1/mp} is essentially known; see [7] for an example in
the well curved case (where 7" # 0) and [11] for the finite type case; a
simpler argument is given in §2.2 below. The condition o < 1/4 seems
to be not have been observed in the nonzero curvature case m = 2
(it is redundant if m > 3). The relevant example is related to one by
Oberlin and Smith [12], for a family of Bessel multipliers in R? and for
convolutions with arclength measure on a helix in R3; it is also closely
related to examples for a deep inequality on decompositions of cone
multipliers due to Wolff.

We describe this result of Wolff [24] as it is crucial for deriving suf-
ficient conditions for the LP-Sobolev regularity of R. One considers a
collection {¥,} of smooth functions supported in disjoint 1 x §%/2 x 4-
plates that are tangential to the light cone {¢ : &3 = &2 + €3} with the
long side pointing in the radial direction; we assume that the ¥, sat-
isfy the natural size estimates and differentiability properties (see §3.1
below). Let f, be a family of tempered distributions. Wolff’s theorem
states that for sufficiently large ¢ and for all € > 0 there exists a finite
Ce,q such that

(1.3) >0 < Cﬁq(s_%_e(ZvaHZ);'
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In [24] this inequality is established for all ¢ > 74. In what follows
we shall assume the validity of (1.3) for ¢ > ¢w. We show that the
sharp LP — sz,l /p inequality holds for p close to 1; the precise range is
determined by the value of gy .

Theorem 1.2. Suppose that v € C™3(I) is of mazimal type at most
m, and suppose that 1 < p < min ((qW +2)/qw, (m+ 1)/m) Then R

maps LP(R?) boundedly into Lzl’_l/p(R3).

This result is somewhat analogous to a recent result by the authors
[16] on convolutions with measures supported on curves with nonvanish-
ing curvature and torsion (see [13] for a prior partial result based on [1],
[22]). A counterexample in [24] shows that necessarily ¢y > 6 (i.e. (1.3)
does not hold for ¢ < 6). A proof of (1.3) for all ¢ > 6 would imply the
sharp endpoint LP — L’l’_w7 for all 1 < p < min{4/3,(m + 1)/m} and
sharp results up to endpoints for larger p. In particular if m > gy /2
(i.e. m > 37 according to [24]) then one obtains an almost complete

result (except for endpoint bounds in the range (m +1)/m < p < 2).

2. NECESSARY CONDITIONS

We begin with two preliminary observations. Consider a multiplier
m(¢’) depending only on & = (&1,&2) and observe that R commutes
with the operator m(D’). Now if R maps L? to L for some p € (1, 00)
and if my, is a standard symbol of order zero in R? which vanishes for
|€'] < 2% then it follows

(2.1) I (DR fllp < Co27 | £lp-

Secondly, let Z7° be the set of tempered distributions whose Fourier
transform is supported in { : |¢| > 2¥} (thus distributions in Z have
cancellation). Let ® be smooth and supported in {¢ : |{] < 2} and
let ®(¢) = 1 for |¢| < 1. Define P by P f(€) = ®(2716)F(€). Tt is
straightforward to see (using integration by parts arguments for gener-
alized Fourier integrals with so called operator phase functions, see [10])

that there is the estimate

IPRfll, < Cn2 M fll, ifl<k—Ci feLlPnZy,
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and C is large. This implies that if R : LP — LL is bounded then one
also has for large k

(2.2) IRl S 27N fllps  f € 27

In what follows J will always denote a compact interval in (1,2) so
that x2(s) > 0 on J. We shall also choose a fixed ap € I so that

x1(ag) # 0.

2.1. 0 <1—1/p.

Let 1 be an even Schwartz function in R? with 7(0) = 1 and with
n supported in {& : 1/2 < [&'] < 2}. Let ¢¢ so that n(z’) > 1/2 for
|2'| < co. Let my(€') =n(27%¢'), then

mg(D)Rf(a', )

(23) =@ () / PR (2 — '+ ysv(0) F () xa(ys)dy.

Now let s¢ be in the interior of J so that x2(s¢) > 0 and choose k large
so that x2(s) > ¢ > 0 for |s — so| < 27%. Let fi be the characteristic
function of a ball of radius e27% centered at (0,0, s0) and let £(a) be
the line segment {—sy(«) : s € J}. For small € let E, be the set of all
x' for which dist(2/;£(a)) < e27%. As 7 is positive near the origin we
see that the integrand in (2.3) is > ¢2%¥ if 2’ € E,. Thus the integral
(2.3) is bounded below by 2. Now E, is of measure ~ 272¥ and after
integrating in a we see that ||mg(D')Rfx|l, = 27%272k/7. Since | fill, <
273k/P we see that the LP operator norm of R is at least 27%(1=1/P) and
since 7 vanishes for |7| < 2F inequality (2.1) shows that the LP — L
boundedness of R implies 0 <1 —1/p.

2.2. o < (mp)~L.

Let us assume that v has contact of order m with its tangent line at
o = ag. Let (1 be an even Schwartz function in R so that (; is supported
in {#:1/2 <|B| <2} and with the property that Gi(u) >1/2, |ul < co.
Let (p be a Schwartz function in R for which CAO is nonnegative everywhere
and positive in [—1/2,1/2]. Let n; be defined by

(1) = Co(27(7,7(a0)))¢1 (27 {7, n(a0)))
where n = (—7%,7}). The function 7, vanishes for |¢| < ¢2¥ and by (2.1)
it suffices to prove that the LP operator norm of ng(D')R is = 2%/ (mp),
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Now let gi be the characteristic function of the set defined by
[y = y37(a0), 7" (a0))| < 27, |{y' — y37(a0), n(ao))| < 27*.ys € J.
We evaluate ng(D')Rgx(2', &) on the set Py defined by
(2! n(ag))| < ce27F (!, (a0))| < 227%™ |a — ao| < ce27F/™.
Notice that if y € supp(gx) and (2/, ) € Py then
(@' =y +v(@)ys, n(an))| > 27"

since (y(a) — y(ag),n (ag)) = O(27%) by the contact of order m as-
sumption. Thus ¢;(2¥(z' — 3/ + v(a)ys,n(ap))) > ¢ if y € supp(gx) and
(2, ) € Py. Because of the positivity assumption on {y we see that for
(2, ) € Py, and for fixed ys, a the integral

/ e’ — o —1(0)ys) gy’ vs)dy/

is nonnegative, and if y3 € J it is bounded below by a positive constant.
Thus |ng(D)Rgi(x’,a)] > ¢; on Py and therefore |ng(D)Rgkl|l, >
a2~ FmA2)/(mp) - Since ||gp|l, < 27FMHD/MP we deduce our necessary
condition o < (mp)~L.
2.3. 0 < 1/4.

By a change of variable we may assume that v is parametrized by
arclength. We pick a closed interval Iy in the support of x1 so that the
curvature is bounded below in Iy, i.e.

(2.4) k()] = [T (@)12(e) = Yi(a)ye ()] = ¢ > 0.

for v € Iy. Suppose that |y(a)| < B for all a. Let p be an even C'*°
function with the property that p(z) > 1 for |z| < 4B and so that p is
compactly supported.

We fix a positive integer n which will be chosen large (depending on
the geometry). Let k > 2n. Let {o,, } be a maximal set of points in I
which have mutual distance 27~%/2. Define

(25) & = (7;(041/)7 _’71 (Oé,/), ’Yi (Oél,)’m(ay) _ ’Yl(ay)’)/é(a,,))
and define
fk,y($) = p($)ei2k<§u,x)
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so that fk\,,(f) = p(& — 2%¢,). Let {r,} be the sequence of Rademacher
functions and define for w € [0, 1]

@) =) () fep(@);

v

then by the usual LP inequalities for the Rademacher functions [20]

1 1/p 1/2
w||P o~ 2 ~ 9k/4—n/2
o) ([ haelae)™ = (S1geal?) ], =2

Observe that
(2.7)

R (', ) / 7+ sy(a), 5)e Gt @) sty (5)ds.
Now define v = (v(aw),1), v @ = = (v(aw),0) and check that both
<§V,v,,1)> =0, <§,,,v,(,2)> = 0. Moreover (¢,,7"(aw,)) = k(o) and thus

K
28 (@) + &= o - 0,)?+ O - o)

Observe that if [2/| < 1 and s € J then |2’ + sy(a)| < 4B; moreover,
by (2.8), we have |e/{€&7(@)H+evs 1] < 1/2 if |o — o | < ¢27%/2 and ¢ is
small. By (2.7),

Re (Rfpuy(2/ @) > 1 ifJa— ] < 27F2 12| <1,

and consequently

1/p
2.9 / / Rfw, (@, a)|Pdads’ > 2P,
29 (Zy: la—ay[<27H/2 Ix’lﬁl‘ i ) ) ?

Now we find an upper bound for |R fx ,(2', @)| when |a — a, | < 27F/2
and u # v. We use (2.7), (2.8) and apply integration by parts to see
that

IR fip(a’ @)l < On(2May — )™, if la —au| < 272 u# v,

Thus by the separation property of the «,
(2.10)

Z 1/p
R ,’ pd d / < C 2—TLN
< v /|C¥—au|S2—k/2 /|x’§1 |i}§y| fk’H(CC a)|] aaxr ) <Oy

If n is chosen sufficiently large a combination of (2.9) and (2.10) yields
that |Rfy|l, > c¢(p) > 0 uniformly in w. Since p has compact support
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and |£,] > 1 the Fourier transforms of the functions f}’ are supported
in {€:|¢| > c32F} if k is sufficiently large. Using (2.6) we see that for
large k

sup{[|[Rf|lp : Iflly < L. f € ZXnLr} 27k

and thus by the consideration leading to (2.2) the operator R does not
map LP to LY if o > 1/4.

3. LP REGULARITY

3.1. Preliminaries. We begin by describing an extension of Wolff’s
inequality proved in [16]. Let a — g(a) = (g1(a),g2(a)) € R? be a
C3 curve on the plane defined on a closed subinterval I of [-1,1]. We
assume that for positive constants bg, b1, ba,

(3-1) lgllesry < bo, |g'(@)] = b1, |g1(a)gz(a) — ga(a)gi(a)] = bo.

Given « € I, we define three vectors

(3:2) wi(a) = (g(a), 1), wuz(a)=(g'(a),0), us(a)=u(a)x uz(a),

so that a basis of the tangent space of the cone C; = {rg(a)} is given
by {ui(a),u2(cr)}. Then for given A > 0 and 0 < § < 1, the (J, A)-plate
at a, denoted by PgA is defined to be the parallelepiped

PRy =1{€:0/2 < [{ur(@),€)] < 2, [(ua(@), € — Egur(a))| < A6Y/2,
[(us(a), &) < Ao}

Note that P§'\ has dimension ~ A in the radial direction tangent to the
cone Cg4, dimension =~ A01/2 in the tangential direction perpendicular
to the radial direction, and is supported in a neighborhood of width
~ A0 of the cone. An A-extension of the plate Fy'\ is a parallelepiped
that is localized between heights {3 = A/(24) and & = 24\ of C,
and whose widths along (¢'(c), —(u1 (), uz(a))) and uz(a) are AXG'/?
and AN respectively. For § and o with o < 61/2 < 0, a (8, \, 0)-plate
family associated to g is a finite collection of (4, A)-plates P = {Fg} N
satisfying (i) |a, — a,| > 6%/? and (ii) max,{a,} — min, {a,} < 6.
An admissible bump function associated to Py is a C* function ¢
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supported in Pg'y satisfying the estimates

(3.3)
[(u1(a), V)™ (uz(a), V)" (uz(a), V)" p(€)| < A~ —n2nag=na/2ns,
0<ni+ne+ng <4

The Wolff inequality in this general context says that

Ba) | X F e, < c@st (3 sel)

pPeP pPepP

where {¢p} is a collection of admissible bump function associated to
the plates in P. Wolff [24] proved this for the light cone, i.e. g(a) =
(cosa, sin ) (when ¢ > 74) but the authors showed in §2 of [16] that if
(3.4) holds for the light-cone and some ¢ then it holds for the same ¢ for
every curved cone generated by ¢ as in (3.1) (with a different constant
A(£)). The proof involves various rescaling and an induction on scales
argument.

We now describe the structure of the wavefront set of the Schwartz
kernel of the operator R. We shall assume that our curve v is para-
metrized by arclength. Moreover we deal with the case m = 2 of Theo-
rem 1.2 and assume the lower bound (2.4) for the curvature everywhere
in supp(x1). It will be convenient to work with the adjoint operator R*,
and we write out the convolution kernel by expanding a Dirac measure
in two dimensions by a Fourier integral; thus

R*f(z) = xa(x3) / £’ — 257 (5s), 35) X1 (v) dys
(3.5) —xala) [ I () £(0)dr d,

where z = (IE,,J/‘;}), Yy = (?/7?/3)5 T = (7-177—2)7 and

2
(3.6) o(x,y,7) = > 7y — i + z37(y3))-
=1

The theorem will be proved if we can show that R* maps Lgl /q to L?
(or more generally L%_l/q to L} for all 3), for ¢ > (qw +2)/2.

We record a few standard facts about R* that will be used in the
analysis. We denote (z, §)-space by T*R? and (y, n)-space by T*R%, and
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the canonical relation associated to R* is given by

¢ ={(z,0z,y, —y) : r = 0}
={(z,&y,—n) & =—7, &= (1, 7(y3)), ¥ =2’ — 237 (y3),
n =71, n3=a3(1,7 (y3)) }.

Let wp, mr be the projections of € to T*R% and T*R:’]’%, respectively.
The structure of the projections 7y, mr for more general X-ray trans-
form satisfying a version of the Gelfand admissibility condition has been

investigated in [6], [7], [9] (see also the survey [15]), namely 7y, is a fold

2
a+1/
shown in these references (and in our model case this result is rather

and 7R is a blowdown. In particular the L? — L 4, estimates are
straightforward as RR* is a convolution operator).

Let €98 be the variety where det 77, = 0 (equivalently det drg = 0);
then @98 ig a conic submanifold of € and the restriction of 7z, to €48 ig
locally a diffeomorphism onto a conic hypersurface of T*Ri. Moreover
the sets ¥, = {¢: (z,£) € 7,€%8 } are smooth two-dimensional cones
in each fiber. In our special case the condition det dwy, /g = 0 reduces to

(3.7) (7,7 (y3)) =0

and the cones Y, are given by
L= {¢eR’: =A%, =11~ +7i%) A ER}.

Recall that for our example in §2.3 the points &, from (2.5) were chosen
to lie on X.

A simple computation shows that the cone 3 has one principal non-
vanishing curvature. Indeed after suitable localization and rotation we
may assume |y} (y3)| > 1/2 for all y3 € I. Then

(3.5) gla) = (= 263, PO )

parametrizes the curve that is the cross-section & = 1 of ¥, and the

curvature property of ¥ can be expressed in terms of the curvature of
g. A computation shows that

(9@ h@)__ #)
¢ t(ga%a) gg<a>> RGO
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Thus g satisfies all the conditions of (3.1), with by, b; and by depending
only on [|v||c2 and lower bounds of |x|. We also observe that ¥ is the
cone dual to C; indeed a normal vector to ¥ at r(vy, =71, Y172 —M75) =

(+',0) x (v, 1) is given by (y(«),1).

3.2. Dyadic estimates. We first decompose the oscillatory integral
(3.5) dyadically in 7 and then we introduce a further decomposition
in terms of the size of |det 7z | =~ |(1,7/(y3))|. In what follows my (1) will
be a standard multiplier symbol of order 0 supported where |7| ~ 2*,
and

Ry f(z) = Xz(xs)/ei‘p(w’y’T)Xl(y:s)mk(T)dT f(y) dy,

where ¢ is as in (3.6).
We shall prove here (under the assumption (2.4)) that

(3.9) 1R fllg < Co27901f gy a> (aw +2)/2,

which implies an estimate for R* on Besov spaces. The Sobolev esti-
mates will be briefly discussed in §3.3.

To describe our further decomposition let 79 € C§°(R) be an even
function so that ng(s) = 1 if |s| < 1/2 and supp(ny) C (—1,1), and let
m(s) = no(s/2) — no(s). Define
(3.10) ari(y3, ) = mi(T)m (27 (y3), 7))
and

b(ys, 7) = mi(T) (1= D> m@ 7 (), 7))

I<k/2
Let

Riaf(2) = xa(ea) [ #o07a(0m) ana(r)dr £(y) dy
and define Ek similarly, with ay; replaced by by.

Proposition 3.1. For qw < q < 00,

(3.11) Rk fllg < Ce2ik/q27l/q+le||f||qv I <k/2,
(3.12) IRy, fllq < C27 3K/ CaTke| |

The constants C. depend only on €, ||v||c2 and the lower bound in (2.4).
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Proof. We give the proof of (3.11). The proof of (3.12) is similar, with
mainly notational changes. We note that R;; = 0 for | < —C and
that the asserted bound for small [ follows from standard estimates for
generalized Radon transforms or Fourier integral operators ([10]).

By a calculation with Fourier transforms we get
(3.13)

Fra[Reaf](€,63) = /22(53 + (Y(y3), &) any(ys, &) Fra f (=€, y3)dys3

In view of the fast decay of X5 we further split xo in a low and a high
frequency part. Define ¥j; by

Dea(B) = mo(27F20-93)2,(8)

and split
(3.14) Rk,l = Tk,l + Ek,l

where T}, ; is similarly defined as Ry, ; but with x2(x3) replaced by ¥, ;(3).
The error term Fj; is easily handled; we claim that given any ¢ > 2
and N > 1, there exists Cy y > 0 such that

(3.15) |1Exifllg < Cqn2"=2H2ONa p)l.

Indeed by an integration by parts it is easy to see that Ej; is bounded
on L*°. Thus, by interpolation it suffices to consider the case ¢ = 2. We
use the formula analogous to (3.13), with x2 — ¥} in place of x2, and the
fact that the Fourier transform of ya — ¥ vanishes for || > c2k=20+2l,

Consequently, by the Cauchy-Schwarz inequality and Plancherel’s theo-

Frf (=€ y3) 2
s [ [ G e s

rem

[€34+(v(y3),£")|
S ok—20+2le

< CN2fl2f(k72l+2le)(2N71) Hng
which is (3.15)
In order to estimate the main term 7T}, in (3.14) we further decompose

ap,; into pieces supported on 2! subintervals of I. Let ¢ € Cg° be
supported in (—1,1) so that ) ., ((- —v) =1. We set

k1w (Y3, 7) = C(2'ys — v)ag,(ys, 7)
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so that ay; =), ap ., and let

T f(z) = 29k,l(9733)/ei“”(”ﬁ"y’ﬂXl(ys) a1, (7)dT f(y) dy,

Notice the natural estimates for the derivatives of aj;,, namely if
la — 27| < 270 and if n(a) = (—4(a), 7} (a)) then

(816)  |(7(a), Vo)™ (n(0), V)2 g 1 (5, 7)| < Gy y 2 Hm12772,

Moreover, the Fourier transforms of the functions 7}, , f have support
properties which are favorable for the application of Wolff’s inequality.
Let o, = 2_lu, and let {ul(,l), u,(,2), ul(,?’)} be an orthonormal basis where

u? is parallel to (v(aw), 1), uV s orthogonal to both (y(ay),1) and

(v (), 0). Thus if & = r(v4, =1, 7172 — 717%) () then u? is normal
to ¥ at £ and u,(,l), ul(,2) are tangent vectors. One now verifies that the
Fourier transform of T}, f is supported in a set where

(3.17a) O < (g u) < 6,
(3.17b) (g u)| < C27,
(3.17¢) (g ui))| < C2722e,

Indeed we have

(3.18)  Fs [Thunf] (€, 63)

_/@(ﬁ?ﬂr (V(y3), & ))angw(ys, &) Fra f (=€, y3)dys.

To see the assertion on the support we first note that (3.17a) follows
since our symbols are supported near ¥ and away from the origin. Next
1€, u(yg)ﬂ ~ €34 (y(aw), )| so that (3.17¢) is an immediate consequence
of the support property of El and the fact that o, € supp ag,.(-,§).
To show (3.17b) let t, = (7/(cw,),0)) and observe that u'? belongs to the
span of t, and u?. By the definition of ay;, we have (t,,&) = O(2F!)
and this together with (3.17c) implies (3.17b).

—

By (3.17), the Fourier transforms of T}, f are supported in C-exten-

’ 2—2l+2le)

sions of plates P, which form a family of (2" plates generated

by ¢ as in (3.8). After a straightforward reduction we may apply our
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variant of Wolff’s inequality (3.4) and get for g > qw

1

12, 1/q
(3.19) HZTk,l,uf‘ < Ce2 27a (ZHTk,l,fo ) :
q
14
In order to finish the proof we need to prove that
(3.20) | Thwllr2mpe < C20R)/2)
(3.21) Tkl oo poe < C270

These inequalities imply the stronger bound

(3.22) (e )" oty K gy,

For ¢ = 2 (3.22) follows from (3.20) and the almost disjointness of the
supports of y3 +— a1, (7,y3). For 2 < ¢ < oo it follows by interpolation
with the ¢°°(L*°) bound from (3.21). The asserted estimate for Ry
follows then by combining (3.19) and (3.22).

We conclude by proving (3.20) and (3.21). To see (3.20) we recall that
{7 (y3), >\ ~ 2! on the support of ay;, and write ay;, = a;lw—i—a,;ly,
where akl further localize to the regions where (y/(ys3),7) is positive
and negative, respectively. Consequently we get a decomposition T}, ;, =
T kiw T Ty, Weonly work with T= k 1> the other case being similar.
Let

K(z,7,y3) = Uk, (x3) / eiKx_z’a+<T’_zl+z37(y3)>]ak,l,u(y&5/) dz dg,
= 6_i<7’x/_x37(y3)>19k,1(fﬂs)ak,l,u(ysa —T7);

then 7 f(z) = [ K(x,y3,7)Fge f(7,y3)drdys and by Schur’s lemma and
Plancherel’s theorem

1T 1oz <sup [ [ | [ Ko Ko O zaldo] dc

T,Y3

rg Hal—!}:l,y
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which is controlled by

sup dzs

T

(3.23) < Csup/(

Y3

/ laf, (23, —7))]

(1T + [{(v(y3) = v(z3), 7))
dz3 < ol-k

1—|—2k_l\y3—23])2 ~ ’

Here we integrated by parts twice in x3 and for the last estimate we used
[(v(ys) —(23), 7)] = lys — zs][{7" (w), )] = 25" |ys — z3]; the point w lies
between y3 and z3, and since we work with az’w the quantity (7/(-), )
does not change sign in [y3, 23]. (3.23) yields the L? bound (3.20).

For the L*° estimate, we integrate by parts in 7 using the direc-
tional derivatives (v'(aw), V) and (n(aw ), V) and the symbol estimates
(3.16). This gives

1T F e < sup ‘ / [ [ et == sty aatyn, —r) df] ) dy]

Sfllstp [ (1 2 an). ) — '+ o))
*  Jsupp(a)
(1+ 2571y (), ¥ — &' + w3y(ys)) "> drdy
and we integrate first in ¥’ and then in y3, 7 over the set where

(7 (), S 2% (@), ) S 2% lys — ] S 27

The result is the asserted bound |7 f|lcc < 27!|f|lco- This concludes

~

the proof of the proposition. ([l

The proposition, and a further interpolation yield
Corollary 3.2. For q > (qw + 2)/2, there is ey = €o(q) > 0 such that
(3.24) 1R fllg < Co2Ma2me0a] ]|,

Proof. By the almost disjointness of the plate families and the L? bounds
in (3.20) we see that the L? operator norm of T}, is O(2(¢=%)/2) and by
(3.15) this also holds for Ry ;. Interpolating this with the L¢ bounds of
Proposition 3.1 yields the assertion. O
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3.3. Bounds in Sobolev spaces. We now complete the proof of Theo-
rem 1.2 in the nonvanishing curvature case; here we still have to put the
estimates (3.24) for different k& together. We wish to show that R* maps
Lq to Lﬂ+1/q for ¢ > (qw + 2)/2, and by duality (with 8 = —1/q) this

Wlll imply the asserted LP — LP for R. By a vector-valued version

1-1/p
of the Fefferman-Stein inequality for the #-function, Littlewood-Paley
theory and standard integration by parts arguments (as in [10] or [18],
p. 695) one reduces matters to an estimate for

(3.25)
S| F(z Sup IQ!/ ‘2 /q [Ricy fo(w ] /Rklfk dz]‘ )1/2

k>21

where F' = {fi}ren and the supremum is taken over all cubes @ con-
taining z. The assertion follows from

qw +2

(3.26) I1SiFllg < 27D F|| ooy, 5

< g < o0.

One splits S;F(z) into three parts. The main part is concerned with
the terms where 27¢! < |2Fdiam(Q)| < 2¢! for some large C; here one
applies Holder’s inequality in k£ and uses the dyadic L? estimates above
(cf. Corollary 3.2). The terms with |2¢diam(Q)| > 2¢' or < 27 are
dealt with by standard L? and L* — BMO bounds for generalized
Radon transforms. We omit the details which are very similar to those
in §3 of [16] (based on arguments in [17] in a different context).

3.4. Extension to curves of finite type. We now relax the curvature
assumption on v and assume that - is of finite maximal type < m. In the
terminology of [18] the operator R satisfies a right finite type condition of
order < m+ 1, while in the terminology of [19] the underlying incidence
relation is of type < (m,1). Finally in Comech’s terminology [2] the
projection mgr (for the canonical relation associated to R) is of type
< m — 1 (while 71, as a blowdown is not of finite type).

We may relax the finite type assumption a bit by not necessarily
assuming that v # 0. We shall fix ap € I and estimate R under the
assumption that y; is supported in a small neighborhood of cg. Assume

v(ao + @) = y(ao) + (Bra™ p1(a), B2a™ pa(ar)),
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where 1 < n; < ny < m, (1 and P2 are nonzero constants and ¢; €
C™+57ni with ;(0) = 1. We may reduce Theorem 1.2 to this case
(with ny = 1) by localization and perhaps a rotation. Furthermore, we
may assume that 1/2 < ¢; < 3/2,i=1,2 on supp(x1)-

We work with a dyadic partition of unity ¢;(a) = (27 (a—ag)) where
¢j is supported in the two intervals where |o| &~ 277. Let R;f(2/,a) =
()R f(2',a). We claim that for 1 < p < (qw + 2)/qw

i(m— mtl
(3.27) IRi e, < C2 "5 1

this clearly yields the assertion of the theorem. We use a simple scaling
argument. For |u| ~ 1 define

Lj(u) = (B1u™ ¢1(ag + 277 u), Bou"do(ap + 277u));
and let
T30 0) = G(u) [ xa(s) (& + 0w, s)d,

Notice that det(T(u), T/ (u)) ~ B1f2u™*"2(1 + O(277)) and that the
derivatives of I'; are uniformly bounded above. Thus by our estimate for

the nonvanishing curvature case the operators 7; map L” to Lllo_1 Ip? 1<

p < (qw +2)/qw, with bounds uniform in j. A short computation shows
that R; f (277 xy, 279229, ag + 277u) = x1(ao + 277u)Tj fj(2', u) where
fi(y) = f(279™y;,279"2yy y3). Since max{ni,na} < m the inequality
(3.27) follows quickly. O
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