NOTES ON RADIAL AND QUASIRADIAL
FOURIER MULTIPLIERS

ANDREAS SEEGER

This is an updated version of notes that were originally prepared for
lectures at the Summer School on Nonlinear Analysis, Function Spaces
and Applications (NAFSA 10), in Ttest’, Czech Republic. They are
based on material in various joint papers ([1], [20], [26], [27], [34], [36],
[37]). The notes could not have been written without the contribu-
tions of my coauthors Jong-Guk Bak, Gustavo Garrigds, Yaryong Heo,
Sanghyuk Lee, Fedya Nazarov, and Keith Rogers. Any deficiencies and
errors in these notes are my responsibility.

1. FOURIER MULTIPLIERS

Given a translation invariant operator 1" which is bounded from
S(R?) to some LY(R?) there is a tempered distribution K so that
Tf = Kx f forall f € S(R?) (see [53]). We denote by Conv the
space of all K € §'(R%) such that

K fllg < Cllf ]
for all f € S(R?), and set

1K llconvg = sup{[[K = fllqg - f € S, [[fll, =1}

The convolution operators can also be written as a multiplier transfor-
mation N

K« f=F"'mf]
where the Fourier transform of a Schwartz function in R? is given by

FE) = Jl6) = / e @y

and F1[g](z) = (2m)~? [ g(£)e"®d¢ is the inverse Fourier transform
of g. The space of Fourier transforms of distributions in Convy is
denoted by M and the Fourier transform is an isometric isomorphism
F : Convl — M, ie. |mlag = [[F " [m]llconvg. We also abbreviate
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Conv,, = Conv} and M, = M}. Effective characterizations of the spaces
Conv] or M are known only in a few cases, see [28], [53]:

e Conv is the space of finite Borel measures (with the total variation
norm).

e For 1 < p < oo, Conv{ = L9, with identifications of the norms.

e M, = L*°, with identifications of the norms.

Moreover, M7 = {0} for p > ¢, and M} = M;J,,,

1,1 _1,4,1_
p+p’ q+q’ ’

Of particular interest are the radial Fourier multipliers on R?

m(§) = h([¢]) -

We shall assume throughout that d > 2. The radial multipliers cor-
respond to operators commuting with translations and rotations, i.e.
convolution operators with radial kernels, and also to spectral multi-
plier operators for the Laplace operator, via

h(V=2)f = F ' h(]- ]

A great deal of research has been done on a class of radial model mul-
tipliers which are now called of Bochner-Riesz type. Given a smooth
bump function ¢ supported in (—1/2,1/2) we define

(1.1) hs(s) = ¢(15°)

so that hgs(| - |) is supported on an annulus of width ~ 4.

Congecture I: For 1 < p < %, one has
(12)  hs(l-Dllag, S 672, Ap) = d(1/p—1/2) —1/2

This is referred to as the Bochner-Riesz conjecture since a resolution
would prove that the Bochner-Riesz means of the Fourier integral

R = o [ (- S T

converge to f in LP(RY) if A > A(p). Inequality (1.2) is known in two
dimensions for the full range, and various partial results have been
proved in higher dimensions (see [17],[13], [19], [5], [6], [61], [33], [8]).
For the relationships of various related conjectures see [56], [57].

A somewhat more general problem involves classical function spaces
measuring regularity, in particular the L? type Sobolev spaces L2 or
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the Besov spaces Bép. The following estimate would be optimal within
this class of spaces.

Conjecture 11: Let h be supported in a compact subinterval J of (0, 00).
The estimate

(1.3) 1A (] - I)IIMp S lbllsz,, a=d(l/p—1/2)
holds for 1 <p < d+1

Partial results with the condition o > d(1/p — 1/2) and related

square-function estimates are in [10], [12], [14], [34], and a proof of the
2(d+1)

T3 can be found

endpoint B2 d(1/p—1/2).p bound, in the range 1 < p <
in [35].

Inequality (1.3) is still far from a characterization of radial multipliers
(even those supported in (1/2,2)). Consider the multiplier h:(s) =
x(s)e ™ where xy € C°(1/2,2). Tt is closely related to the solution
operator for the wave equation. It is known (see [45]) that ||h(]-])||ar, S
(=D for ¢ > 1,1 < p < 2, but || g2, 2 t* and thus the
optimal M, bound cannot be derived from (1.3). An affirmative answer
to the following conjecture would close this gap.

Congecture III: Let 1 < p < d+1,
subinterval J of (0,00). Then it

(1.4) 1A Dllag, = |77 R(L- DI,
(with the implicit constants depending on J)?

and let h be supported in a compact

Given that the weaker conjectures I and II are not completely re-
solved, we may have, for Conjecture III, to settle for smaller ranges of
p. It has been shown to hold in [26] for the range d > 4, p < (dd 11), and
no such result is currently known in dimensions 2 and 3. As in [26] the
proof of this conjecture would likely lead to a simple characterization

of all radial FL? multipliers for p < m, as in:

Congecture 1V: Let m = h(| - |) be a bounded radial function on R® and
define the convolution operator Ty, on RY by

T f(€) = h(EDF(E).

Let 1 < p < £5. Let n be any nontrivial Schwartz function on R4,

Then Ty, is bounded on LP if and only if
sup £47| Ty ()], < o0
>0
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The resolution of this conjecture would imply that in the above range
T}, is bounded on L? if and only if 7}, is bounded on the subspace L , of
radial L? functions. By Fefferman’s theorem [18] on the ball multiplier

(or some variant of it) this is clearly false for % < p < 2. Similar
2d

arguments show that the condition p < 75 is necessary in the three
previous conjectures.

Finally one can formulate a version of Conjecture IV for LP — L9
estimates. Here we focus on the case ¢ < 2.

Congjecture V: Let m = h(| - |) be a radial function on R® which is in
L, (RUN\A{0}) and let T f(€) = h(|€)) f(€). Let 1 <p < Z5, p<q <2,

loc d+1’
and q < gﬁp’. Let n be any nontrivial Schwartz function on R?. Then
T}, is bounded from LP to LY if and only if

sup 17| Tafin(t)] ], < oo
t>0

The condition ¢ < %p’ is relevant for the range —251:31) <p< ﬁd:[
and cannot be dispensed with in general, by a Knapp example. One

considers hs(| - |) as in (1.1) and tests the operator on functions fs, for

which f5 is a bump function supported in a § x V8 x - - - x /8 rectangle
addapted to the support of hs(| - |).

These notes. In §2 we consider the case of general quasiradial multipli-
ers in ]\41,2 and discuss a characterization for the case when the under
a decay assumption on the Fourier transform of the surface measure of
Y,. When p is the Minkowski functional of a set with smooth bound-
ary (then P = I) we examine further the M{ classes and express the
condition F~'[m] € L7 in terms of the one dimensional Fourier trans-
form of h. This is done in §3. In §4 we discuss a sharp theorem from
[20] on the L? boundedness of convolution operators with radial kernels
when acting on radial functions, and in §5 we prove the same result for
radial multipliers acting on general functions. We shall focus on the
case where the multipliers are supported in (1/2,2).
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2. L? FOURIER RESTRICTION THEOREMS AND QUASIRADIAL le
MULTIPLIERS

In this section we shall first discuss a general version of the Stein-
Tomas restriction theorem and then deduce as a consequence a straight-
forward characterization of radial and quasi radial multipliers in Mz?’
for the p-range of the L? restriction theorem.

2.1. L? Fourier restriction theorems. In the 1960’s Stein observed that
the Fourier transform of an LP function can, for a nontrivial range of
p > 1 be restricted to some compact hypersurfaces with suitable curva-
ture assumptions. An almost sharp theorem for the sphere was proved
by Tomas [62], with an endpoint version due to Stein [51]. Further
results are in Greenleaf [23] and many other papers. Here we present
the rather general setup by Mockenhaupt [43] and by Mitsis [42], with
the endpoint version in a joint paper with Bak [1].

We are given a compactly supported Borel measure o satisfying the
Fourier decay bound

(2.1) ()] S (1+ [e))~*7
and the a-upper-regularity condition
(2.2) (B, )| <

for all balls B(x,r) with radius r.

Remark. For measures satisfying (2.2) the Hausdorff dimension of
the support is at least a. For measures satisfying (2.1) the Hausdorff
dimension of the support is at least 8. The latter holds since for v < 8

the v-energy
/ |z — y| " du(e)duly /! 7€) [Pde

&
is finite and for the Hausdorff dimension of supp(u) we have

dim(supp(p)) = sup{7 : I”(n) < oo}
(see [40], [64]). For this reason the number

dimz(p) = sup{f : sgp(l +1ENT2E)] < oo}

is often called the Fourier dimension of p.

Theorem 2.1. Let p be as in (2.1), (2.2). Then

R _4d—a)+2p
23 [IFOPAS I p<pa- A=) 5
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The LP norm on the right can be replaced by the smaller LP? Lorentz-
norm.

Proof. Let T denote the Fourier transform, as an operator mapping LP
to L?*(dp) (and as such a priori defined for L' functions). The proofs
of Mockenhaupt and Mitsis, for the open range (1, p;), follow Tomas’
argument in [62]. One first observes that

(2.4) T°Tf = f=*[n(—)].
Indeed,

(T°T . g) = / FleaEaue)

Thus
(2.5) F i IPT— [2(dp) <= fix: LP9 — P9

Following Tomas split i1 = Z;io f;, where [ij is supported in {|¢| < 2}
and, for j > 1

supp(fi;) C {271 < [¢] < 2771
This decomposition can be arranged such that py = p * ¢o, and, for
J > 1, py = px299¢(29(x)), for suitable ¢y, ¢ € S(RY).

It is easy to see that || f * woll,y S |||l for 1 < p < 2. By (2.1),
175ll0e S 279972
for 7 > 1, and hence
(2.6) 1 * Ajllee S 277721 £
By (2.2) we get, with N > d,

@) S | g i)

J
S (B, 27720927 4 O3t N)
=0
J
< Z 9ild—a)g—l(N—a) | CNQJ'(d—N) < 9i(d=a)
=0
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and hence

(2.7) 1F * Al S Mgl fll2 S 274 Lo
Interpolating (2.6) and (2.7) we get

- —i(2(d— B 2(d—a)+p a)+[3
1f # gl S 277 £ 1l

where the exponent is negative when p < p.. Sum in j to get the

asserted inequality (2.3) for p < pe;.

For the endpoint inequality the familiar analytic families interpola-
tion argument (see e.g. [51] does not seem to work in the generality
considered here, moreover it does not seem to yield the better Lorentz
space bound. Instead one uses real methods (see [29], [24] for related
arguments).

A familiar argument by Bourgain [4] yields the restricted weak type
estimate

(28) Hf * ﬁHLp’CY,oo Sz HfHchr’l

or equivalently, for any f with |f

< XE

~ El/pcr pér
meas({x:\f*u|>)\})§<| |)\ ) .

To see this observe that for any R > 1

D Fe@)] <G XD 2N Sl < GR B

2I>R 21>R

Choose R = R) so that C’(’)R;B/2|E| = )\/2 (and thus Ry =~ (|E|/\)*?).
Then

meas({z : |f % [i| > A})

< meas({z : | Z fp;(z)] > A/2})

2i<R)

<A RSV fIlL)?

2
* [

21 <Ry

(| B/ N8 B S 1B

a.)+[‘3 4(d—a)+28
AP

which is (\E\l/pcr JA)Per.
The restricted weak type estimate implies, by (2.5),
(2.9) F o LPot — L2(du) .
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To upgrade this result to a strong type L — L?(du) (or even LPer? —
L*(dp)) bound we first prove an LPe! — [? estimates for the convo-
lutions f * j1;. We claim that (2.9) implies

(2.10) 1F * Allz S 272 £ e

Indeed, since [|i]|oo = O(27(49)),

IF e ule £ Wl 527 [ 1F@1ns10E)”

and, from (

/ € lde)”

~ (/(Hg—gm/ﬁ 0+ &) dp(n )d§> S 1 lloerss.

Thus (2.10) follows. By duality we also get the L? — LPer™ estimate,
and then, by the Marcinkiewicz interpolation theorem,

(2.11) 1f * Bsllg S 2721171l
for (1/p,1/q) on the open line segment joining the points (1/pe, 1/2)
and (1/2,1/p},).

We now repeat Bourgain’s argument above, interpolating the bounds
(2.11) with the estimate (2.6). This gives the bound

(2.12) 15| e S N 1o
for (1/p,1/q) on an open line segment which is parallel to the diagonal
{z,z}, and has midpoint (1/per, 1/pL,).

Using the general Marcinkiewicz interpolation theorem again (on this
line segment) we get

(2.13) 1f*2l| porr S N Fllzreesr
for all ». Applying this for » = 2, and then applying (2.5) one more
time yields
F o LP? — L(du) .
U

2.2. Quasiradial multipliers in M;. Some theorems for radial multipli-
ers can be generalized for quasiradial multipliers, which do not possess
any group invariance properties. They are given by

m(&) = h(p(¢))

where p is a suitable P-homogeneous distance function.
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To define this notion let P be a real d x d matrix whose eigenvalues
have positive real part and let t = exp(Plogt). p is a P-homogeneous
distance function if

p(t"€) = tp(€)
for all + > 0, and p is continuous in R? and p(¢) > 0 for £ # 0. In
addition we shall throughout assume that p belongs to C*=(R?\ {0}.

Let
(2.14) X, ={¢:p(&) =1}

and let o be the surface measure on X,. It will be convenient to use
generalized polar coordinates £ = s”¢" with p(§) = s, ¢’ € ©,; then

Ja@ar= [ [ pg(sw%sv—%

where n({’) is the outer normal vector at &' € ¥, and
v = trace(P).

Euler’s homogeneity relation in this setting becomes p(§) = (P&, Vp(§))
so that (P&, n({’)) is bounded above and below on ¥,.

We now discuss a simple characterization of quasiradial Mg multi-
pliers in the case that the Fourier dimension of ¥, is positive. Let o
be surface measure on X,. We assume
(2.15) sup [¢]*2[3(¢)] < o0

£ER?

for some 8 > 0. As ¥, is a hypersurface we can apply Theorem 2.1
with a = d — 1 and get

/ 2 4
216) ([ @OPa©)) " S Il 1297

T p+4

(cf. [23]). For example, (2.15) holds with /2 = (d — 1)/m if ¥, is
convex and all tangent lines to ¥, have contact order of at least m with
Y, (see e.g. [9]). One version of the following observation was stated
in [20] although it had been known as a ”"folk result” for quite some
time.

Theorem 2.2. Suppose that (2.15) holds and 1 < p < % . Then the
operator

fr FR( - D]
extends to a bounded operator from LP(R?) to L2(R?) if and only if

2t d 1/2
) 24P
(/t |h(p)] p ) < 00.

N

(2.17) sup £/~
>0



10 ANDREAS SEEGER

Proof. If h is supported in (1,4) then hop € Mg immediately implies
that hop € L2(RY), by testing the operator on suitable Schwartz func-
tions. Thus, by polar coordinates, h € L. By scaling, |[m(t”-)||laz =
tv(/p=1/2) [m|laz and the necessity of the condition (2.17) follows.

For the sufficiency assume first that h, is supported in [t,4¢]. Then
using polar coordinates and the restriction theorem (2.16) we see that

||htopf||2N /t | P (1) /|f pg, <£(2,)>TV_1dr>1/2
<(f PR
= 151 [ ey

Now, dropping the support assumption we decompose h = ), _, hox
where hyx is supported in [2%, 251]. Let
k+1

2
dpN1/2
A=sup2 5D ( [ pup)P) "
k 2k—1 p

Let ¢ € C supported in (1/4,4) so that ¢(s) = 1 on [1/2,2]. Define
Ly by ka(f) ©(27%p(€)) f(€). By Littlewood-Paley theory (adapted

to the geometry determined by P) we know that the operator f —
{Ljf}rez is bounded from LP to LP(¢?). The above shows

IF = RGO S Y Iharop Il

1/212
SAYNL 2| (X 1LP) | s o
k k

Remark 2.3. Tt can be shown that for p(§) = [£|*, and the operator
acting on radial functions only we have the same inequality in a larger

range, namely L? . — L? boundedness for 1 < p < d2f1 Moreover at

the endpoint py = 2d/(d + 1), we have L* — L? boundedness and
Lro:! cannot be replaced with L2 for ¢ > 1. See [20].

rad

3. AN FL? RESULT

In this section A is assumed to be supported in a compact subinterval
J of (0,00). In order for h o p to belong to M] it is necessary for
F~1h o p] to belong to L4; this is immediate because on can test the
convolution operator on Schwartz-functions whose Fourier transform is
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equal to one on the support of h o p. It is sometimes useful to express
this condition in terms of a condition on the inverse Fourier transform
of h (considered as a function on (—oo, 00)), i.e.

(3.1) k(r) = /h(p)eip’"dp.

Such a characterization is possible in the isotropic case, when p is the
Minkowski functional of an open set {2 with smooth boundary, starlike
with respect to the origin in its interior, so that p is homogeneous of
degree one and X, is the boundary of €2. The following result can be
found for p(&) = |¢] in [20]. The proof for general p is taken from our
joint paper with Lee [37].

Theorem 3.1. Let 1 < q < 2, Q as above, let p be the Minkowsk:
functional of Q2 and let J be a compact subinterval of (0,00). Then for
h with support in J |

32 7 ol = ([ KON )0 Bar)’

The implicit constant depends on J.

/a

Proof. Let x € S(R) so that x is compactly supported in (0,00) and
x(s) = 1 on supp(h). The inequality ”<” in (3.2) follows by showing

33) |7 o) [ nirerod)

La(R4)
1/q
/m 91+ )00~ Dar

for the cases ¢ = 2 and ¢ = 1, and using analytic interpolation.

For ¢ = 2 we have
(27r)dHf‘1[X(p(-)) / A(r)e!"dr] ;md)
= [ [xtoten [ wtrrernoar ae

—c [ o) [ wt)eman] 5 1ap
S [ n(r)Par

where we have first used Plancherel in R¢, applied generalized polar
coordinates, and then used Plancherel on the real line.




12 ANDREAS SEEGER
In order to prove (3.3) for ¢ = 1 we use the fact

(3.4 |7 oener | | s @l

L1(R9)

This is a rescaled version of an inequality in [49]; the assumption that
p is homogeneous of degree one is crucial here. (3.4) and Minkowski’s
integral inequality immediately give

|7 10t [ e an| s [t ) ar

which is (3.3) for ¢ = 1.

We now show the converse inequality

([ s+ e 002dr) ™ < o e

for h smooth. This a priori assumption implies that the left hand side
in (3.5) is finite; it is easy to remove by an approximation argument.

Let § € X, be a point where the Gaussian curvature does not vanish
(e.g. a point where |{| is maximal on ¥,). Let U be a small neighbor-
hood of & on which the Gauss map is injective and the curvature is
bounded below. Let v be homogeneous of degree zero, v(&,) # 0 and
supported on the closure of the cone generated by U. Then

177 bl o S 7 ol

Use polar coordinates (with respect to p) to write

_ > _ ey do(§)
] d 1 o _ d—1 N ip(€’ )

38) Cry'F prhopl(@) = [ wip [ sterenn o
Let n(&) the outer normal at &, let I' = {z € R? : }‘ﬁ—| — n(§0)| < e},
with € small and let, for large R > 1, g = {z € I : |z| > R}. We may
assume that for each x € I' there is a unique § = Z(z) € ¥, so that
v(Z(z)) # 0 and so that x is normal to ¥, at =(z). Clearly z — =(x) is
homogeneous of degree zero on I'. By the method of stationary phase
we have for v € I'p

N

(3.7) F rh(pO))(w) = Io(w) + Y 1T(x) + 111 (x)

J=1

where

(o) =c [ h(p)p' =y
0
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where K (Z(z)) is the Gaussian curvature at Z(z) and |¢| = (27)74.
There are similar formulas for the higher order terms I1;(z), with the

main term (p(E(w),m))_% replaced by (p(E(x),:@)_%_j. Finally
(111 (2)| Sy 1Rlls]zl™ = €Tk

Let h;(p) = h(p)p“= ~ and let k; = Fy'[h;], then
ro((E(x), 7))

d—1 ?

Io(x)| =~
L

.I'EFR.

We also have
2| = (E(x),2), weT,

which is a consequence of p(§) = (£, Vp(§)) (Euler’s homogeneity rela-
tion) and the positivity of p on X,. It follows

* 1/q
(3.8) ol zarg) 2 (/ ko (7)]4(1 + !rl)(d*”(l’qﬂ)dr>
CoR

for some Cjy > 1. Similarly
, o 1/q
39 Il S RV ( [ I+ e 0ar)
0

We will need to use the straightforward bound
00 1/q 0 1/q
10) ([ lorgrsirar) s ([ gt prar)
0 0

whenever ¢ € S(R). Since k; = (; * ko this shows that we can replace
r; in (3.9) by kKo.

There are also the trivial inequalities

M| zawg < BRI

and

2]y S Nhopll Lo ey S NF o pll| Lagray -
Thus
(3.11) ITTT] aqryy S BRTHIFHRop] || Lagray-

Moreover, we estimate crudely
(3.12)

CoR 1/
([ i+ o)
0

q
< RYmolloe S RY|IA]1
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We now combine the estimates and get

(/ [0(r)*(1 + \r\)@—l)(l—q/z)dr)

< WHollzaen) + RYNF 7o pll| ageay
(3.13) < RYYF hop)|| oy + R Z 11| amay

=1

here we have used (3.7), (3.11)) for the second inequality, and (3.8),
(3.12)) for the third. To estimate the second term in (3.13) we use
(3.9) and then, using (3.10) replace r; with kg to get

Tl L) SR‘l(/ o (r)I(1 + [r])@-10=0/2)qy )
0

Thus, choosing R sufficiently large (and using the finiteness of the right
hand side of the last display) we get

/g
([ tmatrP e+ e 0002ar) < 7 oo

Finally observe that k = kg *(y for some Schwartz function (y and thus,
by (3.10) we may replace ko by k. This finishes the proof of (3.5). O

1/q

1/q

Remark. An application of the Hausdorff-Young inequality recovers
necessary conditions in [22],[47], namely for h supported in a compact
interval J C (0, c0)

(3.14) 1] o Sy IF 7 hopl |l paqray -

(d-1)(3-%.q
In [47] inequality (3.14) was proved for more general P-homogeneous
distance functions p, but we don’t have a simple analogue of Theorem
3.1 in this case.

4. RADIAL Mp MULTIPLIERS ACTING ON RADIAL FUNCTIONS

Let g be a radial Schwartz-function, g = go(]z|) then the Fourier
transform of ¢ is given by g(§) = Bago(p) where B, denotes the Fourier-
Bessel transform (or modified Hankel transform) of go. It is given by

(4.1) Bd@%=Amﬂ$ﬂwﬁ*Ws
where
(4.2) d(p) = p‘%J% (p)

and .J, denotes the standard Bessel function.
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The convolution with a radial kernel maps radial functions to radial
functions. Let A(|¢|) be a radial multiplier and g = go(| - |) Then

(4.3) FHA( - Dgl(z) = cBalhBago](|z]) -

We denote by L? . the space of radial L” functions. The following
characterization of Lﬁad boundedness was proved in joint work with G.
Garrigés [20]. Let ¢ be a nontrivial bump function which is compactly

supported in (0, 00).

Theorem 4.1. Let 1 < p < 4. Define k(1) = F ' [ph(t-)](1) . Then

I 0 DAz, S 0F ez

rad

for all radial Schwartz functions holds if and only if the condition

1/
(4.4) sup ( / ) P(1+ 7)) D020 < oo
t>0

18 satisfied.

The necessity is easily checked by testing the operator on functions
of the form t%Py(t-) where 7 is a suitable Schwartz function. For the
full proof of Theorem 4.1 we refer to [20]. Here we consider only the
special case where h is compactly supported on a compact subinterval

J of (0,00). In this case the condition (4.4) reduces to the finiteness of
| F~A(]])]|l, and thus, by Theorem 3.1, we need to prove the estimate

‘ ‘ By [thg] ‘ ‘ Lr(rd=1dr)

RPN 1/p
S ([ BP0 ar) gl g

Proof of (4.5). Here we give the simple idea for the proof of this special
case. We need to use the standard asymptotics for Bessel functions (see
[16], 7.13.1(3)), namely for |z| > 1,

M
_gy_d=1
= E Cyacos(z — Shr)a™? 3

v=0
M
Cop_dtl oy
+ g Coasin(z — P22 + 2 M Eyq(2)
v=0

with coq = (2/7)'/2, and the derivatives of EMyd are bounded.

Note that
(4.7) BalhBag)(r /K r, )57 tg(s)ds
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where

(1.8) K(r,s) = / h(p)3(pr)(ps)p™ dp.
0

Using the above asymptotic expansion in this integral, for both J(pr)
and J(ps) one derives the following pointwise bound

(49) K8 S S (4m) T (1+5) /W:“is_mhw

where k = Fy '[n]. If we incorporate the weights into the operator, set
f(s) = s4=1/Pg(s), and use (4.9), then (4.5) reduces to

(4.10)

\7"\ |k(£r £ s —u)| p\l/p
(/ A+ )% // 1_|_’ ‘ A+ )™ |f(5)|dsdu] dr>

S 51| Lo (14 =022 a0y | f || 2o (ar) -

Let
1+ |r|

K“”>:(1+b|

By an application of Minkowski’s inequality and a straightforward es-
timate we see that (4.10) follows from

(4.11) </L/K&ﬁﬁ&ﬂs%ﬁwp

5 “’f||LP((1+\r|)(d*1)(17p/2)d7)||f||Lp(dS) .

We split the kernel into K'(r,s) = K(r,s)Xsi<r2 and K2 (r,s) =
K(r,s)X|s|>rj/2- The main contribution comes from the first kernel
and we get

1/
(1 wemnf)”

N 1/p
/(1+||IJ;(“)|1>( 2></|>2(Hw)(dl)(l2)‘K(iris>’pdr> s

S / <1+ | |£E8)‘ -y ds (/(1+ |r|)(d—1)(1—§)|ﬁ(r>|pdr)1/p'

For p < 2

(d-1)(t-3
) k(7 £ 5)].

Holder’s inequality yields

/ (L4 1s) "D p(s)lds < £,

and we get the analogue of (4.11) for the kernel K.

d+1
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For the contribution with |s| > |r|/2 we can drop the term

d—1)(1/p—1/2
(1+\T]>( )(1/p /)<1
1+ s ~

and estimate

(/‘/ICQ(r,s)f(s)ds‘pdr>l/p§ &l £ -

2d
d+1

» 1/p
Il S ([ o0 -Dlupar)

we get the analogue of (4.11) for the kernel X2, This finishes the proof

Since by Holder’s inequality and p <

of (4.5). O
Open problem: Is there an effective characterization of L? , — LP .

boundedness in the range % <p<2?

5. RADIAL FOURIER MULTIPLIERS WITH COMPACT SUPPORT

We now give the proof of the characterization of radial multipliers
with compact support away from the origin, which was obtained in the
paper with Heo and Nazarov [26].

Theorem 5.1. Let d >4, 1 <p <pgq:= %, and let m be radial,

m = h(]-])

with h supported in (3,2). Let k as in (3.1), i.e. k(r) = (2m)F [h](r).

The following are equivalent:

(i) m € MP(R?)

1/

(ii) (72 () P(1 + ) @00 27200) < o

(iii) F~[m] € LP(RY).

For the equivalence of (ii) and (iii) see §3. Clearly (i) implies (iii), in
view of the compact support of m. In this section we prove that (iii)
implies (i).

Let ¢ be a radial Schwartz function, compactly supported in {|z| <
1} such that ¢o(£) > 0 on {¢ : 1/2 < |¢] < 2}. Take ¢y = A*Mg, for
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M > 5d. Then v is a aadial Schwartz function, compactly supported
in {|z| < 3} such that ¢(£) > 0 on {¢: 1/2 < |¢| < 2} and such that

/ o(z)P(z)dz = 0

for all polynomials of degree < 4M. Let
Y = 1o * to.

Let 7 be a radial Schwartz function such that 7(¢) = [72(5)]_1 for
1/2 < |¢] < 2. Then A([])1(£)n(§) = m(&) and thus

Flm]=vx K =y*1o* K

where K = 1% F~![m]. Note that K is radial and K is compactly
supported in {£: 1/2 < [¢] < 2}. Clearly
1Kl < 17 ]l -

Thus we need to show

(5.1) [0+ K 5 fllp S TE Nl
Let K(r) be defined on (0, 00) so that K(|z|) = K(x).
If g € S we have, by polar coordinates,

/K d:)s—/oolC(r)rd_l/Sd1g(r:v’)dadr

and thus
(5.2) K = / r)o.dr

where o, is the surface measure on the sphere of radius r and (5.2) is
understood in the sense of distributions. Note that

lovllar = O(*™).
Also (0,,g) = r* Yo, g(r)), ie. o, =r~to(r 1.

Lemma 5.2. We have

7adfl

0 () € ——=
(1 +¢lr) =

and

— d
(5.3) [0 % orlloe S (1 47) 2>
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Proof. The first formula follows from stationary phase or the explicit
formula ([53])

(54) a1([€]) = 3D,
with J as in (4.2).
Now (5.3) follows because 12 vanishes at the origin to order 20d. U

The contribution of the integral in (5.2) for » < A is trivial for our
purposes since

4 A
| / K)o dr| < / K@) |r*dr
0 1 0 )
rEAWJD’(/O \/C(T’)|prd_1dr>1/p.

Let f € LP(R?). We need to prove

(5.5) H/:o /w*ara:— fy )dydr
s( \K(r)\pr“dr)”pufup-

Let
(5.6) F, . (z) :=¢*o.(x —y).

We replace the tensor product function f(y)K(r) with a more general
function g in the Lebesgue space LP(R? x (0,00); dy r¢~tdr). We will
then prove the more general inequality

o0 | [ [ o] < ([ [l rpaa)”

It is convenient for notation to discretize the above inequality. This
is natural in view of the compact support of the Fourier transform of K
and (w.l.o.g.) the Fourier transform of f. For u = (u/,ug.1) € [0,1]% x
[0, 1] let Z, be the half-lattice consisting of those (y,7) = (y1,...,Y4,7)
such that y; = z; + u; for some integer z; and r = n + ug,, for some
integer n > 2. It suffices to prove the inequality

59 | X A@swn] (3 twnpe)”

(y,r)E2n (y,r)E2n
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with a bound uniform in u € [0, 1], Henceforth it is assumed that

all (y,r) sums are taken over Z,. Later we shall also use the notation

(5.9) Zow=1{ly,r) € Z,: 2" <r < 2F1}.

Inequality (5.7) (with the r-integration over [1,00)) is an immediate
consequence of (5.8), by averaging and Holder’s inequality. Indeed, we

have
H /100/@/}*@@ —y)g(y,r)dy dr )

< ’/[()l]d+1 TZ w*or(x—y)g(y,r)updu

\/[;] 1]d+1
(ol

and, once we prove (5.8), the right hand side of the previous display is
bounded by a constant times

</[01]d+1 Z gy, )P r du>1/p: </100/|9(y,7’)|pdyrd_1d7“>l/p.

(y,r)EZu

Y xo(xr—y)gy,r)
GZu

du
P

P 1/p
du)
P

Fyr(z)g(y,r)

U

Support properties. Recall that the support of ¥ is in the unit ball
and thus

(5.10) supp(Fy,) C {z: Hx —y| - r| <1},

which has measure O(r?~!) if r > 2. Thus if £ is a subset of Z,, Zj.,
as in (5.9), then we have the trivial consequence

(5.11) meas <supp Z Z F,. ) Z M=V (N Z.).

k (y r eSﬁZk w

This estimate may be improved if the set £ C Zj,,, is concentrated on a
ball of radius Ry € (1,2*%). Observe that the cardinality of £ is always
O(RI™) in this case and an improvement over (5.11) happens if this
cardinality is substantially larger than Rj.
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Lemma 5.3. Let 1 < Ry < 2F, & C Ziu and suppose that & is
contained in a ball By of radius Ry. Then

(5.12) meas (supp( Z |Fy )) < QDR

(y,?") Egk

Proof. If (yo,70) is the center of By and if F,,(z) # 0 then ||z —y|—r| <
1 and consequently

|1z = yol = 70| < |lo —y| — 7| + |y — ol + |7 — ro] <1+ 2R,.

Thus
supp ( Fym) C {(y,r) € Ziu: ||z — yo| — 70| < 2Ro + 1}
(yv"‘)egk
and the measure of this set is O(2¥@V Ry). O

A weak orthogonality property. Inequality (5.8) trivially holds for
p = 1 since ||F,,]l1 = O(r?1). We also know that ||F),.||3 = O(r®!)
and thus if the functions F} , were orthogonal, or almost orthogonal in
a strong sense then one would get the inequality for p = 2. However,
this would imply that we get L? boundedness for convolution opera-
tors for which the compactly supported Fourier multiplier is merely in
L?, but of course boundedness of the Fourier multiplier is a necessary
and sufficient condition for L? boundedness. Consequently the F, . are
not “almost orthogonal” enough. Nevertheless there is a weak orthog-
onality which will be crucial in our estimates. It is expressed in the
following

Lemma 5.4.

(r') s
d—1 "
2

Lty =yl +r =)=

(5.13) [(Fyry Fyr)

S
(

Proof. By Parsevals’s identity

<Fy,r7 Fy’,r’> = (271’)_d<Fy7T, ﬁy/ﬂn/>.
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Recall that 1 (|¢]) = 4(|€]) (¢f. (5.4)) and thus, with 1(¢) = B(|¢]), we
have

(27) By, By

_ / 5, ()5, (€)|D(6) [P 9 dg

= ()" / B(p)*3(rp)a(r'p) /S o () ptdp
= (") / BO)PP )3 0)8(oly — o)) dp

—1

Now |d(s)] < (1 + |s|)~ “T" and if we take into account that 1B(s)| <
52°4 for |s] < 1 and |B(s)| < |s|™ for |s| > 1, we obtain

a1
|<Fy,r’Fy’r’> N ) - d—1
(I+ly—yl) =
This gives the asserted bound when |r —7'| < C(14 |y —¥/|). But from
supp(Fy,) C {z: Hm —y|—r| <1},
supp(Fy ) C {z: Hx —y| =7 <1}
we see that for |[r —r'| > 1+ |y —¢/|, the supports of F,, and Fy,, are

disjoint. Hence (F),, F,,») = 0 in this case. O
We note that one can prove a finer estimate
(5.14)
-N
(Fyrs Byl < On ()T (U ly—y/ )T Y (1 |r e’ £y —y/]])

4.4

if one uses the oscillations of the Bessel functions (as in (4.6). We will
not have to use (5.14).

Reduction to a restricted weak type inequality. We need to
prove the inequality (5.8) for p in the open range (1, 2?;11)). Consider
the operator 7 acting on functions {g(y,r)} on the lattice Z,, defined

by

I

(y,r)
By the generalized Marcinkiewicz interpolation theorem it suffices to
prove that 7 maps the weighted Lorentz space (P1(Z,, 7471 to LP>°(R?).
For k=1,2,... let

(5.15) & C Ziu
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and let ¢, , be constants satisfying
(5.16) sup|e,| < 1.
y,r

This 71(Z,,r4Y) — LP>=(R?) bound follows if we can show the re-
stricted weak type inequality
(5.17)

meas({a: cR?: ‘ Z Z Cyrtyr
ko

y,r)EEL

>A}) S AT Y2
k

We note that (5.17) is true for p = 1, and thus implies (5.17) for p > 1
when A < 1. Hence in what follows we will assume that A > 1. We
may also assume that #&, < oo for all k.

Modified Calderéon-Zygmund decompositions. The following propo-
sition is motivated by the support estimate in Lemma 5.3. In what
follows A > 1.

Proposition 5.5. For every k there is finite collection By, of disjoint
balls so that

(i) Each ball B € By, has radius rad(B) < 2% and
#(BN &) > N diam(B).

(i1) For each B € By denote by B* the ball with same center, and
radius equal to five times the radius of B. Define the sparse set (or low
density set) £ as

gr=&\ | B
Be®y,
Then for every subset D of Zy.., with diameter < 28+ we have

#(EP N D) < Ndiam(D).

Proof. This is analogous to the proof of the usual Vitali type covering
lemma. We set B = (). If there are no balls of radius at most 2F with
the property that the cardinality of the intersection is at least A? times
the diameter of the ball then we set & = &, and properties (i) and
(i) are satisfied with B, = By = (). Otherwise we choose a maximal
ball By of radius at most 2¥ such that #(By; N &) > A diam(By ) .

At stage ¢ we are given a collection By, = {Bi1,...,Be_1x} of {—1
disjoint balls such that #(&, N B, ) > AW diam(B; ) fori =1,...,0—1
and such that the radii of B, do not increase if ¢ increases. If there
are no balls of radius at most 2* in the complement of U{_{ B;; such
that the cardinality of the intersection with & is at least A times the
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diameter of the ball then we set & = &;\U;Z{ B} , and the construction
stops. Otherwise choose a maximal ball By, of radius at most 2% in the
complement of U{Z] B; such that # (B, N &) > Adiam(By ). Note
that diam(Byy) < diam(B; ) for i =1,...,¢ — 1 (since otherwise By
would have been selected before). We set By = {Bi s, ..., B}

The construction stops at some stage, after having selected disjoint
balls B, , for t =1,..., N. Then we set

By, = %Nk,k = {Bl,ka cey BNk,k}7
g/ip =& \ UZJ'V:’HBZL: :
If B is any ball satisfying #(B N &) > AP diam(B) then B must be

contained in B: i for at least one of the balls B; j, in 8. Hence this ball

is a subset of the complement of &". Thus if D is any set of diameter
< 2F we get card(£° N D) < AP diam(D). O

We use the construction from Proposition 5.5 to build an exceptional

set.

For each k € N and for each ball B € 9B, with center (yg,rg), we
define the subset of R?

Vp={z eR: ||z — yp| — r5| < 2(diam(B*) + 1)} .
Observe that for B € B,
supp< Z cy,rFy,r> C Vg

(y,r)€ELNB*
and thus, if we define
(5.18) v=U UWw

keN BBy,

then
(5.19) supp (Z Z cy,TFy,r> c V.

ko (yr)g&?

Proposition 5.6. The Lebesgue measure of V satisfies the estimate

meas(V) S A7 Z 2Md=Decard (&) .
k

Proof. Recall that for each B € B; we have by property (i) in Propo-
sition 5.5,

diam(B) < A Pcard(&; N B).
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Thus

meas(V) < Z Z 2K diam(B*)

k BeBy

<Y 0D 2MNdiam(B)

k BeBy

< Z Z M= \~Pcard(&, N B)

k BeBy

SATPY Mg O

k

L?-estimates. The purpose of this section is to prove

Proposition 5.7. For k =1,2,... let & be subsets of 2, with the
property that for any ball B of diameter < 2% we have the sparseness
assumption

card(&;” N B) < AP(diamB).

Then

> 5 wn.

(y, r)GSSp

< AT log(2 + \) Z k(d=1) 5P,

The proof is a combination of three lemmata. We begin with a
straightforward L? estimate which does not rely on our weak orthogo-
nality argument. Recall that always sup |c,,| < 1.

Lemma 5.8. Let 1 < L < 2% and I be a subinterval of [2F, 2] of
length L. Let &; be a subset of Zy,,, such that for all (y,r) € & we have

rel. Then
2
| 3 arm,

(y,?“) 651

< L2kdbapg,

Proof. We have

Hzcy'f‘ y,r

—Hlpo*ar Z Z cyrto(- —?J)

rel y:(y,r)e&r
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and, by the Cauchy-Schwarz inequality, this is estimated by a constant

times

2

LY [eosdee 3 il — )|,

rel y:(y,r)EET
2
T,
rel y:(y,m)EET
SLY M3 et —w)li3
rel y:(yvr)egf
SIS r Uy () € &)
rel

where we have of course used that the y and r’s are 1-separated. The
last displayed quantity is bounded by L2F@=1# (&), O

We now let A > 1 and prove an L? estimate for the set £P constructed
in the previous section. We thus assume that every ball of radius < 2*
contains no more than A\? diam(B) points in &;".

Lemma 5.9. Let 1 < L < 2% and let T be a collection of disjoint
subintervals of [2871, 28+2] which are of length L. Let

Eer={(y,r) € &P r e I}
Then
C < (L 4 \PL0537) 2k Dugsp,
2

1% 3 ok

I€T (y,r)€€k, 1

Proof. We may assume that the intervals are 10 L-separated (after split-
ting the collection Z into eleven subcollections with this property). Let

Gr,r = E E : CyrFyr-
I€T (y,r)eg;

Then

H ZG“HE N Z HGkIH; + Z ‘(GM/, Gk7[>|‘
I I

I'#1
By Lemma 5.8,

(5.20) Y ||Grally S LY IS ) S L2VH(ED).
I I
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We claim that

(5.21) > 1Grr i)
I'#I
Let (y,7) € &,;. Then by Lemma 5.2, part (i),

S>> | Fye By

I'#L (y' )€€y p

_ a1
< 2K > (") = (y, 1)

(v r)e&r
LS | (ylzr/)i(yfr) ‘ §2k+3

§2k(d—1) Z Q—E%(ApQE)

20>1/2

< okld=1)\pp—5*

D ARt U C T

where we have used that each ball of diameter 2¢ contains no more than
2¢0P points in €. We also used d > 3 to sum the geometric series.
Now we sum in (y,r) and get

Z |<Gk,1, Gr,1r)

41

<22 2 2 MReF)

I (yr)€&pr I'#I (y',r)EE, 1
< k(d—1)yp 7 —0452
S Y e
I (yr)€&k,r

< N~ Z—2kd 1) #gsp

This proves (5.21). The lemma follows if we combine (5.20) and (5.21).
U

Corollary 5.10.

H E CyrFyr

(yr)e&r

SA dl#gsp

Proof. 1f 2F < NPT this follows from Lemma 5.8. If 28 > \Pa1 this
2
follows from Lemma 5.9 if we choose L = A1, O

Finally we show some almost orthogonality for the sums in which we
allow to vary k.
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Lemma 5.11.

HZ Z Cyrlys

(y, r)GSSp

< ATT 110g(2+)\)z d=1)gsp,

Proof. Let N(X) be the smallest integer larger than 101log, (24 A?). Let

E CyrFyr-

(y,r)Egzp
We write
2 2 2
. <
62 [ Xal sz X oaf,+] X e
k E<N(N) E>N(X)

and estimate

| S al sve X fal:

k<N()) k<N ()
(5.23) SATTlog(2+A) Y M Dy,
E<N())
by Lemma 5.9.

Now, in order to estimate the L? norm of 3, ~( Gk we may assume

the sum in £ is taken over a 10-separed subsets of integers > N(\) (just
split the original sum in eleven different sums with this property). We
then have

62) | X als X IGB2 Y [GuGwl.

k>N () k>N () k>k'>N(N)

Again, by Lemma 5.9,

(5.25) ST IGHE S AT ST okdDye,

k>N()\) k>N(\)

To estimate the second term in (5.24) we fix
(y,r) € EP.

Let k' < k—10 and let (v/, ") € &7. Then F,, .+ is supported on a ball of
radius 7' 41 centered at ¢’ and F), , is supported on the 1 neighborhood
of the sphere of radius r centered at y. This means (F,,, F, /) can be
different from zero only if

r— 2k'+3 < |y_y/| < ’f’+2k/+3.
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The set of (y/,7') € 2, satisfying 2¥ < r < 2¥*! and satisfying the
displayed mequahty can be covered with O(2F=*)(=1)) halls of radius
2" and each of them contains no more than O(A\P2¥') points of . For
those points the distance of (y,r) and (y/,7’) is = 2% and therefore, by
Lemma 5.13,

Fy. F,. r) 7 2R < oM
|< y,r ~
Then also

ST {Ey, Fyar)] S 207000 gk ok 555 < jwohld-Dg=k 52

(y'.r)eey)

Hence
> 2 KR Fe)
N(A)<2k <2k=10 (y' ") EE
< \Pok(d—1) Z 2714%
N(\) <2k <2k—10
< )\psz()\)%zk(dfl) < 9k(d-1)
since d > 3.

Finally we sum over all (y,7) € & and get from the last display

> GGy

k>k'>N(N)

SEDDED DD S S Ky Fy)l

k>N(A) (y,r)€E,F N(X) <2k <2k=10 (y' /)€€

(5.26) SO ) MY ok g

E>N(X) (y,r)e&r

If we combine the last estimate with (5.25) we obtain

|3 o s

E>N())

and this, together with (5.23), proves the lemma. O
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Conclusion. We prove the restricted weak type inequality (5.17), for
A > 1. Let V be as in (5.18). Using (5.19) we get

meas {xGRd ‘Z Z CyrFyr >)\})
(y,r)€€k
< meas(V) + meas({z € R : ‘Z Z CyrFyr| > A})
(yr ESSP
< meas(V CyrFyrll
(y,r)e&r

by Tshebyshev’s inequality.
By Proposition 5.6 and Proposition 5.7 we get

meas({z € R*: )Z Z CyrFyr| > A})

(y,r)EEK

< (VP4 AT 2 log(2 4 ) S 2K D P
k

and the proof is concluded by observing that for A > 1
) - : 2(d—1)
A1 7 log(2 4+ AP) < AP if —_—
g( ) S Tl
6. CHARACTERIZATION OF RADIAL FOURIER MULTIPLIERS AND
FURTHER RESULTS

One can generalize the theorem in the previous section to obtain
a characterization of all LP bounded operators Whlch commute with
rotations and translations, in the range 1 < p < (d —i - The following
is proved in [27].

Theorem 6.1. Let m = h(|-|) be a bounded radial function on R% and
define the convolution operator Ty, on RY by

(6.1) T (&) = h(l€DF(&).
Let 1 < pp < % and assume that (5.7) holds for p;. Let 1 < p <

p1, and let n be any nontrivial Schwartz function on R and let ¢ be
any nonzero C° function compactly supported on (0,00). Then the
following statements are equivalent.

(i) Ty, is bounded on LP.
(ii) Ty, maps L , to LP ,
(1) Sup;sg td/p||Th[77(t~)]||p < 00
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(iv) The functions k; = Fg *[ph(t)] belong to LP((1+|r|)@-D1=P/2)gy)
with norm uniformly bounded independently of t.

The proof is somewhat technical and uses atomic decompositions of
LP? spaces. By the results of the previous sections we have the following
corollary (proved first in [26]).

2(d=1)

Corollary 6.2. Letd > 4 and 1 < p < =5~

(iv) are equivalent.

Then statements (i) -

It would be very interesting to get a sharp inequality in two and
three dimensions, for some nontrivial range of p.

It is easy to see (by Holder’s inequality on dyadic intervals and
Plancherel’s theorem) that

02 ([ Is0)a+ @) S 7l

d/p—d/2,p

2(d—1)
5 follows from

Thus Conjecture II, for d > 4 in the range p < =;
Conjecture III . However one can modify the proofs of Theorems 5.1
and 6.1 to get Conjecture I and its global analogue in the range of the

Tomas restriction theorem for the sphere, see [35].

2(d+1)
Theorem 6.3. Ford > 2,1 <p < =75,

~

177 p - DAL, < suplleh() s, -, I fll-
t>0

p 2

Finally, the upper bounds in Corollary 6.2 and Theorem 2.2 can be
interpolated (using Calderén’s [+, -]%-method, see [3]) to get the follow-
ing M theorem, for s between p and 2.

Theorem 6.4. Let d > 4, and let m = h(] - |) be a bounded radial
function on R and let T, be as in (6.1). Let either

2(d-1)
(a) 1 <p< g and p < s <2,

or
(b) 2(d—1) <p< 2(d+1) cmd < < d-‘rl(% . %)

d+1 d+3
Then the following are equwalent:

(i) T, maps LP to L°.
(ii) Ty, maps LY, to L5 ,.
(111) Sup;sg td/p”Th n(t- ||8 < 00.
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(iv) Let rk; = Fg'[ph(t-)]; then the function t¥/P~*k, belong to
Lo ((1 + |r))4=1CO=5/2)ar) with norm uniformly bounded independently
of t.

Similarly, the M} analogue of Theorem 6.3 is

Theorem 6.5. Ford>2,1<p< Q(ddjgl), p<s<2,

|77 01 DAL < sup e oh( ), 1Sl

A Hardy space bound. The following Hardy space result is more ele-
mentary than Theorem 6.4. We let ¢ be a C§° function supported in
(1/2,2) such that >, _, p(2") = 1.

Theorem 6.6. Let d > 2. For [ € /S\(Rd) define T by ﬂ”(g) =
(€D f(€) and Ty, by Tif (€) = p(27*ENT f(E). Then

[T\ mrmpr & Sup 1Tl

Proof. Clearly if T : H' — L' then T}, : L' — L' with uniform bounds.

Vice versa let K be the radial kernel with Kj, = o(|¢])h(2F[¢)).
Then, as before we can write K; = fooo Kr(r)Y * o.dr where ¢ =
o %o %o %15, 1o is supported in a ball of radius 1/4 and all moments
of order < 5d of 1, vanish. Let

B=suwp [+ ) dr s Tl
keZ Jo k

We use the atomic decomposition of H' (see e.g. [52]). By translation
invariance and by dilation invariance of the hypothesis we need to prove

HZ/ Kulr)2fp = o)) wacr], <SUp/ k() (1 + ) dr

kEZ

where supp(a) C {y : [y] <1}, flalle <1 and [a(z)dz = 0.

For k < 0 we use the cancellation condition. We have
1251 % 0] (2%) * ally S (L+ )29 (2%)  al)y

and since ||2%41)(2%.) x a||; = O(2%) we see using Minkowski’s inequality

“Z/OOICk(r)de[@/J*UT](2k-) *adrH < BZQk < B.
k<0 V0 ! k<0
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Next we consider the corresponding sum for k£ > 0. Note that the

expression
2k+ 10

/0 K (r) 2% % 0,](2%-) * a dr

is supported in {z : |x| < C'} and for every n > 210 the expression

(n+1)
/ K (r) 2% [ % 0,](2%-) * a dr
2kn,
is supported in an annulus centered at 0 with radius ~ n and width
~ 1.

We set o, = 2Mp,(2F-). Apply the Cauchy-Schwarz inequality on
{]z| < C} and (5.3) to get

k+10
H 2/2 i (r) 28 [ % 0] (2"-) *adrH
k>0 70 1
k410
N H Zdjok * /2 Ko ()25 [tho # 1o % 0] (2% % Yo * adr ,
k>0
Qkﬂo 2\ 1/2
H/ (r)2"[ao *wO*UT]Qk')*wo,k*adT 2)
ok+10 -
S (Z [/0 i ()]0 % 0 oo | o *a||2dr]2>1/2H2
k>0

S B llven *all3)? S B.
k

Finally, applying Cauchy-Schwarz on {z : ||z| — n| < C}, and using
(5.3) again yields

2k (n+1)
Z Z / (r)2% [y % 0,)(2%) % adr
k>0 n>210 !
< Z Z s Ki(r) 2 * 0,](2%) * a dr
k>0 n>210 2
2k (n+1)
Sy > / ()l dr o
k>0 n>210 2"

2k (n+1)
< Yok Z/ () rdr lalls < B

k>0 n>210
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O

Remark. There is no equivalent of Theorem 6.6 in the case d = 1.
Consider the even multipliers on the real line

2N -
m(€) =) e Elx(|¢] - 2¥)
k=N

where y € C§°(R). Then the dyadic pieces represent multipliers with
L' norm uniform in k, but the H*(R) — L'(R) operator norm is ~ v N
for large N; moreover for 1 < p < 2, ||my||a, &~ NY/P71/2 See [39] and
[55]. This example is in some sense optimal, see [11], [48].

An LP space time estimate for the wave equation. For the proof of
our L” multiplier theorems we need the main inequality (5.7) only
for tensor product functions of the form ¢(y,r) = f(y)x(r). However
using duality, the more general inequality can be used to prove sharp
Li9-Sobolev space time estimates for the wave equation (see [26], [27]).

Theorem 6.7. Ford >4, g > 2(dd:31),

Lo 1/q
64 ([ el Sl a=dG -0 -5

This can be compared with the fixed-time bound (Peral [45])

itV=& || 11
[ =2l S IAIGg 8= d=DG-).
Sogge’s "local smoothing” conjecture [50] says that for ¢ > dszl the in-
equality (6.4) should be true with @ > 5—1/q. That is the ¢ integration
gains almost 1/q derivatives over the fixed time estimate. Hence Theo-
rem 6.7 realizes an endpoint version of Sogge’s conjecture in a restricted
g-range. For a variable coefficient analogue and other extensions see
[36]. The non-endpoint version of Theorem 6.7, for a > d(3 — i) -1
follows from Wolff’s inequality for plate decompositions of cone mul-

tipliers ([65], [32]); these were recently established by Bourgain and
2(d+1)

Demeter [7] in the full range p > =7=*. However the extension of
Theorem 6.7 to the range % <p< % remains open. Finally,

Lee and Vargas [38] proved that the wave operator maps LI(R?) to
LY(R? x [—1,1]), for any € > 0 and 2 < ¢ < 3. Their method is differ-
ent and relies on multilinear adjoint restriction estimates by Bennett,
Carbery and Tao [2] and the method by Bourgain and Guth [8].
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7. FURTHER NOTES

7.1. On mazimal operators on L? ,. We describe an extension of Theo-

rem 4.1 which covers maximal functions, and consequently some results
on pointwise convergence.

Theorem 7.1. ([21]) Let h be supported in a compact subinterval of

(0,00) and let Ky = F'[h(t]-])]. Let 1 <p < %. Then the mazimal

operator [+ sup,.q |[F[h(t] - |)f] extends to a bounded operator on
LP (RY) if and only if the condition

rad
|| sup [ K|, < oo
tel
is satisfied for some open interval I with compact closure in (0,00).

One should note that the result does not extend to the full L? space.
Consider hy(s) = x(s)(1 — s)* where x € C>°(0,00) and x(1) = 1, and
let myx = hy(] - |), the case of a truncated Bochner-Riesz multiplier.
Theorem 7.1 yields L? , boundedness of the maximal operator for p <
% and A > d(1/p —1/2) — 1/2. However Tao [56] showed that the
condition o« > d(1/p — 1/2) — 1/2p is a necessary condition for the
L? boundedness of the operator. The problem of finding the right
sufficient conditions is largely open (see Tao [58] for some improvements

in dimension two of Stein’s classical results presented e.g. in [53]).

7.2. Further results in three and four dimensions. Laura Cladek [15]
obtained further results on the characterization of radial Fourier mul-
tipliers in three and four dimensions, by using (5.14) and geometric-
combinatorial estimates in addition to the L? methods presented above.
She was able to show that for h supported in a compact interval away
from the origin, the function m(§) = h(|¢]) is a Fourier h(|¢|) is a
Fourier multiplier in M,(R*), 1 < p < 36/29 if and only if its Fourier
inverse belongs to LP(R?*). Note that 6/5 < 36/29 and 1 < p < 6/5 is
the range covered by Theorem 5.1. Moreover, under the same support
assumption on h consider the convolution operator 7}, associated with
the multiplier A(| - |). Then Cladek proved that 1 < p < 13/12 the op-
erator Tj, maps LP'(R3) — LP(R?). It remains currently open whether
the restricted strong type estimate can be upgraded to an LP — LP
estimate.

7.3. Versions for quasiradial multipliers. Jongchon Kim [30] proved an
extension of Theorem to quasiradial multipliers of the form h(p(&)) as
considered in Theorem 3.1. Here p is a distance function, homogeneous
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of degree one, p(t&) = tp(€), p € C=(R4\{0}), p(&) > 0 for € # 0, with
the property that the unit sphere ¥, = {{ : p({) = 1} has nonvanishing
Gaussian curvature everywhere. In [31] he also proved a result involving
the condition in Conjecture II (cf. (1.3)) for functions of the Laplacian
on a compact manifold, extending some results in [35].
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